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1 Introduction

In [5], Lai and Steckler introduced a simple constructive rathod for compactly sup-
ported multivariate tight wavelet frames. One crucial stepof the Lai and Steckler's
method is whether one can nd a nite number of Laurent polyncmigls whose sum of
square magnitudes expresses a nonnegative Laurent polynaini a0 g2 IP(M +

)j?, where Laurent polynomialP is a mask associated with a re nable function ,
e.g., a box spline inRY with d 1. That is, one needs to nd Laurent polynomials
B;::::By; N 1 such that

P
o P+ )2+ L jB(2)j2=1;forall | 2 RY:

This question is related to the 17th of Hilbert's 23 problemgsee [7]). Recently
Dritschel proved that a positive Laurent polynomial in multivariate settings can be
written as a sum of square magnitudes of Laurent polynomidtsee [3]). However, we
do not know the answer for this question about a nonnegativeaurent polynomial.
Relevant literatures both on mathematical theories and agjgations to this problem
are summarized in [4] together with an elementary proof of @schel theorem.

Let us call the condition (1) the SOS(sum of square magnitudg condition for
further convenient mention. In this letter, we shall study he number of Laurent
polynomials in the SOS condition for the Laruent polynomia associated with bivari-
ate and trivariate box splines. We shall improve the resulten the number appeared
in Lemma 5.7 in [5] and extend the Lemma to the Laurent polynoial associated with
trivariate box splines. Our main result in this paper is the amber of tight wavelet
frames associated with trivariate box splines. As a resulthe number of tight wavelet
frame generators for bivariate box splines on four-directh mesh and trivariate box
splines constructed Lai and Stckler's method in [5] is leghan the ones constructed
via Kronecker product method in [2] . The explicit Laurent pdynomials satisfying
the SOS condition in (1) for various orders of bivariate boxmines over the three-
and the four- direction meshes were found and many edge de&gtimages using these
box spline tight wavelet frames were demonstrated in [6].

In Section 2, we rst introduce basic settings, terms and theesult directly related
to the number of Laurent polynomials in the SOS condition ing]. In Section 3, we
improve the result on Lemma 5.7 in [5] by some simpli cationThis explains several
critical points to motivate a technical proof on the number & Laurent polynomials
in the SOS condition and number of tight wavelet frame genetars associated with
trivariate box splines over a general direction mesh.



2 Preliminary

The box spline p de ned on a set of nonzero vector® on RY is a piecewise poly-
nomial of degregDj d whose Fourier transformation is

bD(!):QZDle”

il !

wherejDj denotes the cardinality ofD. Then bD(! )= Pp(l= 2)bD(!: 2), where

Po(!)= N 2D 1+ezi!

We call p a re nable function and the Laurent polynomial P, a mask or a Iter in
wavelet analysis or image processing terms.
We rst note that

Quq

iPo(1)j?= Q ,p COS 5 2 L cog(t)  1;
where! =(!y; 1 4): Then
P : 5 Qy a2 -1-
2f 0; ngPD(! + )J izl(COSZ(! i)+3|n (! i))_ 1:

We next state the following theorem in [5] that gives us the gestion of the number
of Laurent polynomials for multivariate box splines satisfing the SOS condition in

(1).
Theorem 3.4 of [5] Suppose that a mask of a re nable function satis es

X
P+ )2 1
2f0; gd

P . Py |
a0 @lP(+ )PP+ L jB(2))2= 1

Then there exist 2 + N locally supported tight frame generators.

See [5] for a constructive proof of this theorem and see [6] ¥arious examples and
applications of bivariate box spline tight wavelet frames anstructed by this method
to image processing.



3 The SOS condition for Bivariate Box Splines

Recall that the Laurent polynomial

il ’ il m i(! ! n
P. | 1) -= 1+é'1 1+e' 2 1+eCatt2)
;m;n ( 1, 2) = 2 2 2

is the mask associated with the box spline function-.,.,, on the three-direction mesh,
where’;m;n 1. Similarly, the Laurent polynomial P-..n.p

P- | o1 ,) = 1te't 1vet 2 M o1edCatta) Togiets 12 P
;m:n;p ( 1,: 2) - 2 2 2 2

is the mask associated with the box spline function.,..., on the four-direction mesh,
where’;m;n;p 1. We rst revisit the following Lemma in [5].
Lemma 5.7. of [5] For the Laurent polynomial P-., there exist Laurent polyno-

mials B;;:::; By with N 9 such that

P , ., P , .
2t 0; g2J|:)‘;m;n (f+ )jF+ iN:1 B2 =1;

with N 22 such that
P . . P . .
aro; g2 1Pummp (1 F )j? + iN:1 iB2)pr=1:

We now prove Lemma 1 which is an improved version of above Lerarf.7 on the
number of Laurent polynomials in the SOS condition. Althoul our proof uses the
same idea of the proof of Lemma 5.7 in [5], we introduce a sirapiotation and re ne
the arguments to achieve the following results with less numrs of tight wavelet
frame generators than that in the Lemm 5.7.

Lemma 1 For the Laurent polynomialP-.,., there exist Laurent polynomiald®;;:::; By
with N 7 such that
X - 2 »l . .2
Pomn (0 + )%+ jB(2)]7=1 (1)
2f0; g2 i=1

In particular, whenn =1, N 5. Next for the Laurent polynomialP-.,.n,, associated
with N 15 the above condition (1) holds. Especially, whem=1= p, N 8.
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Proof: For convenience, we usel 2instead of! .
jPumn (2!)j2 = cos? (! 1) co™ (! ;) cos(! 1 + ! ):

and

X
jPomn (21 + )j2=cos®(1 1+ 15) cog (! 1)cofm(!,)+sin? (1) sin®™(! )

2f 0; g2
+sin?'(1 1+ 1,) sin? (! 1) cog™(! ,) + cos? (! 1)sin®™(! ,) :

We convert each trigopnometric function into a binomial formand write the sum of
even orders and the sum of odd orders separately, i.e., fomexple

cog (1) = 1+cos(d,) COZS (24)
_ 1 : X ‘ 2 (21 )+ X ) 2i+1 (7 )
= > 2 cos’ (2! 1) O 2i+1 co (2'1)
0 2 0 2i+1
= E(')+ O('y)

Sosif(11)= E-(l1) O ). Similar for co€™(! ,) and sir?™(! ,). Thus,
X
jP‘;m;n (2! + )12
2f 0; @2
= 2(En(t2+ 1)+ On(t 1+ ' 2NE(P DEm( 2) + O (' 1)Om(! 2))
+2(En(t 1+ 12) On(t 1+ !'2)(E(P)Em('2) O('1)Om(!2))

