Initial Boundary Value Problem for
Two-Dimensional Viscous Boussinesq
Equations

Archive for Rational
Mechanics and Analysis

ARCHIVE
ISSN 0003-9527 "
el RATIONAL MECHANICS
Number 3
and
Arch Rational Mech Anal (2010) ANALYSIS
199:739-760
DOI 10.1007/s00205-010-0357- Edited by
V4 J. M. BAaLL & R. D. JAMES

Volume 199 - Number 3 - March 2011

@ Springer

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Springer-
Verlag. This e-offprint is for personal use only
and shall not be self-archived in electronic
repositories. If you wish to self-archive your
work, please use the accepted author’s
version for posting to your own website or
your institution’s repository. You may further
deposit the accepted author’s version on a
funder’s repository at a funder’s request,
provided it is not made publicly available until
12 months after publication.

@ Springer



Arch. Rational Mech. Anal. 199 (2011) 739-760
Digital Object Identifier (DOI) 10.1007/s00205-010-0357-z

Initial Boundary Value Problem for
Two-Dimensional Viscous Boussinesq
Equations

MING-JUN LAl, RONGHUA PAN & KUN ZHAO

Communicated by C. M. DAFERMOS

Abstract

We study the initial boundary value problem of two-dimensional viscous Bous-
sinesq equations over a bounded domain with smooth boundary. We show that the
equations have a unique classical solution for A3 initial data and the no-slip bound-
ary condition. In addition, we show that the kinetic energy is uniformly bounded
in time.

1. Introduction

Consider the two-dimensional viscous Boussinesq equations

U +U-VU+ VP =vAU + pe,,
pr+U-Vp=0, (1.
V.U =0,

where U = (u, v) is the velocity vector field, P is the scalar pressure, p is the
scalar density, the constant v > 0 models viscous dissipation, and e; = (0, 1)T. In
this paper, we consider (1.1) in a bounded domain £ C R? with smooth boundary
0%2. The system is supplemented by the following initial and boundary conditions:

I (U, p)(x,0) = (Up, po)(x), X € L,

(1.2)
Ulspg = 0.

The Boussinesq system is potentially relevant to the study of atmospheric and
oceanographic turbulence, as well as other astrophysical situations in which rota-
tion and stratification play a dominant role (see for example [16,18]). In fluid
mechanics, system (1.1) is used in the field of buoyancy-driven flow. It describes
the motion of an incompressible inhomogeneous viscous fluid under the influence
of gravitational force (c.f. [17]).



740 MING-JUN LAl RONGHUA PAN & KUN ZHAO

In addition to its own physical background, the Boussinesq system was known
by its close connection to the fundamental models, such as Euler and Navier—
Stokes equations, for three-dimensional incompressible flows. Due to the vortex
stretching effect in three-dimensional flows, the question of global existence/finite
time blow-up of smooth solutions for the three-dimensional incompressible Euler
or Navier—Stokes equations has been one of the most outstanding open problems
in mathematics. Enormous efforts have been made during the last decades on this
subject, yet the resolution is still elusive. There is a great amount of literature
concerning partial answers to this question. As part of the effort to understand
the vortex stretching effect in three-dimensional flows, various simplified model
equations have been proposed. Among these models, the Boussinesq system is
known to be one of the most commonly used because it is analogous to the three-
dimensional incompressible Euler or Navier—Stokes equations for axisymmetric
swirling flow, and it shares a similar vortex stretching effect to that in the three-
dimensional incompressible flow. Better understanding of the two-dimensional
Boussinesq system will undoubtedly shed light on the understanding of three-
dimensional flows, at least for swirling flows (c.f. [17]).

In recent years, the two-dimensional Boussinesq equations (1.1) have attracted
significant attention. When 2 = R?, the Cauchy problem for two-dimensional
Boussinesq equations with full viscosity has been well studied. In [3], CANNON
and DIBENEDETTO studied the Cauchy problem for the Boussinesq equations with
full viscosity

U;+U-VU+ VP =vAU + Oey,
0, +U -VO =kA0b,

V-U=0,

(U, 6)(x,0) = (Up, 6p)(x), x € R?,

(1.3)

which describe the flow of a viscous incompressible fluid subject to convective heat
transfer, where v > 0, x > 0 are constants. They found a unique, global in time,
weak solution. Furthermore, they improved the regularity of the solution when ini-
tial data is smooth. Recently, the result of global existence of smooth solutions to
(1.3) has been generalized to cases of “partial viscosity” (that is, either v > 0 and
k = 0,orv = 0andx > 0)by Hou and L1[10] and CHAE [4] independently. In [10],
Hou and Li proved the global well-posedness of the Cauchy problem of viscous
Boussinesq equations. They showed that solutions with initial data in H™ (m = 3)
do not develop finite-time singularities. In [4], Chae considered the Boussinesq
system for incompressible fluid in R* with either zero diffusion (x = 0) or zero
viscosity (v = 0). He proved global-in-time regularity in both cases. On the other
hand, the global regularity/singularity question for the case of (1.3) with zero vis-
cosity and zero diffusion (k = v = 0) still remains an outstanding open problem in
mathematical fluid mechanics, and we refer the readers to [5,6,8,9,19] for studies
in this direction.

