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Abstract
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1 Introduction

Finding systems admitting sparse representations of objects of some functional classes
and methods for constructing such representations is an important problem attracting
the attention of many applied and pure mathematicians. From naive point of view the
sparseness means compression. At the same time, this naive fact has rigorous justifica-
tion from the point of view of information theory. The problem of sparse representations
admits many different approaches. Those approaches can be partitioned into linear and
nonlinear methods. The non-linear methods of representation consist in finding the most
sparse representation for individual functions, whereas the linear methods are indepen-
dent on a function and result in a linear operator providing optimization of some goal
function for the class. Among those goal functions for wavelets (or wavelet frames)
representations providing the higher order of vanishing moments or the higher frame
approximation order are most popular. Unfortunately, natural constructions of wavelet
frames based on polynomial filter-banks (like Unitary Extension Principle) fail to pro-
vide those properties even if the wavelet frame has a potential ability to represent higher
order polynomials only with shifts of a scaling function (cf. [Ron and Shen’99]).

In [Lai and Petukhov’07], we introduced a concept of virtual components for tight
wavelet frames. The purpose of the virtual components is to increase their approxima-
tion order and vanishing moments of tight wavelet frames. More precisely, using a non-
uniqueness of decomposition in wavelet frames, we parameterize all such decompositions
and select parameters (virtual components) providing the maximum order of polynomi-
als annihilated with an analysis operator and reduction the leakage of the low-pass part
of a signal into the high-pass parts. In that paper, we mainly discussed the construction
of virtual components in the univariate setting. We now continue the investigation the
same problems in the multivariate setting.

While we concentrate our attention on linear methods, we have to emphasize that
virtual components are a natural tool for non-linear optimization. We consider such an
opportunity as a topic for future research.

To construct virtual components, we first need to do a matrix extension and then
compute virtual components. In this paper, we mainly address the existence of the
matrix extension in the multivariate setting. Our proof of the existence is dependent
on the Quillen-Suslin theorem. There is an algorithmic approach of the Quillen-Suslin
Theorem. In general, the matrix extension is not an easy step. However, if a compactly
supported multivariate tight wavelet frame which is constructed based on the method

in [Lai and Stockler’06], then a matrix extension can be easily obtained. Once we have



a matrix extension, we can construct the virtual components to increase the order of
polynomial reproduction and reduce the leakage of the low-pass contents into the high-
pass parts of a signal. We shall provide with two examples in the bivariate setting to
illustrate the construction of virtual components. That is, we use tight wavelet frames
based on box splines on three or four direction mesh to construct examples. In each case,
we are able to find the unitary matrix extension. Then we find the solution for virtual
components.

The paper is organized as follows. We first explain the concept of the virtual com-
ponents in the multivariate setting in §2 and then we discuss how to construct virtual
components in §3. In §4 and §5 we use bivariate box spline tight wavelet frames to illus-
trate how to compute the virtual components. One byproduct of this study is our new
construction of tight wavelet frames based on box splines on a four direction mesh. One
significant advantage of our new construction is that the number of tight wavelet frames

is less or equal to 6 no matter how smooth the box spline functions are.

2 Formation of Problems

To describe the method of virtual components in the multivariate setting, we need some
notations and definitions. We consider an integer dilation matrix D of size d x d, where
d > 2 is the dimensionality of the Euclidean space, with the dilation factor |D| greater
than 1. For the convenience, we will use the notation |D| for | det D|. The linear transform
D partition Z¢ into | D| non-overlapping classes. two vectors k, I € R% belong to the same
class if k — 1 = Dn for some n € Z?. Any set of |det D| vectors including exactly one
representative of each class is called a set of digits associated with the matrix D. In what
follows, we need a set of digits § = {d;} and 0* = {d}} associted with the matrices D
and its complex conjugate and transpose D*.

Let ¢ € Ly(R%) be a compactly supported refinable function, i.e.,

~

d(w) = P(D"'w)g(D" '),

where P(w) is a trigonometric polynomial in e*. Let V; = span{; (+), m € Z4} be the

linear span of integer translates of ¢(D?-) for j € Z, where
$jm(x) = [D|'2¢(D7w —m)

is a dilation and translate of ¢. Since ¢ is refinable, V; C V,;4. In this paper we shall

first assume that we can construct a set of tight framelets associated with ¢, i.e., tight



wavelet frame generators 1)) defined in terms of Fourier transform by
P (w) = QD 'w)p(D* W), i=1,....m

with r necessarily > |D|. Here Q; are Laurent polynomials in ™. (See, e.g., [Lai and
Stockler’06] for a method of constructing tight wavelet framelets in the multivariate

setting.) Furthermore let W, be the linear span of ¢, similar to V;. We know that
Vi = Vit Wik oo 10, 0

Suppose that P and @Q;’s satisfy the following unitary extension principle (cf. [Ron and
Shen’97a] and [Ron and Shen’97b]):

PP*+ QQ" = Ip|, (2)

where I|p| denotes the identity matrix of size |D| x |D|, P = (P(w + 2rD*7'd}), n =
1,2,...,|D|, be a vector of size |D| x 1 and Q@ = (Qs(w + 27D*d*), i = 1,---,7,

n=1,2,...,|D], be a matrix of size |D| x r. In other words, letting
M=[P Q]

be a matrix of size |D| x (r + 1), we can rewrite (2) in the following matrix format:
MM* = 1p,. (3)

