ALGEBRA HANDOUT 2.5: MORE ON GROUPS

PETE L. CLARK

This “handout” was written in January, 2008, well after the end of the (first)
course. In the course itself, Handout 9.5 on primitive roots stated the structure
of the unit group (Z/p*Z)* without proof. Recently Dave Savitt indicated to me
a proof that I like very much, so I went back to change Handout 9.5 to include
it. The idea of the proof (for odd p) is to find in the unit group one element
x of order divisible by p — 1 and another element y of order p®~! and then to
deduce that there is some power 2z’ of z such that 2’y has order p*~1(p — 1) =
#(Z/p*Z)*. After writing up the proof I decided that it would be cleaner to refer
to an outside discussion on the subgroup of a commutative group generated by two
elements of finite order. The most general result along these lines is included as
Theorem 11, the main result of this handout. I also took the chance to flesh out the
discussion on finite commutative groups in general (the prerequisite course, Math
4000, typically does not cover groups at all!). In preparation for some hypothetical
future discussion of Dirichlet characters, I have included a brief discussion on the
duality theory of finite commutative groups.

1. REMINDER ON QUOTIENT GROUPS

Let G be a group and H a subgroup of G. We have seen that the left cosets *H
of H in G give a partition of G. Motivated by the case of quotients of rings by
ideals, it is natural to consider the product operation on cosets. Recall that for any
subsets S, T of G, by ST we mean {st | s € S,t € T}.

If G is commutative, the product of two left cosets is another left coset:
(xH)(yH) = 2yHH = xyH.

In fact, what we really used was that for all y € G, yH = Hy. For an arbitrary
group G, this is a property of the subgroup H, called normality. But it is clear —
and will be good enough for us — that if G is commutative, all subgroups are normal.

If G is a group and H is a normal subgroup, then the set of left cosets, denoted
G/H, itself forms a group under the above product operation, called the quotient
group of G by H. The map which assigns z € G to its coset H € G/H is in fact
a surjective group homomorphism ¢ : G — G/H, called the quotient map (or in
common jargon, the “natural map”), and its kernel is precisely the subgroup H.

Theorem 1. (isomorphism theorem) Let f : G — G’ be a surjective homomorphism
of groups, with kernel K. Then G/K is isomorphic to G'.

Proof: We define the isomorphism ¢(f) : G/K — G’ in terms of f: map the coset
zK to f(x) € G'. This is well-defined, because if K = 2’ K, then 2’ = xk for some
k € K, and then
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since k is in the kernel of f. It is immediate to check that ¢(f) is a homomor-
phism of groups. Because f is surjective, for y € G’ there exists x € G such that
f(z) = y and then ¢(f)(zK) = vy, so q(f) is surjective. Finally, if ¢(f)(zK) = e,
then f(z) =e and x € K, so K = K is the identity element of G/K.

In other words, a group G’ is (isomorphic to) a quotient of a group G iff there
exists a surjective group homomorphism from G to G’.

Corollary 2. If G and G’ are finite groups such that there exists a surjective group
homomorphism f : G — G', then #G' | #G.

Proof: G' 2 G/ker f, so #G’ - #(ker ) = #G.

Remark: Suitably interepreted, this remains true for infinite groups.

Corollary 3. (“transitivity of quotients”) If G' is isomorphic to a quotient group
of G and G is isomorphic to a quotient group of G', then G" is isomorphic to a
quotient group of G.

Proof: We have surjective group homomorphisms ¢; : G — G’ and ¢2 : G’ — G”,
so the composition go o g7 is a surjective group homomorphism from G to G”.

2. CYCLIC GROUPS

Recall that a group G is cyclic if there exists some element g in G such that every
x in g is of the form ¢g” for some integer n. (Here we are using the conventions that
g" = e is the identity element of G and that g~ = (¢g~!)".) Such an element g is
called a generator. In general, a cyclic group will have more than one generator,

and it is a number-theoretic problem to determine how many generators there are.

Example 1: The integers Z under addition are a cyclic group, because 1 is a gener-
ator. The only other generator is —1.

Example 2: We denote by Z,, the additive group of the ring (Z/nZ). It is also
a cyclic group, because it is generated by the class of 1 (mod n).

We claim that these are the only cyclic groups, up to isomorphism. One (com-
paratively sophisticated) way to see this is as follows: let G be a cyclic group, with
generator g. Then there is a unique homomorphism f from the additive group of
the integers to G which maps 1 to g. The map f is surjective because, by assump-
tion, every y in G is of the form g™ for some n € Z, i.e., y = ¢" = f(n). Let K be
the kernel of this homomorphism. Then it is a subgroup of (Z,+), and since every
additive subgroup of (Z, +) is an ideal, we have K = nZ for some n € N. Therefore
by the isomorphism theorem, we have that G is isomorphic to the additive group
of the quotient ring Z/nZ, i.e., to Z,.