In real world, flows often move in bounded domains with constraints from
boundaries, where the initial-boundary value problems appear. The solutions of
the initial-boundary value problems usually exhibit different behaviors and much
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richer phenomena compared with the Cauchy problem. In this direction, the case
of v > 0 and ¥ > 0 has been analyzed to great extent (see for example [14] and
references therein). The local existence and blow-up criterion of smooth solutions
for the inviscid case (v = k = 0) was established very recently in [11], see also [7].
However, to the authors’ knowledge, the question of global regularity/finite time
singularity for cases of “partial viscosity”, such as (1.1), is still open. We will give
a definite result to this problem in the current paper.

Throughout this paper, || - ||zr, || - |lwsr and || - || denote the norms of
LP(Q), WS P(Q) and L*°(2) respectively, that is,

1/p
Ifllr =1 fllLr) = (/Q Ifl”dX) , for f e LP(Q),
1/p

I lws.e = 1 f lws.p )= Z / |D* f|Pdx , for fe WHP(Q),1 < p < oo,
lee| <s

[ fllLee = I fllLoe() = ess Slslzplfl’ for f € L¥(RQ),

where o = (a1, &) is any multi-index with order || = aj +a and D* = 9y' 9y°.
For p = 2, we denote the norms || - || ;2 and || - || ys.2 by || - || and || - || gs respectively.
The function spaces under consideration are:

C([0,T]; H*(R)) and L*([0, T1; H*()),
equipped with norms

sup W (-, 1)l g3, for W e C([0, T1; H3(R)),
0T
1/2

T
(/ (., r)||§14dr) ., for W e L%([0, T]; H*()).
0

Unless specified, C will denote a generic constant which is independent of p and
U, but may be dependent on v and the time 7" throughout the paper.

In this paper, we will generalize the study of [4] and [10] to bounded domains
with typical physical boundary conditions (1.2),. For the global existence of smooth
solutions, we require the following compatibility conditions

V-Uy=0, Uplpg =0, (1.4)
vAUy + poe; — VP =0, xe€0dQ,t =0, '
where Py(x) = P (X, 0) is the solution to the Neumann boundary problem
APy =V -[poer — Up-VUp], x€Q, (15)
VP -nlge =[vAUp + poez] - nlsq, '

with n the unit outward normal to 9€2.
Our main results are stated in the following theorem.
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Theorem 1.1. Ler @ C R? be a bounded domain with smooth boundary. If
(po(x), Up(x)) € H3(Q) satisfies the compatibility conditions (1.4)—(1.5), then
there exists a unique solution (p,U) of (1.1)-(1.2) globally in time such that
p(x,1) € C(10, TT; H> () and U (x, 1) € C([0, T]; H>(@)NL*([0, T1; H* ()
forany T > 0. Moreover; there exists a constant C > 0 independent of t such that

2
IUCOI72 S max UG O)72. 5 loC. 071, Y220, (1.6)
v
The proof of Theorem 1.1 consists of two main parts. First, we show the global
existence of weak solutions to (1.1)—(1.2), that is, solutions satisfying the following
definition:

Definition 1.1. (p, U) is said to be a global weak solution of (1.1)—(1.2), if for any
T >0,U e C(0, T]; LAQ)NLA([0, T]; Hy (R)), p € C([0,T]; LP(R)),V1 <
p < 00, and it holds that

T
/Uo-d>(x,0)dx+/ /(U-<I>,+U-(U~VCI>)
Q 0 Ja

+pop2 — vV - Vu — vV - Vo) dxdr =0,

T
/polﬁ(X,O)dX-l-/ /(ﬂlﬁz-i-pU'V’ﬁ)dXdl:O,
Q 0 Ja

forany ® = (¢1, ¢2) € C°(R2 x [0, T1)? satisfying ®(x, 7) =0and V- & =0,
and for any ¢ € C3°(2 x [0, T]) satisfying ¥ (x, T') = 0.

We then build up the regularity of the solution by an energy estimate under the
initial and boundary conditions (1.2). The energy estimate is somewhat delicate, due
to the coupling between the velocity and density equations by convection and grav-
itational force and the boundary effects. Great efforts have been made to simplify
the proof. The current proof involves intensive applications of Sobolev embed-
dings, and we will see that the Ladyzhenskaya’s inequalities, see Lemma 2.2, play
a crucial role in the estimation of the velocity field. The results on Stokes equations
by TEmAM [20], see Lemma 2.1, are important in our energy framework, because
the problem is set on a bounded domain, distinguishing itself from the Cauchy
problem in [4,10]. Roughly speaking, because of the lack of spatial derivatives of
the solution at the boundary, our energy framework proceeds as follows: We first
apply the standard energy estimate on the solution and the temporal derivatives
of the solution. We then apply Temam’s results on the Stokes equation to obtain
the spatial derivatives. Such a process will be repeated up to the third order, and
then the carefully coupled estimates will be composed into the desired estimate
leading to global regularity and uniqueness of solution. Finally, the uniform bound
of the kinetic energy is shown in a very simple way. This result suggests that the
viscous dissipation is strong enough to compensate the effects of gravitational force
and nonlinear convection in order to prevent the development of singularity of the
system. It should be pointed out that in the theorem obtained above, no smallness
restriction is put upon the initial data.
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The plan of the rest of this paper is as follows. In Section 2, we give some
basic facts that will be used in this paper together with the global existence of weak
solutions. Then, we improve the regularity of the solution obtained in Section 2 by
an energy estimate in Section 3. We conclude the paper by proposing some future
research problems in Section 4.