Then we can rewrite

X
1 jP‘;m;n (2! + )12

2f0; ¢?
= 1 4E(M)Em(12En(t1+12) 40-(11)Om(! 2)On(t 1+ !>)

P
Note that 1= jPumn(0+ )j? Hence,

1=4E-(0)Em(0)En(0) +40-(0)On(0)0On(0)



Write O-(' 1) = ©-(! 1)cos(2 ;) and similar for O, (! ) = G (! 2)cos(2 ,) and
On(l 1+ 1) = ©,(1 1+ ! 5)cos(2 1 +21 ).
Then we have
1 5 jPomn (20 + )j?
2 0; @2
=4(E-(0O)Em(0)En(0) E-(! DEm(! 2En(t 1+ !2))
+40:(0)0,(0)0,(0) O (! 1)On(! )On(! 1+ !2))
+ O (1 1)On(!2)On(t 1+ 12))(1  cos(2 1)cos(2 ) cos(2 1 +2! )
=4(E-(0) E-('1)Em(0)En(0)+4E-(! )(Em(0) Em(!2))En(0)
+4E- (' DEn(! 2)(En(0) En(!1+!2)+4(0(0) ©:(!1))On(0)0s(0)
+40:-(! 1)(Om(0) GOn(!2)0n(0) +40(! 1)On(! 2)(On(0) ©n(! 1+ !2))
+ O (1 1)On(! 2)On( 1+ 12))(1  cos(2 1)cos(2 ;) cos(2 1 +2! )
S AT, + 4T, + 4T+ 4T, +4Ts + 4T +4T;

We observe that forT;, ©-(' ;) 0 which can be written in terms of cos(4;) and
similar for ©,,(! ,) and ©,(! 1 + ! ,). By Riesz-Fejer's lemma, ©-(! 1) = je (4! 1)j?,

On(!2) = j&nm (4! 2)j> and On(! 1 + 1 2) = jen(4! 1 + 4! )% Note that
1 1., 1 .,0..102 3 a2
1 cos(21)cos(22)cos2( 1+ 12) = 4 1 ée"" : ée""(' )y 6 L ChE

Summarized above, we have

Tz = jer(4 1)i%em (4! 2)jjen (4! 1 + 4! )
1 Lo, Y012, 3 i, 2
7 1 2e 2e + 16 1 ¢

JBL(4! ;41 ,)j2 + By (4! ;4! ,)j%

SinceE-(! ;) 0 and can be written in terms of cos(4,), we use Riesz-Fejer's lemma
to get E-(! 1) = jB (4! 1)j2. Similarly we have

Em(!2) = iBn(4! 2)j% En(! 1+ 1 2) = jIB,(4 1 + 4! )j*:

Clearly, T, + T4 is nonnegative and is written in terms of cos(4,). By Riesz-Fejer's
lemma to get a polynomial®; in €# 1 such that

Ty + Ty = jBy(41 )%
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Similar for T,; T; and Ts and Tg. That is, they are nonnegative and there are four
polynomials such that

Ty = jB(4! ;4 )j%  Ta= B4l ;40 ))j%

and
Ts = jBs(4! 141 ,)j%; Te = jBy (41 1; 41 L)}

Therefore, we conclude that
X X

1 Pomn 20+ )j2= jB(4)}%
2f0; g2 i=1

Note that whenn =1, E (' 1 +!,)=1= O,(!' 1+ !,). Thus we do not haveT; and
Te. That is, we do not havePs and B;. Thus, N =5 will do.

For the Laurent polynomial P-.,.n,, associated with box splines on four direction
mesh, we apply the same steps as above. The computation is mdedious, but
necessary.

P (21 )j2 = cos? (1 1) cog™(1 ) co (I 1+ 1 ) cosP(l,  1,);
p

and
X
JPomnp (2! + )i’
2f0; g2

=cos?"(1 1+ 1,)coP(l 1 1,) cod (1 1)cos™(!,)+sin? (! 1)sin®(! ,)
+sin?'(1 1+ 1,)sin?(1 1 15) sin? (! 1) cog™(! ,) + cos? (! 1)sin®™(! ,) :

We use binomial expansions to each power of trigonometricrittions in the above
equation and separate into the sum of even order terms and ttlsem of odd order
terms. As before, we let

cos (1) = E-(11)+ O( 1)
and sirf (1 1) = E-(!1) O 1): Similar for Ex(! 2); Om(! 2);En(! 1+ 12);O0n(! 1 +
12);Ep(!1  '2), and Op(!'1 !2). Note that all even order terms, e.g.E-(! 1) is

nonnegative and can be written in terms of cos 4(). By using the Riesz-Fejer lemma,
E-(! 1) = jB (4! )j? for a polynoimal in €4 . Similar for other even terms. For odd

7



order terms, let us rewriteO-(! 1) = ©-(! 1) cos(2 ;) so that ©-(! ;) is nonnegative.
Since®- (! ;) can be written in terms of cos(4,), ©-(! 1) = je& (4! 1)j? by Riesz-Fejer
lemma for a polynomialg-in €4 . Similar for other three termsOy, (! 2); On(! 1+ ! 2),
and Oy(! 1 !,). Then we have
A JPumnp (20 + )J?
2f 0; g2
=(En(t 1+ 1)+ On(t 2+ 1))NEp(ts '2)+ Op(ts ')
(2E-(! )Em (! 2) +20-(! 1)Om(! 2))
+H(En('2+12) On(ta+!I2)Ep(ts '2) Op(ts !2)
(2E-(! DEm(!2) 20-(! 1)Om(! 2))
=4E-(' DEm(' 2En(t 1+ ' 2)Ep(t1 ') +4E (' DEn(* 2On(t 1+ 12)Op(t 1 !2)
+40-(1 )Om(! 2)En(t 1+ 12)0p(t 1 12)+40-(1 1)Om(12)On(t o+ 12)Ep(ty o)t

Note that since 1 = i 20 g2 )P ()i% we have
1=4E-(0)Em(0)En(0)Ep(0) +4E:(0)Enm(0)0n(0)0,(0)
+40-(0)On (0)En(0)Op(0) + 4 O:(0)On (0)On (0)E(0):