Corollary 4. Every quotient group of a cyclic group is cyclic.

Proof: We saw that a group is cyclic iff it is isomorphic to a quotient of (Z,+).
Therefore a quotient G’ of a cyclic group is a group that is isomorphic to a quotient
of a quotient of (Z,+), and by Corollary 3 this simply means that G’ is isomorphic
to a quotient of (Z,+) and hence is itself cyclic.
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Proposition 5. Let n € Z*. For every positive divisor k of n, there is a unique
subgroup of Z, of order k, and these are the only subgroups of Z,,.

Proof: For any divisor k of n, the subgroup generated by k (mod n) of (Z/nZ,+)
has order %, and as k runs through the positive divisors of n so does 7. So there is
at least one cyclic subgroup of Z,, of order any divisor of n. Conversely, let H be
a subgroup of (Z/nZ,+) and let k be the least positive integer such that the class
of k mod n lies in H. (Since the class of n lies in H, there is such a least integer.)
I leave it to you to show that H is the subgroup generated by k& (mod n).

Remark: Slicker is to observe that the subgroups of Z, correspond to the ideals
in Z/nZ which — by a general principle concerning ideals in quotient rings — corre-
spond to the ideals of Z containing (nZ), which finally correspond to the positive
divisors of n. But if this proof appeals to you, why are you reading this section?

Corollary 6. Subgroups of cyclic groups are cyclic.

Proposition 7. For a € ZT, the order of the class of a € (Z/nZ,+) is m.

Proof: Let d = ged(a,n) and write a = da’. The (additive) order of a (mod n) is
the least positive integer k such that n | ka. We have n | ka = kda' <= %5 | kd/,
and since ged(%5,a) = 1, the least such & is 4.

Corollary 8. Leta € Z, n € Z™.

a) The class of a € Z, is a generator if and only if ged(a,n) = 1. In particular
there are p(n) generators.

b) For any d | n, there are precisely p(d) elements of Z,, of order d.

¢) It follows that 3, |, ¢(d) = n.

Proof: Part a) is immediate from Proposition 7. For any d | n, each element of or-
der d generates a cyclic subgroup of order d, and we know that there is exactly one
such subgroup of Z,, so the elements of order d are precisely the ¢(d) generators
of this cyclic group. Now part c) follows: the left hand side expresses the number
of elements of order d for each divisor d of n and the right hand side is the total
number of elements of Z,,.

This leads to a very useful result:

Theorem 9. (Cyclicity criterion) Let G be a finite group, not assumed to be com-
muatuve. Suppose that for each n € Z%, there are at most n elements z in G with
" =e. Then G is cyclic.

Proof: Suppose G has order N, and for all 1 < d < N, let f(d) be the number
of elements of G of order d. By Lagrange’s Theorem, f(d) = 0 unless d | N, so
N =#G =73, n f(d). Now, if f(d) # 0 then there exists at least one element of
order d, which therefore generates a cyclic group of order d, whose elements give
d solutions to the equation ¢ = e. By our assumption there cannot be any more
solutions to this equation, hence all the elements of order d are precisely the ¢(d)
generators of this cyclic group. In other words, for all d |n we have either f(d) =0
or f(d) = ¢(d), so in any case we have

N=S fd) < Y pld) =N

d| N d| N
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Therefore we must have f(d) = ¢(d) for all d | N, including d = N, i.e., there exists
an element of G whose order is the order of G: G is cyclic.

Corollary 10. Let F be a field, and let G C F* be a finite subgroup of the group
of nonzero elements of F' under multiplication. Then G is cyclic.

Proof: Indeed, by basic field theory, for any d € Z* the degree d polynomial t¢ — 1
can have at most d solutions, so the hypotheses of Theorem 9 apply to G.

3. PRODUCTS OF ELEMENTS OF FINITE ORDER IN A COMMUTATIVE GROUP

Let G be a commutative group, and let z,y € G be two elements of finite order, say
of orders m and n respectively. There is a unique smallest subgroup H = H (z,y) of
G containing both z and y, called the subgroup generated by z and y. H(z,y)
is the set of all elements of the form xz%y® for a,b € Z. Moreover, since x has order
m and y has order n, we may write every element of H as 2%y with 0 < a < m,
0 < b < n, so that #H < mn. In particular the subgroup of an abelian group
generated by two elements of finite order is itself finite.