As we know that (3) is fundamental in sequence decomposition and reconstruction. Let
us explain it a little bit in detail. Let {s;,j € Z?} be a digital sequence and S(w) be the

discrete Fourier transform of the signal. That is,

Sw)= Y spe ™.

meZd

Let f; = Z s,(j;)gbj,m be a projection of the digital signal S in Vj. Its Fourier transform

R meZd
fj of fj is
filw) = F;(D" 7 w)o(D"w)
with Fj(w) = |D|7/2Y,,cza s$ e~ Similarly, for g;, = > t9Rap g € Wi, the

meZd
Fourier transform of g, is

Gin(w) = G (D™ W) ® (D w),

where Gy = [ D] 9/2 ¥ e 13007,



The decomposition relationship (1) implies that for f;;1 € Vj44, there exist f; and
Gjks k=1, 7 such that
Fjt (D77 0)g(D" 7 w)
= Fi(D"Iw)p(D"Iw) + 3 Gu(D* T w)in (D w).

k=1

Using the dilation relation and the definition of framelets, we have
Fij(D"9w)g(D™w) = Fj(w)P(D*'w)g(D"w)+
> Gik(w)Qu(D"'w)d(D"w).
k=1

That is,

T

Fip(w+2rD*7'd}) = Fi(w)P(w + 20D dy) + > Gip(w)Qp(w + 27 D*'dy)

k=1
for k = 1,2,...,|D|. In terms of matrix form and without explicit reference of level j,
we have

X(w) = MY (w), (4)
where

Y() = [FW),Gaw), - Gaw)]",

T
Xw) = [Falw+2rD'd;) k=1,2,...,D]] ,

()
are two vectors of size (r+1) x 1 and |D| x 1, respectively. By the fundamental condition
(3), we obtain the following

Y(w) = M*"X(w). (6)

That is, given a sequence in Vj;y, i.e, Fj1, we can find the decomposition components
F;,Gjk,k=1,---,r ie, Y(w) by using (6). On the other hand, for given Y (w), we can
recovery Fjyq using (4).

Let us introduce the matrix ® = || D||="/?{e"" """} 5 .5+ and the diagonal matrix
A(w) with the diagonal entries {e~"@%“)}, ;- p|. Both matrices are unitary. Then the
matrix © = APM is a polyphase form of the matrix M and £ = A®X is a polyphase

form of the vectors X. The polyphase forms of equations (4) and (6) are as follows

£ =py, (7)

Y =p¢. (8)



While original entries of X and M are Laurent polynomial and formal Laurent series
in ¢, entries of ¢ and u are polynomials and Laurent series in ¢??"“. Moreover, while
the matrix M is defined by the first row and X is defined by the first component, the
entries of £ and p does not have this dependence and can be chosen with more freedom.
For this reasons, formulas (2.4") usually are preferable for both theoretical analysis and
applications.

Note that in terms of signal processing terminology, Fj is associated with low-pass
part of the sequence in Fj;; while G, k = 1,---,7 are associated with high-pass part
of the signal. We would like to know if we have F; = Fj1; in the above computation (6)
when F} ;1 happens to be the low-pass part of the signal. This relates to the question if the
low-pass part of F}j; leaks to W, ; or not. For example, let ¢ be a box spline function and
let F; 11 be associated with a box spline function in V; written in term of the refined level
Vjt1. That is, suppose that b = Z Cm®j.m Which may be rewritten in b = Z Cm®Pj+1.m

meZd meZd ‘
by using the refinement relation of the box spline. Letting Fj11 = >, ,cz4 e, the

computation (6) yields Fj. Our question is if F; = Y c¢,e "™ or not.

meZd
Next let V; be the extension of V; in the distribution sense so that V; contains all

polynomials of total degree n assuming that the refinable function ¢ are able to reproduce
polynomials of total degree n. Our second question is when Fj; is associated with a
polynomial in V;, if F} is associated with the same polynomial. Do we have G, = 0 for
all k =1,---,r in this case? This is related to the vanishing moment order of the tight
framelets. Thus, our questions may be formulated as follows: Suppose that f;11 € V;41
is a polynomial. How can we have G, =0 forall k =1,---,r7

We shall use the method of virtual components (MVC) to give the above two ques-
tions an answer. The MVC is a computational method which shows how to modify M
and M* to avoid the leakage of the low-pass part of signals to the high pass parts and

to increase the vanishing moment order.

3 The Method of Virtual Components

The method of virtual components (MVC) starts with extending M and M* to square
matrices M, and M, of size (r + 1) X (r + 1), respectively such that

Meﬂe = dr+1- (9)



Here we say M., is an extension of M if M, consists of matrix block M and another
block N in the following form: v
M= (7).

Similarly, M, = (M,/\Nf ) is an extension of M. We notice that we are interested only
in extensions whose entries are Laurent polynomials in e’”"“. This is ensured by the
following (cf. [Logar and Sturmfels’92] for an algorithmic proof). Let R be the ring

consisting of all Laurent polynomials in z € (C\{0})<.

Theorem 3.1 (Quillen-Suslin). Let n < r. Suppose that a matriz A of size n X r with
Laurent polynomial entries in z = €™ is unimodular. That is, the mazimal minors of A
generate the unit ideal ove the ring R of all Laurent polynomials in z. Then there exists

a matriz U of size r X r unimodular over R such that
AU = [[nxrw Orxr—n]-

Indeed, we use the above Quillen-Suslin Theorem to prove the following (11). There
are many approaches available in the literature to find matrix extension (or matrix
completion) in (11). For example, see [Ji, Riemenschneider and Shen’99] and [Chen,
Micchelli, and Xu’07] and the references therein. In this paper, we provide another new
proof which is based on [He’98].