It follows that
X

1 JPymnp (2 + )i?
2f0; g2

=4(E-(0)Em(0)En(0)Ep(0) E-(' )Em('2)En( 2+ 2)Ep(t1 !2))
+4(E-(0)Enm(0)0n(0)0p(0) E-(! )Em(! 2On(t 1+ !2)Op('1 !2))
+4(0-(0)0On(0)En(0)0p(0) ©(' 1)Bn(! DEn(' 1+ 12)Op(1 1 1))
+40-(0)0nm(0)0n(0)Ep(0) O (! 1)On(! 2)On(t 1+ '2)Ep(t1  !2)
+AE (' DEn(1 2On(t 1+ 12)0p('1 12))(1 cos2{ i+ !z)cos2(; !3))
+40-(1 )On (' )En(' 1+ 12)Op(' 1 '2))(1  cos(21)cos(2 p)cos2( 1 !2))
+40-(1 )0, (1 2)On(1 1+ ' 2)Ep(1 !2)(d  cos(2 1)cos(2 5)cos2( 1+ ! )

SIAT + 4T+ 4T3+ 4T, +4Ts+4Ts + 4Ty,

where Tq; To; ; and T; denote the seven terms above accordingly. Let us consider
the last three terms rst.

Ts = E(DEm('2)On(11+12)05(11 !2))(1 cos2{+!7)cos2(1 !2))
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= JBA )j%5Bn (4! )j%en (4! 1+ 4! ))j%ep(4l 1 4l )j?
(1 cos2(,+!,)cos2(, !5)):

A simple computation shows
1 ., 21, 2
1 cos2(,+!,)cos2(, !2):§e'4'1 e 1 +§e""2 e ¥

We know that Ts = jB,(4! 1; 4! ,)j2 + jB,(4! 1;4! ,)j?. Similar for T and T by using
the following two identities:

1 1. 1. 2 3 2

1 2 2 2 ' = — 1 _ 4, _ 4(! 1! 2) + 1 41 5 .
cos(2 1)cos(2 ,)cos2(, !) A 2e' 2e' 16 e ;

1 1. 1. 2 3 o2

+ 1 = = a4 Za4tatla) 4 4, °,

1 cos(2 1)cos(2 5)cos2( 1+ !5) 2 1 5€ 2e' 16 1 € ;

We then have

Te = O(1)On(!DEn('1+!2)05('1 !2))(1  cos(21)cos(@ ) cos2( 1 !5))
= jg(@ 1)i%jan(4 )i’ (4! 1+ 4! )% (4l 1 4 L)}
1y dge dgu i 3 get
and
T, = O 1)6,(12)0,("1+!12)Ex('1 !2)@ cos(21)cos(2,)cos2( 1+ !5))

8 (4! 1)j%8n (4! 2)j%ja (4! 1 + 41 )% By(41 1 41 ,)j?
1‘ 1‘ 4! g 1‘ 40! 1+ ) 2 i 4! o 2
2 1 2e' 2e' + 16 1 €

P
Thatis, Ts+ Tg+ T7 = f’zl jB (4! ;4! ,)j2. Observe whenn = p = 1; we have
En(l1+!2)=1= ©,('1+!)andEp(!; !2)=1= O,('1 !,). Then

To+ T7 = j@ (4 1)i%ign(4! 2)i°

1‘ 1 1‘@4!1

6 1 E'ei4! 1 1 40! 1+12) 2
4 2

%é4(!1!2>2+_1 gu2 2y 1y 14

16 4 2 2
P
Thus we haveTs+ Te+ T7 =, jB (4! 1;4! ,)j? instead. Nextwe considely;  ; Ta.
T = E(OEmn(0)En(0)Ex(0) E-(!)Em(t2)En(a+ 2)Ep(ty !2))
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= (E(0) E-('1))Em(0)EN(0)ER(O)
+E-(! 1)(Em(0) Em(!2))En(0)Ep(0)
+E (' )Em(! 2)(En(0)  En(! 1+ !2))Ep(0)
+E (' DEn(' 2En(t 1+ '2)(Ep(0) Ep(t1 !2)
=1 Ty + Too+ Tya+ Togt

Similarly we have

T2 E-(0)Em(0)0n(0)0,(0) E-(! )Em(!2)On(! 1+ !12)Oy(11 !2)
(E-(0) E-(!1)En(0)0n(0)0,(0)

+E-(! 1)(Em(0) Em(! 2))O0n(0)0,(0)

+E (! DEm(! 2)(0n(0)  ©n(! 1+ !2))0p(0)

+E-(! )Em(! 2)On(t 1+ 12)(0p(0) ©p(11 !2))

Tor+ Too+ Tosz+ Tou;

O-(0)Om(0)En(0)0p(0)  ©-(1 1)Om(! 2)En(t 1+ 12)Op(!1 1 !2)
(0:(0) ©-(!1)Om(0)En(0)Op(0)

+0-(1 1)(Om(0)  Om(! 2))En(0)05(0)

+©-(1 )On(! 2)(En(0) En(! 1+ !2))0p(0)

+O-(1 )On(! En(! 1+ 12))(Op(0)  Op(1 1 !2))

=1 Tz1+ Tzo+ Tz + Tz,

and

T O (0)Om(0)On(0)Ep(0)  ©-(1 1)Om(! 2)On(1 1+ 1 )Ep(11 !2)
(0:(0) ©(!1))On(0)0n(0)E(0)

+O-(! 1)(Om(0)  Gn(! 2))On(0)E,(0)

+0 (1 1)On(! 2)(0n(0)  On(! 1+ !3)Ep(0)

+O-(1 1)On (! 2)On( 1+ 12))Ep(0) Ep(l1 !2))

=0 Taa+ Tao+ Tya+ Tyt

chlte that T,;» O is a univariate Laurent polynomial ofe# : for eachi and hence
., Ti1 0. By Riesz-Fejer lemma, there exists a polynomiaP; in €4 * such that
X4
Ti1 = B (41 1)j*

i=1
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Note that E-(! ;) O which can be rewritten in terms of cos,). Also E,(0)
En('2) 0is a function of cos(#,). Hence, by Riesz-Fejer lemma,

Tio+ T2p = E(!1)(Em(0)  Em(!2))(En(0)Ep(0) + On(0)O0x(0))
= JB(4! )% B (4! 2)j? = jB(4) 1; 4l )%

Similarly, we have

O-(1 1)(Om(0) G (! 2))(En(0)Op(0) + OL(0)E,(0))
= je (4 1)j%Por(4! 2)j? =i jB(4! ;4 )i

