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Abstract

In this paper we first revisit a classical problem of computing variational splines. We propose to compute local variational splines
in the sense that they are interpolatory splines which minimize the energy norm over a subinterval. We shall show that the error
between local and global variational spline interpolants decays exponentially over a fixed subinterval as the support of the local
variational spline increases. By piecing together these locally defined splines, one can obtain a very good ct approximation of the
global variational spline. Finally we generalize this idea to approximate global tensor product B-spline interpolatory surfaces.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In the classical problem of variational spline approximation one chooses, for a given function f, a C? curve Sf
that extremizes the problem

minimize{ / |s" ()P de: s €S, s) = f(t), i = lzn},
la.b]

where T :={a =1t <ty <--- <t, =b} is a partition of interval [a, b], and § is a space of C ! functions on [a, b]
whose second derivative is square integrable. It is well known that the solutions to the above problem are piecewise
polynomial splines that approximate the thin-beam splines of mechanics. It is also well known that to compute these
spline, one solves a (banded) linear system of the order of the number of data points within [a, b] that are being
interpolated. This is our ‘global’ solution. The goal of this paper is to compare the error between this global solution
and certain ‘local’ solutions computed by minimizing over small subintervals of [a, b] that contain only a few data
points. In particular, we show that the error decreases exponentially as the number of data points is increased. The
motivation is that these local solutions require far fewer computations than the global solution. Therefore, if one wants

¥ Corresponding author.
E-mail addresses: skersey @georgiasouthern.edu (S. Kersey), mjlai@math.uga.edu (M.-J. Lai).

0022-247X/$ — see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2007.10.022



S. Kersey, M.-J. Lai / J. Math. Anal. Appl. 341 (2008) 398—415 399

to change only a few data points, or if the solution to the problem is required over only a small subinterval of [a, b],
then it may be wise to approximate the global spline by these local splines. Moreover, by piecing together these local
splines, one obtains a good C° approximation to the global spline. Although these approximations are only C°, we
show that the derivatives of these local solutions also approximate well in the sense that their error also decreases
exponentially as the number of data points is increased. Hence, our main results show that the error between local and
global splines, and their derivatives, both decay exponentially as the number of data points increase.

As stated above, solutions to the above problem are piecewise polynomial. To be more precise, they are piecewise
cubic in C%[a, b], and so it is enough to assume that S is a space of piecewise polynomials (cf. [1-3] and [8]). Without
loss of generality we let S := S; , be the linear space of C I piecewise cubic polynomials on [a, b] with breakpoints ;.
(See the next section for Justlﬁcatlons ) In a B-spline basis we are considering all spline functions of order 4 with a
double knot at each breakpoint. Now let t; := [#;, #;1-1] be a subinterval of [a, b] for a fixed /. In this paper we consider
a local minimization problem, whereby the minimization is carried out over a subinterval tlk = [tj—k, ti+14% ], Where
we have assumed that 7_; := #; for all nonnegative integer i and #; = t,, for all i > n. That is, for a given continuous
function f on [a, b], let sy and 57, x be solutions to the following problems:

minimize { E(s) := E[q,5)(s): 5 € A:(f)} (D
and
minimize {E_ 1 (s): 5 € A7 ()}, 2)

respectively, with

E:s— f|s”(z)|2dt, 3)

where [ is a closed subinterval of [a, b] and

A(f)={seS:s@t)=f(t), i =1Ln}. 4)

The solution to (1) is typically unique, whereas the solution to (2) is not unique away from the interval rlk where the
functional £ o has no influence. Hence, we have some freedom in choosing how to extend s ¢ x from rl to the entire
interval [a, b] however, the results in this paper are independent of any extension.

One of the main results in this paper is to show that |[(s — 5£,/.1) |7 [lco decays exponentially to zero as k increases
to oo and k < n, while if k > n the error is clearly identically zero. Thus, s can be approximated by s k|, for all
l=1,...,n—1. But we point out at the outset that this convergence may not be monotonic, and later give an example
to illustrate this point. Since 2D tensor product B-spline interpolatory surfaces play a significant role in applications,
we shall generalize the result mentioned above to the 2D setting.

The paper is organized as follows. We begin with a simple fact regarding our choice of spline spaces. Then we
establish some stability properties of the spline space in Section 3. In Section 4 we prove our main result in the paper.
We then generalize the result for tensor product of B-spline surfaces in Section 5. We shall present some numerical
experiments in Section 6 to demonstrate the effectiveness of our local spline scheme. Finally we give several remarks
in Section 7.

