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On the arithmetic of twists of superelliptic curves

Sungkon Chang

ABSTRACT

In this paper, we consider a family of twists of a superéatlipurve over a global field, and obtain
results on the distribution of the Mordell-Welil rank of tlegsvists. Our results have applications
to the distribution of the number of rational points.

1. Introduction

By Faltings’ theorem, a (smooth complete geometricallgducible) curve over a number field has finitely
many rational points. By [CJB97], it is widely believed thia¢ number of rational points of a curve of genus
> 1 over a number fieli is bounded in terms of the genus of the curvel In[Maz86],raddCJB97], Mazur
asked whether the number of rational points can be boundedms of the genus and the Mordell-Weil rank
of its Jacobian variety. For the case of twists of curvesiSifBB], Silverman proves that Mazur's question
has a positive answer. However, for general cases, thigigues totally open.

By Silverman’s result, given a curve of genusl over a number field, finding infinitely many twists
with a bounded number of rational points becomes a probleindihg infinitely many twists with bounded
Mordell-Weil rank. Even for special cases such as Thue @ns(seel[LTOR]), an answer to this problem
is sometimes not known. For the case of elliptic curves, biy¥amgin’s result [Kol88] and the modularity
of elliptic curves proved by Wiles et al, results such [as_[GICt which quadratic twists with analytic
rank O are computed, imply that given an elliptic curve oiferthere are infinitely many quadratic twists
with Mordell-Weil rank 0, i.e., algebraic rank 0. There afsoaresults of this type such as Heath-Brown'’s
[HB94], [Won99] and ['YuO03] which rather directly show thddetre is a “positive proportion” of algebraic
rank-0 quadratic twists of certain elliptic curves.

In this paper, we consider a family of twists of supereltéaturves over a global field, and prove that for
these twists, the problem of finding infinitely many twistdiwbounded Mordell-Weil rank has a positive
answer and, hence, there are infinitely many twists with dedmumber of rational points if the genusl.
Some Thue equations can be mapped down to superelliptieswaansidered in this paper and, hence, for
these Thue equations, this problem has a positive answethé&oase of superelliptic curves over a constant
field and the case of hyperelliptic curves o¥@rfiner results are obtained. Especially, using superllipt
curves over a constant field, we show that there are (infiniteny twists of) curves of arbitrarily large
genus over a function field with Mordell-Weil rank 0. Over amher field, examples of such curves are not
known. In this section, we also introduce the applicationwfresult to cubic twists of some elliptic curves.

Letn > 2 be a positive integer, and IBtbe an integral domain of characteristic not dividmgvith field
of fractionsK. Let f(x) be a monic polynomial ifR[x] such than is coprime to degf ), and f(x) has distinct
roots. In this papeia superelliptic curves the projectiveK-model of the affine plane curw@ = f(x).

1.1. LetK be afield, and let be a prime number different from chgr LetC/K be the normalization of a
superelliptic curve given by’ = f(x). ForD € K*, we denote b{p /K the normalization of the curve given
by y’ = DY f(x/D) whered := deq f), and byJ /K, the Jacobian variety @p. The Jacobian variety is
calledan ¢-th power twist of JFor the case of hyperelliptic curves (whére 2), the plane curv®y? = f(x)
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is isomorphic toy? = DY f(x/D). We denote byank b (K) the Mordell-Weil rank ofJp(K) if Jp(K) is a
finitely generated (abelian) group. Létbe a primitivel-th root of unity, letF beK({,), and letA :=1—¢,.
Throughout the paper, we denote alsodthe endomorphism 4 ¢, on Jg defined in [[Sch98], Sec 3, and
by Sel® (J,F) the A-Selmer group ofgl.

In this work, we shall consider both the number field case &edftinction field case. We begin by
introducing our results for number fields. Let- 1 be a positive integer, and let us denotedgy(X) the set
of all positivek-th power-free integers up %. Given a polynomialf (x), let As denote the discriminant of
f(x). LetF be the field of fractions of a Dedekind domaf, and letZ be a set of prime ideals afr. A
nonzero elemer of Ok is supported by if D&k is divisible only by prime ideals contained in.

THEOREMILIT LetK denote thé-th cyclotomic field extensiofd({,) wherel is a regular prime number.
Let f(x) be a monic polynomial of prime degrgedefined ovel. such thatf (x) is irreducible oveK, and
¢ # p. LetC/Q be the normalization of the superelliptic cuse= f(x), and let)/Q be the Jacobian variety
ofC.

Let Dy be a positive integer. Lt := dim, Sel”)(Jp,,K), and letM be the number of prime ide-
als of Ox dividing ¢As Dg. Then there is a se¥ of prime numbers with Dirichlet density at ledgi —
1)/ (¢NFMEDPH(p 1) pl) such that whenever a positive integis supported by,

dim F, Sel(’\)(JDOD, K) =N.

Moreover, there is a positive constant. 1 depending o€ andDg such that

#{D e 2y(X) :dimy, Sel™ (Jp,K) = N} >;p, ac);(ix)e

This theorem is proved using Schaefer’s description oAtt&eImer group|Sch98]. The case of superelliptic
curvesy’ = x? — Ais considered by Stoll if [Sto98], which in fact inspired owrk (see CorollarfZ.13 on
p[I3). Schaefer’s description is more complicated wheded f); see [PE97].

Finer results on the distribution of Selmer ranks of twidtshe Jacobian variety of a curve have only
been obtained in very special cases. T€X) be the set of nonzero square-free integesich thatD| < X.
In [HB94], Heath-Brown studies the distribution of 2-Selmanks of quadratic twists of the elliptic curve
E/Q given byy? = x® — x. For example, given a positive integgrhe computes explicitly

im F{DET(X) : dim r,5el®(Ep,Q) =n, D=1mod 8

X #{DeT(X):D=1mod 8 '
In [YuO3], for infinitely many elliptic curve€ /Q with a nontrivial rational 2-torsion point, Gang Yu com-
putes an upper bound for a certain average of gifel® (Ep, Q). Let K := Q({3), and letE /Q be the
elliptic curve given byy? = x® — AwhereA is an integer. LeA be the endomorphism definedinll.1 foe 3.
In [Ché], we computed an upper bound for a certain average ®€Imer rank oEp overK wherekp is a
quadratic twist oE /Q. Given an integen, computed also i [Cha] is a lower bound for

iming F{LET(X) : dim £, Sel (Ep,K) < 2n, D=1 mod 12\}
X—00 #{D e T(X):D=1mod 1A} '
The results in[[HB94],[1YuQ3], and_[Cha] have applicatiowsthe distribution of Mordell-Weil ranks of

guadratic twists of elliptic curves considered in thesegpapUsing Theorefi 4110, we obtain the following
result on the distribution of Mordell-Weil ranks éfth power twists of the Jacobian variety©f

CoROLLARY LT1 Assume the same hypotheses in Thedreml 4.10. Then there @tag@aonstant < 1
such that

#{D S L@g(X) : rankJD(Q) < N} >>3Do (Iogxix)e (1)
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If a Jacobian variety considered in Corollariy 411 has &th power twist withA -Selmer rank 0, then the
corollary implies that there are infinitely maith power twists with Mordell-Weil rank 0.