2. Preliminaries and weak solutions

In this section, we will list several facts which will be used in the proof of
Theorem 1.1. Then we prove the global existence of weak solutions of (1.1)—(1.2).
First we recall some useful results from [20].

Lemma 2.1. Let Q be any open bounded domain in R* with smooth boundary 3<2.
Consider the Stokes problem

—vAU+VP=Ff inQQ,
V.-U=0, inQ,
U=0, onof.

If f € W"P, then U € W"2P P € W"HLP and there exists a constant
co = co(p, v, m, Q) such that

1U llwmszp + 1P lwmerp = coll £ llwmep,
forany p € (1, 00) and the integer m = —1.

We also need the following Sobolev Embeddings and Ladyzhenskaya’s inequal-
ities, which are well-known and standard, (see [1, 15]).

Lemma 2.2. Let Q C R? be any bounded domain with C' smooth boundary. Then
the following embeddings and inequalities hold:

() H'(Q) — LP(Q), V1< p < oo;
(i) WhP(Q) — L®(Q), V2 < p < oo;
(iii) ||f||i4 <20 £V, Y f:Q— Rand f € Hy(Q);

@) 113 =€ (IFNVAI+1717), ¥ f 2 > Rand f € H' ().
Next, we establish the global existence of weak solutions of (1.1)—(1.2).
Lemma 2.3. Under the assumptions in Theorem 1.1, there exists a global weak

solution (U, p) of (1.1)—(1.2) such that, forany T > 0,U € C([0, T); L2 Q)N
L2([0, T); H} (), and p € C([0, T); LP(2)),V 1 < p < oo.
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Proof. Following [13], we prove the lemma by a fixed point argument. To do so,
we fix any T € (0, oo) and consider the problem (1.1)—(1.2) in  x [0, T']. Let B
be the closed convex set in C ([0, T1; L*()) N L2([0, T1; Hy () defined by
B={V =) eCqo, T L2@) N LA(0, T1; H} ()]
V-V=0,aeonx(0,T7T),

2 2
IV o7 2200 + 1V ot oy = RO - 2.1

where R will be determined later. For fixed ¢ € (0, 1) and any V € B, we first
mollify V using the standard procedure (see [13]) to get

Ve = Ve *Ne/2s

where V, is the truncation of V in Q, = {x € Q | dist(x, Q) > ¢} (extended by
0 to €2), and 1> is the standard mollifier. Then V satisfies

Ve € C(10, T1; C§°(2)), V- Ve =0,
I Vellcqo,r:2@) = CIVIleqo 102 (2.2)
IVell 20,71 @y = CNV 20,7 110 20>
for some constant C > 0 which is independent of ¢. Similarly, we regularize the
initial data to obtain the smooth approximation pg for pg and U for Uy respectively,
such that
PG5 € C (). o5 — poll 1oy < &
U5 € CP(Q), V-U§=0and |U§ — Uoll g1 q) < &

Then we solve the transport equation with smooth initial data

[pt+vg'Vp=o,

2.3
p(x,0) = py(x), @3

and we denote the solution by p?. Next, we solve the nonhomogeneous (linearized)
Navier—Stokes equation with smooth initial data

V.-U=0,
U+ V.- VU + VP = vAU + p°e, (2.4)
Ulea=0, UEX0) =UjXx),

and denote the solution by U? and the corresponding pressure by P¢. Then we
define the mapping F, (V) = U°®. The solvabilities of (2.3) and (2.4) follow easily
from [13]. Next, we prove that F, satisfies the conditions of the Schauder fixed
point theorem, that is, F, : B — B is continuous and compact. These will be
achieved by the energy estimate method.

We start from (2.3). For any 2 < p < oo, multiplying (2.3)1 by p|p|”~? and
integrating the resulting equation over €2 by parts, we get

loG.Ollee = logller = llpollr +ec(R2,p), YOSt=T,V0<e<I,
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that is,

105G, Ollr = llpgler < llpollLr +c(Q, p), YOSt ST, V0 <e <1,
2.5)

where c(2, p) is a constant depending only on € and p. We then estimate

\ue ”22([0 T1LH Q)" Taking the L? inner product of (2.4), with U, after integrating
A Ly

by parts and using Young’s inequality, we have
1d 2 2 < &2 2
S g VImHvIVUIT = COlpTI™ + 81U (2.6)

where § > 0 is a constant to be determined. Since U satisfies the no-slip boundary
condition, Poincaré inequality implies that ||U|| £ C||VU]|| for some constant C
depending only on 2. Choosing § = v/2C in (2.6) we obtain

1d 2,V 2 2

——|U —VUI|I” < C|1ptII°, 2.7

2dz” I +2|| == Cllp”|l 2.7)
which together with (2.5) yields, after integration over [0, T'], that

IUIE qo.r1.220 T PIVU 720,73 120) = CT Ulpoll” + ) + (1Uo]1” + ).