=J i sh > =J=hixhv>

lar matrices with trigonometric polynomials in € in their entries, where n < r. Suppose
that M and M satisfy
MM =1, (10)

where I, denotes the identity of size n x n. Then there exist two extension matrices M,
and M. of M and M, respectively, such that

MM, =1,. (11)

Proof: We use induction. When n = 1, M = [my;(w), -+, my,(w)] and M =
[y (W), - - -, My, (w)]7. Then (10) is

mi(w)my (w) + -+ - + my(w)my(w) =1, Vw € [0, 27r]d.

It follows that mi;(w),-- -, mi(w) have no common zeros for z = e € (C\{0})%
By using the Quillen-Suslin Theorem, i.e., the algorithm in [Logar and Sturmfels’92,
Theorem 2.1], we can find U(w) which is invertible in R such that

[mu(u)), . ~,m1r(w)]U = [1,0, . ',0]1><7«.



Let A(w) = U '(w). Then the above equation implies that [mi(w),- -+, my,(w)] =
[1,0,---,0]1mA(w) or the first row of A(w) is M. We now look at

- 1
mi1 ((U) h
Awr( = =1 1|
myy (w) hm—l
where hy, - - - h,,_1 are polynomials in z. Multiplying the both sides of the equation above
by matrix
1 0 --- 0
—h 1 - 0
L{w) = : 1 : :
By 0 -0 1
we have
~ 1
miq (w) O
L(w)A(w) : =1 .
’ﬁ’Lh« (w) O

Notice that the first row of L(w)A(w) is still [mq;(w), -+, my,(w)] and L(w)A(w)) is also

invertible in R. Thus, we have

mll(w) 1
( 5 )(L(w)A(w))l ’

77~’L1r (w)

mu(w)

That is, ( : ) is the first column of (L(zA(w))™!. Let M (w) = L(w)A(w) and
mlr(w)

M. (w) = (L(w)A(w))™". Then we have the matrix extension and

M (WM, (W) = I,.

Assume now that we can find two desired extension matrices for n = ¢ < r. For
n=/0+1<r,suppose My i(w) and My (w) are ((+1) x r and 7 x (£+ 1) polynomial
matrices satisfying

Mz+1(w)ﬂz+1(w) = Ioy1.
Let M, (w) be the first £ rows of My (w) and M,(w) be the first £ columns of M1 (w).

We also have



By the induction assumption, we can find one (r —¢) X r and one r x (r — ¢) polynomial
matrices Ny(w) and Ny(w) such that

Mg(w) 'l A7 .
(M) (M) Nutw)) = 1. (12)

Now we look at

Men (@) (Mew) New) = (g ).

0 h
where h = (hy, ha, -+, h,_;) is a vector with polynomial entries. Notice that the matrix
M (w) is of full rank and det([M,(w), No(w)]) # 0 for all z € (C\{0})? by (3.4).
It implies that (r — ¢) polynomials hq, hg,- -+, h,_, do not have any common zeros in

(C\{0})?. Otherwise, the matrix on the right-hand side would not be of full rank. By
the algorithm in [Logar and Sturmfelt’92, Theorem 2.1}, we can find a polynomial matrix
T'(w) which is invertible in R such that

[hlu T hT—Z]T(w> = [17 07 T O]IX(T—Z)'

I

Multiplying both sides of (3.4) from the right by < 0 T(Ow)

> , we have

M1 (W) (M(w) No(w)) ({f T?w)) = [Lo41 01y x (r—t=1)) (4 1) xr-

That is, My1(w)[Me(w), No(w)T(@)] = [Ter1 Ogs1yx(r—e-1))(e41)xr- Thus, if we let U =
[M(w), No(w)T(w)], then U is invertible and U~ is also a polynomial matrix. It is casy
to see that M1 (w) = [Lrt1, Os1)xr—e—)|U ™, L., Mg (w) is the first (€ + 1) rows of
Meyi(w)

. A simple computation shows
MH(“) ] P P

(W) M= ()

We have, by the assumption,

matrix U~!. Denote by U~! =

I, 0O
(V) My =0 1], (13)
M+1(W) 0
g
where g = [g1(w), -+, gr—¢_1(w)]T with polynomial entries in ¢*. Let
1 0 0

—Gr—e-1 0 - 1 (r—0)x (r—2)



Multiply both sides of (3.5) from the left by ({f V?/>’ we get

My (w) > v _ <I€+1>
(Wi iy ) Mot = (751
_ MZ+1(UJ) . . . . —1 .
Let V = WA (@) ) Note that V' is invertible in R and V™" is also a polynomial
£+1

matrix. We can see

Myar(w) = V! (]goﬂ) .

That is, M 1(w) is the first £+ 1 rows of (V~!). We thus choose the matrix extensions

to be
Mt (w)

WM+1(W)

Then the extension matrices satisfy the desired properties. This completes the proof. B

M, = < > and M, = (M;").