THEOREM[E.H LetK denote the-th cyclotomic field extensiof)({;) wherel is a regular prime number.
Let f(x) be a monic polynomial defined ov&rsuch thatf (x) has a root irK, and( t ded f). LetC/Q be
the normalization of the superelliptic curye= f(x)

Given a positive integan, there is a positive constaat< 1 depending o andn such that

#{D € 2y(X) : dim, Sel® (Jp,K) > n} >c TogXE-

In particularlimsupy, dim g, Sel® (Jp,K) = co.

Recall that foD € Q*, Sel® (Jp, Q) = Jp(Q)/23p(Q) & Il (Jp, Q)[2] where ll(Jp, Q) is the Tate-Shafarevich
group ofJp/Q. Suppose that = 2, and thatf (x) is any polynomial of odd degree with a root@such that
f(x) has distinct roots. Theorelli’b.5 implies in particular that2-Selmer groups of quadratic twists of the
hyperelliptic curvey? = f(x) can be arbitrarily large, and this result seems to be new.edery for some
elliptic curves, more is known. For instance, it is provedAta01] as a generalization of Lemmermeyer’s
work [Lenl] that the 2-part of the Tate-Shafarevich groupguadratic twists of the elliptic curves considered
in the paper can be arbitrarily large.

Consider a Fermat curvé +y’ = 1. It is in fact isomorphic to a superelliptic curyé= f(x) (where
¢1deg f)), and using Theoref 3.5, we obtain the following result onfze twists.

CoRroLLARY [B.1 LetK denote the/-th cyclotomic field extensiof({,) wherel is an odd regular prime
number. Lefp /K be the Fermat curve given by+Yy = DZ whereD < Z is nonzero, and letadFp) be
the Jacobian variety dip /K. Let{, denote the automorphism of ordeon Fp given byx — X,y — Yy, and
z+— z{,. LetA be the endomorphish— [{;,] onJagFp) where[{,] denotes the automorphism dadFp)
induced by the automorphism &g. Then

Ilmsupdlm]F[SeI ) (JadFp),K) = .

Let us further consider applications of Theorem #.10.CAD be the normalization of a superelliptic
curve of genus> 1, andCp, the twist ofC as defined ifi_.T]1 for sonie € Q*. We apply Silverman’s result
[SI193], p. 234, that ifK is a number field, then the number Kfrational points on a twisEy of C/K is
bounded in terms of a constaptdepending orC, and in terms of the Mordell-Weil rank of the Jacobian
variety Jp, namely,

#Cp (K) < y 77akb(K) 2)
COROLLARY 1.2. Let C be the normalization of a superelliptic curve considered lieoreniZ.10. Let

N:=dimg, Sel(")(JDO, K) for a nonzero positive integéy. If the genus o€ is > 1, then there are positive
constantg < 1, andy depending o€ andDg such that

#{De Z,(X):#Cp(Q) <y} > TogxE"

Proof. The proof is left to the reader. O

For the case of hyperelliptic curv€s using [Sto], Theorem 1, we obtain a sharper upper bounden th
number of rational points on quadratic twists®)K.

COROLLARY ET2 LetC/Q be the normalization of a hyperelliptic curyé = f(x) wheref(x) € Z[X| is
monic and irreducible ov@ and has odd prime degree> 5. Suppose that there is a positive inteBgr
such thaN := dim r, Sel® (Jp,,Q) < (p—1)/2. Then there is a positive constant 1 depending o and
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Do such that
X
#{D e P»(X):#C K2N+1 > ——0. 3
(D 72(X) :#Co(Q SN +1} > oo ©
J. Silverman asked (sele [OC98], p. 653.) whether given gtielturveE /Q, there are infinitely many
prime numbers for which eitherkE, or E_,, has Mordell-Weil rank zero. We can show:

COROLLARY 1.3. LetE/Q be an elliptic curve withou-rational2-torsion points. Iflim g, Sel® (E, Q) =
0, then there is a se¥ of prime numbers with positive Dirichlet density such thatkE,(Q) = 0 for all
p € 2. In particular, there are infinitely many prime numbgprsuch thatankE,(Q) = 0.

Proof. The proof is left to the reader. O

In [OCYE], Corollary 3, Ono and Skinner proved that the goasdf Silverman has a positive answer for
all elliptic curves with conductog 100. Theoreni 210 and Corolldry1L.3 in particular imply ttiegre are
infinitely many elliptic curves ove® for which the question of Silverman has a positive answet:H &)
be the elliptic curvey? = x3 — 2. Then, dimFZSeI(z)(E,Q) = 0 and, by Theoreri’ 210, there are infinitely
many quadratic twist&p with dim i, Sel® (Ep, Q) = 0. Now, CorollanyCLB implies a positive answer to the
question of Silverman for these elliptic curves.

Little is known about the distribution of quadratic twistsam elliptic curve with Mordell-Weil rank 1.
Vatsal's result[[Vai98] is unconditional: He proved that fiee elliptic curveE = Xp(19),

#{|D| < X :rankEp(Q) =1} > X.

