NONUNIFORM VARIATIONAL INTERPOLATORY REFINEMENT

SCOTT KERSEY AND MING-JUN LAI

ABSTRACT. In this paper we investigate certain properties of the curves s generated by a
non-uniform variational refinement scheme defined over a k-window of some bi-infinite se-
quence of points. In particular, we show that error between s, and s; for k < n over some
fixed interval decays exponentially as k T n, showing that s,, can be well-approximated by
sk for k much smaller than n. We use this result to approximate the variational refinement
curves locally, and to approximate the global curve using a domain decomposition algorithm.
Since the computation of the localized curves is more efficient, the new scheme results in a
savings in computation for certain applications. We also generalize our non-uniform varia-
tional refinement scheme to the modeling of parametric surfaces defined over a rectangular
grid.

1. INTRODUCTION

Uniform variational refinement was introduced in [5] as a method for producing smooth
refinement curves by minimizing certain quadratic energy functionals. One such functional is
the sum of the squares of second differences of the point set, which mimics the approximate
thin-beam functional commonly used in variational spline theory. In [1] and [2], variational
refinement was generalized to data over non-uniformly spaced knots by minimizing the sum
of squares of second divided differences, which we continue in this paper. While variational
refinement methods produce nice curve fits, they have the disadvantage that they are global,
meaning that the value of each new point added in the refinement process depends on all other
points. Moreover, the number of points grows exponentially with the level of refinement.
For very large data sets this can be a computational burden, and so it is the goal of this
paper to show that these variational refinement curves can be well approximated from a
small subset of the original point set (a so-called a k-window in [5]). In this paper we verify
this statement by showing that the decay in the error over a fixed window between k-window
and n-window refinement curves for k£ < n decreases exponentially as k T n.
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The results in this paper are perhaps not surprising. Indeed, variational refinement (mini-
mizing divided differences) is a discrete analog of variational spline interpolation, which was
shown in [3] to exhibit a similar exponential decay property. The key idea in that paper
depends on the a certain L, orthogonality condition between local and global minimizers
whereby the error between local and global interpolants over a fixed interval is “pushed”
to the boundary of the ring centered at that interval. This is shown in Lemma 5 in [3].
Replacing Ly by [y inner products, we adapt this result to Lemma 5.3 in this paper. But
the generalization from splines to non-uniform variational refinement is not straight-forward
because a separate variational problem is solved at each level of refinement. To handle this
problem, we introduce refinement operators at each level of refinement, and provide bounds
on the interaction between these operators at successive levels of the refinement process. To
get a feel for this, the proof of main result in Theorem 5.5 illustrates how the whole process
fits together.

In the multivariate setting, the exponential rate of decay of the error between local and
global interpolants was shown in [4] for bivariate variational splines. This paper goes further,
describing an algorithm to compute an approximation to a global variational spline surface
by piecing together local spline surfaces. Moreover, the key lemma in this paper (Lemma
5.3) is based on an idea used in [3] that was adapted from [4]. Based on this we describe
in the last section of this paper a domain composition for variational refinement, and we
generalize curve scheme to surfaces over rectangular grids, much as was done in [3].

This paper is organized as follows:

e In Section 2 we introduce the problem of variational refinement, and state three
assumptions used throughout the paper.

e In Section 3 we give bounds on the linear operators associated to our refinement
scheme (in Theorem 3.1).

e In Section 4 we derive a stability estimate needed for the main results.

e The main results of this paper are in Section 5. We first prove the key lemma (Lemma
5.3) that gives the exponential decay on the error between s, and s for k < n in a
particular inner product space norm. The key idea method used in the proof of this
lemma is to some extent a discretized version of Lemma 8 in [3], which was adapted
from Lemma 4.2 in [4] (based on a 2003 draft). From this, we are able to bound
the norm of the difference between the global and local refinement operators at a
particular level of refinement in Lemma 5.4, which leads to the main result in this
paper in Theorem 5.5.