2. A simple fact

In general we could consider a spline space S = S}, _ with d > 3, and r = 1 or r = 2. But, by the result in this
section, we only need to consider S31 .- The result and proof in this section are well known over a space of piecewise

C? functions on [a, b], and in particular over C? piecewise polynomials. The importance here is that minimizing over
larger C'! spaces of piecewise polynomials, i.e., S, ; ford >3 and r = 1 or 2, also produces C 2 natural splines.
Define

b

(u,v) :=/u”(t)v”(t) dt

a
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a semi-inner product, and semi-norm
sl :==+/(s,s) =V E(s).

Theorem 1. Let f € S;  withd >3 and r =1 or 2. Then a minimizer sy to (1) isa C 2 piecewise natural cubic spline
interpolant to the data { (i, f(t))}, i = Lin. In particular, ||s¢|| < || f1I.

Proof. Since s solves (1), it follows that

da
for all g € S such that g(;) =0 for i = 1:n. And so,

(sr+ag,sp+ag)=2(sy+ag,g)la=0=2(sy,g)=0

a=0

n—1 fit1
0=tp.01= 3 [ sj0g war
i=1 7

n—1 li+1
Z(S}’g’— peli+ [ s(f’”)(z)g(z)dz)

7

= —(F(1") g ) + 57 (1) g @) + (55 (6) 8 ) + 57 (1) g (2))

n—1 tl+1
(6 6) = ) e a0 + () — s g(z,>+2/s§;v)(t)g(t)dt
i=2 i=1

=—S}(Il) (tl)+sf (t11)+2 N j _Sf )) (t’)

1 lixt
+Z/s}"”)(r)g(t)dt.

i=1j

Hence, a necessary condition to solve this for all admissible variations g is that

sSir) =0, sh(5) =0,
st(e7) =s4(") fori=2m—1,

(iv)

S¥ =0 fori=2mn-—1.

(i stit1)

Thatis, srisa C 2 natural cubic spline. O
3. Stability properties

In this section we derive various stability conditions and inequalities that will be used for the main results of this
paper. For B-splines we have the following estimate, specialized here to 2-norms, and modified (weakened) slightly
so that we see the dependence of sy and hpy,x. Here, ||g||2 denotes the usual Ly norm on functions g(¢) over [a, b],
and ||c||2 is the standard /; norm on sequences.

Lemma 2. (See [3,4].) Let s := ), ¢; N;(t) be a spline function with respect to the B-spline basis (N;(t)) for S. There
exists a constant D3 > 0, depending only on the order of the spline, such that

2
D3hm1n||cl|2 ”5”2 hmaX”C”z-
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The constant D3 is given in [3], and in particular is independent of the mesh size (and knot spacings). For cubic
splines, D3 ~ 1/5.6. Lemma 2 provides a stability estimate for s. Later we will need a stability estimate for s”. For
this we need the following polynomial inequality.

Lemma 3. Let p(t) be any algebraic polynomial such that p(a) = p(b) = 0. Then,

Iplla <2 p"ll2
with h :=b — a.

Proof. By Rolle’s theorem there exists ¢, a < ¢ < b, such that p’(c) = 0. Then, with p(a) = p’(c) =0, we can
represent p(t) as

t s r s
p(t)=p(a)+p/(0)(t—a)+//p”(u)duds=ffp"(u)dud&

And so,

b

||p||%=/|p<t>|2dr

/(//|p”(u)|duds> dr = h3</|p”(u)|du)

<h4f|p”<u>} aw=r1p" 3 o

p"(u)duds| dt

We will also need an L, version of Markov’s inequality. For polynomials of degree d on the interval [—1, 1] it has
the form

17’12 < Cad?|pll2.

Clearly, we can choose Co = 0 when d = 0. Following [5, Table II], the optimal value for C3 is approximately 0.7246.
By a change of variable, we have the following Markov estimate for polynomials on [a, b],

2
P12 < 2Cd_”P||2

Here, the L, norms are defined over [a, b], and h := b — a. It follows that

2 4
Ip" . <2C d—|| ' <4c2d—
P2 <2Ca—llp 2 < 4Ca 5 1Pl

Hence, we have

Lemma 4. For any algebraic polynomial p(t) of degree d on [a, b],

(&)

1p"ll2 <

with /Dy = 4C§d4, a constant depending only on the degree d. For d = 3, /D, ~ 4(0.7246)%d* ~2.1d* ~ 170.11.