Assuming the Riemann Hypothesis, Iwaniek and Sarnak prowed[IP00] that #|D| < X :
rankEp(Q) = 1} >¢ X for all elliptic curvesE /Q. We prove here:

COROLLARY 1.4. Assume the finiteness of the Tate-Shafarevich groups oflatie curves overQ. Let
E/Q be an elliptic curve withouf-rational2-torsion points such thatim g, Sel(z)(EDO,Q) =1 for some
positive integeDg. Then there is a positive constant. 1 such that
X

#{D € Z,(X) :rankEp(Q) =1, ll (Ep,Q)[2] = {0}} > p, TTogX)E" 4)
Proof. Let E be an elliptic curve with dinx, Sel® (E, Q) = 1. The finiteness of the Tate-Shafarevich group
I (E,Q) of E/Q implies that the Cassels-Tate pairingHl Q) x ll (E,Q) — Q/Z is a non-degenerate alter-
nating bilinear pairing. By this pairing, dim ll (E,Q)[2] < 1 implies ranke(Q) =1 and dimg, lll (E,Q)[2] =
0. Then (&) follows immediately from Theordm4110. O

Very little is known about the distribution of Mordell-Waihnks of cubic twists of an elliptic curve. Let
E/Q be the elliptic curve given by’ 4y3 = 1. In [Lie94], Lieman showed that given an integend a prime
numberp, there are infinitely many cubic twisE : X3+ y2 = D such thaD = ¢ mod p and rankEp (Q) = 0.
We show here

COROLLARY T3 Let E/Q be an elliptic curve given by? = x2 — A whereA is a positive square-free
integer such thah = 1 or 25 mod 36anddim , CI(Q(v/—A))[3] = 0. For a non-zero cube-free integer
letEp be the cubic twisty? = x> — AD?. Then there is a positive integer 1 such that
X
#{D X) : rankE; =0 —. 5

A function field of one variable over an arbitrary fieldka field extensiorK of k with transcendence
degree 1 such th# is finitely generated ovef, andk is algebraically closed ii. A function field of one
variable with a rational divisor ¥ is a function fieldK of one variable over a finite field with a non-
archimedean absolute valug on K/k of degreel. Such function fields correspond to smooth complete
curvesZ overk with ak-rational pointp., corresponding to the absolute vale For this type of function
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fields, we choos®y := {a €K :|a|,_ > 1}, asaring of integers iK, i.e.,x is the ring of regular functions
on the open subse¥ \{p.}. In Corollary[42D and Theorefn .6, we prove function fieldlagues of
Theorenf4.10 and1.5.

1.5. Let/ be a prime number, and l&tbe a finite field containing a primitivé-th root of unity. Hence,
chark # ¢. Let K be a function field of one variable with a rational divisgy, and letZ/k be a smooth
complete curve with function fiel. LetC/K, Cp/K, J/K, andJp /K be as defined in the case of number
fields.

Over a number field, given any positive integetp, it does not seem to be known how to produce a
(superelliptic) curveC/K of genusg(C) > go such that there are infinitely many twists with-f Selmer
rank O, or such that the Selmer rank @fK is 0. We use Theore 42 below to show that a function field
analogue of this problem can be solved even for (infinitehnydunction fieldsK with arbitrarily large

genusg(K/k).

THEOREMI. 22 Assume the hypotheseslinll.5. Suppose thgt is defined over the constant fididirre-
ducible over the finite field, and has prime degree Letk' be the field extension &fof degreep # chark.
LetL :=K®K, and leto be the integral closure @fy inL.

LetA/k be the Jacobian variety of the normalization of the sugptilicurvey’ = f(x) defined over the
constant fielk, soA¢ = J. If #CI(6,) # 0 mod, thendim r, Sel")(3,K) = 0. Moreover, there is a sét
of prime ideals oftx with Dirichlet density(p— 1)/p such that whenevedD is a nonzero element @fy
supported by,

dim g, Sel®) (Jp,K) =0, and #Cp(K) < #A(K).

The hypothesis in Theorem 4122 is often satisfied. Kdbe a function field of one variable with a
rational divisorv,,, and let.2”/k be the smooth curve with function field. Then, by Propositioi-4.24,
#Cl(0x) = #PIi@(Z). Let L := K@K for a finite extensiork’ of k, and let&,. be the integral closure
of Ok in L. Then #C(0,) = # Pid(24%). Therefore, for all but finitely many prime numbefswe have
#Cl(OL) =# Pic,o(,,@’i(/) % 0 mod/. Thus, we find examples of superelliptic curves of arbilyderge genus
which satisfy the conditions in Theordm 4.22.

For the curve€ considered in Theorem 4122, there are infinitely mBigysuch that £ (K) is bounded.
In [Sch90], Schoen considered hyperelliptic curves defmast certain geometric fields, and showed that
for these curves, the number of rational points of their gatictwists can be arbitrarily large.

We conclude this introduction by providing the reader wittbad map for Schaefer’s description for
the A-Selmer group, and for the proof of Theorém4.10. Recall ihahis case,f(x) is irreducible over
K:=Q({). LetL be a field isomorphic t&[x]/( f). Using Schaefer's method, we have the first two rows of
the commutative diagrarfil(6).

Recall fromI]l that a twislp /K is the Jacobian variety @p /K for someD € 0k \{0}, and the curve
Cp is given byy’ = fp(x) := DP f(x/D). SincelL = K[x]/(fp), as in the case af/K, we can construct a map

IKY/AI(K) ————=H (K IA))y ———=L(S,) — L7/ ()
\LK\, . $res, . ires, \ ‘LNL/K
J(K\)/AI(Ky) ———HY(Ky,JA]) ——Lj/(Ly)" K*/(K*)f
T " |
I (Kv)/Adp (Ky) ———HY(K\, Ip[A]) — = Lj/(Ly)" K*/(K*)f
TKV ?res, Tres, Yo ?NL/K

3p(K)/Ado(K) ——— HY(K, I [A])s, L(Sp, f) — M~ 1Ly

5



SUNGKON CHANG

6P : HY(K,Jp[A]) — L*/(L*)’. When we consider th&-Selmer groups of botfi andJp, we establish that
the first two rows and the last two rows &f (6) are commutativis. noteworthy that the targets éfand 6°
are bothL*/(L*)*, and it can be understood as a consequence of the fact thatdigzoup scheme3A] are
Jo[A] are isomorphic to each other.

Two key points we shall prove in Secti@h 3 are the followingsf if D is an/-th power inK, for v,
then there is a mag#P : J(K,) — Jp(Ky) such that the diagranil(6) commutes (see Propodifidn 3.5). It
clear that there is an isomorphisdiKy) — Jp(Ky), but it is not so obvious, unless one knows the horizontal
maps, that it commutes with the identiy maplgfy (Ly)¢. Secondly, ifD is divisible only by prime idealg
of Ok such thap oy is prime, then keW; = kerWp in the diagram[{6) (see Theordml4.3). These two results
immediately imply thatdP (Sel*) (Jp,K)) c 8(Sel*) (J,K)) (see the proof of TheorefiZ]10). By posing
more conditions oD, we can prove din, Sel®) (Jp,K) = dim 5, Sel®)(J,K). To exhibit the existence of
(enough) suclb’s, we use the Cebotarev density theorem and the generploeity laws.