NONUNIFORM VARIATIONAL INTERPOLATORY REFINEMENT 3

e In Section 6, we give examples that demonstrate the exponential decay in the error
between localized variational refinement curves. This shows that over a fixed interval
we can approximate the variational refinement curve using a small subset of the
original data. Following this, we use a domain decomposition similar to that in [4] to
produce an approximation to some variational refinement curves with large number of
data. Finally, we adapt these results to compute approximate variational refinement
surfaces over over gridded data.

2. NON-UNIFORM VARIATIONAL REFINEMENT

Let p = (p) be a bi-infinite sequence of points defined over knot sequence t° = (¢?) with
t) < ¢, for all i. The interpolatory refinement process with n-ring support determines a
sequence of piecewise linear spline curves

Sp 1= Z Phi Ni'
jil<2om
indexed by a for a = 0,1,..., determined by the points pf;; := s () and knots #{", such
that

o =1,
pg,i = 0 fOI‘ |Z| > 2an’ (Supp(sﬁ) C (tg2an—l>tgan+l))
Phai = pZ,Zl for |i| <2 'n, a > 0. (interpolation)

In variational refinement, the curves are computed by minimizing some energy functional.
One of the simplest and most useful is the /5 norm of the second divided differences, which
mimics the functional commonly used in variational spline theory. With S* the linear space
of all piecewise linear curves over the knot sequence t*, we define the energy functional
Ey:8* —R:s— Z |AZs|?
lil<2on—1

with A? : s — [t&, 12,12, ]s the second divided-difference operator centered at t&'. The
functional E¢ is quadratic, and so the 2*n new points p$;,; for |i| < 2*~'n are computed by
solving a (banded) linear system in terms of the 2*n + 1 (generally) non-zero interpolated
points pg; for |i| < 2*n. We then compute the refined curves s® at level « by solving the
variational problem

(2.1) s%:=argmin {E2(s) : s €S* poy =ps;' for [i| <2°'n, pg; =0 for [i| >2°n},

o0

and we define s,, := s;°.
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Throughout this paper it is assumed that the knot sequence t* = (t$) at each level «
have been preassigned in some way such that they are strictly increasing and satisfy the
interpolation condition t5; = tf‘l. In general these sequences are non-uniform, from which
it follows that the refinement scheme is in general non-uniform and non-stationary (the
refinement mask changes for each i and «). In this paper the knot differences are given by
Rim =ty —ti with h; = h; 1, with b2, = max{h$ : i € Z} and h2,, := min{h$ : i € Z}.
While these are defined over the entire infinite knot sequences, we remark that in practice we
are concerned only with the finite number of knots involved in the energy functional E,,(s).

At the a-th stage in the refinement process, we define the local mesh ratio as

e
7

max
i hiyy
and the global mesh ratio as
(0 h’%ax
p T ha

The following lemma gives a connection between the local and global mesh ratios that will
be used later in the paper.

1 hs; 1 h
Lemma 2.1. Suppose that — < 2l < p. Then e p for x = 2i or
p = hy L+p = b} 1+p
20+ 1.
Proof. For the left inequality,
he™  hgi+ S M1
) — 2 7 =1 241 <1 )
TR T
Likewise, h?™'/h$;.; < 1+ p. For the right inequality,
hi ! _ g+ g 14+ hGita > 1+1: P“‘l‘
hi; hi; hy — P P
Likewise, h? ™' /hg;1 > (1 + p)/p. O

Lastly, the main results in this paper will depend on the following assumptions:

o Al: (s%) and (s{) are sequences generated by solving (2.1) with k£ < n.

n

e A2: sup p® < p for some constant p > 1 (p = 1 for a uniform mesh).

o A3: sup ||Ash]|eo < M for some constant M < oo (uniformly Lipschitz).
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3. REFINEMENT OPERATORS
For 0 < a < 8 and over an n-window of the point set (p?), we define the operator
TP 5% — 8P s ot Tatter . i1
with
To b gomh 5 8% s s T g
the solution to problem (2.1) at any particular level o. Then,
T80 — 5% s To~hore 20t s

is the operator that computes the variational refinement curve at level «, and

T : 8% - (C%: s < lim TS’O‘)S

a—00

is the solution to the problem of variation refinement with n-window support (continuity of
the limit curves is verified below). The norms of these linear operators are defined as:

1271 = sup {| T3 sllocn = 5 € 5% Islloon = 1}

with
|| Flloom = max{|f(t)] : t € [t2,, t]}.