Since 0 < ¢ < 1, we have
2 2 <
that is,

1o < C(T, po, Up, v, ). (2.8)

2 &2

leqo.rie2@y T 1Y 20,7y 1 @) =
Choosing Ry such that Ry = C(T, po, Uy, v, 2) we see that F, maps B into B for
any 0 < ¢ < 1. We remark that the constant C (T, pg, Up, v, 2) in (2.8) does not
depend on ¢.

Next we prove the compactness of F.. For this purpose, we continue to find
estimates of | VU* ”2C([(),T];L2(sz)) and | U/ ”%2([O,T];L2(S2))' Taking L? inner product
of (2.4), with Uy, one has

vd
5d—||VU||2+||Ut||2§/ |vg||ut||VU|dx+/ pes - Uydx
t Q Q

174\

1 1
Znuzu2 + IV VU|* + L—LnUzu2 +lol?

A

1
Enutn2 + IVel2 IVU | + C,

which implies that

vd 1
mnvmﬁ + 5||U,||2 S Vell3=IVUI* + C. (2.9)
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Applying Gronwall’s inequality to (2.9) and using (2.2) we have

2 2
”VU||C([O,T];L2(Q)) + ”U’||L2([O,T];L2(Q)) é C. (210)

By Lemma 2.1 we know that

1Ullg2 = C AU+ llpll + Ve - VU
S C (Ul + C+ ClVellL= VU , 2.11)

which together with (2.10) yields

|U¢ 2.12)

2
||L2([0,T]:H2(Q)) = C.

From (2.10) and (2.12) we know that F, is compact by the Sobolev embedding
theorem.
Now we prove the continuity of F. Let F,(V;) = U/, by definition we know

P+ Vie - Vo =0,
U, + Vie - VU + VP = vAU; + p;] e,
V.U =0, Uflpa =0,
(/Olgs Ul'g)(x’ O) = (106‘, US)(X)v l = 19 2
Subtracting the equation for i = 2 from the one for i = 1 we have
of +Vie - Vo© 4+ W - Vp5 =0,
Xi +Vie - Vx*+ We - VU; + VO =vAx® + pe,
V-x*=0, x°lae=0,
(0, x*)(x,0) =0,

where p® = pf — p5, We = Vig — Vae, x* = U{ —Uj,and Q° = P{ — P;.
Taking the L? inner products of (2.13)1 with p¢ and (2.13), with x¢ we obtain

(2.13)

1d
La oo = - / (W, - V) p°d,
2di @ 2.14
S X1+ oV =—/(WS~VU§>x£dx+/ poer - x“dx.
t Q Q
Since p§ € C([0, T1; C*°(Q)), we get from (2.14) that
1 d 8 2
- — SNVeslL= W, ¢
53 112 = IV RSl IWelllo°]
< CUWel? + 1651,
from which we get
T
lof)I* < €T / | Wel|*de
0
2



Initial Boundary Value Problem for Two-Dimensional 747
Since U5 € L*([0, T1; H*()), we derive from (2.14),:

d
mnxsn2 FVIVXEN® S NWllIVUS Il N e + o5 1IN

S CUWelllU3 g2 X L+ Mo I X
S CIUWelllUS g2 IV XE I+ 1ot x|

v 1 1
< CIWlPIUS I + S IV + S 1% + S 111

é C(t)||W6||C([OT Lz(Q))+ ||VX ” + = ”XE”za

(2.16)
where fOT C(t)dt £ C and we have used (2.15). From (2.16) we get
2 {2 < - 2
50 Ly + IVl ||x I+ CONWel o rp 2@y @17
which implies, after applying Gronwall’s inequality, that
2 2
I £ CUWellZ 0.7 120 2.18)
Integrating (2.17) over [0, T'] using (2.18) we have
’ 2 2
&€
/(; ”VX ” df § C”Wé‘llc([o’T];LZ(Q))- (219)

Combining (2.18) and (2.19) we get

2
”X ”C([O T] LZ(Q)) + ”X ”Lz 0 T] H (Q)) = C”Vl V2||C([0,T];L2(Q))’
that is,
Ué —Us|% S CIIVy — Vol
Uy 21z = ClVi — Vallg,
where || - ||% = - ||C( or1L2@) T Il - ||L2<[0 T3 HL (@) . By definition we know

I Fe(V1) — Fo(Va)I13 £ ClIVI — Vall3,

which implies that F, : B — B is continuous.
Therefore, the Schauder theorem implies that for any fixed ¢ € (0, 1), there
exists U € B such that F,(U?) = U?, namely,

pf+Us - Vo' =0,

Uf + U, - VU® + VP® = vAU® + pey,
V-U® =0,

Uslae = 0. (p°, U)(x. 0) = (0§, U§) (),
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where Uy is the regularization of U®. By a bootstrap argument (c.f. [13]) we know
that (p®, U?) € C*(2x[0, T]). Thenitis obvious that (p®, U?) satisfy the integral
identities, that is,

T
0=/ Ug-q>(x,0)dx+/ / (U* - @, + U, - (U° - VD)
Q 0 Q
+p%ey - ® — vV - Vu® — vV, - Vo©) dxdr, (2.20)

T
=/pgw<x,0)dx+/ /(pew,mevg-w)dxdt,
Q 0 Q

forany ¢ > 0, ® = (¢, ) € C8°(§_2 x [0, T])? satisfying ®(x, 7)) = 0 and
V- ® =0, and for any ¢ € C*°(Q2 x [0, T]) satisfying ¢ (x, T) = 0.