Tao+ Tap

Tiz+ To3 h i
= E(')Em('2) (En(0) En('1+12)Ep0)+(0n(0) ©On(!1+!2))0y(0)
= JB(A )% (4! 2)%Paga (4! 1 + 41 5)j?
=1 B4l 134l p)j%:

and
Taz+ Tas h [
= 9(' 1)®m(! 2) (En(o) En(! 1t ! 2))Op(0) +(On(0) gn(! 1t ! 2))Ep(0)
= (4 1)j%iem (4! 2)j%Pua (4! 1 + 41 )f?
=1 By (4l 154l )%
For Ti4i = 1; 4, we can see that they are nonnegative and can be written in

terms of cos(4 ,);cos(4 ,), cos(4 1 +4!,) and cos(4, 4',). That is, there exist
|E12; |ﬁl3; |ﬁl4 and Fe15 such that Ti;4 = jlﬁll+i(4! 14 2)j2; i=1; 4. Hence,

X - -2 XS . -2
1 JPumnp (20 + )j° = JB (4! 1; 4 )j%
j2f 0; g2 i=1

Whenn=p=1,wecanseethatE (! 1+!,2)=1= O,(!1+!)andEp(!1 !)=

1=0,('; !,). Hence,Bs =0 and B, = = B;5; = 0. Thus, in this case,
X . .2 ﬁ . -2
1 JPumnp (20 + )j° = B (4! 1; 4 )j%
j2fo; g2 i=1
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This completes the proof of Lemma 1.

Therefore, there are at most 11 tight frame generators for \@riate box splines
on the three-direction mesh and at most 19 tight frame genexas for bivariate box
splines on the four-direction mesh by Theorem 3.4 in [5]. Inapticular, when n =
p = 1, the number of tight wavelet frames is 12. This improves té number of
tight wavelet frames associated with box splines in [5]. Abs we have less humber of
bivariate box spline tight wavelet frame generators on theolir-direction mesh than
the one constructed using Kronecker product operator in [2}hich is 15. We shall
continue on nding the number of Laurent polynomials in the S condition in (1)
for the Laurent polynomial associated with trivariate box plines in the next section.

4 The SOS condition for Trivariate Box Spline
We let ¢ be a trivariate box spline function with a directional set
S :=f(1,0;0);(0;1,0);(0;0;1);(1; 1, 1); (0; 1, 1); (1, 0; 1)g:

Then the Laurent polynomial

r

Ps(!) = 1+§i! y 1+§i! 2 " 1+§i! s 1146 1;!2”3) P 1+ei(!22+!3> q 1+ei<!21+!3>
be the mask associated with the box spline functions over the directional setS,
where ;m;n;p;q;r land! :=(!4;!5;!3). This particular direction set S with
even numbers’; m;n; p;d;r and at most three zeros among the orders for trivariate
box splines is generally used because of the shifts of thevaiate box spline on
direction set S are linearly independent. The linear independence of a boplse
shifts is directly related to cardinal interpolation. (Se€1]).

We conclude this paper by giving the following lemma and therpof for the
number of Laurent polynomials satisfying the SOS conditiom (1) for the Laurent
polynomial Ps of the trivariate box spline s.

Lemma 2 For a Laurent polynomial Ps there exist Laurent polynomiald®;;:::; By
with N 48 such that
X X
Ps(t + )j2+  jB(2)j*=1
2f0; g3 i=1

holds. When' = m=q=r =1; N 19 where each index; m;q;r; is the order of
each variable! 1; ! ,; 1 ,+ !3;and ! ; + | 3 respectively.
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Proof: We follow the same process in the proof of Lemma 1. We also usei@stead
of ! for convenience. Then the square magnitude of Laurent polgmial Ps associated
with trivariate box spline is

jPs(21)j? = cos?(! o+ ! 3) cos’ (! 1+! 3)co (! 1) coS™(! ) cos(! 3) coSP(! 1+! o+ 3);
and
SRR NCTIEE
coi(l ,+ 1 3)co (I 1+ 13) cog (I1)cog™(!,)cos"(! 5)cosP(l + 1+ 13)
+sin? (1 1) sin?™ (1 ,) sin?" (1 3)sin?P(l 1+ 1 ,+ 1 3)
+cos?(l + 1 3)sin® (! 1+ 13) sin? (! 1) cog™(! 5) cos™(! 3)sin?P(l 1+ 1+ 1 3)
+c0s? (1 1) sin?™(1 ) sin® (1 5)coSP(l 1+ 1+ 1 3)
+sin?(1 ,+ 1 3)cos (I 1+ 13) co (! 1)sin®™(!,)cos(! 3)sin®P(l 1+ 1+ 13)
+sin? (1 1) cog™(! ,)sin® (1 5)coSP(l 1+ 1, + 1 3)
+sin29(1 , + 1 g)sin® (1 1+ 13) co (! 1)co™(!,)sin® (1 5)sin®(l 1+ 1,4+ 15)

+sin? (1 1) sin®™(! ) coS" (! 5)cosSP(l 1+ 1+ 1 5) -

As the proof in Lemma 1, we use binomial expansions to each mvof trigonomet-
ric functions and separate into the sum of even order terms drthe sum of odd
order terms in the above equation and we denote éod ;) = E-(! ;) + O-(! ;) and
sin(1,) = E-(1) O:(!4): Similar for Em(! 2); Om(! 2): En(! 3): On(! 3); Ep('1+
Pa+13);0p(t 1+ o+ 13)Eq(l 2+ 13);Oq(f 2+ 13);Ec(P 1+ 13);and O (1 + 1 3).
Note that all even order terms, e.g.,E-(! 1) is nonnegative and can be written in
terms of cos 4( ;). By using the Riesz-Fejer lemma,E-(! ;) = jB (4! ,)j? for a poly-
noimal in €% 1. Similar for other even terms. For odd order terms, let us resite
O (') =6 (1) cos(2 ;) so that © (! ;) is nonnegative. Sinceé- (! ;) can be written
in terms of cos(4 1), ©-(! 1) = j& (4! 1)j? by Riesz-Fejer lemma for a polynomialg~
in €4 . Similar for other terms Om (! 2); On(! 3), Op(! 1+ ! 2+ !3); Oq(! 2+ ! 3) and
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O/ (! 1 + !3). Then we have

X
jPs(2! + )j?