In the next result we bound these operators. Later in the paper we will bound [|T%% —T.>%||
restricted to a small interval, showing that this error decays exponentially as k& T n (Theorem
5.5).

Theorem 3.1. Assume A1, A2 and AS3. Let 3 := 1j: and © :=2M B3R, . Fora>1,
p

(3.1) [0 — 10| < @ 8%,
(3.2) L < |[Te )] < 08+ 1,
(3.3) 1< [T < IT2)| < pO+1.

Proof. Since hS,. /has, < p for all o, it follows that 1/p < hg;.,/h$; < p for all i. By Lemma

min

2.1, h¢/h2~! < B for * = 2i and * = 2i + 1. Moreover, this implies that h® < 3R . Let

max
s € 8% and 5271 ;= TP 15 and s2 := T>%s. Then, since 5@ = T* 1521 it follows that
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sp(t5;) = s37 (15;) for [i] < 2°7'n, and

) Ps M
52 (t50) = 07 ()| = [sas(80) — (T 07 (1) + 5250 (t5100) )|
2,2 2i,2
941 1 9 1
= } h‘j‘ (sp(t5i01) — sn™ (15))) — haz (sn (15i42) — su( (2xz+1))}
2,2 2i,2
_ 5ihGin Sa(t3i41) — sn'(15) B S (t5i12) — sn(t5i41) ‘
9.2 9 h9i1

gz—ﬁ%ﬁiAfgzﬂhgmﬂ4
hzm

<2810 B*M =0 3"

max

Since this is independent of 4, it follows that

155 = sn oo < © %,

and so
1T =Tl < @B
For the second bound, let s € S*~! such that ||s||s., = 1. Then

1T sl oon < 1T ™" = slloon + lIsllocn < © 8% + 1,

and so

1T <5 +1.
Moreover, since the coefficients of the broken line s € S*~! are a subset of the coefficients of
To~bes it follows that ||T%5%||s.. is at least as large as ||s||oo.n, and so ||T*~ 5| > 1. For
the third bound let s € S°. Then, we have

T [oom < 1T = T sl oo + [T 's = T 25 oo + - -
T2 = T sl oo + 1175 ooy
<(OB*+08* +--+ 082+ (08 + 1)) ||5]|oon
© g

< (125 -0+ 1) bllen = (125 + 1) lsllen = (00 + 1) 5]
Therefore, ||T%?|| < p© + 1. Since this is independent of «, it follows that ||T%®|| < p© +1
as well. And since 7% = To~baT%e=1 " then by the argument used above it must be that
|79 is at least as large as ||[T>*~1||, and so we get monotonicity on the sequence of norms
of these operators for increasing «. O
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Corollary 3.2. Assume A1, A2 and AS3. Then, the sequence s& converges uniformly to a

continuous function s;°.

Proof. Since § < 1, it follows by the first inequality in Theorem 3.1 that (s{) is a uni-
formly Cauchy sequence of continuous functions, hence converges uniformly to a continuous
function. ]

Remark: Smoothness is investigated in more detail in [1].