In view of (2.5), (2.8) and from the definition of U, we know that there exist
functions U € B and p € C([0, T]; L?(R2)), V2 < p < oo such that as ¢ — 0+,

Ue — U weakly in C([0, T1; L*(R2)) N L*([0, T1; H} (2)),
U® — U weakly in C([0, T1; L*(2)) N L*([0, T1; HJ (),
0% — p weakly in C([0, T]; LP(2)),V2 £ p < o0,

and
10 qo. 7122 + ”U||L2([0 i@y = €T 0. Uo. v, ), 221)
lolicqorizr@ < lpollcqo.riLre. Y2 < p < oo. '
Since
U -V € C(0, TT; LA (),
we have

T
/(pSUS VY — pU - Vi) dxdr
Q

= Cllo®lli2qo.ry: L2 1U° = Ull 20,711 12(92))

T
/(pfu VY — pU - V) dx dt
0 Q

S CIU® = Ull2qo.ry:02)

T
+‘/ /(pg—p)U-ledxdt
0 Ja

— 0, ase —> 0+.
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Moreover, since

T
/ /[Ug (U?-V®)—U - (U V)] dxdr
0 Q

T
/ /[Ug~(U8~V(I>)—U8~(U-V<D)
0 Q

+ U, - (U-V®) —U - (U-Vd)]dxdt

T
< c/ /<|Ue||Us _U| 4 |U||Us - U)) dxdr
0 Q

= C (1Uell 2o, 220 1Ue = Ullz2qo, 11;22(2))
U2 g0, 1260 10U = Ull 20,71 1202)))
S ClUe = Ull2o.r1.22(0)) — 0. ase — 0+,
letting ¢ — 0+ in (2.20) we verified that (p, U) is a weak solution to (1.1)—(1.2)

in  x [0, T]. We conclude the argument by noticing that T is arbitrary. This
combining with (2.21) completes the proof of Lemma 2.3.

3. Global regularity

In this section, we shall establish the regularity and uniqueness of the solu-
tion obtained in Lemma 2.3, and therefore give a proof of our main result, the
Theorem 1.1. The following theorem gives the key estimates

Theorem 3.1. Under the assumptions in Theorem 1.1, the solution obtained in
Lemma 2.3 satisfies the following estimates:

1Ullcqo.my: w3y + 1U 20,1y 4 ) + 12 llcqo,my: 3 ) = C

for any T > 0. Moreover; there exists a constant C > 0 independent of t such that
2 < 2 62 2 >
UG ON7 = max  [UC, 07, ?Ilp(u O, ve=0. (3.1

Remark 3.1. The constant C in Theorem 3.1 is actually the constant of Poincaré
inequality on the domain 2. Therefore, it depends only on 2. See the proof of
Lemma 3.9 below for details.

The proof of Theorem 3.1 is based on several steps of careful energy estimates
which are stated as a sequence of lemmas. First, we observe that the same method
used to derive (2.5) can be applied to (1.1); if V; is replaced by U in (2.3). There-
fore, we have the conservation of the L? norm for p, that is, for any p € [2, 00), it
holds that

loC Ollee = llpollr, ¥ 20.
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Furthermore, by letting p — oo in the above estimate, one has

o, Dl = llpollee, ¥ 20.

Fixany T > 0. In the rest of this section, time is restricted to be within the inter-
val [0, T']until specified otherwise. Then we start with estimates of || U 112

and ||VU||

C([0,T];L*())
L2([0,T1; L2(2))"

Lemma 3.1. Under the assumptions of Theorem 1.1, it holds that

”U”C([O Tl; LZ(Q)) = C and ”VUHLZ([()’T];LZ(Q)) § C. (32)

Proof. Taking the L? inner product of (1.1); with U, we obtain, after integration
by parts, that

1d
——||U||2+v||VU||2=—/(U-VU)-de+/ pe - Udx
2 dr o o
1
=__/ U-V(|U|2)dx+/ pey - Udx

1
=——/ V-(U|U|2)dx+/ pes - Udx
2 Ja Q

=/ per - Udx.
Q

Applying the Cauchy—Schwarz inequality to the right-hand side of the above equal-
ity, we get

——|U VU|” £ = —U|~. 33
S IVIE+vIVUIE = Zliel™+ S U] (3.3)

By dropping v||[VU||?> from (3.3) and then applying Gronwall’s inequality to the
resulting inequality, we find that

t
UG D> < e (I|U0||2+/0 ||,00||2df)

< e (IOl +Tlleol?) £ €, V1 el0.T],

which also implies, after integrating (3.3) over [0, T'], that
T
v/ IVU G DlPde < C.
0

This completes the proof of Lemma 3.1.