Notation

1.6. A global fieldis either a number field or a function field of one variable avéinite fieldk. LetK be a
global field. We denote by the set of all places df. Suppose thaK is a function field of one variable
over a finite fieldk. We choose a finite set of places Kf which will be denoted by, and consider the
Dedekind domain

R:={a eK":|al, <1, forallve Mc\Mg}.
We shall denoték \My by M.

In this paper, by a global field, we shall mean a number fielth Wit, the integral closure of, or a
function field of one variable over a finite fiekdwith the Dedekind domai@y determined by a choice of
Mg . For both casesjx is called the ring of integers d€. Throughout the paper, If is a finite separable
extension oK, let 0| denote the integral closure 6k in L. WhenK is a function field of one variable, our
choice ofMy’ determines/k and, hence¢ andM;”. For a function fieldK of one variable with a rational
divisor Ve, we chooseMy := {Ve }.

1.7. Throughout the paper, given a fiéddlet K denote the algebraic closurekf andKse, the (algebraic)
separable closure &. Let K be a global field. We denote bk the absolute Galois group G&lsey/K).
For eachy € Mk, letK, denote the completion df at . We fix the algebraic closurdé andK,, and fix an
embedding; : Ksep— Kg,sep

In this papera variety J over an arbitrary field s a separated scheme of finite type oesuch thath
is integral (that is, reduced and irreducible). U¢K be a variety. For a field extensiéhof K, the F-points
of Jis the set)(F). We denote byl the varietyJg, and byJsepthe varietyJg,,,

2. Schaefer’s description of theA -Selmer group

In this section, we introduce Schaefer's method for conmgu8elmer groups. This method is introduced in
[Sch98] for number fields; however, his proofs carry ovehm¢ase of global fields.

2.1. Let/ be a prime number, and |& be a global field of characteristig ¢ such thatk contains a
primitive ¢-th root of unity,. LetC/K denote the normalization of a superelliptic curve giverybs: f(x)
with d :=deq f). LetJ/K be the Jacobian variety 6 Let , also denote th&-automorphism od defined
in [Sch98], Sec 3, and :=1— {, € EndJ), which we also denote bjA|. Recall thatf(x) has distinct
roots, and le{z € Ksep: i =1,...,d} be the roots off (x). Let B := [(z,0) — (»)] € J(Ksep). By [Sch98],
Proposition 3.2, the sy, ..., P} generates th,-vector spacd|A](Ksep) of dimensiond — 1. We choose
aGg-setX as small as possible such thaspansl[A](Ksep): If f(x) does not have K-rational root, then we
setd’ :=d, and if f (x) has aK-rational rootzy, then we setl’ := d — 1. Then we defin&X := {Py,...,Py}.
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TheKsegalgebra of all functions fronX to Ksepis denoted byAx. As described in[Sch98], Sec &« has
Gg-action, and thé&-invariants are denoted .

2.2. From the Galois cohomology for the sequenee 0[A |(Ksep) — J(Ksep) A, J(Ksep) — 0O, we have the
following injective map:
5:J(K)/AI(K) — HY(K,J[A)). 7
For eachv € M, we denote by resthe map:HY(K,J[A]) — HY(Ky,J[A]), and byd, the coboundary
map:J(Ky) — H'(Ky,J[A]) defined forK,. TheA-Selmer group of XK is

SelM(J,K) 1= {& e HY(K,J[A]) : res(§) € Im &, for all v e Mk} (8)

By definition, the A-part of the Tate-Shafarevich group ofKl, denoted by I{J/K)[A], is canonically
isomorphic toSel®)(J,K)/Im 3. Let S be a subset oMy containing all archimedean places kf The
subgroup ofH(K,J[A]) unramified outside the s&is denoted by byH!(K,J[A])s. Then the following
result is standard: Le3 be a subset dflx containing all archimedean places, the places aboveAdegnd
the places of bad reduction &fK. Then,

Sel® (J,K) = {& e HX(K,J[A])s: res, (&) € Im &, for all ve S}. 9)

Moreover,Sel®) (J,K) is finite, and containg(J(K)/AJ(K)).

Suppose thaf (x) does not have &-rational root. Then din, ug(ﬂ;) =d since & = d, and that
dim, J[A](Ksep) = d — 1. By [Sch98], Proposition 3.4, the following is a split shexact sequence @k -
modules, which is due to the fact thatd:

w — xy NAg K .
0— J[A](Ksep) — pe(Ax) == He(Ksep) — 0
wherew is the map defined in ISchB8], page 452. Since this exact sequgplits, the following natural map
on the cohomology groups is injective:

W HY(K,I[A]) — HY(K, e (AY)). (10)

Suppose that (x) has aK-rational root, sayy. We chooseX := {Py,...,Py_1} as inlZ1. Then itis clear
thatw : J[A](Ksep) — He(Ax ) is an isomorphism ok -modules since dim, J[A](Ksep) = dim g, pe (Ax ) =
d— 1. Therefore, the following natural map is an isomorphism:

W HY(K,I[A]) — HYK, e (AL)). (11)

2.3. Consider the Kummer sequenceﬁq*r with respect to the homomorphism+— a‘. By Hilbert The-
orem 90, we have a natural isomorphist: HY(K, y (K{)) — AL/(AL)" and, hence, have an injective
homomorphism

Dow: HY(K,J[A]) — AL/ (A" (12)

Let S be a subset oMk containingMg, places abové, and places of bad reduction dfK. If f(x)
has aK-rational root, therH(K,J[A])s = Ax (S, ¢) whereAx (S /) is the subgroup oA/ (Ay)" defined in
[Sch98], Sec 2. Iff (x) does not have K-rational root, then[[Sch98], Proposition 3.4 gives usfthewing
isomorphism:

H (K, J[A])s 2 ker (Na, k1 Ax(S 0) — K(S,0)).