2 0; g?
=8E-(! DEm(' 2En(! 3)Ep(t 1+ 1o+ 1 3)Eq(l 2+ 1 3)Er (1 1+ ! 3)

+80:( 1)Om(! 2)0n(! 3)Op(t 1+ 12+ 3)Eq(t 2+ 1 3)E (1 1+ 13)
+8E-(! DEm(! 2)On(! 3)Op(t 1+ 2+ 13)Oq(! 2+ 1 3)O; (1 1 + 1 3)
+80-(! )Om (! 2)En(t )Ep(t 1+ 12+ 13)Og(! 2+ 13)O (M 1+ 1 3)
+8E- (! 1)Om(! 2)En(! 3)Op(t 1+ 2+ 1 3)Eq(t 2+ 1 3)O (1 1+ ! 3)
+80(! DEm(! 2)On(t )Ep(t 1+ 2+ 1 3)Eq(t 2+ 13)O (P 1+ ! 3)
+8E-(! 1)Om(! 2)On(t )Ep(t 1+ 12+ 13)Og(! 2+ ' 3)Er (1 1+ ! 3)
+80- (! DEm (! 2)En(! 3)Op(t 1+ 12+ 13)Og(! 2+ ' 3)Er (1 1+ ! 3)

P
Note that since 1=, s jPs( )j? we have

1 = 8E-(0)Em(0)En(0)E(0)Eq(0)E: (0) + 80-(0)Or (0)On(0)Op(0)Eq(O)E: (0)
+ 8E-(0)Em(0)0n(0)0p(0)O(0)O; (0) + 8O- (0)Om (0)En (0)E(0) O4(0) O (0)
+ 8E-(0)Om(0)En(0)Op(0)E¢(0)O: (0) + 8O- (0)Em (0)04 () p(0)Eq(0)O; (0)
+8E:(0)Om(0)On(0)Ep(0)O4(0)E, (0) + 8O- (0)Ern (0)E,(0)O,(0)O4(0)E, (0):

P
We rewrite and rearrange 1 aro, 2 1Ps(2! + )j? by using above two equalities
as follows. For convenience we separate it into two parts amnote by A and B:

X
1 jPs(2! + )j®>=: A+ B;

2f0; ¢

where A consists of eight terms denoted byA1; As; As; As; As; Ag; A7; and Ag and
B consists of seven termB1; B,; Bs; B4; Bs; Bg; and B7 accordingly. They are given
below.
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A = 8(E-(0)Em(0)En(0)Ep(0)E4(0)E(0)

E-(! DEm(! 2)En(!3)Ep(t 1+ 12+ 3)Eq(t 2+ 1 3)Ec (M 1+ ! 3))
+8(0-(0)Om (0)0n (0)Op(0)E4(0)E, (0)

O-(11)On(! 2On(1 3)Op(t 1+ 1o+ 1 3)Eq(t 2+ ' 3)E (M 1+ !3))
+8(E-(0)Em(0)On(0)0,(0)Oq4(0)O (0)

E(' DEm(! 2)On(! 3)Op(t 1+ 12+ 13)Oy(! 2+ 1 3)O (1 1+ ! 3))
+8(0-(0)Om(0)En(0)Ep(0)O4(0)C; (0)

O-(1 )On(! DEn(! )Ep(l 1+ 12+ 13)Og(1 2+ 1 3)O (1 1+ ! 3))
+8(E-(0)Om (0)En(0)Op(0)E4(0)C; (0)

E(!' )Om(! 2)En(! 3)Op(t 1+ T2+ 13)Eq(l 2+ 13)O (! 1+ ! 3))
+8(0-(0)Em(0)On(0)E,(0)E4(0)Or (0)

O DEm(' )On(!3)Ep(l 1+ 12+ 13)Eq(l 2+ 1 3)O (1 1+ ! 3))
+8(E-(0)Om(0)0n(0)E,(0)Oq(0)E; (0)

E(!' )Om(! 2)On(! 3)Ep(t 1+ 12+ 13)O(! 2+ ! 3)E (! 1+ ! 3))
+8(0 (0)Em(0)En(0)Op(0)Oq4(0)E, (0)

O-(' DEm(' 2En('3)Op(! 1+ 12+ 13)O4(1 2+ 1 3)Er (1 1+ ! 3))

=:8A; +8A,+8A3;+8A,;+8A5+8A; +8A;+8Ag;
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B=80("1)0n('2)On('3)Op(' 1+ 12+ 13)Eq(! 2+ I 3)E (11 + ! 3)
(1 cos(2 1)cos(2 ,)cos(2 3)cos2( 1+ ! ,+13))
+8E-(! DEm(! 2)On(13)Op(! 1+ 12+ 13)O4(1 2+ 13)O (1 1 + ! 5)
(1 cos(23)cos2(+!,+13)cos20,+ !3)cos2(+!3))
+80-(1 )On (! 2)En(! )Ep(t 1+ 12+ 13)Og(1 2+ 13)O (1 1+ 1 5)
(1 cos(2 1)cos(2,)cos2( ,+ 3)cos2( 1+ !3))
+8E-(1 1)On(! 2)En(! 3)Op(t 1+ 1o+ 13)Eq(l 2+ 13)O (! 1+ ! 3))
(1 cos(2j)cos2(+!1,+13)cos2( 1+ !3))
+80 (' DEm(! 2)On(! 3)Ep(t 1+ T2+ 13)Eq(l 2+ 13)O (! 1+ ! 3))
(1 cos(2 ;)cos(2 3)cos2( 1 + ! 3))
+8E- (! )On(! 2)On(! 3)Ep(l 1+ 12+ 13)Og(1 2+ 1 3)E; (1 1+ !'3))
(1 cos(2,)cos(2 3)cos2( ,+ ! 3))
+80 (! DEm(! 2En(! 3)Op(l 1+ 12+ 13)Og(1 2+ 1 3)E; (1 1+ ! 3))
(1 cos(2)cos2¢ ,+!,+!13)cos2(,+ !3))
=:8B;+8B,+8B;+8B,+8B5+8Bg+8B+:
Let us consider the partB rst. Note that ©-(!;) 0 can be written in terms
of cos(4 ;1) and similar for Gn(! 2); ©n(!3), ©p(!1+ 12+ 13), Og(' 2+ !3), and
O, (' 1 + !'3). By Riesz-Fejer's lemma, ©-(! 1) = j& (4! 1)j2, On(!2) = j&n (4! ,)j?,
On(!3) = jen(4!3)j% Op(l1+ 1o+ 13) = jep(4l 1 +41,+415)j2 Ol o+ 1 3) =
jeg(4! 2+ 41 3)j2and ©, (1 1 + ! 3) = jg (4! 1 + 4! 3)j%. We show the rst term B; in
detail.
B1=©O(' )On(!2)On(!3)Op(l 1+ 12+ 1 3)Eq(t 2+ )E (1 1+ 1 5)
(1 cos(2 1)cos(2 ,)cos(2 3)cos2( 1+ !1,+13)
= jer (41 1)i%iem (4 2)i%ien (4! a)i%jep(4l 1 + 4! 5+ 41 3)j%jPy(4! 5 + 4! 9)j?
jB (4! 1 +4!3)j?(1 cos(2 1)cos(2 ;)cos(2 3)cos2( 1+ |+ 13)):

A simple computation shows the following term can be expre=s$ as a sum of square
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magnitudes of three Laurent polynomials.