The next lemma is dealing with ||[VU 12 and || U, |2

C(0,T1;L2()) L2([0,T1; L2())"

Lemma 3.2. Under the assumptions of Theorem 1.1, it holds that

2
IVUIE 0,112 = € and 102071120 = €
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Proof. Taking L inner productof (1.1); with U,, integrating the resulting equation
over Q2 by parts, we get

vd
——||VU||2+||U,||2§/ |U||Ut||VU|dx+/pv, dx
2 dt Q Q
1
< CIUIL VUG + 71U+ Clipoll®, 3.4y

where we have used Holder’s inequality and Cauchy—Schwarz inequality as fol-
lows:

1
/Q \UNUAIVU| dx < CUIIF4IVU 34 + gnutnz,
and

1
/ pu A < LIV + ClioolP.
Q

We now apply the Ladyzhenskaya inequality to estimate || U ||2L4 VU] i4. Applying
Lemma 2.2 (iii) on U and (iv) on VU, we have

IUIZIVUIRL £ cauvu (IVUIIV2UL+ VU 1R)

< CIVUIHIVPUL + VU )P
SCOIVUI* + CIVUIP +8UI13,, (3.5)

where we have used Lemma 3.1 and § > 0 is a small number to be determined.
Therefore, we update (3.4) as

g%uwn"’ + ZHU,H2 SCHCOIVUI*+ CIVUIP +81U3,. (3.6)
We now rewrite the equation (1.1)1 as
—VAU +VP =—-U, — U -VU + pe;.
Lemma 2.1 with m = 0 and p = 2 implies that
1012 < € (102 + lloI? +1U - VUI?)
< € (U2 +€) + CIUIZIVU IR,

~ 1
S C(CHIUIP+IVUI+IVUIR) + 31U BT

where we have used (3.5). Now, choosing § = 1/ (4C) and combining (3.6) and
(3.7), we get

vd 2 1 2 4 3
SSIVUIR + U P £ € (IvUI + IVUIR) + ¢
ST IVUIR+ U S ¢ (1vult + 1vulR) +
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Therefore, Young’s inequality yields
vd 1
——IVUI? + < U £ CIVU VU |? + C.
Zdt” l +2|| AT = CIVUIRIVUIT +
By dropping %HU[ |2 from (3.8) we obtain

vd
SSIVUIR £ € (IVUIRPIVUIR + €).
Zdt” I = CUIVUIFIVUII" +
Then using Lemma 3.1, Gronwall’s inequality implies that
IVUGDIPSC, Yielo,T]

Using (3.10), after integrating (3.8) over [0, 7'] we obtain

T
/ IU: ¢, D)lPdT < C,
0
which completes the proof of Lemma 3.2.

Next, we estimate ||U,||%([O’T];L2(Q)) and || VU, ||?
Lemma 3.3. Under the assumptions of Theorem 1.1, it holds that
U3 0. 71220y = € and VU172

Proof. We take the temporal derivative of (1.1); to get
Utt+Ut'VU+U'VUt+VPt=UAU1+,01‘62.

Taking L? inner product of (3.13) with U; we have

2 dt

= —/(U,~VU)-U,dx—/(U~Vp)v,dx
Q Q
< UL IVU + /Q p(U - Vo,

With the help of Lemmas 3.1, 3.2, and 2.2 (iii) on U,, we note that

IUAZ VU < ClU 4
CIUNVU; |

V
Z||VU,||2+C||UI||2.

N

A

On the other hand, we have

/ p(U - Vu)dx < [lpllL=UIVU ||
Q

< —|IVU,|I* + C.

A<

L2([0,T];L2 ()"

<
(10, T1L2 () = C.

1d
L v v vivo? = —/SZ(UZ~VU>-U,dx+Ap,v,dx

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Therefore, combining (3.14)—(3.16), we arrive at
1d

V
R U1 + EWU,H2 < CUUN* + D). (3.17)

Using Gronwall’s inequality, and Lemma 3.2, we obtain (3.12). This completes the
proof of Lemma 3.3.

As an immediate consequence of Lemma 3.3 and Lemma 2.2 (i), one has

Lemma 3.4. Under the assumptions of Theorem 1.1, it holds that
T
/ 10, DI} pdr S €, VIS p < oo, (3.18)
0

This lemma will play an important role in the estimations of the maximum
norms of U and VU in the following lemma.

Lemma 3.5. Under the assumptions of Theorem 1.1, it holds that

1U & 0.77: 00y < € and VU7, (3.19)

<
([0, T L>*() = c.

Proof. We see that |VU|| and ||U;|| are bounded by Lemmas 3.2 and 3.3 respec-
tively. Therefore, one reads from (3.7) that

10 < ¢ (102 + VUL + 19Ul + ) £ C, (3.20)
which implies, by Sobolev embedding,
UG D7 £C, Ytel0,T]. (3.21)
As an immediate consequence of (3.20)—(3.21) we see that

1U- VU < € (101 + 1UI%:) IV, €€, Yielo.T], (322)

which implies by Lemma 2.2 (i) that
|U-VU|3,£C, VISp<oo, Ytel0,T] (3.23)

Therefore, using Lemma 2.1, (3.18) and (3.23) we obtain

T T
/O U135, dT < C/o WU, + 11U - VU3, + llpll3 ) dT
<C, V1< p<oo. (3.24)

Applying Lemma 2.2 (ii) to VU we get the second half of (3.19) from (3.24)
immediately. This completes the proof of Lemma 3.5.