We can now derive a desired stability estimate for the spline space S.
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Lemma 5. Let s :== ), ¢;N;(t) be a spline function with respect to the B-spline basis (N;(t)) for S. Assume that
s € H:= A;(0). Then,

h ! "
Dy el < —— s < 5" O[3 < D505 < Du32 e,
hiax hmax hmin min

for constants D3 and D,, independent of the mesh spacing.

Proof. Let p; := s(t)ltj for j = 1:n — 1. Each p; is a polynomial of degree d restricted to 7;. Since s € H, s(1;) =0
fori =1l:n,and so p;(tj) =0= p;(tj+1) for j = 1:n — 1. Hence, for each j, we can apply Lemma 3 to the polyno-
mial p; on the interval 7;. And so we have

ls@)1; =3 [ Ipsoar< 30 / Py ar

J T
hfnaxZ/W (0)[*dr = maxHS”(f)Hz
J T;
Likewise,
k=3 flrjof < ¥ o [l
J Tj JT]
b
Du— Z/|pj(t)| dt = Dy y— /|s(t)|2dt
min 7 min ¢
= Dy g s
uhfnin 2
Then, by Lemma 2, we have
h 1
it 13 < ——[s®)[2 < [s"0)]2 < Dug— 5|2 < D hii““ lel}. o
max max min min
Lemma 6. Let y and ay, . . ., an be nonnegative real numbers. Suppose that y (ag+---+ax—1) < arfork=1,...,m.

Then,

y(1+ ) ag < a.
Proof. We immediately establish that yag < a; when k = 1. Then, by strong induction,

y(ap+ay +ay+---+ay)

V(ao-i-)/ao-i-l/(l+y)a0+...+y(1+y)k71a0)
(1+V)k_1—1)

A AR P

1+ypy)—1

= V((l +y)+ 0+ y)((] 4 )/)k_l _ 1))610

=y(1+y)¥a. O

k41 =
P

=J/((1+V)+V(1+J/)

Lemma 7. (ocl+---+am)2<ma%+--~+ma,2n.

Proof. mal ot mal — (gt o) = Y Z#i(ai —ozj)2>0. O
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4. Main results

In this section we present our main results in Lemma 8 and Theorem 9. The key idea in the lemma involve an
orthogonality condition on the difference between the local and global interpolants, and is similar to that used in [7]

and other papers (from which the basic idea originates). However, unlike that paper, the proof is done here in such a

way that no ‘natural extension’ of the spline s, x outside the interval rlk is needed.

Let H = A;(0) be the linear subspace of S with inner product (f, g)m := (", 8")r,.1a.p) and norm || - ||z :=
.Y, and let (f,g)H’le = {f", g”)Lz’rlk with norm || - IIHJIk = (-,-)H’le. Hence, E(s) = (s, s)y and Erlk (s) =
(s, s)H’le. Since s ¢ solves (1), it follows that, for all g € H,

d

@ =0
Likewise, a necessary condition for sy x to solve (2) is that (sf;k, &)y = O forall g e H. Let G, :={g € H:

(srtoag,sp+ag)y =2(sr+ag, 8 ula=0=2(sr, &) =0.

supp(g) < tlk}. Then, (s k, g)H’rlk = (sf1 k& n forall g € Gy, and so it follows that (sy — s¢;x, g)n = 0 for all
g € Gy. Thatis, sy — 571 € Gé.
Lemma 8. The error between the local and global spline interpolants on the interval t; satisfies

e, Ae. _
lsr—srirllag <Cro?|sy Sf,l,kIIHqu+2_rlq—1

- [__Dup’ Dy p’
for1 <q <k, witho = Dﬁigup_f,, C = DS’;,and,o::hmax/hmin.

Note that the constants o and C| depend on the mesh ratio p, but not the separate mesh sizes fipiy Or Amax. Note
also that o < 1.