2.4. For eaclv e Mk, we take the image of in J[A](Ky, sep) to be aG,-stable spanning subset, and denote
it by X,. Then we have an induced map

Ax — Ay, (13)
obtained by pulling back the natural m&p— X, and it is denoted by, *. Moreover, we have the mads,
Wy, and®, as in the case df.
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Let Sbe a set of the places containif’, the places abové and the places of bad reduction K.
For eachv € M, the following diagram is commutative:

J(K)/AI(K) J HL(K, J[A])s ——=2 Ax(S0)

l | |

I(Ky) /AI(Ky) ——2—— HI(K,, IA]) —=2 o AL /(AL

Suppose that (x) does not have K-rational root. Then
Sel™(3,K) 2 {a € Ax(S,¢) : Nag i (@) = 1, K;(a) € ImDy oy, 0 &, for all v € S}.
Suppose that (x) has aK-rational root. Then, we have a simpler description:
SelM (J,K) = {a € Ax(S /) : R} (a) € ImD oWy o d, forallve S}
Let ® andw be the maps defined il{12). L&the the coboundary map defined[ih (7). Then, we have an
injective homomorphism
DoWod: I(K)/AIK) — AL/(AL), (14)
and there is a useful description of this map which givenwelo
Write KsedCsep as the field of fractions oKsegx,y]/ (Y’ — f(X)). Thenx—z is an element of this
function field, which we will denote byp (X,Y);
fa(Xy) :=Xx—1z. (15)

Note thatfp can be thought as a function on divisors@fIf E is a divisor in Di(C) avoidingthe setX
(see [Schd8], page 450), then we denotefliff ) the function:X — K" given byP — fp(E) for all P € X.
LetY :={P,...,Py}. If Eis a divisor in Di{C) avoidingY, then, as long as there is no confusion, we also
denote byf, (E) the extended functiory — K" given byP +— fp(E) forall Pc Y. If E := 5 (R) is a divisor in
Div(C) avoidingX such thaK(R)/K is separable, thefi (E) € Ay, and ifE is a divisor in DiC) avoiding

Y such thaK (R)/K is separable, thefy (E) € A"

2.5. Let us define a group homomorphism®@) — A5 /(Ax)¢ as follows: It is well-known that for each
[D] € Pid®(C), we can choose a divis& = ¥ (R) avoiding any given finite set & such thatk (R)/K is
separable anfE] = [D]. Then we define a group homomorphism given by

[D] — clasg fu(E)) € Ax/(Ax), (16)
and denote it by.

The following corollary follows from[ISch98], Theorem 2.8c&Proposition 3.3. The proposition essen-
tially shows thaf(«)] = [D] for some divisoD avoidingY such thatf,(D) € (Ay")":

LEMMA 2.6. Letd be the map defined [Z2.5 . Then®oWo d = 4.

Suppose thaf (x) has aK-rational rootzy, so we choose := {P,...,Py_1} C J(Ksep). If E is a
nonzero divisor inDiv®(C) such thatE = (Q) — (deg(Q))(w) for someQ avoiding X, and such that
K(Q)/K is separable, theff] is mapped talasg f.(Q)) € A%/ (A%’ underd. In particular)(zq,0) — ()] —
clasgf.(z4,0)) € A;/(AL)".

Proof. The proof is left to the reader. O

3. Two Key Propositions

Let us recall the diagran(6). In this section, we prove themuitativity of this diagram in a slightly more
general context. Lef be a prime number, and & be a global field of characteristi¢ ¢, containing a

8
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primitive ¢-th root, of unity. LetC/K be the normalization of a superelliptic curve givenyby= f(x), and
letd:=deqg f).

3.1. For eachy € Mk, we fix an embedding, : K — K. Let X andX, for eachq € Mk be theGk-stable
spanning sets af[A](Ksep) andJ[A](Kg,sep), respectively, defined ind.1 adP.4. For egah Mk, let K,
andk; be the maps defined in Sectign 2;

Ko:X—Xq, Ky Ax — Ax,.
LetP, fori=1,...,d be the points irX. Note thatf (x) = (x—z)--- (X—zg), and forD € K*, D4f(x/D) =
(Xx—2zD)---(x—2gD). ForD € K* andq € Mk, we define
XP:={[(zD,0) — ()] € Ip(Ksep) :i =1,...,d'};
X7 = {[(kg(zD),0) — ()] € Ip(Kgysep) 1T =1,....d'};
P :=[(zD,0) — (®)] € Jp(Ksep),

and letdP, GJE, WP, vT/qD 3 andc‘iu'l3 be the maps for the twish as in Sectiof]2. Then we have the following
sequences of injective maps:

Ip(K)/Adp (K) — = HL(K, Ip[A]) — % (K, e (o)) — 5= Alo/(Alo)s  (17)
l/Kq 5 lres, . J{resi . ¢R;‘
JD(Kq)/AJD(Kq) -1 Hl(Kq,JD[)\]) — 1 Hl(Kq,[Jg(A;‘?)) A;‘E)/(A;g))['

Let Z(J):={Tie X:i=1,...,s} be a set of representatives Gk-orbits in X, andZ(Jp) := {PJ-D €
XP: P, € Z(3)} which is said to beompatible with ZJ). LetL; be the subfield oKsep generated b for
i=1,...,s. Since the action oGk is made through the divisors representing the pointX,ithe subfield
K(PP) of Ksepis K(z;), andZ(Jp) is a set of representatives Gk-orbits inXP. Forq € M, letZ(J,q) be
a set of representatives Gk_-orbits such thaZ(J) C Z(J,q). Then, we choos&(Jp,q) compatible with
Z(J,q); henceZ(Jp) € Z(Jp,q).

3.2. Note that ifa € Ao, then the evaluation ofr at PjD € Z(Jp) is contained irK(z;) = L; for somei,
i.e.,a(PjD) € Li. ForD € K* andq € Mk, let Wz, andWyy, ) be the evaluation maps £ /(As)" and
A;E/( ;‘(E)Z atZ(Jp) andZ(Jp,q), respectively, and define

PeZ(Jp)

Cq = Yz(10.0) (A;‘?/( ;6(5?)[) = . Zl_l(J )Kq(P)*/(Kq(P)*)
€L(J,q

& = Wy (o (A)) =[] K(P)*/(K(P)*Vf:_ﬁLf‘/(Lr)f:
14

Since we choosé (Jp,q) compatible withZ(J,q), the groups, is defined not depending dhas®.
Recall the maps i {17). For eahc K*, we denote by and 8P the injective mapsPz ;) o ® oW and
Wz(3) © ®P o WP, respectively. For each € K* andq € Mk, we denote, respectively, b§, and BqD the
injective maps
W (3.4) 0 Py oWy : HY (K, I[A]) — C (18)
Wa(gp.q) © Po o WL - HY (Kq, p[A]) — %, (19)
Remark3.3 It is noteworthy to observe that the targets of the followingps are defined depending only
onC/K:
6° :H'(K,Jb[A]) — %, 67 :H'(Kq,Ip[A]) — G-
9
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Let Sbe a subset dflx containingMg, the places abové and the places of bad reductionb and
Jo/K. If f(x) does not have K-rational root, then

6°(H (K, Jp[A])s) = ker (iNy/x : MiLi(S £) — K(S,£)) = 8(H'(K,I[A))s).
If f(x) has aK-rational root, then
6° (H'(K,3o[A])s) = M1 Li(S.0) = O(HY(K,IA])s).