In order to improve the regularity of U, the problem will involve the spatial
derivatives of p. We now establish the following lemma to estimate Vp.
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Lemma 3.6. Under the assumptions of Theorem 1.1, it holds that
IVo(, )l <C, Vrel0,T]. (3.25)

Proof. For any p = 2, taking V of (1.1),, dot multiplying the resulting equation
with |V p|?~2V p, after integration by parts we get

1d
S@ (IVelL,) SIVUlL=lIVpll,, (3.26)
which yields

d
3 IVeler) = VU=Vl (3.27)

Gronwall’s inequality yields

T
VoG, DlliLe = IVpollLr exp I/ ||VU||L<>°dT]
0
<C, Vp=2,andVte[0,T]. (3.28)
Letting p — oo we obtain (3.25). This completes the proof of Lemma 3.6.

The estimates of | VU ||7. (0.7 22 214 U 12, (0.7 L2y Will be given in

the next lemma, based on which we will establish the desired regularity stated in
Theorem 3.1.

Lemma 3.7. Under the assumptions of Theorem 1.1, it holds that
IVU;

@) =C and Uy, (3.29)

2 2
”C([O,T];L2 ”Lz([O,T]:LZ(Q)) =C

Proof. Taking the L? inner product of (3.13) with U;; we get

vd 5 5
EEIIVUzII +1Uull” = | (UulUAIVU| + U [IUNIVU;| 4+ prvge) dx.
Q
(3.30)

We now estimate the right-hand side term by term. First of all, we apply Holder’s
inequality and Lemma 3.3 to obtain

1
/ Uyt ||U||VU | dx < gnUnn2 + CIIVU 31U 11
Q

S —|Uul®> +CIVU 7w, Y2 €[0,T].  (3.31)

N =

Similarly, using Holder’s inequality and Lemmas 3.5 and 3.6, we have the following
estimates

1
/Q \Un U NIVU,| dx < gnunn2 + CIIUN3 VU |

1
U 1>+ CIVU?, Vte[0,T], (3.32)

A
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and

/|ptvn|dx§ 1T 12 + Clpe I
Q

A

|Ust|I* + CIIU - Vp?

[IA

U1 + ClIVoll2 s 1U |12

— QN = QN = N =

A

< |UxlI> + C, V1 € [0, T]. (3.33)
Substituting (3.31)—(3.33) into (3.30), one has

vd 2, 1 2 2 2

EEIIVUzII + EIIUnII = C+ VUi~ + CIVU". (3.34)

We note that all the terms on the right-hand side of (3.34) are integrable in time due
to Lemma 3.3 and Lemma 3.5. Therefore, we integrate (3.34) in time over [0, T']
to obtain the estimates in (3.29). This completes the proof of Lemma 3.7.

We are now ready to complete the proof of the regularity stated in Theorem 3.1.
Lemma 3.8. Under the assumptions of Theorem 1.1, it holds that

JSC and Uiz, JSC (335)

2
” (,07 U) ”C([O,T];H3(Q)
Proof. Based on (3.22), (3.28) and (3.29), we see from Lemma 2.1 that,

([0.T]; H4(Q)

1UC. DIl = Cllpllz + 11U - VUG + 1Ull50) S C. Vi el0, T,
(3.36)

which implies by Sobolev inequality (c.f. Lemma 2.2) that
1UC D2y S CIUE DI £C, Vi €[0,T], V1S p<oo, (337)
and thus
VU, Dl = C, Vtel0,T]. (3.38)
Furthermore, for ¢ € [0, T], it is easy to see that

IU; - VU > S IUPIVU |l £ C,
IU - VU > £ U7 VU I* £ C, (3.39)
ol = 1U - Vpl* £ UVl < C.

From (3.13) and Lemma 2.1, we know

T T
/ ||U,||§,2dr§C/ (||Un||2+||UI~VU||2+||U-vu,||2+||pt||2)dr,
0 0
(3.40)
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which, together with (3.29) and (3.39), gives

T
/ 1U ¢ D)l3pdr S C. (3.41)
0
In addition, Sobolev inequality and (3.36) yield
1U- VU I < € (W1 U1 + IVUIR U 1)
< CIUIG2 UG S C. Y1 €[0T, (3.42)

Now, it is clear that one needs a higher order estimate on p to complete the
proof of this lemma. For this purpose, taking dy, of (1.1),, we get

Pxxt + UxxPx + 2Uy Pxx + Uxx Py + 2vx,0xy +U - Vo =0. (3.43)

For any p = 2, multiplying (3.43) by |pxx|” 2 pxx integrating over €2, and using
Holder’s inequality, we obtain