Proof. Lets:=sy — sy, . Thens € H, and it has a representation s = > ; ¢i N; for some coefficients ¢;. For ¢ > 1,
let

Wy = ZciNi and ug:=s—wy
i€l
with respect to the index set
I, = {i: supp(N;) € rlq}.
Let
. 2
ag=3 ¢
i€ERy
with R, := {i: supp(N;) N (rqur1 — rlq) # (}. Note that (s, wy) z = 0 when g < k since wy € Gy, and that supp(u,) N
supp(wy) € rlq+1 — th. Then, for g <k,

<litg g oo 1l oo

1
Z ci N;

iGRq_l

N

llwg ll -
H

Hence, [|wyllg < || Ziequl ¢iN;i||g when g < k, and so, by Lemma 5,
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2

Z ciNi|| <
H

iERq_l

Krag—q (6)

q—2
2
K1) ai < llwglly <

for 1 <g <k, with K| := D3hmm/hmax and K := D hmax/h . And so, for 1 < g < k, we have the estimate

min*

q—2
y) ai<a
i=0
with y := K1/K>. By Lemma 6
1
ap < —of 1aq
14
with
B 1 K
S l4+y  Ki+Ky
By Lemma 5
ag= >y < —||s||H ST
iERy
and so
1 K>
a0 X VK —0o17||s ”H Tq+2 rqul KIZU ||S||H’rlq+2_1;,71

for 1 < g < k. Therefore,

2
2
sz =| Y. cNi
Nil5#0 H.u
< Kzag (by Lemma 5)
2
_k 259711512 (from above)
K2 H,t q+2 _[lq—l
and hence,

Islla, <Civoi™ 1||S|| 72

for 1 < g <k, with

'[_

hmax

C,:= K2 _ o Mhin _ Dup?
Ky D3ﬁ D;
and
Du hTaX 5
o= K2 Vnin Dup . |
Ki+K2  D; 8+ Dy ’;lm“ D3+ Dyp?

Theorem 9. Let f € L%[a, bl N Cla, b]. Let p := hmax/ hmin- For k > 2 there exists o € (0, 1) such that

k
s —sriillag <Cso™ |l flla

and, if f € C*[a, b), then

kq13/2
Is = r1klloom < Cao* Rl £ loo
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with

2D, p> Cooe 4D, p""2b—a > D, p>

Cz = , , .
D3U3 Dg’/20-3 D; + DM,O5

In particular, C3 and o depend only on the mesh ratio p, and o < 1.

Proof. To establish the first inequality we have
Isy —spiklmg <Cro*2sp — Sf,z,kllHJ]k_,]k—3 (by Lemma 8)
< clak—z(ns,an,rlk + Ukl g of)
Cio (||Sf||H+||Sflk”Hrlk)
<C1o (1 e + 1 gy o)
<2C16" 2| fllm

2C k
= okl fllm
o

N

405

. .. 2 . . . _ Dy p>
by using the minimum property of C~ natural cubic splines, with C; = Dio
Sf—srik=y;aN; for some o;. And so,

Z OliNl'

supp(Ni)N 74

2
< ( Z |oz,-|) (due to |N,- (t)| < 1)

supp(N; )Nt #Y

2
sy —srikllse =

00,1

<4 Z loj|*>  (Lemma 7 and the number of N; supported in 7)

supp(N; )N #0

< Clllsy = syaillyy o (by Lemma )
ha
with C :=2 "“‘X And S0, putting it together gives
sy — Sf,l,klloo,rz <Calisy = sprlly g

1 .. .
< ?Czak |fllg (similar to above estimate)

<2C1C20" 3| £ loo/b — a,
with
B ax s 4Du10“/ Vb—a 32

max

p
2C1Cr03Vb—a=2 Dy
1620 a D30‘ D3hmm D3/2 3

Corollary 10. Let f € C?la, b]. Let 0 := hmax/ Nmin. For k > 2 there exists o € (0, 1) such that

I =514 oo < €50 masll £l oo

with

8p +2h2 VD, p" /b —a nd o — D, p3
Dy"o3 D3+ DypS’

Cs .=
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Proof. Lets:=sy — sy, and h: =t —u with ¢, u € 7;. By Taylor’s theorem

//( )
st) =su)+ s (uh+ —= o
for some ¢ between ¢ and u#. And so, by Theorem 9,
2 3/2 hZ
”S/”oo,r] < Z”s”oo,r, + = 3 ||S ||oo XX hC4G ( max)”f””oo 7”5””00,11'

Since s” is linear, it follows that

||s”||oo,f,<< > |al~|).