4. STABILITY ESTIMATE

The results in this paper depend on the following stability estimate. For this, we introduce
the notation:

1A%][2, = > |AIs]> and [cfp,= ) &

li]<m li|<m

Lemma 4.1. (Stability) Suppose that s = 3, .., ¢:N; on the knot sequence (t; : i € Z)

2
i and Ko := T Assume that ¢; := 0 if

max min

for some p € Z with m +p > 0. Let K; :=
li| > m+p. Then,

18%5[, < T Flef
If moreover s(ta;) = 0 for all i, then
(4.1) Ky el < NA%S|[7, < Ko elf, i,
and if p =0 as well, then
(4.2) Ky el < [1A%s|[7, < K],

Proof. Firstly, note that if p = 0 we can define ¢; = 0 for i = +(m+ 1), from which it follows
that |c|me1 = |¢|m. Hence, the third result follows from the second when p = 0.



8 SCOTT KERSEY AND MING-JUN LAI

The first inequality follows from

1A%s]5, = D |ATsPP =

|'|<m li|<m

< 4h,4 Z ‘CH—I 2Cz+cz 1‘

1 (CH-I — G Ci—Ci—1)‘2
livi =t ti—ti

tiy1 —ti1

min il <m
1
< 4 T Z 3(cZ . +4c¢ +c_y) (by Cauchy — Schwarz)
min il <m
18 9 1 9
< 4 hA Z ¢ = 9K |C|m+1 = ZK2|C|3n+1-
min li|<m+1 min

In the special case that s(ty;) = 0 for all 4, it follows that |c;p1 — 2¢; + ¢i_1]? equals 4¢? if i
is odd and is bounded by 2(c?,, + ¢Z_,) if i is even. Therefore, each nonzero |¢;|* appears at

most 8 times, and so

1 2
A%< e Y sl = e Y el

min- i <mp1 min ) <mp

For the remaining inequality, let p(¢) be the quadratic polynomial through the three points
s(ta;) = 0, s(to;1) and s(te;12) = 0. Then, for ty; <t < toy0,

toiv2) — s(to
Ip(8)] = |s(tas) + SU2e2) = 5(02)
toito — to;

|A2z+15 (t — t2)(t — tait2)|

to; + toiy2\?
< s ()

< ‘A22+18‘ hmax

(t —t2;) + A% q5 (t— toi) (t—2i12)|

In particular, we have that |co1] = [p(taig1)| < |A%, 18] b2, and co; = s(ts;) = 0 for all 4.
And so,

Z ‘Ci|2 = Z |C2i+1‘ < hfnax Z |A2z+18‘2 < hfnax Z ‘A?SP = max ||A2S||m
li|<m+1 |2i41|<m+1 |2i+1]<m li|<m
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5. ERROR IN THE LOCAL VARIATIONAL REFINEMENT SCHEME

To characterize solutions to (2.1) we will develop some orthogonality conditions in ap-
propriate inner product spaces of piecewise linear splines, and on sequences. For this, we
introduce some notation. Let

(P Din =Y pigi and  |plew = /(0D

k<[i|<n

with (p- ¢)n = (p- Qon and |p|, := |p\07n. On piecewise linear splines, let
(f @)= D, ft)-gt) and || [lkn= (' )pn

k<|i|<n
with (f,g), = (f, 9>0,n and || - ||n := || - ||o.n- Note that for s € 5S¢
Ex(s Z Als- Als = (A%s, A25>2a = ||A%s] |30, 4
li|<20n—1

Then, for r =1,...2%, let
He:={geS*: g(t3;,) =0 for all 7 and ¢(¢{') = 0 for |i| > r}
be the set of variations for problem (2.1), with inner product
<A2f7 A2g>2an—1 :

Note that while the inner product is not positive definite on S¢, it is positive definite on H¢.
In particular, while ||A? - ||sa,,_; is only a semi-norm on the space S of all piecewise linear
splines, it is a norm on H.

Lemma 5.1. Let k < n and 0 < r < 2k — 2. Let s € S* ! and s, = T s and
sp =T s, Then, s, — s, € (HX)*. Le., (A%(s, — s1), A%G,)ga,_, = 0 for all g, € HE.