1 cos(21)cos(2,)cos(2 3)cos2(+!,+15)
= a;+ ad¥r+ gd¥litla) 4 g, it!atla) 2
+oag+ aE¥ e + agdHl2tle) 4 g,g4litlatls) 2

+ a + azei4! 3 + a3ei4(! 1+'3) 4 a46i4(! 1+!2+13) 2;

where
S — Q—p— q—p
-~ 3 2,1 27 +12 6( 12 P6+7 27+412°6+9 18+8 6)
60 2 3 2
P S p— q q
=~ 2 2.1 7406044 s 274126 2 18487
9 2 32
.
13 2 1T P
a3_Z és §+§ 27+12 6
= 95 94—
o = 1_202 :_2%+% 27412 6(9+6 6+11 27+12° 6+12 18+8 6)

Thus we haveBi = jB (4! 1;4! 5; 41 3)j? + jB,(4! 1; 4! 5; 41 3)j? + B (4! 1; 4! 5; 41 )j.
Similar for B,; B3; B4; Bs; Bg and B7 by using the following six equalities
1 .
1 cos(23)cos2( 1+ !+ 13)cos2(,+ !3)cos2( 1+ !3)= 5 1 42 ?
_ 2
L gt ganetezte g Lgaoaers &4 g dua p_~°’é4(! s
16 4 23 43 4 ’

1 . .
1 cos(2 1)cos(2 ,)cos2( ,+ ! 3)cos2( 1+ ! 3) = 5 galatla)  ddltarta) ?

+ b.|.+ bzei4!l+ bsei4!2 + b46i4(!1+!2+!3) 2+ b_|_+ bzei4(!l+!3)+ bgei4(!2+!3)+ b4ei4!3 2
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S—p= S—p—

1 3 1 3
h = 2 - = S
where b, 5 16 3(8 16), and
S S S
mebol L L3, g1 a1l
-2 8 16 8 16" ° 8 16’
1 1 i 41 1 J4(1 1+ o1 )2
1 cos(zz)c032Q1+!2+!3)0052(11+!3):Zl —gr2z Zgitiriatis

2 2

2
3 j4(! 1+! .
+E1 galti+ta) -

. . 2 2
1 cos(2i)cos(23)cos2( 1+ 1) =11 1% Ze4itta) + 31 g¥s
1 1 1. 2 3 2
1 2 2 2 + | =1 TA4l 2 T A4 2+ 1 3) + -1 41 5 .
cos(2 ,)cos(2 3)cos2( ,+ ! 3) 2 2e' 2e' 16 e ;
1 1. 1. 2
1 cos(21)cos2( 1+ !+ 13)cos2(,+!3)= Zl ée"”l ée"‘(!l”Z“”
3 . 2
16

P 7 - P 17 . . i2 N - - -
Thatis, ., Bi= i jB(4! ;4! ;4! 3)j>. When™ = m=qg=r =1 we can see
that E(' 1) =1= @(I 1) and Em(l 2) =1= @m(l 2), Eq(' o+ | 3) =1= gq(' o+ | 3),
E.('1+!3)=1= ©6,(! 1+ !5). In addition to that, the fth equation and the sixth

. 2
eguation have the same termf—6 1 €43 : Thus Bg and B, can be combined as
follows.

Be+ B7= On(13)Op(! 1+ 2+ 13)(1 cos(24)cos(2 ;)cos(2 z)cos2( 1+ !3)
+0,(13)0p(' 1+ 12+ 13)(1 cos(21)cos(2 ;) cos(2 3)cos2( o+ ! 3)
1. 1., 1i.n2 3 w2
= 0,(13)Op(1 1+ ! 2+ 1 3) 21 éé“-l §é4<-1-3> * 6l g
F 01 5)Oy(1 1+ 1o+ 1a) 11 Lef

1 '4(|2+|3) 2 3 i 41 2
ZgAtat! + = 's
2 5 2e' 1 €
= On(13)Op(t 1+ 12+ 1)

16

1 1. 1. 2 6 . 2 1 1 . 1. 2
-1 _el4!1 _el4(! 1+13) + — 1 4! 3 + 1 _el4!1 _e|4(! 2+!13)
27 2 2 6 ° 27 2 2

= jen (4 3)j%jep(4) 1 + 41 5 + 41 5)j?
1 1. 1 2 6 21 1. 1. >
-1 TA4 TA4( 1+ ! 3) + —1 4! 3 + -1 TA4l TA4( 2+ ! 3)
4 2e' 2e' 16 € 4 2e' 2e'
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Then we haveP ", Bi= P 10 jB (4! 1;4! 5,4 3)j%. Next we consider the partA. We
rewrite eachA; ,i =1;:::;8 into six terms as follows
A1 = E-(0)Em(0)En(0)E,(0)E4(0)E,(0)
E(' DEm(' 2En(!3)Ep(t 2+ 1o+ I3)Eq(t o+ 1 3)Er (P 1+ 1 3)
=(E-(0) E-(!1)Em(0)En(0)EL(0)E4(0)E,(0)
+ E(! )(Em(0)  Em(!2))En(0)Ep(0)Eq(0)E! (0)
+ E‘(! 1)Em(! 2)(En(0) En(! 3))Ep(0)Eq(o)Er(0)
+E(M)Em(!2En(!3)(Ep(0) Ep(l 1+ ! 2+ 13))Eq(0)E((0)
+ E(')En(' 2En(t 3)Ep(t 1+ 2+ 1 3)(Eq(0)  Eq(! 2+ !3))E((0)
+ E (' )Em( 2)En(! 3)Ep(t 1+ o+ 13)Eq(t 2+ 13)(Er(0) Er(t 1+ !3))
=0 At A+ Azt Apg+ Ags + Age;
Az = 0-(0)Om(0)04(0)Os(0)Eq(0)E; (0)
O (1 )Om(' 2)On(13)O(1 1+ 12+ 1 5)Eq( 2+ 1 3)Er (1 1+ 1 3)
=(0(0) ©:(!1))Om(0)On(0)Oy(0)E4(0)E, (0)
+ ©(' )(Om(0)  Om(!2))0n(0)Oy(0)E4(0)E,(0)
+ O‘(! 1)©m(! 2)(On(0) 9n(! 3))Op(0)Eq(0)Er(0)
+ O (1 1)On(! 2)On(13))(Op(0)  Op(! 1+ 12+ !3))Eq(0)E,(0)
+ 0.1 1)On(!2)On(13))Op(! 1+ 2+ 1 3)(Eq(0)  Eq(! 2+ !'3))Er(0)
+O(11)0n(12)On(13))Op(! 1+ 2+ 1 3)Eq(! 2+ 1 3)(Er(0) E((!1+!3))
=0 Azt Aot Agst At Agst+ Agg;
Az = E-(0)Em(0)On(0)Op(0)O4(0)C; (0)
E(' )Em(!2)On(! 3)Op(! 1+ 12+ 13)Oy(1 2+ 1 3)O (1 1+ ! 3))
=(E-(0) E-(!1)Em(0)On(0)Op(0)Oq(0)O: (0)
+ E-(! 1)(Em(0) Em(!2))On(0)Op(0)Oq(0)O: (0)
+ E‘(! 1)Em(! 2)(On(0) gn(! 3))Op(0)oq(0)or(0)
+ E-(' )Em(! 2)On(! 3)(0p(0)  ©p(! 1+ 12+ 13))O4(0)O: (0)
+ E (1 )Em(12)On(13)Op(t 1+ 12+ 13)(0g(0)  ©gy(! 2+ !3))O:(0)
+ E('DEn('2)On(!3)Op(! 1+ 12+ 13)O4(1 2+ 13)(O;(0) O (! 1+ !3))