supp(N; )N #0
And so just as in the proof of Theorem 9 it follows that

k13/2
15" oo,y < Cao Ba |l £ oo

Therefore,
, 2 h2

Il ||OO,‘L’[< /’l 2 C4U hmaxvhmaxnf loos
with

2 h? 2 h: _\4D 11/2«/ —

<_+_)C4hmax<( + max) up 3/2 a max

h 2 PAmin 2 D

_ 89+ 23 Dup’ ‘W—
D3/2 3

5. Tensor product B-spline surfaces

In this section we generalize the results in the previous section to the tensor B-spline surfaces. The generalization
is straightforward and hence, we just outline the steps. Consider a rectangular domain §2 := [a, b] X [c, d]. Recall
T is a partition of [a,b] and let v={c=r] <rp <--- < r, = d} be a partition of [c, d]. Consider a tensor product
B-spline space

S := {s € Cl’l([a, b] x [c, d]), s = Zci_,-Ni,th,U},
iJj

where N; ; is a B-spline of order 4 with a double knot at each breakpoint of 7 and similar for N;,. Let £ =
[#, t1+1] X [rk, re+1] be a sub-rectangle of [a, b] X [c, d]. Furthermore, let ‘qu,k = [t1—g. it14¢] X [Tk—g» Tk+144¢]
for g > 0, where we have assumed that 7_; := #; for all nonnegative integer i and t; = t,, for all i > n. Similar for
breakpoints ;. For a continuous function f on [a, b] x [c,d], let sy and 57 x4 be the solutions of the following
minimization problems:

minimize {Eg(s): s € Ary(f)} O
and

minimize {Ega (5): s €8, s € Ary ()}, ®)

respectively, with
Ej:s— /|s(2’2)(u,v)’2dudv, )

I
where [ is a closed subdomain of §2 and
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Ar,v(f) — {S eSs: S(ti,rj) — f(ti:rj)’ 1= ]:n, j: l:m}. (10)
Here,
4
S(Z’Z)(M, V) 1= Suupo (U, v) = m(u’ v).

Just as the natural cubic spline curve minimizes (1), we have the following well-known characterization of the
natural bicubic spline (cf. [1] or [2]).

Theorem 11. A minimizer sy to (7) over the space S is a C 2,2 piecewise bicubic spline interpolant satisfying the
natural boundary conditions
s, 1)) =5s%0b,r) =591, ¢) =P 1,d) =0
along on the boundary, for i = 1:n and j = 1:m, and
5@ (@, e) =5%P(a,d) =5 (b, c) =s>?(b,d) =0
at the corners.
Let hypax =max{ti;1 —t;,rjp1 —rj, i = lin, j=1m}and hyjn =min{ti 1 —t;,rj41 —7rj, i =Lin, j=1:m]}.

Let ||s]2 denotes the usual L, norm on function g(#, r) over §2. By an application of Lemma 2 to tensor products we
have

Lemma 12. Let s := Zii ¢ijNi«(t)Nj . (r) be a spline function in S. Then

2,2 2 2,2 2
D3hiinlicllz < lIslly < hpaxllellss

2
where ||c||5 = Zij |cij|2.

The next result is a generalization of Lemma 3.2. However, the proof is not a straightforward generalization. We
use the ideas in the proof of Lemma 5.2 in [6].

Lemma 13. Let p(u, v) be a bivariate tensor product polynomial of coordinate degrees (3,3) on I = [a, b] X [c, d]
that vanishes at the corner points. Then,
Collpllz < h*|p@?],

with h == max{b — a, d — c}, for some absolute constant Co > 0.

Proof. Suppose that the area of the rectangular domain is 1. Let

Co == inf{| p®?],: llpll2=1, p bicubic that vanishes at the corner points}.

Let (px) be a minimizing sequence with norm || py|l2 = 1 such that py — p with ||psll2 = 1 and Co = || p&? 2.

Now, if Cp = 0, then necessarily p, is bilinear. But since p vanishes at the four corner points, it follows that p, =0,
which contradicts the assumption || p||2 = 1. Hence, Cy > 0. And so, Col|pll2 < ||p(2’2) I2-
Now, by a change of variables from the unit square to the rectangle, we have the stated result. O

We can now derive our desired stability estimate for the spline space S.