It is very useful to have some information about both the size of H(z,y) and
the order of the element zy in terms of m and n alone. However we cannot expect
a complete answer:

Example 3: Suppose that m = n = N. We could take G to be the additive
group of Z/NZ x Z/NZ, x = (1,0), y = (0,1). Then the subgroup generated by x
and y is all of G, so has order N2, and the order of x +y is N. On the other hand,
we could take G = Zy and © = y = g some generator. Then H(x,y) = G has order
N and #zy is N if N is odd and % is IV is even. Or we could have taken y = 27!
so that the zy = e and has order 1. And there are yet other possibilities.

Example 4: Suppose that ged(m,n) = 1. We can show that xy has order mn,
and hence is a generator for H(z,y). Indeed, let a € ZT be such that (zy)® = e,
i.e., % =y~ % But the order of x® divides m and the order of y~% divides n; since
ged(m,n) =1, 2% = y~* = 1, so that a | m, a | n. Since, again, ged(m,n) = 1,
this implies a | mn.

The general case is as follows:

Theorem 11. Let x and y be elements of finite order m and n in a commutative
group G. Denote by H(x,y) the subgroup generated by x and y.

a) lem(m,n) | #H(z,y) | mn.

b) St | #(xy) | lem(m, n).

ged(m,n)

Proof: Step 1: We can define a surjective homomorphism of groups ¥ : Z,,, x Z,, —
H(z,y) by (c,d) — x°y~% so by #H(z,y) | #(Zm x Z,) by Corollary 2.

Step 2: Let K be the kernel of ¥. By the Isomorphism theorem, #H (z,y) =
H(Zm X Zp) | #K = ;Z—I’é, so #H(z,y) | mn. Moreover, the kernel K consists of
pairs (¢, d) such that z¢ = y¢. Let f = ged(m,n). Let o be the order of z¢ = y<.
Since the order of z¢ divides m and the order of y¢ divides n, o | ged(m,n) = f.
There are f values of ¢ (mod m) for which z¢ has order dividing f, and for each of
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these values, there is at most one value of d (mod n) such that 2¢ = y¢ (because
the elements y* for 0 < i < n are distinct elements of G). This shows that the
kernel can be viewed as a subset of Zy, and it is easily checked to be a subgroup.
So #K | f and hence

lem(m,n) = % ;Z—;; =#H(z,y).

Step 3: (xy)lem(mn) = glem(m,n)ylem(m,n) — 1 5o the order of xy divides lem(m, n).
Step 4: Finally, suppose that a € ZT is such that (zy)* = 2%* = 1, so 2% = y~%.
So the order of z%, which is % is equal to the order of y~%, which is m.
In other words, we have

megcd(a,n) = nged(a,m).
Since gcd(%,n) =1, % | ged(a,m), or

m | fged(a,m) | fa.
Similarly
n | feed(a,n) | fa.

lem(m,n)

Therefore lem(m, n) | fa, or Zed(mn)

| a, completing the proof of the theorem.
Remark: It is a good exercise to show that the divisibilities in Theorem 11 are
best possible: if h and o are positive integers such that lem(m,n) | h | mn and

% | o | lem(m,n), then there exist elements x,y € Z, x Z, such that

#H(z,y) = h, #xy = o.

Remark: The situation is profoundly different for noncommutative groups: for
every m,n > 2 and 2 < r < oo there exists a group G containing elements x of
order m, y of order n whose product xy has order r. Moreover, if r < oo then one
can find a finite group G with these properties, whereas one can find an infinite
group with these properties iff % + % + % <1.

The following is a consequence of Theorem 11 (but is much simpler to prove):
Corollary 12. Let m,n € Z*. The group Z,, X Z, is cyclic iff gcd(m,n) = 1.

Proof: The order of any element (c,d) divides lem(m,n), and the order of (1,1) is
lem(m,n). Therefore the group is cyclic iff mn = lem(m,n) iff ged(m,n) = 1.

4. SOME MORE ADVANCED RESULTS ON FINITE COMMUTATIVE GROUPS

You may have noticed that in the preceding two sections, it was very often the case
that subgroups and quotients were put to similar use. For instance, subgroups of
cyclic groups are cyclic, and also quotients of cyclic groups are cyclic. Moreover,
a cyclic group of order n has a unique subgroup of every order dividing n and no
other subgroups, and the same is true for its quotients. If one plays around for a
bit with finite commutative groups, one eventually suspects the following result:

Theorem 13. Let G and H be finite commutative groups. Then TFAE:
(i) H can be realized as a subgroup of G: i.e., there exists an injective homomor-
phism H — G.
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(i) H can be realized as a quotient of G: i.e., there exists a surjective homomor-
phism G — H.