=l Ag1t+ Agot+ Aszt Aszat Azs+ Azge;
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A4:

O-(0)Om (0)En(0)E((0)O4(0)O; (0)
O (1 )Om(! 2)En(! 3)Ep(l 1+ 12+ 15)Og(1 2+ 1 3)O (1 1 + 1 5))

=(0(0) ©(!1))Om(0)En(0)Ep(0)O0¢(0)Or(0)

+ ©(' )(Om(0)  Om(!2))En(0)EL(0)O4(0)O; (0)

+ 9‘(! 1)©m(! 2)(En(0) En(! 3))Ep(0)oq(0)or(o)

+ O (1 1)On(! 2En(! 3)(Ep(0)  Ep(t 1+ ! 2+ 13))O0q(0)O(0)

+ O (1 1)On(! En(! 9)Ep(t 1+ 12+ 13)(0g(0)  ©gy(! 2+ !3))O:(0)

+ 0.1 )On(! DEn(!3)Ep(t 1+ 12+ 13)O4(1 2+ 13)(O;(0) O (1 1+ !3))

A4t Auot Asst Asat Agst Agge;

E-(0)Om(0)En(0)Op(0)E4(0)Or (0)
E-(! )Om(! 2)En(!3)Op(1 1+ 12+ 1 3)Eq(t 2+ 13)O (1 + 1 3)
(E-(0) E-(!1)Om(0)En(0)Op(0)E4(0)O (0)
+ E-(! 1)(Om(0)  On(!2))En(0)Op(0)E4(0)O: (0)
+ E‘(! 1)©m(! 2)(En(0) En(! 3))Op(0)Eq(0)or(0)
+ E-(1 1)Om(! 2En(! 3)(Op(0)  ©Op(! 1+ 12+ 13))Eq(0)O((0)
+ E(! 1)On(! 2En(!3)Op(t 1+ ! 2+ 1 3)(Eq(0) Eq(! 2+ !3))O:(0)
+ E (' )On(! 2En('3)Op(! 1+ 12+ 1 3)Eq(! 2+ 13)(Or(0) O (!1+!3))

tAsit Asot Agzt Asat Ass+ Asg;

=0 (0) Em (0) On (0) Ep(o) Eq(o) Or (0)

O (' DEm(! 2)On(!)Ep(t 1+ 1o+ 13)Eq(t 2+ 3)O (11 + 1 3)
(O(0) ©(!'1))Em(0)0n(0)E,(0)E4(0)O: (0)
+ O (' 1)(Em(0)  Em(!2))On(0)Ep(0)E4(0)O: (0)
+ O (' 1)Em(! 2(0n(0)  ©n(! 3))Ep(0)E4(0)O: (0)
+ O (' DEm( 2)On(! 3)(Ep(0)  Ep(! 1+ ! 2+ !3))Eq(0)Or(0)
+ O(' DEm(! 2)On(! 3)Ep(! 1+ 2+ 1 3)(Eq(0)  Eq(! 2+ !3))O;(0)

+ O DEn(! 2On(!3)Ep( 1+ 12+ 1 3)Eq(1 2+ 13)(Or(0) O (!1+!3))
Ag1t+ Aso+ Agst Agat Ags t+ Agp;
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A7 = E-(0)On(0)On(0)Ep(0)O4(0)E, (0)
E(! )On(! 2)On(! 5)Ep(t 1+ 12+ 13)Oy(! 2+ 3)E (! 1+ ! 3)
=(E-(0) E-(!1))Om(0)On(0)EL(0)O4(0)E, (0)
+ E-(! 1)(Om(0)  Om(! 2))On(0)EL(0)O4(0)E, (0)
+ E‘(! 1)®m(! 2)(On(0) 9n(! 3))Ep(0)oq(0)Er(o)
+ E(! 1)On(! 2)On(! 3)(Ep(0)  Ep(! 1+ ! 2+ !3))Oq(0)E((0)
+ E(11)On(! 2On(! 3)Ep(! 1+ 12+ 13)(Og(0) ©y(0! 2+ ! 3))E((0)

+ E(11)On(! 2)On(! )Ep(t 1+ 12+ 13)0y(0! 2+ ! 3)(E,(0) E((!1+!3))
=l A7zt Aot Azt Azst+ Ags+ Az

and
Ag = O-(0)Em(0)E(0)0,(0)O4(0)E; (0)
O (' DEn(! 2En(!3)Op(l 1+ 12+ 13)O(1 2+ 1 3)Er (1 1+ 1 3)
=(0(0) ©(!1))Em(0)En(0)Op(0)O4(0)E: (0)

+ ©(' )(Em(0) Em(! 2))En(0)Op(0)Oq(0)E; (0)

+ O (1 1)Em(! 2)(En(0)  En(! 3))Op(0)O4(0)E; (0)

+ O (' )Em(! 2En(! 3)(Op(0)  ©p(! 1+ ! 2+ 13))O4(0)E(0)

+ O (1 )En(! 2)En(!3)Op(t 1+ 12+ 13)(0Og(0)  ©Oq(! 2+ !3))E,(0)

+ O (1 )En(! 2)En(!3)Op(t 1+ 12+ 13)0(! 2+ 1 3)(Er(0) E((!1+!3))
=1 Ag1t Agat Agst Agat Agst Agg!