Since the proof of Quillen-Suslin’s Theorem is not constructive, the above matrix ex-
tension is not a constructive proof. However, for those tight wavelet frames which were
constructed based on the method in [Lai and Stockler’06], we can give a constructive
proof of the matrix extension. Indeed, let us recall the method for construction of com-
pactly supported multivariate tight wavelet frames from [Lai and Stockler’06]. Let P(w)
be a mask associated with a refinable function ¢ corresponding to the dilation matrix D

and suppose that Y  |P(w+27D*'d*)|* < 1. Let us further assume that there exist
€
polynomials p;,7 = 1,---,n such that

S |P(w+2rD* )P + > |p(Dw) > = 1.
d*eo* j=1
A computational method of p; can be found in [Geronimo and Lai’06] for certain Laurant
polynomials P. As shown in [Lai and Stockler’06], the Laurant polynomial associated
with any bivariate box spline function on three and four direction mesh, such p; can be
constructed for a special form of the dilation matrix D.
Let Py(w),1 <k < |D|, be the polyphase components of P, i.e.,

P(w) = [D|72| 37 " Py(D*w).
dres
Let P(w) = [Py(w),1 < ¢ < |D|,p;(w),7=1,--,n], be a vector of size (2¢+n) x 1 and
let
Q = Iipj4n — P(w)P(w)",
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where I|p|+, is the identity matrix of size |D| 4+ n. Then it is easy to verify that QQ* =
Iipjn — P(w)Q(w)*. Let U = ®*A*, then

[P(w+2rD7"d;),1 < £ < |D|]" =U[P(D*w),1 < (< |D|".

Let Q be the first | D| rows of Q. From the above we have

-~ ~ ~

QwW)Q(w)* = Ijp — P(w)P(w)"
where P(w) = [P(D*w),1 < £ < |D]] is of size |D| x 1. We let
Q(w) = UQ(D*w).

Then letting [Q1,- -, Q|pj+n) be the first row of the above matrix Q and @(w) =
Q;(D*'w)ih(D*'w), we know that these 1); are tight wavelet frames by using the
unitary extension principle (UEP). In this situation, M = [P, Q] which is of size
|D| x (|D| 4+ mn+ 1). As discussed in the above, we have MM* = I|p,.

We are now ready to construct a matrix extension of M. We first extend M to have

)

of size (|D| 4+ n) x (|D| +n + 1). It can be done easily by letting

a matrix

[j\wfl] - {Zg ?] [P(D*w), Q(D*w)].

Indeed, using the above discussion we have

MM I
Nl Nl — 4|D[+n-
We now find polynomial entries Ny of size 1 x |D| + n + 1 such that the following
determinant is equal to 1:
M
det Nl =1.
N>

This is guaranteed by using the Hilbert Nullstellensatz. Indeed, as we saw from the above

that
Ve
LNV ]

is of full rank. Hence, the cofactors of the matrix

M
Ny
N, |
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associated with each entry of Ny have no common zeros in (C\{0})?. Then the above
matrix is invertible in the ring of polynomials. Hence, there exists M. such that
Meﬂe = I|p|+n+1- Thus, we have obtained the following

Theorem 3.3 Suppose that the tight wavelet framelets are constructed by using the
method in [Lai and Stéckler’06]. Let M as defined above which satisfies

MM* = [|D|—|—TL3

where Ip+rn denotes the identity of size (|D| + n) x (|D| + n). Then there exist two
extension matrices M, and M, of M, such that

Meﬂe = I\DH—n-{—l-

For simplicity, we may assume that M, is an unitary extension in the remaining part

of this section unless specified explicitly. That is, M, = M. For convenience, we write

M7 .
M, = [/\/] with
N = (n,-j(D*w))gingf\m .

1<j<|D]
That is, N is the extension component of M.
We let X = aX be a virtual component, where  is a matrix of size (r41—|D|) x |D|.
That is, for a = [ (w + 27 D*71d}), 1 < € < |D|}iz1,rt1-D]s

X = [ > ai(w+2r DY) Fia(w + 20D dy)

1<¢<|D| i=1,,r+1—|D|

Similarly let X, = {%] Then we have

Y. = M. X, and X, = M.Y.. (14)
We shall show how to choose « such that X be can be recovered from the first component
from Y, when the signal f;;1 € V;41 is a polynomial. Furthermore, we shall show how to

choose « such that the other components from Y,, especially, the components G5 = 0
fork=1,---,r.

Lemma 3.1 Suppose that P(w+2rD*71d;), 1 < ¢|D| have no common zero in (C\{0})%.

Then there exists o = (o, - -+, Qpq1—|p|) With polynomial entries a; such that
> ai(w+2aD*d))P(w + 20 D*'d}) = n; 1 (D*w) (15)
1<6<|D|

foralli=1,---,r+1—|D|.
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Proof: The existence of the solution ¢; is guaranteed by the Hilbert Nullstallensatz since
P(w+2rD*7'd}),1 < ¢ < |D|, viewing as polynomials in z = €™ have no common zero
for z € (C\{0})%. m

Suppose that P(w+2rD*1d;),1 < ¢ < |D| have a common zero in (C\{0})¢ which is
not a zero for n; ; for some i. Then we use some polynomials ¢;(D*w),i = 1,-- -, r+1—|D|
in z = ™ to generate the same zero of the same order on the right-hand side so that we
can find «; such that

> ai(w+2r DNy P(w + 2nD* ) = ny i (Dw) + ¢i(D*w) (16)
1<¢<|D|

foralli=1,---,7+1—|D|. See an example in Section 5.