This is a consequence of a duality theorem for finite commutative groups. Namely,
for a finite commutative group G, we define its character group X (G) to be the
set of all characters of G: that is, of group homomorphisms y : G — C*. We
multiply characters “pointwise”:

(xax2)(9) = xa(9)x2(9)-
This operation endows X (G) with the structure of a commutative group.

Moreover, we can apply this construction to homomorphisms: if f : G — H
is a homomorphism of finite commutative groups, then we get a homomorphism
X(f): X(H) — X(G) — note well: in the opposite direction! — just by taking a
character y : H — C* and precomposing it with f to get a character yof : G — C*.

Proposition 14. Let f : G — H be a homomorphism of finite commutative groups.
a) The above map X (f) : X(H) — X(H) is a group homomorphism.

b) The homomorphism f is injective <= the homomorphism X (f) is surjective.
¢) The homomorphism f is surjective <= the homomorphism X (f) is injective.

The proof requires no ideas, just a certain comfort level with algebraic abstraction,
so we leave it to the interested reader.

What on earth does this have to do with Theorem 13?7 The following is the key:

Theorem 15. If G is a finite commutative group, then so is its character group
X(G). Moreover, G and X (G) are isomorphic groups.

The point is that Theorem 15 and Proposition 14 imply Theorem 13: let H and
G be finite abelian groups. Then to say that we can realize H as a subgroup of G
is to say that there exists an injection f : H — G. By Proposition 14 the “dual”
homomorphism X (f) : X(G) — X(H) is a surjection, i.e., realizes X (H) as a quo-
tient of X (G). But by Theorem 15, we have X(G) =2 G and X (H) = H, so that H
can (up to isomorphism, of course) be realized as a quotient of G! In exactly the
same way we can show that if H can be realized as a quotient of G, it can also be
realized as a subgroup of G.

How to prove Theorem 157 Suppose first that G = Z,, is cyclic. To give a ho-
momorphism from G to C* we need to map the generator g (or 1, if you like...) of
G to a complex number z such that 2™ = 1, i.e., to an nth root of unity. There
are of course n different nth roots of unity in C*, which means that #X(Z,,) = n.
To see that X (Z,) is cyclic, let us fix a primitive nth root of unity ¢,: the usual
choice is e*%". Then X : Zp — C* sends g — (%, where the exponent a is uniquely
determined modulo n. So each x can be labelled y, for a € Z/nZ. Moreover,
Xa Xb+g — Cﬁ ’ Cfl = C3+n7 S0 Xa " Xb = Xa+b (mod n)- That shows that X(G) = Zn.

Moreover, if G; and G are finite commutative groups, then in a natural way
X(Gl X GQ) = X(Gl) X X(Gg),

again we leave the details to the interested reader. Of course the analogous identity
for products of any finite number of groups follows by induction.
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Putting these two observations together we see that we can show that G = X (G)
for any finite commutative group G of the form Z,,, x ... x Z,,, i.e., for any di-
rect product of cyclic groups. This is enough to prove Theorem 15, because of the
following result:

Theorem 16. (Fundamental theorem of finite commutative groups) Every finite
commutative group is isomorphic to a product of finite cyclic groups.

Despite its relatively innocuous and plausible statement, Theorem 16 is significantly
harder to prove than any of the results we have discussed here. It turns out that
it is a special case of a more general structure theorem, that of “finitely generated
modules over a principal ideal domain”, a theorem which is a staple of any graduate
algebra course but is often omitted at the undergraduate level. In deference to the
difficulty of this theorem, careful authors of elementary number theory texts take
care to avoid appealing to this result, at the expense of slightly more complicated
proofs. For example, the most natural analysis of the group structure of (Z/2%Z)*
for a > 3 would consist in showing: (i) the group has order 2%7!; (ii) it has a
cyclic subgroup of order 2¢~2; (iii) it has a noncyclic quotient so is itself not cyclic.
Applying Theorem 16 one can immediately conclude that it must be isomorphic to
Zga—2 X Zo. In our work in Handout 9.5, however, we show the isomorphism by
direct means.

Moreover, so far as I know it is not possible to prove Theorem 15 without knowing
Theorem 16. As support for this I offer the example of Serre’s classic text A Course
in Arithmetic, where in his discussion of characters of finite abelian groups he
goes to some trouble to make do with the weaker statement that X(G) has the
same order as G.