Recall the diagranf]6) from the introduction. In a slightlpma general context, we constructed above
all the horizontal maps ifl6). Propositibn13.4 below is ohéhe key propositions which will establish the
commutativity of the diagram formed by the restriction mapthe second and the third columns|[df (6). The
proof is left to the reader.

PROPOSITIONS3.4. For eachy € M, there is a natural mag — ¢, such that the following diagram com-
mutes for alD € K*:

. . D W
HY(K, Jp[A]) — 2 HY(K, (Ao ) ) — 2 Al /(Afp)| — 2~

reg, J{resq K; l reg, l
i D

o — % D . . W ?

Propositio-36 below completes the proof of the commutgitof the diagram[(B).

PROPOSITION3.5. Letq be a place iMk. For all nonzero elemenB of Ok such thaD < (K;)’f, there is
an isomorphisnyts : J(Kq) — Jp(Kq) such that the following is a commutative diagram:

Io(Kg)/Adp(Kg) — 2 % (20)
] X
9‘16‘1
3(Ky)/AI(Ky) %

In particular,im 6P 3P = Im 6,8, for all nonzerdD € Cx andq € My such thaD € (K;)".

Proof. LetD be a nonzero element 6f such thaD < (K;)Z. Then, we have an isomorphisi@p )k, — Ck,
given by (x,y) — (x/D,y/v'Dd), and this isomorphism induces an isomorphistf : J(Ky) — Io(Kq) by
pulling back on the divisors.
RecallZ(Jp,q) = {PP := [(zD,0) — (»)] : [(2,0) — («)] € Z(J,q)}. Let E := ¥ nj(R;) be a divisor in
DiVO(CKq,sep) avoidingX such thaK (R;)/K are separable, and wriy = (xj,y;j). Then,
fo (#0(E)) (P°) = [ (feo (% D,y; VD))" = [(x;D —2D)"
j j

=DM ] (x =2 =[] X —2";

J J

fo(B) (P) =7 (felxi,yp)"™ =] ( —2)".

J I

This proves the commutativity of the diagrainl(20). O
Remark3.6. The diagram in Propositidn-3.5 can be put into the followiragdam:
3P PPowiR Yaip.
3p(Kq) /Ao (Kq) ——— = H(Kq, Ip[A]) ————= Aso/ (Asp) — 20—,
J%T %T idDT id
5q 1 ®q0Wq * YA LPZ(JD:Q)
J(Kq) /AJ(Ky) H*(Kq, J[A]) A% (AR,) ———— %

10
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wheres# and ich are isomorphisms induced from the natural isomorphigm} — Jp[A].

All the vertical maps in the above diagram, except the firgt, @xist whether or ndD is an/-th power
in Ky, and the entire diagram commutes whzr (K;)".

3.7. Recall the map8® and 6y for q € Mk andD € Ok defined i 3R. LeBbe a subset dflx containing

Mg, the places abové, and the places of bad reduction & /K. Then,Sel®)(Jp,K) is described as a
subgroup of¢” as follows:

6°(Sel™ (Jp, K)) = {a € 8P (HY(K,Jp[A])s) : res,(a) € ImOP 5L for all q € S}.

4. The Jacobian Varieties WithoutA -torsion Points

In this section, we prove Theordm 4110 and its analogue fanation field. Let/ be a prime number, and
let K be a a global field of characteristi¢ ¢, containing a primitive/-th root of unity {;. Let C/K be the
normalization of a superelliptic curyé = f(x). LetA be the discriminant of (x) wheref (x) is irreducible
overK with prime degreep. Let J/K be the Jacobian variety &f We keep all the notation and definitions
introduced in Sectiofl 3.

4.1. LetS; denote the subset My containingMy’, the places dividingA¢. For each nonzero elemetof
Ok, let S denote the s U {p € Mﬁ :p | DOk }. Then, the set§; andS, contain the set of places of bad
reduction of]/K andJp /K, respectively.

4.2. Recall thaK := {Py,...,Py} is the subset al[A](Ksep). SinceX forms one orbitZ(J) contains a single
point, and we choos&(J) := {P,} as a representative. Létdenote the finite separable field extension
L1 := K(Py) of degreep. Then? := L*/(L*)" as defined ifiC312.

THEOREM4.3. LetD be a nonzero element 6, and suppose th& oy is supported by the set of prime
idealsq of Ok such that eithex0\ is prime in0\, orq0 = pP for some prime ideal of 0 . Then,ker(NL K-
L(S5,0) = K(S5,0)) =ker(Nyx : L(Sp,£) — K(Sp,£)). Hencef (HY (K, J[A])s)) = 6° (HY(K,Jp[A])s, ) as subgroups df*

Proof. SinceS; C &, itis clear that
ker(N_jk : L(S,0) — K(S5,0)) C ker(Njx : L(Sp,¢) — K(S.4)).

Let a be a nonzero element @f_ such thata &, = ab’ wherea is an idealsupported by $ and such
that Nk (a) = B¢ for some € Ok. Let q be a prime ideal otk dividing DOy such thatqdy is p or
pP for some prime ideap of 4. Letn:=ord,(a &), and letm be the residue degree piwith respect to
g. Sincem= 0 mod/, and there is only one prime ideal 61 lying over g, it follows that orq(B’fﬁK) =
ordy(N_/k (a61)) = nm On the other hand, 0§B‘ 0k ) = 0 mod¢ and, hencen = 0 mod¢. Therefore,
ord,(a &) = 0 mod¢ for all p dividing D&, anda &, = o' (b')* for some ideak’ supported bys; , i.e.,
clasga) € L(S,4). O

The Legendre symbol is used throughout Sectidns 4and 5.ib&imand results on Legendre symbols
required for our main results are introduced and proved oti@&8. In[6.1, we extend the definition of the

symbol for prime ideals dividing&k and archimedean places, so that gigea 0k andp € M, (%)f =1

impliesa € (K;)".