For convenience, let us use the expression in (16). We note that in (14) the first

component of the vector Y, = [y, -+, y,11]T can be explicitly written as follows:
yilw) = > Plw+2rD*'d}) Fjsa(w + 2D ' dy)
1<¢<|D|
r+1—|D|
+ Z nm(D*w)* Z Oéi(w + 27TD*_1dZ)F’j+1(w + QWD*_le).
i=1 1<¢<|D|

That is, we have

yilw) = Y Fia(w+2rDd)x
1<¢<|D|
r+1—|D|

Plw+2rD* ') + > ni(D'w) oy(w + 27 D*'dy)
i=1

Let us assume that f;1 € Vjy is also in Vj. That is,

A~

i1 = Fia(D 7 'w)p(Dw) = Fj(w)d(w).

In other words, Fj,1(w) = Fj(D*w)P(w) using the dilation relation of ¢. Thus, by using
(15), we have

yi(w) = EFj(D*w)P(w + 2nD*~1d}) x
1<6<|D|

i=1

r+1—|D|
Pw+2rD* ') + > nip(D'w)oy(w + QWD*_le)]
= [j(D'w) [ > |P(w+2aD )P+
1<6<|D|

r+1—|D|
Y (Inip(D*w)? + Qi(D*W)”i,l(D*W)*)]

=1
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r+1—|D|

= Fy(D 1+ Z ¢ (D*w)n; 1 (D*w)*

When P(w + 2rD*"'d;),1 < ¢ < |D| have no common zero and ¢;,j = 1,---,r +
1 — |D| are equal to zero, we clearly have y;(w) = Fj(D*w). That is, y; contains the
low-pass part of the signal and hence Fj,(w) = P(w)F;(D*w) = P(w)y(w). Otherwise,
we will have

. r+1-|D| .
0w = B0+ Y a(Dw)F(D W) (D).
i=1

In addition to the property of ¢;, we further require ¢; to contain factors H?;l(l —ewi)n
for an appropriate n > 1 for i =1,---,r+1— |D|. If f;4; is a polynomial of degree n
which is in Vj4; in the distribution sense, then H;l:l(l — ¢™i)"F;(D*w) = 0 and hence,

ni(w) = Fj(D'w). (17)

Similar to the computation of y;(w), we can compute yx(w) which is zero for k =

2,---,r+ 1. Hence,
y1(w)
0
X=M :
0
That is, X can be recovered from the low-pass part y;(w) directly. The high-pass parts
Yyo(w), -+, yry1(w) are all equal to zero. We summarize the discussions above in the

following

Theorem 3.4 Assume that polynomials P(w + 27 D*7'd}),1 < { < |D| in 2 = €* have
no common zero in (C\{0})?. Solve (15) for ;. Then any sequence fjy1 in Vi1 which
is also in V; can be recovered from the low-pass y, of the decomposition Y of fir1 in 'V},
Wik, k=1,---,r. The decompositions G, =0 for allk =1,---,r

and

Theorem 3.5 If polynomials P(w + 27 D*7'd}),1 < ¢ < |D| in z = € have common
zeros in (C\{0})?, we choose a vector of Laurent polynomials q,k =1,---,7 +1 —|D|
such that (3.8) holds. In addition choose q containing a factor H?;l(l e™i)™ for
k=1,---,r4+1—|D|. Then when fj;1 is a polynomial of degree < n in V41 can be
recovered from the low-pass y; of the decomposition Y, of firx1 in Vj, Wi, k=1,---,r.

Furthermore, the decompositions G =0 for allk =1,---,r.
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If M and M are associated with bi-framelets (cf. [Daubechies, Han, Ron, and
Shen’03] and [Daubechies and Han’04]), the construction (15) may be modified accord-

ingly. That is, we need to find « be a solution which solves the following

> ai(w+2rD* LY P(w + 27 D* Y d}) = ny (D*w) + qi(D*w). (18)
1<e<|D|
We leave the detail to the interested reader.

Finally we remark that the requirement the factor [I_;(1 — e™7)? in each ¢; may be
too strong. We can weaken it. Suppose that f;11 € V;41 is a polynomial of total degree
n under the assumption that the integer translates of ¢ reproduce polynomials of degree
< n. Then Fj(w) = Fj(D*w)P(w) as mentioned above. Based on the discussion above,

we have
r+1—|D|

y1(w) = F( )(1+ Z ¢ (D*w)n; 1 (D*w)*).

Multiplying both sides of the equation above by P(w), we have

~ r+1—|D|
Pwy(w) = Fj(D'w) )(1+ Z ¢(D*w)n; 1 (D*w)”)

r+1—|D|

= J+1 + Z QZ nzl(D*w)*Fj—l—l(w)'

Note that y;(w) is of 7 periodic function from (3.9). That is, y;(w + 27 D*71d}) = y; (w).

If the second term in the above equation is zero, i.e.,

r+1—|D|
Z Gi(D*w)niy (D*w)" Fja(w) = 0, (19)
y1(w)
we will have X = M : . Let us consider a box spline function ¢ with direction
0

set A which contains direction vector A € Z?\{0}. When f; 1 € V;11 is a polynomial of
degree < n,
fisr= > s bim
meZd
with coefficient sU*!) being a polynomial in m (cf. [Chui and Lai’87]). It is known, e.g.,
in [de Boor, Hélig, and Riemenschneider’93] that

o
U Pd N Vj+1 = ﬂ kel"(DA/)
n=0 AeA

Spana\a’)#rd
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where Dy = [Thear Dy, and D), is the directional derivative along direction A, ker(Dy/) =
{f, DA’f = 0} Then

H (1 — ™)

AEN/
will annilate the discrete Fourier transform of all polynomials of total degree < n if
A C A and span(A\A') # R%, where

n < min{#(A), A" C A, span(A\A') # R4}

In this case, if

r+1—|D|
Y a(D'w)ni(D*w)* = s(D*w) [[ (1 —P™)
=1 AEN/

we will have (3.9).