Proof. Let g, € H;*. Since HY C Hs., C Hs.,, it follows that g, € Hg, and g, € Hg.,,.
That is, g, is a variation of (2.1) for both s, and s;. Therefore, it follows that

n’

A?s, +0A%g,, A?s, + 9A2gr>2an_1 =2 (A%, A2gr>2an_1 )

= Folomo ¢
and likewise (A%s;, A%g,)ya,_; = 0. Moreover, since g,(t%) = 0 for ¢ > 2°k—1, it follows that
(A5, A%, gay 1 = (A2, A%G,) ey, = 0, and so 0 = (A?sy, A?g,),a, ; = 0. Therefore,

<A23n — A%sy, A2gr>2an_1 =0

for all g, € H?, and so s, —s; € (H)* with respect to the inner product (A%, A?.),, O

n—1°
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The next lemma is a generalization to Lemma 6 in [3], to which it reduces when [ = 0. It
will be used in the Lemma 5.3, the main lemma in this section.

Lemma 5.2. Let v and ag, ..., a,, be non-negative real numbers. Suppose that
Y(ag + -+ ar-1) < ay
fork=1,....m. Then, fork=1+1,....mand 0 <[ <k,
YL+ g+ + @) < ag

Proof. Let S; := ag+---+a;. Note that v.5; < a;.1 establishes the result for £ =1+ 1. Now,
assume true for [ + 1,..., k for some k. Then

aps1 > V(S +apr + -+ ag)
> fVSl(l +”}/+”)/(1 —Q—fy) + .- _|_fy(1 +’7)k_1_l)
= 751(1—0-7) (1 —i—”y—i-fy(l—o—y) +...+7(1 _i_fy)k—z—l)

=7&ﬂ+w(l+%1$?5:;&)

=S+ + 1+ =1)
=S (1+7)F"

O

The rest of this paper depends on the following key result that shows that the error
between k-windowed and n-windowed solutions on a fixed small interval is bounded by the
error over a ring far away from this interval with an error that decreases exponentially as k
increases towards n. Note that the interval in question is & for |i| < 2%I. But this is the
same as the interval t{ for |i| <[ in the original knot sequence. That is,

[to—la t?] = [t1—21> t%l] = [t2—4la t?u] == [t25a, 1)
Hence, we are interested in the error over a fized interval.
Lemma 5.3. Let s € S“ ', a> 1. Assume A2. Assume 0 <1 < k <n. Then,
(Te=h = T s g < CLo® D [(T975 — T 1) s | e —3,200-1

with
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Proof. Let v, := T2 "%s and v, := Tg "“s. Then e := v, — v, = > lil<aen G with
coi = e(t%;) = 0 for all ¢ and ¢; = e(t$) = 0 for |i| > 2°n. Hence, e € H$,,,. Now let

W, = Z ;NP and

[i]<r
Up = € — W, = E ¢; N
[i|>r

for any r such that 0 < r < 2%k — 2. Then w, € H?, and so by Lemma 5.1 it follows that

(A%e, A*w,)ya, = 0. Observing that AZw, = 0 for |i| > r+ 1 and A?u, = 0 for |i| < r, we
have

HA2w7‘H§an—l = <A2w7"’ A2rw74>20‘n—1 - <A2(6 - ur)’ A2w7«>2an_1
Mty - S Auate,
r<fil<r1

< (1A% 1 [|A"0p 2001

This gives ||A%w,||2an_1 < ||A%uy||rre1- By the stability condition in Lemma 4.1,
Kl < [|8%w, |7 < [[8%w0, | ooy < 8% 7y S K2 Y el
r1<|i|<r+2
which can be written
V(ao—i_al_'_"'_'_as—l) < Qg

with

a; = Z lc;]?,  (noting that cy; = 0 for all 4)

2i<j<2i+1

v =K /Ky, =1/(2p") and

s:=|(r+1)/2].
Since 0 < r < 2%k — 2, this inequality holds for s = 0,...,m := 2%k — 1, and by Lemma
5.2,