4.1 The case of number fields

For Lemmd4b, Propositidn 4.6, and Lemind 4.7, we assumelglglimore general context: L&t/Q be
the ¢-th cyclotomic field extension d where/ is a regular prime number. Létbe a field extension df
such thatp:= [L : K] is a prime number not equal to

11
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4.4. LetW be a finite subset af \{0}. We denote byAy the set of prime numberg < Z not dividing ¢
which satisfy the following properties: for all prime ideglof & dividing q,

i) The idealq?) is prime;
i) Foralla e W, a #0modq0d, and(%)é =1.

LEMMA 4.5. Letq be a prime ideal obx not dividing (O such thatj0y is prime. Ifa € Ok is such that
a ) — a) —
(qﬁt>z 1 then(q)g 1

Proof. Let k_ be the residue field, /q0,, andk be the residue fieldk /q. Forz € &, let z denote the
residue class ik . Since(%)/ =1, letB € &, such thai3’ = a modq0, i.e.,ﬁé =10 in k.. The degree
of the extensiork(B)/k is either 1 ot sincek contains a primitive-th root of unity. Since’ # p, k(8) = k.

Thus,(%)z =1. N

PROPOSITION4.6. LetW be a finite subset af, \{0}, and letZy be the set of prime numbers definelid 4.4.
Then%y contains a set of prime numbersZnwith positive Dirichlet density at leasp—1)/ (6(#"") Pe—

1)p!).

Proof. Let M be the Galois closure df(v/a : a € W) over Q. Let M’ be the Galois closure df over
Q. Thenm:= [M’: L] # 0 mod p since f is defined ove#Z, and ded =: p is a prime number. Note that
M= M'(y/Ta :a € W andt € Gal(Q/Q)). Sincel, € K, and/ is a prime numbefM : M'] is a power of/
and, hencelM : M’] = ¢" for some non-negative integer

It follows that[M : K] = pm?". Let G denote the group G&V1/Q). Then GalM/K) is a subgroup o6,
and the grouss contains an automorphismof orderp acting trivially onK. Moreover, the subgrou(r) of G
is stable under conjugation since @dl/K) is normal inG. Therefore, the subset:= {t*:k=1,...,p—1}
is stable under conjugation (.

Let 2 be the set of all prime numbegssuch that is unramified inM and its Frobenius automorphisms
are contained iH. Then, sincgM : Q] divides (¢ — 1) - p! - ()P by the Cebotarev Density Theoret,
has positive Dirichlet density at leagt— 1)/ (¢™W)P'(¢—1)p!). SinceW is a finite set, the following set of
prime ideals has Dirichlet density equal to the Dirichlensigy of Z:

{qe 2 : a #0 modgq for all prime idealsy | g& and for alla € W}.

Thus, let us assume that is the above set.

Letg e 2, and letQ be a prime ideal o¥y, lying overq. LetQ, := QN &, andq := QN Ok. Let us
show thagdy is a prime ideal. Lef (q/q), f(Q./q), andf(Q/Q.) denote the residue degrees. Then

p= |Frob(Q/aq)| = f(Q/q) = f(Q/Qu)f(Qc/q)f(a/q). (21)

Sincet = Frob(Q/q) € Gal(M/K), andK /Q is Galois, Frolyq/q) =resx (1) = 1. Hence, k= |Frob(q/q)| =
f(q/q). Thus,p= f(Q/9Q.)f(QL/q). SinceM/L is Galois, f (Q/9 ) dividesm{" = 0 mod p and, hence,
f(Q/9Q.) # 0 modp. Therefore,f(Q/Q.) =1 andf(Q./q) = p. In other words, the prime idealremains
prime in .. Moreover, f(Q/9Q.) = 1 implies thato\y/Q = 0, /Q, and, hencey/a for all a € W are

defined in& /9, . In other words, sinc&| =q0, 1= (ﬁ)f for all a € W. Thereforeg € % . [l

Recall that/ is a regular prime number. The following lemma is the key @lacour work where the
additional hypothesis af being regular is needed.

LEMMA 4.7. LetW be a finite subset af| \ {0} containingl, andA :=1— {,. Let %y be the set of prime
numbers defined [n-4.4. Letbe a place oK. If q is a prime ideal oDk, then we choosea, € Ok such that
q" = a,0x wheremis the order ofy in Cl(0k), and ifq = A Ok, then we choose, .= A.

12
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If q is an infinite place oK., or if q is a prime ideal o such thatr, €W, then(%) = Lfor all positive
integersD supported byZy. ’

Proof. Suppose thag is a prime ideal ook not dividing {0k, andq™ = a,0k wherea, € Ok andm s
the order ofq in Cl(0k). Then, since is regular,m# 0 mod/. Let q be a prime number dividin®, and
suppose thatr, € W. Letqdk be decomposed inqq{(:lpﬁ‘ wherep; are prime ideals coprime tandn is

an integer. Sincg € %, it follows that (pj’—(‘}L)é =1 and, hence, by Lemnm.ég—;‘)é =1.Then

(9)-A), A

SinceW containsd, andA, it follows that (%)i =1.1f¢/=2,thenK = Q, and it follows that(;—ll)2 =
(;)2 =1.By Lemmm,(%)é = 1. Sinceq { L0k anda, # 0 modp; for all j =1,...,t, by Corollary

- (2)- (-0

0.4
Sincem # 0 mod/, we proved tha(g)[ =1 for all prime numbersj dividing D.

Letq:=A0k. Then (%)/ = 1 for all q | D was already shown above. SinBe> 0, it is clear that
(2), =1 for all infinite places/ € M. -

Let us return to the context of our superelliptic curves. &eftom [4.2 the pointP?, € X and the field
L:=K(P,). For allD € K*, we have the following injective maps:

Sel®) (3o, K) € HH(K,Jo[A])g, = L/(L7)".
THEOREMA4.8. LetK :=Q({,) wherel is a regular prime number. L&{x) be a monic polynomial of prime
degreep defined ovefZ such thatf (x) is irreducible oveK, and( # p. LetC/Q be the normalization of
the superelliptic curvg’ = f(x). LetN := dim g, Sel*) (J,K), andM, the number of prime ideals afy
dividing ¢A¢. Then there is a set of prime numbers with Dirichlet density at ledgt— 1)/ (¢(N+M+DP (¢ —
1)p!) such that whenever a positive integiis supported by?, 8(Sel™ (J,K)) = 8° (Sel® (Jp,K)). In
particular,dim ¢, Sel®) (3,K) = dim g, Sel) (Jp, K).
Proof. Recall fron[32 the map : HL(K,J[A]) — L*/(L*)’. LetW; be a subset of, generatingd(Sel*) (J,K)).
For each prime ideaj of Jx coprime to, let us fix an elementr, of Ok such thato, 0k = q™ wheremis
the order ofy in Cl(0k ). Forq := A 0k, we chooser, := A.