Lemma 14. Let s := Zij ¢ijNi(t)Nj ,(r) be a spline function in S. Assume that s € H := A ,,(0). Then,

h2. 1 1 h?
2 2 2 2 2 2 2
D3 el3 < o IsI3 < Eq(s) < D —e—lIsl3 < D g llell,
max max min min

for constants 53 := D3Cq and D, as in Section 3.
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Proof. The inequalities on the right-hand side follow by the Markov-type inequality for p-norms in Lemma 4, and
by Lemma 12. The first inequality follows from Lemma 12. For the second inequality, we use Lemma 13. O

The next result and its proof is an extension of Lemma 8 and its proof to 2D.

Lemma 15. The error between the local and global spline interpolants on the subdomain $2; j satisfies

_ Ayg, —
Isr—srikqgllae,<Ciol|sy Sf,z,k,qIIH,le{y_W;

. Duplo Duplo .
for1l <gq,witho = |/ Bt Do’ Cy o and p := hmax/ Amin

Proof. Let H = A;,,(0) be the linear subspace of S with inner product

and note that norm ||s ||%1 = Eg(s). Next, let
[ r22) 22
(f, g>H’QZk = (f » 8 >L2(‘Qﬁk)'

Since s ¢ solves (8), it follows that, for all g € H,

(s, 8)m=0.
Likewise, a necessary condition for s x 4 to solve (9) is that (s x ¢, g)H,_Q’qk =0forallge H.Let G, :={g € H:
supp(g) € ‘quk}' Then (s 7, g)H’quk = (Sf1kq>8 H forall g € G4, and so it follows that (s — s,k 4, &) =0 for
all g € Gy. ‘
Lets =57 — Sy kq- Thens € H, and it has a representation s = Zl-j ¢ijN;:Nj, for some coefficients c;;. Let
I, = {(i, J): Supp(Ni,rNj,v) - Q,r,k}
For1<r <gq,let
wy = ZcijNi,rNj,u and u, =5 — w,.
iel,
Let
w= ¥ &
(i,J)ER,

with R, := {(7, j): supp(N;Nj.,) N (.erj(rl — ‘er,k) # J}. Note that (s, w,)g =0 when r < ¢ since w, € G, and
that supp(u,) N supp(w,) C _erzrl — $2[ . Then, for r < g,

< luy ”Hsz’,k—er,;l [l w, ”H,er’k—_(zl’,;l

' Z CijNizNjy
H

(i, J)€R—1

N

lwrlla-
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Hence, ||w,||g < || Z(i,j)eRr_l ¢ijNi:Njyvllg when r < g, and so, by Lemma 14,

2

r—2
K Zaz < w3 < “ Z ¢ijNizNjv|| <
=0 "

(i,J)€Rr—1

Koa, (1T)

for 1 <r < g, with K _D3h

r—2
14 Zaé Sar-1
=0

with y := K /K. By Lemma 6,

mln/hmax and K> :=D hrznax/hmm And so, for 1 < r < g, we have the estimate

1
ap< —o' g,
14
with
1 K>
l+y Ki+Ky
By Lemma 14,
1
= 2 S g lsl g g
(i, J)ER,
and so
< r—l e r—1 )
a0 x ]/K] ”s”H Qr+2 .Q’ 1 K120 ”s”H,Ql’szQl”;l

for 1 < r < q. Therefore,

2
2
sz, = Z CijNieNjy
NieNjyvlgy  #0 H.$21
< Kpzap (by Lemma 14)
2
2 =1y a2
—=o" 7 |Is|| » .1 (from above)
2 9] o)
and hence,

Islli, 2 < Vo lslly gren_ o

for 1 <r < g, with

hiax
C|:= ij NMZEH_m :Dqu
Dsge ’
and
2
K Dy D,p'0
Ktk p Dt + , s T B Dp0

m1n

We are now ready to prove the second main theorem in this paper.
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Theorem 16. Let f € L%([a, b] x [c,d]) N C(la, b] X [c,d]). For q > 2 there exists o € (0, 1) such that
Isr—srikglae, <Csollfllu,

and, if f € C**([a,b] x [c,d)),
Isy = s f1kqlloo.2e < Coo? | D*f| ..

where
||D2f||Oo = sup{\f(z’z)(u, v)\: u,ve .Q},

and with

D,p" hy D, p'
Cs=22L_  Co=4Cs—M g o= [P
3 10

Dso v D3hmin D3+ D,p

Proof. To establish the first inequality we have
Isf —sfikglme, <Ciol2lsr —sfikg .9, o> (by Lemma 15)
<Cro 2 (Issln +lIsprkglngp,)
<C1o? (I fln +1flg,g0)  (by Theorem 11)
<2107 fllu
with C; = %3’%. For the second estimate, we first note that sy — s 71,k,g = >_(; j) @j Ni,t Nj,v for some «;;. And so,
2