1.
ap+ - +a < =6 a,
g
. ~ K 204 . .
fors=t+1,...mand 0 <t < s, with ¢ := ﬁ = Tk = 1+p2p4. In particular, with

t = 2% and s = 2%k — 2, it follows that

1
~A2%k—2%1—3
Qg + -+ -+ Qoo < -0 Aoak_9.
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Therefore,
1A%[[5 < 1A% Y e NP Baps
li|<2004+1
< Ky |c|gair2  (by stability)
< Ky(ag+ -+ + agery1)
1 . 5ar_o9a
< Leh2Bg
~
K3 gap g0 2
|i|=22k—2
K3 gapse1_3 a2 12 s
< 20 [[A%]|30)_390_1- (by stability)
1
And so

||A%€][200 < 2" 0 F7D73| A2€|| g0k 3 2041,

with, from Lemma 4.1, Ky /K, = 2p* and 0 := V6 = \/Kg/(Kl + Ky) = %. And since
0<o<1and a< 2% when a > 0, we have

||A%€]|20; < C1 07 *D[|A%||p0p—300k-1

01:2p4/0'3. O

Now we will bound the operator norm of the difference 70~ — T2~

and © :=2MBRY . Let 0 <1<

max*

Lemma 5.4. Assume Al, A2 and A3. Let 3 := 1 B
k <n. Then,

ITte =T )| < G0t (0 + 1)

with Cy := 20p°/03 and o = 27p4.
1+ 2p%
Proof. Let s € S* ' and e := T s — TP "%s. Then e = D _lij<aan CiNF for some sequence
(¢;) with cg; = 0 for |i| < 227!k, Therefore,
1 <C2j+2 — Coj41  Coj41 — C2j)
h3ja h3j1 h;
_ 1 <_C2j+1 _ C2j+1) __ Cn
h3jo \ hgjp h3; h$ihSi

2 _
A2j+1€ =
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Then, with ||e||c 201 = |c2j+1| for some j with |25 + 1| < 221, it follows that
lelloozer = leajal < (hhae)*|A%j0el < (Al A%€]loo 200
And so, with C} = 2p*/o3,
I

T =T )sllooer = lefloopor < (R

n

1A% oo 01 < (hiae)” [|A%€] 20

—~

max)
D2 CLo D || A% |gap 5 901 (by Lemma 5.3)
x) C Ua(k_l) 5 ||A2e||oo 203 20k—1

X) Caa(k 2 5||€||002ak 3,20k — 1/( mln)2

(h
(h
(h
a—1,a a—1,a
502 Cro®F D (|| T2 | o pons,20n—1 + || TS| o020k, 201
5
5

IN

IN

ma.
ma.
ma.

IN A

IN

P Cro® 0 ([T oo g + 1T 8] oo 208)

P Cro® S0 (1T {15 oo20m + 1T~ I I1151]o0,20%)
< 10p°Cy g (k=D) (@ﬂo‘+1) 115|020

= Cy0®" D (08 + 1) [[8]|oc,20n

IN

O

We can now establish the main result of this paper concerning the exponential decay in
the error between local and global variational refinement curves.

Theorem 5.5. Assume A1, A2 and A3. Let 0 <l < k <n. Then, for 1 < a < oo,
rge —1po))| <Gyt
20&

with
4

~  2MRK0. p?
@: maxp
1+p

6 A .
, CO3:= 200 (((;)j_al;;;{p(@) and o= 1J2rp2p4’
Proof. By Theorem 3.1 and Lemma 5.4 we have that

7o < ©p* + 1,

T2l < pO+1,

||T§_1’a . Tka—l,aH < 02 O_a(k—l) (@ ﬁa + 1)

201
with Cy := 20p°%/03. We will also need the estimate

m

[T(©5 +1) < exp(p®).

J=1
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which can be derived in a standard way:

In (H(@ﬁﬂ + 1)) =Y mOF +1) < YO < 0755 = On
7j=1 7j=1 7=1
Assume from here on that all operator norms are restricted to |i| < 221, and let v := o*~.