4 An Example of Virtual Components

In this section we use bivariate box spline tight wavelet frames to explain how to con-

struct virtual components. Let

; k o\ ! ; m
" 1—e™™ 1 —e 0\ [1—eit0)
¢k,l,m(77> 9) - . X ;
in i0 i(n+0)

be the Fourier transform of a box spline on the three direction mesh (see, [de Boor,

Hollig, and Riemenschneider’03]). We shall use the tight wavelet frames constructed in
[Lai and Stockler’06]. For simplicity, we use box spline ¢q1;. Let z = e and w = =%
and

P(n,0)=(14z2)(1+w)(l+2w)/8

be the mask associated with box spline ¢1; under the standard dilation matrix 215,

where I is the identity matrix of size 2 x 2. That is,

o~

é(n,0) = P(n/2,0/2)6(n/2,6/2).
Let pi(z,w) = (1 + zw)/4,p2(z,w) = (1 + w)/4,p3(z,w) = (1 + z)/4, ps(z,w) = 1/2

be the polyphase components of P(n,6). Let p1(z,w) = v6(1 — w)/8 and pa(z,w) =
(2 — 2z — zw)V/2/8. It is easy to see that letting

P(sz) = [pl(zvw>7p2(27w>7p3(27w>7p4(zvw)vﬁl(sz)7ﬁ2(sz)]v
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P(z,w)P(z,w)T = 1. Following the ideas of the construction of multivariate tight wavelet

frames in [Lai and Stockler’06], we first let
Q(z,w) = Is — P(z,w)"P(1/z,1/w),

with Is being the identity matrix of size 6 x 6 and let R(z,w) be the top four
rows of Q(z,w). Since we can easily verify that Q(z, w)Q(1/z,1/w)T = Is, we have
R(z,w)R(1/2z,1/w)? = I, where I, is the identity matrix of size 4 x 4. Letting

1 2

[Ql(nje)aQ2(na9)a"'aQﬁ(n>9)]25[1 £ w ZUJ]R(Z,'LU2),

we know that ¢;(n,0) = Qi(n/2,0/2)¢(n/2,0/2),i = 1,---,6 define 6 tight wavelet
framelets by the unitary extension principal (UEP).

We now show how to construct virtual components. Let

1 =z w W

1({1 —2 w —zw

L{—§ 1 2z —w —zw

1 —2 —w zw

and
pl(z27w2>
22, w?
P=U gigzg w2; . Q=UR(A uw?).

pa(2%, w2)

With M = [P, Q], we need to extend M to square unitary matrix M, of size 7 x 7. As

we saw above, the formula of Q(z,w) implies that

ol =[]

is a partial extension of M. That is, [Aj\/{l] contains 6 rows of unitary vectors with 7
1

entries. By the inspection, we can find the last row of unitary vector

No(z,w) = [0,(14+1/(2w))/4,(1+ 1/w)/4,(1+1/2)/4,1/2,
V3(1 = 1/w)/(4v2), (2 = 1/2 = 1/ (zw))/(4V/2)].

That is, we have

Next we find 3, 1, - -, B;4 such that

4
> Bipi(z,w) = pi(z,w), i=1,2.
7j=1
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It is easy to find these solutions. They are

Br1, -, Pua) = [0,—1/2,0,\/6]
[Bo1, -+, Boa] = [-1,0,—1/v/2,2].

The corresponding o;; satisfying Lemma 3.2 can be easily converted from these 3;;.
The above discussion provides a detailed description of virtual components for the

tight wavelet frame based on box spline By on three direction mesh.

5 Tight Wavelet Frames using the Quincunx Dila-
tion Matrix

In this section we use the tight wavelet frames under the quincunx dilation

1 1
S = [1 _1] .
to illustrate how to construct the virtual components. First of all we explain a new
method for constructing tight wavelet frames using bivariate box splines on four direction
mesh using the quincunx dilation matrix. In this case, the assumption in Theorem 3.4
is not satisfied. We have to use Theorem 3.5. Thus we explain how to construct virtual
components in this situation.
Let

; k a1 . m ) n
n 1—e™ 1—e® 1 — e—iln+0) 1 — —itn=0)
¢kvl7myn(n’ 9) = . . . - . N
m i i(n+0) i(n —6)

be the Fourier transform of a box spline on the four direction mesh. It is known that

box spline function ¢y m.n(x,y) is refinable under the dilation matrix S(cf., e.g., [Ron
and Shen’99]) when k£ = m and [ = n. That is, let

~ ~
¢m,n = ¢m,n,m,n .

Then
Gmn (S0, 0]7) = P(1,0)drmn(n, 0)

14+e ™\ [14+e7\"

A construction of tight wavelet frames using these box spline functions were given in

with

[Ron and Shen’99] and the number of the tight wavelet framelets associated with ¢, ,
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is m+n+ 1. As box spline function ¢,, , is smoother, m and n get larger and hence, the
number of tight wavelet framlets gets bigger. In the following we present another method
of construction such that the number of tight wavelet framelets is bounded independent
of m and n. The ideas of our construction are similar to the ones in [Lai and Stockler’06].