Z ®jjNitNjy
Supp(Ni,rNj,v)ﬂ-Ql,k?é(/j

2
< ( Z Iaij|> (due to |N; .| < 1)

supp(N; ¢ Nj, )Ny x #9

<16 > i I

supp(N; ¢ Nj )Ny ( #0

2
Isr—sfikgllse e, =

00,82) k

< Cllsy —sfikqlly o, (byLemma14)

8 4 . . .
with Cp :=4 fmgx 4}1‘%. And so, putting it together gives
2 p g g g

D3hmin - vV 53hmin
sy —srikglloc, @ < Calsy =spikglnql,

<2C1C0 | DX f| Vb —a)d—c). O

6. Numerical experiments

In this section we compare some local and global approximations. In Fig. 1, local solutions are plotted for k =0
through k& = 3 for the function f(¢) = cos(5¢) defined over [—m, ]. There are ten breakpoints, ¢1, ..., t19, and the
max error e = |sy — 87 kloo,; 18 calculated over the interval 1; := [t5, 1] = [—0.34907, 0.34907] for each curve.
The errors are tabulated for kK = 0 through k = 4 in the table that follows. Note that when k& = 0, the natural spline
570 is a line segment supported on 7;, and when k = 4 the local and global curves are the same in this example,
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1 T T T T T T T 1 T T T T T

08} 1 08} 1
0.6} 4 0.6+ 4
0.4l 1 0.4} |
0.2} 1 0.2} 1
of 1 o 1
0.2} — 1 0.2} 1
-0.4} 1 0.4} |
0.6} 1 06} 1
-0.8} 1 0.8} 1
& 3 2 . 0 1 2 3 4 g 3 2 1 0 1 2 3 4
1 T ! : T : 1 T T T T T
08} 1 08} 1
06} 4 06} |
0.4l 1 0.4} 1
02} 1 0.2} 1
ol 1 o 1
-0.21 g 024 i
0.4} 1 0.4} |
0.8} 1 08} 1
0.8} J 0.8} |
T 3 2 = 0 1 2 3 4 g 3 2 E 0 1 2 3 4

Fig. 1. Plotted are the local solutions for k =0, ..., 3, respectively, of f(t) = cos(5¢) on [—m, ] with 10 breakpoints.

hence the error is zero.

Figure 1 k=0 1 2 3 4
ey = 0.2323 0.13166 0.05 0.01295 0
er/ex—1 = 0.56646 0.37978 0.25890 0

In Fig. 2, piecewise local approximations

srr(@) = {spe(®): 1 €1, 1411}

are plotted for k =0, ..., 3, together with the global solution. Although these local solutions are not smooth at the
breakpoints, one can only see this for the broken line, when k = 0. This is not surprising, given that the error between
the derivatives of the global and piecewise local interpolants decay exponentially, as governed by Corollary 10.

Local approximations to three functions are plotted in Fig. 3. In Fig. 3, s¢ is in a lighter shade and the s, are
in darker type. In each example, all local approximants are plotted for k =0, 1, ..., 20, which overlap so closely that
they are difficult to distinguish from each other, and from s ;. For (a) there are 100 breakpoints (n = 100), and for (b)
and (c) n = 200.