At the first level of subdivision we have
|1 TIT =T < Cov(©5 + 1),

and at the next level

T T = T T |
= || (TP = T + (T = T T |

0,1 , 1,2 0,1
T2 Tt = T+ 1T = T | 1T

170 - 72

IN

Proceeding recursively, we have

0, _1, -1, 0,01
T =T < (| T5 b = T 1T
+ T T2t = T T
+ T T > T2 = T > || T

a—1,a a—2,a— 0,1
HI T T TP = T )
From the operator bounds above, it follows that

T — T2°|| < Co(p© + 1)(05% + 1)1°
+ Co(p© + 1)(08 +1)(05* " + 1)t
+ Cy(pO + 1)(O8* + 1)(0p* ! + 1) 2
+ Co(pO + 1)(OB* + 1)(08 + 1) (O 2 + 1) ?

+ Co(pO + 1)(OF* + 1)(O8 7 +1)--- (08 + 1)v.
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And so,
T2 =T < Ca(p© + 1) exp(p©) (v + v + -+ 4 )
< Cy(p© +1) exp(p@))1 i -
okt
k-1
< Cy(pO +1) exp(p@)1 —
This result is independent of «, and so it follows that
o oh! _
1T =TI < Calp© + 1) exp(p ©) ;—— = Cy 0™
for any «, including a = oc. U

By Theorem 5.5, the decay in the error between n-window and k-window variational

refinement curves restricted to an [-ring
12, 1)) = [ty o) = [P th] == [t%a 154

centered at ¢ = 0 is exponential as k increases to n. In particular, if we choose [ = 1, the
error is measured over the smallest nontrivial ring [t°,,}] (if [ = 0, then the interval reduces
to the point ¢?, which is interpolated by the refinement curves). These rings can of course
be centered at any location on the knot interval.

6. EXAMPLES
Example 6.1. Variational Refinement of the Delta Function.

Let p°(i) = &;0 be points on the Kroenecker delta function refined over integer knot
sequence t° = (—10,—9,...,9,10) centered around ¢§ = 0 (hence, n = 10). In this example
we will subdivide uniformly. In this example we compute s for k =1,--- ,nup toa =5
(five levels of refinement). At the final level 2°n = 2510 = 320, and so the final coefficient
and knot sequences are p° 500, P° 310, * » Pigg and 2 590, 1% 319, , t39g, TESPECtively.

To assess the convergence of the localized schemes, we evaluate the errors

€im = |15h = Sklloo,250 = max{]sp (£7) — sp(7)] + [i] < 2°1}

foril =1and k = 1,2,...,n = 10. Equivalently, since t; = —1 for i = —2% and t; = 1
for ¢ = 2°1, the maximum error is being evaluated over the interval [—1,1]. In Figure 6.1,
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the refinement curves s} at level a = 5 are plotted for k = 1,2,3 and 10, and a table with
the errors eim for k = 1,2,...,n with n = 10, illustrating the exponential rate of decay
verified in this paper. The log of the error is given as well, which is approximately linear
with respect to the iteration number k. From this, we estimate the rate of decay in the error
as e, = 3.4 (.0296)" as k 1 n.

1 1 1 1
0.5 0.5 0.5 0.5
0 0 (Vi 0 NS 0 AL
-10 0 10 -10 0 10 -10 0 10 -10 0 10
k=1 2 3 4 5 6 7 8 8 10
ez,n 9.5e-2 | 3.0e-3 | 8.9e-5 | 2.6e-6 | 7.7e-8 | 2.3e-9 | 6.7e-11 | 2.0e-12 | 5.6e-14 | 0
log(ezm) -2.35 |-5.80 [-9.33 |-1.28 |-1.64 |-1.99 |-2.34 -2.69 -3.05

FIGURE 6.1. Plot of s} for k = 1,2,3,10, with errors 62,71 for k=1,2,...,10.

Example 6.2. Another Curve Example.