P
Note that A;.; O for eachi and hence i8:1 Ai.1 0. By Riesz-Fejer lemma, there
exists a polynomialP.g in €4 * such that

ﬁ . .2
Aix = jBg(4! 1)j

i=1

Note that E-(! ;) O which can be rewritten in terms of cos,). Also E,(0)
En('2) 0andO,(0) ©,(',) 0 are functions of cos(4,). Hence, by Riesz-Fejer
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lemma,

Apo+ Asp+ Asp+ Azp= E-(11) (En(0) Em(! 2))En(0)E,(0)E4(0)E,(0)
+(Em(0) Em(!2))0n(0)0p(0)O4(0)O: (0)
+(Om(0) O (! 2))En(0)Oy(0)E4(0)O:(0)
+(Om(0) O (! 2))On(0)E(0)Oq(0)E; (0)

= jB (4! 1)j%jPig1(4 5)j% =i jPo(4! 1; 4 L)}
Similarly, we have
Ao+ Ago+ Ao+ Agz = ©-(11) (On(0)  Gm(! 2))0n(0)O,(0)E4(0)E, (0)

+(Om(0)  Om(! 2))En(0)Ep(0)04(0)O; (0)
+(Em(0)  Em(!2))On(0)Ep(0)E4(0)O: (0)

+(Em(0) Em(!2))En(0)Op(0)O4(0)E,(0)
= jg (4! )i’ iR0.a(4! 2)j% =1 B (4! 1; 4! 2)j*:

We also can apply Riesz-Fejer lemma to the following four egtions sinceE (! )
0; which is a function of cos(4,) and E,(0) E,('3) 0andO,(0) ©,('35) 0
which are a function of cos(4s3).

Aiz+ Azz= E-(1 )Em(!2) (En(0) En(!3))Ep(0)E4(O)E,(0)
+(0,(0)  On(! 5)05(0)04(0)O; (0)
= B (41 1) (41 D%iBors (41 5)j% =: B (4! 1341 541 o)
Azz+ Aga= ©(1 DOn(!2) (0n(0) ©On(! 3))Op(0)Eq(0)E: (0)
+(Ea(0)  En(! 5)Ep(0)04(0)O (0)
= j@ (4! 1)i%ian (41 2)i%Poa(4! 97 =: [Bo(l 141 541 )%
Asz+ Az = E(11)On(!2) (En(0) En(! 3))Op(0)Eq(0)O;(0)
+00(0) (! 5)) Ep(0)O4(0)E: (0)
= JB (41 1)iZian (41 2)i%Posa (41 )7 = [Bos(4l 141 54 )%
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and
Agz+ Agz= O (1 )En(!2) (On(0) ©n(!3))Ep(0)E4(0)O;(0)

+ ( En(o) En(! 3)) OP(O)Oq(O)Er(O)

= g (4! )i’ (4! 2)j%iBosa (4! 3)j° =: [Poa(4! 1;4! 5; 4! 3)j%:

For Aj4;i1 = 1; : 8, we can see that they are nonnegative and can be written
in terms of cos(4 ;);cos(4 ,), cos(4 3) and cos(4 ; + 4!, +4!3). That is, there
exist Bys; B3, such that Ai4 = jBoy (4! 1;4! ;4! 3)j%i =1; ;8. Similarly, for
Ais i =1; ; 8, we can see that they are nonnegative and can be written inrbtas
of cos(4 1);cos(4 ,), cos(4 3); cos(4 1 +4!,+4!13) and cos(4 , +4!3). That is,
there exist Byz; ;B4 such that Ais = jBao. (4! 1;4! ;4! 3)j%i =1; ;8 and for
Aiel =1; : 8, we can see that they are nonnegative and can be written inrtes of
cos(4 1);cos(4 ;), cos(4 3); cos(4 1 +4! ,+4! 3); cos(4 ,+4! 3) and cos(4 1 +4! 3).
That is, there exist By;;  ;Byg such that Ajg = jByosi(4) 1,4 5,4 3)j%i=1;, ;8
Hence,

X X8
1 jPs(2! + )j*= (4 ;40 5 4 Q)%
jefo; ¢ i=1
Whenn=p=qg=r =1,wecanseethaE,(! 5) =1= O,(! 5)andE,(! 1+! ,+!3) =
1= Qp(l 1+ 1o+ 3), Eq(l o+ | 3): 1= @q(' o+ | 3), Er(l 1+ ! 3): 1= @r(' 1+ ! 3)

Hence,B,; = = B,5 = 0. Thus, in this case,
X X0

1 jPs(2 + )iP= JB(4l ;4 54 g)j*:
jefo; ¢ i=1

This completes the proof of Lemma 2.

From the above proof we can see that when any four of integeran; n; p; g and
r, are equal to 1 the number of Laurent polynomials satisfying SOS conditioffior
trivariate box spline tight frames is 20 In particular, when the order ", m; gand r
are equal to 1 we have 19 Larent polynomials satisfying SOSndiition as we saw in
the proof. Therefore, as a parallel version of Theorem 3.4 |&], we write down the
following theorem for trivariate box spline tight frame geerators on the direction set
S.

Theorem 1 For the maskPs associated with trivariate box splines on the direction
set

S = 1(1;0;0); (0; 1;0); (0; 0; 1); (1; 1; 1); (0; 1; 1); (1, 0; 1)g;
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there exist Laurent polynomiald®;; ;By; N 48 satisfying

X X
iPs(t + )i*+  jB(2)*=1:

2f0; g8 i=1

Thus there exist at mos2® + 48 = 56 compactly supported trivariate box spline tight
frame generators on the direction se§. In particular, when " = m=q=r =1,
N 19 and the number of tight wavelet frames is no more th&y.

We have found the number of trivariate box spline tight framegenerators on the
direction setS using Lai and Seckler's method is 56 which is less than the emsing
the Kronecker product operation in [2] which is2 1 =63:

As a further research question, it is worthy to study on the nmiimum number of
Laurent polynomials in the SOS condition in (1).
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