The L, and L, errors are given in Table 1. By looking at consecutive terms, ones sees that we can take o ~ ey /er_1
between 0.2 and 0.4. This is much better than the value of o suggested in Lemma 8, which is very close to 1 (due to
D, being very large compared to D3). Hence, the estimate of ¢ in this paper may not be sharp. But the theoretical and
empirical results both show the exponential decay that we hoped to see. And so, in practice, we can piece these local
solutions together, i.e., use s,/ x|, [ = 1:n — 1, to replace s ¢. This new curve is only continuous, however due to the
exponential decay in the errors of the derivatives as well as function values at the knots, the break in smoothness will
not be visually noticeable for large .
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0.8 0.8
0.6 0.6
0.4 0.4}
0.2f 0.2t
or ol
0.2} -0.2F
0.4} -0.4f
0.6 -0.6F
0.8} -0.8F
-2 4 g 4
0.8 0.8}
0.6 0.6
0.4 0.4}
0.2+ 02l
or ol
0.2t -0.2¢
0.4} -0.4}
0.6 -0.6F
0.8} -0.8F
14 4 14 4
Fig. 2. Piecewise defined local approximations to f(¢) = cos(5¢t) on [—mx, ] with 10 breakpoints for k =0, ..., 3.
Table 1
Errors in Ly and Lo norms for various k
k=0 1 2 3 4 5 6 7 8 9 10 11
(a) 2.5e-03 4.4e-04 9e-05 1le-05 2e-06 7e-08 7e-08 3e-08 1e-08 3e-09 9e-10 2e-10
(b) 3.1e-03 6.0e—04 le-04 3e-05 9e-06 2e-06 4e-07 8e—08 1e-08 1e-09 4e-10 3e-10
() 2.4e-04 1.9e-05 8e—-06 6e—-06 7e-06 8.5e-07 2e-07 4e-08 4e-10 3e-09 2e-09 8e-10

The results in this paper show that the errors between local and global variational spline interpolants decrease
exponentially as the number of data points increase. However, this convergence may not be monotonic. Suppose we
are given uniform knots with data values (10,0, —1,0,0,0,0, —1, 0, 10). Then, the L errors for s 7,40 through s 74 4
are 0.039513, 0.039513, 0.000149, 0.023692 and 0.000000, respectively, as computed over the middle interval. The
jump from 0.00149 to 0.023692 is due to the data values —1, which pull the local curve down, away from the global
interpolant, which is heavily influenced by the values 10 at the two end points. The last error is identically zero because
Sf44=S5f.

In Fig. 4 the global tensor product solution to the function s(u, v) = exp(uv) sin(20uv) on [—1, 1]? is plotted.
Local solutions centered about the rectangle [0.3939, 0.4141] x [0.5135, 0.5405] were computed for several k. Both
the L, and L, errors between the local and global solutions over this rectangle are listed in Table 2. As expected, the
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Fig. 3. (a) f(1) = 757 2+1 ; (b) f(t) =cos(5t); (c) f(t)—z‘2 cos(5t).
line1 ——

Fig. 4. Tensor product approximation of s(u, v) = exp(uv) sin(20uv) on [—1, 1]2, with 100 x 75 breaks, T =[0.3939, 0.4141] x [0.5135, 0.5405].
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Table 2
Errors in Ly and Lo norms for various k

Figure 4 4 5 6 7 8 9 10 11 12

ey = 1.2e-02 2.3e-03 5.7e-04 1.3e-04 2.9e-05 5.8e-06 9.5e-07 1.1e-07 6.3e-08
2.7e-08 1.0e-08 3.4e-09 1.0e-09 3.1e-10 9.le-11 2.3e-11 7.0e-12 9.1993e-13
ex/ex—1 = 0.19288 0.24315 0.23370 0.21879 0.19701 0.16386 0.11818 0.56185
0.37311 0.33709 0.31421 0.29553 0.28485 0.26186 0.29410 0.13113
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Fig. 5. Local and global interplants to penny data.

decay is exponential as k increases. Similar to the results for curves, the exponential constant is between 0.1 and 0.4
here, and in particular much less than the theoretical value of o derived in this paper.
As a final comparison, in Fig. 5 we plot local and global solutions to a ‘penny’ data set. Here, one can see that very

little detail is lost in the middle part of the local solution, compared to the global solution. That is, Lincoln’s head is
well approximated using only local data.
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7. Final remarks
We conclude with the following remarks:

Remark 1. In Section 5 we used an energy functional based on a fourth-order derivative. It is possible to use the
following energy functional:

925 \? 3% \2 925\ 2
E = — — dxd
2= [((5) + () +(52) )eror
2
which involves only second-order derivatives. This will make the proof more complicated. In fact, under this energy

functional, Lai and Schumaker studied the convergence of local and global bivariate piecewise polynomial interpola-
tions over triangulations (cf. [7]).

Remark 2. Clearly, the result in Section 5 can be extended to approximate tensor product of B-spline functions
of more than 2D dimensions. Also, we can extend it to parametric B-spline surfaces (x(u, v), y(u, v), z(u, v)) with
x(u,v), y(u, v) and z(u, v) being tensor product of B-spline functions. Moreover, we expect that these results will lay
the groundwork for work on other variational curve and surface problems, and in particular variational subdivision, as
has been studied by the first author.
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