Let p° be the sequence of points on the curve f(t) = t cos(3wt) evaluated at the knot
sequence t° = (—10,-9,...,10). As in Example 6.1, we we will subdivide uniformly. In
Figure 6.2, the refinement curves s; at level a = 5 are plotted for k = 1,2,3 and 10, and a
table with the errors eim for k=1,2,...,n with n = 10, illustrating the exponential rate of
decay verified in this paper. The rate of decay in the error in this example is approximately
hn =35 (.2188)" as k 1 n, which is slower than the rate for the delta function, as might be
expected. It is interesting that the constant 3.5 is approximately the same as above.

Example 6.3. Domain Decomposition.

The domain decomposition algorithm given in [4] can be adapted to localized variational
refinement in the following way:
(1) Input a sequence of data (p? : —n < ¢ < n) and knots sequences t* = (t%) for
a=01,...
(2) Choose k < n and interval size (ring) 1 < | < k over which the coefficients of the

localized k-window approximations are taken.
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10 10 10 10
5 5 5 5
0 I~ 0 (Wi 0 /\,\/\ 0
5 -5 -5 -5
-10 -10 ~10 ~10
-10 0 10 -10 0 10 -10 0 10 -10 0 10
k=1 2 3 4 5 6 7 8 8 10
627n 4.4e-1 | 1.5e-1|3.7e-2 | 8.6e-2 | 1.8e-3 | 3.8e-4 | 7.5e-5 | 1.4e-5 | 2.3e-6 | 0
log(ezm) -.819 |-1.91 |-3.29 |-4.76 |-6.30 [-7.88 |-9.50 |-11.1 |-13.0

FIGURE 6.2. Plot of s} for k = 1,2,3,10, with errors ez,n for k=1,2,...,10.

(3) For k < n, compute the k-window non-uniform variational refinement curves centered
over interval rings of radius /.

(4) After several levels of subdivision, construct the global interpolant by choosing co-
efficients over each [-ring as those of the corresponding k-window refinement curve
centered about the [-ring.

Example 6.4. Surface refinement for gridded data.

There are already sophisticated methods for producing surfaces based on subdivision over
rectangular and more general grids. Our goal here is to follow up with the curve scheme
studied in this paper to construct a simple variational refinement scheme over a rectangular
grid of points that depends only on the univariate functional minimized in this paper. The
advantage of using univariate schemes to construct a surface is that it is computationally less
expensive to compute several curve fits than to do a surface variational subdivision scheme;
the main disadvantage is that we are not minimizing a surface functional to fair the surface
which may not lead to good results in all cases. Our algorithm proceeds as follows:

(1) Let P = S(u;,v;) for knots uq, ..., u, and vy, ..., 0.
(2) for k=1:n iterations
(a) For i=1:m, refine all curves in the v-direction. Redefine n as 2n-1.
(b) For j=1:n, refine all curves in the u-direction. Redefine m as 2m-1.
(3) end
(4) Plot the surface.
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To demonstrate the effectiveness of our surface scheme we applied it to the modeling of an
aircraft wing. The results are shown in Figures 6.3 and 6.4 — the same data displayed in wire
frame in Figure 6.3 and flat shaded in Figure 6.4. The original data is given in the top left
of each figure, and the refined surface at three levels is displayed in the next three images of
each figure. This original parametric surface data (x(u;,v;), y(u;, v;), 2(w;, v;)) depends on
knot values u; and v;, which is non-uniformly spaced. To maintain a uniform global mesh
ratio we bisect the knot sequences at each level of refinement. lL.e.,

(usi, v5;) = (uf ™", v ™)

a—1 a—1 a—1 a—1
(ug o ) = Uy T U U U
Ugjt1s V541) = 5 ) 5 .

Visually, we conclude that our surface refinement scheme does a very nice job of producing

a smooth surface model of the aircraft wing.

LAY
~/

FIGURE 6.3. Wing data wireframe: Refinement levels: 0, 1, 2, 3.
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