1d _
/ |,Oxx|de = _/ (uxxpx + vxxpy + 2uy pxx + zvxpxy) |pxx|p szxdx
Q Q

pdt
-1
< IVl IV Ul IV2ollT " + 21VU =1V pl7,
-1
< c(IV2lf; " + 1920117, (3.44)
where we have used (3.25), (3.37) and (3.38). Similarly, one can show
1d -1
— / IpulPdr < € (IV20175" + 1920117, ) (3.45)
pdr Jo
1d 1
—— / lwl?dx £ € (IV21155 "+ 190117,) (3.46)
pdt Jo
Summing (3.44)—(3.46) together, we obtain
1d 1
S (192010) S ¢ (192151 192017, ) (3.47)
It follows that
d
S (1v%p1er) £ € (1419700 ) (3.48)

Applying Gronwall’s inequality to (3.48), one has
IV2pC.0)llr SC, V2< p <o00,¥1€[0,T]. (3.49)

In a manner quite similar to the derivation of (3.48), further estimates show that

d
IVl £ € (IVUIL= VI + IV ol VU IV
VU1Vl 1921 )
S CUV2l? +1V°01)
< CUIVipl® + 1), (3.50)
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which implies
loC.Oll5: £C, Yt el0,T]. (3.51)

Now, by Lemma 2.1, combining (3.51), (3.41) and (3.42), one has

T T
/ UG, D)2 dr < C/ (101 + 10 - VU I, + 0l ) dr < €,
0 0

which completes the proof of Lemma 3.8.

For the proof of Theorem 3.1, it remains to prove the uniform bound of the
kinetic energy (3.1).

Lemma 3.9. Under the assumptions of Theorem 1.1, there is a uniform constant C
independent of t, such that

62
||U<-,r>||2<max[||U(-,o>||2,v—2||p(-,0>||2], vt 2 0. (3.52)
Proof. From the proof of Lemma 3.1, we observe that
Ly vo? / e-Ud
—_—— Vv et . X
2d e

Vv

L el +slup (3.53)
28v 2 ’ '

IN

for any positive §. The Poincaré inequality says that there is a constant C = C ()
such that

lu| < Cvuj.
Choosing 8 = 1/C, we know from (3.53) that
d 2 v 2 é 2
—|IU —||IU||” £ — . 3.54
dt” l +C|| I~ = 1)IIpII (3.54)

Solving the above differential inequality we get

e [ e e ot 1w o < Sl (e [ 2l = 1) Gss)
Xp | = : — " < — xpl=ti—1], .
P c = 2 lpo P c
which implies
) &2 &2
UG D)% < exp [—Er] (nU(-,O)n2 - ;nponz) + S0l Vi 0.

(3.56)

Therefore, (3.52) follows immediately from (3.56). This completes the proof of
Lemma 3.9.
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Lemmas 3.8-3.9 conclude Theorem 3.1. With the global regularity established
in Lemmas 3.1-3.8, we are able to prove the uniqueness of the solution.

Theorem 3.2. Under the assumptions of Theorem 1.1, the solution of (1.1)—(1.2)
is unique.

Proof. Suppose there are two solutions (pg, Uy, Ii']) and (p2, Us, P2) to (~1.12—
(1.2). Setting p = p; — p2, U = Uy — Uy, and P = P; — P,, then (p, U, P)
satisfy

U +U -VU+U-VUy + VP =vAU + pey,

i+ UL -Vo+U-Vpr =0,

V.U =0, (3.57)
Ulse =0,
| U(x,0)=0,5(x,0) =0, x € Q.

Since V - U; = 0 and Ui |3q = 0, taking L? inner products of (3.57); with U and
(3.57)2 with p, one has

1d
2dt

—/ ﬁ-((7~VU2)dx+/ pdx,
Q Q

(1612 + 1812) + I VO = —/Qﬁ(ff - Vp2)dx

where v is the second component of U. Using the estimates for p, and U», standard
calculations give that

(1612 + 1812) + IV O
IVo2llzoe (AN + 1T 13 + VUl 1T 11 + (1A% + 1T 11%)
cUpl>+ 1017,

N | =
A A &)

which implies that
e2CUAIP + TP S 15O+ 11T 0)]1* = 0,

for any ¢ 2 0. So the solution of (1.1)—(1.2) is unique. This completes the proof of
Theorem 3.2.

This theorem and Theorem 3.1 imply our main result, Theorem 1.1.
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4. Remarks

We note the following remarks, in order.

Itis interesting to study the two-dimensional Boussinesq equations over bounded
domains with non-smooth boundaries, for example, any polygonal domain. In
that case, we have to introduce a weak solution. Similar to Navier—Stokes equa-
tions, one could use several formulations, for example, velocity and pressure
formulation, vorticity and stream function formulation or stream function for-
mulation. In particular, the regularity of the solutions is an interesting problem
when the domain is a polygon. We leave the study to a future paper.

It is also interesting to study the two-dimensional inviscid Boussinesq equa-
tions with density diffusion in bounded domains with smooth boundaries. Due
to the diffusion and boundary effect, the potential energy associated with the
density is expected to converge exponentially to a constant, which is either the
value of the density on the boundary of the domain, in the case of the Dirichlet
boundary condition, or the average of the density over the domain in the case
of the Neumann boundary condition, due to the conservation of total mass. The
investigation will be carried out in a forthcoming paper.
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