We begin with the following

Lemma 5.1 There exists at most 2 Laurent polynomials py and ps such that

\P(n,0)]> + |P(n+7,0)°+|Pn,0 + )+ |Pn+m,0+ )|
2
+> " |p;i(2n,20))* = 1.

=1

Proof: Since |P(n, 0)|? = cos®™(n/2) cos®™(0/2), we first consider

1—|P(2n,20)|? — |P(2n + m,20)|* — |P(2n,20 + 7)|* — |P(2n + 7,20 + 7)|?

which is
1 — cos®(n)(cos™(#) + sin®" () — sin®"(n)(cos®(0) + sin®"(h))
= 1—cos®™(n) — sin®"(n)
+(cos®™(n) + sin®™(n))(1 — cos®(0) — sin**(9))

Note that 1 — cos?*(#) — sin®"(#) > 0 and it can be rewritten as a Laurent polynomial

in 2. Bying use the Fejér-Riesz lemma, we find a Laurent polynomial ¢;(6) in z = '

such that
1 — cos®™(0) — sin®"(0) = |q1(40)|?

Similarly, we can find Laurent polynomials ¢»(n) and ¢3(n) in w = €™ such that
cos®™(n) + sin®™(n) = |g2(4n)|? and 1 — cos®(n) — sin®"(n) = |g3(4n)|*.
It follows that

1—|P(2n,20)]* — |P(2n + m,20)|* — |P(2n,20 + 7)]* — |P(2n + 7,20 + =) |?
= las(4n)* + la2(4n) *| a1 (40)]*.

If we choose
]51(777 9) = Q3(777 9) and 132(777 9) = Q2(77)Q1(9)7

then the equality in (20) holds. This completes the proof. B
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Note that when m = n = 1 we have ¢ = 0 and g3 = 0. Thus, (20) holds with
p1 = P2 = 0. Next we write P(n,6) in the polyphase form:

P(n,0) = Py(20,20) + ¢ Py(2n,20) + ¢ P3(2n, 20) + "9 Py (21, 20),

for four Laurent trigonometric polynomia P;,---, Py in z = €’ and w = €. It is easy to
see that

\P(n,0)] + |P(n+7,0) + |P(n,0 + ) + |P(n+ 7,0+ )
= 4(|Py(2n,20)]* + | P2(2n, 20)| + | Ps(2n, 20)|* + | P4(21, 20)|?).

Then letting

P = [2P1 (777 9>7 2P2(777 9)7 2P3(777 9)7 2P4(777 9)7131 (777 9)7132(777 9)]T

be a column vector of size 6 x 1 we define
Q(n, 9) = Isx6 — ﬁpT

where Ig.g is the 6 x 6 identity matrix.

- T . _
Then it is easy to see Q(n,0) Q(n,0) = Igxs — PPT by Lemma 5.1. That is,

PPT+Q(n.60) O =
7, ) Q(n79> = Ioxo-

Let us look at the principle 4 x 4 block of the above matrix equation. We first use 2(n, 0)
instead of (7, ) and then multiply from the left and right by

1 .
U= _(ezm-(w+€))m€{071}2 and U*

2 2€{0,1}%x

respectively to get

P(n,0)

ggz;gi,gg [P(TLG) P(n+7T,¢9) P(n,‘9+7T) P(U-'-?T,@—i—ﬂ')]

Pn+m60+m)
=T ~
+Q Q = [4><4a

where [,.4 is the identity matrix of size 4 x 4 and Q are 4 x 6 matrix with Laurent

polynomial entries defined as follows. Writing Q(n, 8) = [Gi; (1, 0)]1<i.j<¢, we have
@1,1(2n,20)  @12(20,20) -+ Gua(n,0)
Q=] - U

G6,1(2n,20)  Go2(21,20) -+ Gsa(2n,20)
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Among the above 4 x 4 matrix equation, we only consider a submatrix of size 2 x 2 which
consists of the first and fourth rows and columns. That is,

P(n,0)

I2><2 = [P(U>9)>P(77+7T>9+7T)]

Pn+m,0+m)
Q11(77>9) C_I14(77,9) : C_I11(77,9) Q14(77>9)

_l_

%‘1(7779) %4(7779) %1(7779) %‘4(7779)
where for j =1,2,3,4,5,6,

451(n,6) = G;1(2n, 20) + €"G;2(2n, 260) + € Gj5(2n, 26) + 6i(n+€)§j4(2777 20)
and g;4(n,0) = gj1(n+ 7,0 + 7). Thus, by using the UEP in [Ron and Shen’97] we have

Theorem 5.1 Let Q;(n,0) = q¢;1(n,0) and define V) (x,y) in terms of Fourier trans-
form by

YO(S[n. 07) = Q;(n, 0)(n. ) (20)
Then ¢¥9) j=1,---,6 are tight wavelet framelets. That is,

V(S 2, y)" = [k ko) 7). i =1,-+,6,0, k1, ks € Z,
form a tight frame for Lo(R?).
When m =n =1, we define
Q(n,0) = Iixs — PPT.

Then the computation similar to the above yields four wavelet framelets. Let

Qu(n,0) = é(i% — el — il _ gin+0)

Q2(n,0) = %(—1 + 3e™ — i — it))
Qs(n,0) = %(—1 — e 4 3! — i)
Qa(n,0) = %(—1 — e — e 4 3!ty

and define 1) (x,7) in terms of its Fourier transform by (20). Then they generate a
tight wavelet frame for Ly(R?).
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We now turn attention to the construction of virtual components. First we recall, in
[Ron and Shen’99], three tight wavelet framelets associated with box spline ¢;11; were

given. The filters associated with the tight wavelet framelets are

Ql (77, 9) = (1 . ein + ei@ . ei(n+9))/4
Qa(1,0) = (147 — e — )4
Qun.8) = (1= — e 50

Let

M = P(na 9) Ql(na 9) Q2 (777 9) Q3(77> 9)] ] )

{P(n+7r,9+7r) Qin+m0+m) Qun+mb+7) Qs(n+m0+m)]

Let us rewrite M in another polyphase format. Let 2 = e, w = € and v = 2w and
v =w/z. Then

1[1 z] 1 [1+u 1—u 1—wu 1+u]

M=l Llalive —a-w 1oe —aw)

The extension A can now be found easily by inspection:

/\/’—i[l z}i[l—l/u —-1+1/u) —(1+1/u) 1-1/u ]
V2Ll —z]oy2ll-1/v 1+1/v —(1+1/v) —(1-1/v)|"

Thus, M, = [ﬁ} is an unitary matrix. Let

X = Fja(n,0) ]

Fip(n+m,0+m)

be a z-transform of polynomial signal and

anFj(n,0) + apFjp(n+m,0+m)

X = { ] =aX

a2 Fj1(n,0) + e Fja(n + 7,0 + )
be virtual components, where « is a 2 X 2 matrix with entries a1, a2, aig; and aoy being
polynomials of ¢ and €. We need to determine a. In order to that the polynomial

signal X can be recovered from the first component of

Y, = M*X,, with X, = [ X }
aX

we need to solve aqq, - - -, g such that

2

0411P(77>9)+CY12P(77+7779+77)] 1 [1 Z]<2\1/§{1—1/u]+[q1]>‘ (21)

an P(n,0) + argP(n+m,0 + ) - 1 —z 1—-1/v Qo
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Note that when n = 0,6 = 7w or n = m,0 = 0, we have P(n,0) = 0= P(n+m, 0+ 7).
That is, P(n,0) and P(n + m,0 + 7) have two common zeros. Let us use ¢; and ¢y to

make sure that the right-hand side is also zero at these locations. We have many choices,

e.g.,
—(1—u)(1—v)? (1-u)?’(-v)

,0) = and 0) =
q1(n, 0) 8$v/2uv q2(n, 0) 8200
Then (21) has a simple solution. Letting § be 2x2 matrix with entries 51; = 0,b15 =

(u—1)(1+v)/(uv), Bo1 = 0, Foa = (v — 1)(1 4+ u)/(uv), we have

it P Fae RE A v Rl A

It follows that

N AT |
“= V211 —=z 1 —z]
Using these virtual components, we have
V.= M:X. = M'X+NaX =M +Na)X.

If fj41 € Vjy1 is also in Vj, then

Firr = Fia(0,0)611 (1. 6) = E5(S[n, 0] )11 (S, 0]7).

By the dilation relation we have F;.1(n,0) = F;(S[n,0)7)P(n, ). From the above, the

first component y; from Y, can be seen to be

l—u 1—w,1 1 1
- ([P(n,e),P(n+7T,9+7T)]+[2\/§’2\/§]ﬁ{1/z —1/z]o‘>
Fj+1(7779)

F’]'+1(77+7T,9+7T) -

T 2 9 1—u 1—vw e
= Bt ") (PO 0F + Pl m 04w+ [ 208 |22

= F(S[,0") (IP(, )] + [P(n + 7,0 + )+
L—uf? JL-of l-u  1-u )>

+ + + +

(1 - w21 - v>2> |

Suv

— Bstom) (14

When X is the z-transform a quadratic polynomial signal, so is the Fj and then

Ei(S [U’Q]T)U_U);# = 0 for all linear polynomials. This shows if we use the new

scaling function and new tight framelets with mask
1 [1 2 ] V2

]/\Z — * = — —
M+ a*N Al -2 16
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d4+4du+uf/v—uw—1/v+v (1—u)(6+1/v+0v)

d+4v—-1/u+u+v/u+uv (1 —v)6+u+1/u)

(u—1)(1—-v)*/v 4—|—4u—u/v+uv—l—1/v—v}

1-—v)(1—uw)?/u 44+4v+1/u—u—v/u+uv]’
then we will be able to reproduce all linear polynomial signals.

Our second choice is

Q1(7Ia ‘9) 1 o u 8\/7 7 and a2 777 ‘9) 1 o U 8\/72

Then (21) has a simple solution. Letting 311 = (u? — 1)/(4u?), B = (v? — 1)/(40v?), we
have
[ﬁu 0 ] 1 [1+u' _ [1—1/7@ N [ql} '
0 felo2y2ll+v] 2211-1/v G2
Thus our virtual components is

A E | |

o =

and hence

= e L1 2 7VR2
M—M"‘O&N—ﬁ{l —Z:|E

(=bu—5u+u*+1)/u  (u—1%u (u—1)%*u (Gu+5u®>—u®—1)/u
Go+5—1—v))/v —(v—=13/v (v=13/v (=bv—5%+1+v3)/v

is another mask of scaling function and tight wavelet framelets which enables us to

reproduce certain quadratic polynomials.
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