Recalls; from (41), and let
Y :={{}UWsU{ay € Ok 1 q€ SNMR}.

Let %, be the set of prime numbers definedInl4.4\ér=Y;. Then, by Propositiob 467y, contains a
setZ of prime numbers with Dirichlet density at ledgt— 1)/ (¢(NTM+LP (¢ — 1)pl). Since/ is regular, by
Lemmd4Y, iD is a positive integer supported I8y andq € S;, then

<9> 1 22)
q/¢

Let D be a positive integer supported B Let us show tha8® (Sel®) (Jp,K)) € 6(Sel®) (J,K)). Leta
be an element 08P (Sel®) (Jp,K)). By 31,

B8(SelM(3,K)) = {a € B(HY(K,J[A])s,) : res,(a) € Im 6,5, for all g € Sy};
6° (SelM (Jp,K)) = {a € 8° (H'(K,Jp[A])s, ) : rey(ar) € Im 6P for all g € Sp}.
13
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By Theoreni 4, we have
0°(HY(K. p[A])s,) = O(H'(K,JA))s): (24)

hence,a is contained ind(H'(K,J[A])g)). Let q be a place ir§, and recall the sef from @1). Then
q is contained inS. By Lemmal®l, [22) implies thdD e (K;‘)f. By Proposition[35, it follows that
Im 6,8, = Im 6P 8P and, hencegq is contained in I, 3, sincea € 8°(Sel) (Jp,K)) andq € S. Thus,
a € 0(Sel) (J,K)).

Let us show thaB(Sel™) (J,K)) c 8P (Sel) (Jp,K)). Let a be an element 06(Sel*) (J,K)). By (Z2),
a is contained in6° (H'(K,Jp[A])s, ). If q is a place inS;, then by [ZR)D € (K;)’, and by Proposition
B3, Im6,5, = Im 6?5?. Thus,a € Im 95'1355"3 for all € §. Let q be a prime ideal ir§5\S;. SinceD

is supported byz, the prime idealy is contained inZ and, hence(%)/ =1 for all B € Wj. SinceW,

generates(Sel) (J,K)), it follows that (ﬁ)/ =1ie,0¢ (Lii)” where’p ;= q0L. Recall that reg
is a mapL*/(L*)" — €4 = pez(3.) Kq(P)*/(Kq(P)*)’f. Sinceqoy is prime, f(x) is irreducible ovel,

and, henceZ(J,q) contains a single poirfe. Thus,%, = L%/(L%)? Thus, reg(a) = 1 and, in particular,
re(a) € Im6p57. We established that rg&) € Im P3P for all g € . Therefore,a is contained in

QD(SeI()‘)(JD, K)). Since@ and@P are injective maps, the dimensions of the two selmer grotgsqual to
each other. O

Recall that#?,(X) is the set of positivé-th power free integers up . The following lemma is easily
deduced fromISer76], Theorem 2.4, and the proof is left éortfader:

LEMMA 4.9. Let ¥ be a set of prime numbers ifi with positive Dirichlet density< 1. Let Z2;(2,X)
denote the set of all positive integers up&owhich arel-th power-free and supported by. Let 2¢(2) :=
Us_12:(2,X). Then there are positive constantande < 1 depending or??,(2) such that# Z(2,X) ~
X
LetDg be a positivé-th power free integer. Then there is a positive constantl depending ory such
that
X
THEOREM 4.10. Let K, f(x), andC/Q be as in Theoreri 4.8. L&, be a positive integer. La¥l =
dim g, Sel® (Jp,,K), and letM be the number of prime ideals 6f dividing (A Do. Then there is a set
9 of prime numbers with Dirichlet density at leagt— 1)/ (¢N+M+UP (¢ —1)pl) such that whenever a

positive integeD is supported by,

dim g, Sel® (Jp,p,K) = N. (25)
Moreover, there is a positive constant 1 such that
X
#{D e 2:(X) :Sel (Ip,K) =N} >3p, TogXJE- (26)

Proof. Recall thatlp, is the Jacobian variety of the normalizationyof= (Dg)P f(x/Do). Letg:= (Do)P f(x/Do).
ThenAg = At DB for some positive integen and, hence, the number of prime idealscf dividing /Ag is
equal toM. Since(Jp,)p = Jp,b, by applying Theorer 48 td,,, (Z5) is proved. The proof of(26) follows
immediately from LemmBa419. O

COROLLARY 4.11. Assume the same hypotheses in Thedreml 4.10. Then there @tiagoonstant < 1
such that

#{D S L@g(X) : rankJD(Q) < N} >>3Do (lO;(iX)E (27)
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Proof. NoteSel*) (Jp,K) 22 Jp(K) /A Jp(K) @ lll (Jp,K)[A]. Then, by [Schd8], Corollary 3.7 and Proposition
3.8,Sel) (Jp, K) > rankJp (Q). Hence, [27) follows. O

COROLLARY 4.12. LetC/Q be the normalization of a hyperelliptic curyé= f(x) wheref (x) € Z[X is
monic and irreducible ove) and has odd prime degree> 5. Suppose that there is a positive inteBer
such thaN := dim , Sel® (Jp,,Q) < (p—1)/2. Then there is a positive constant 1 depending o and
Do such that

#{D € P5(X) : #Cp(Q) <2N+1} >

X
(logX)e

Proof. Let1 bethe hyperelliptic involution ong. In [Std], Theorem 1.1, Stoll proved thatlifis coprime to a
fixed finite sefl of prime numbers determined ByandDy, then any se8C Cp(Q) such that#< (p—1)/2
andSn(S) = 0 generates a subgroup of rarRi# Jp(Q).

By TheoreniZ1D0,
#{D € P5(X) :dimr,Sel®(Jp,Q) = N} >

X
(logX)e
We count theD’s supported by a se? of prime numbers with positive Dirichlet density in orderfitad such
a lower bound. Sinc# is finite, we may assume th&t does not intersect. Let D be a positive integer not
supported byl such that dim,Sel® (Jp, Q) = N. Then, by Stoll's theorem, Thu€p(Q) can not contain
a subseSsuch that &> N andSN(S) = 0; otherwise, ranBp(Q) > N. SinceCp(Q) does not contain a
point fixed under the involution, except we conclude €p(Q) < 2N+ 1. O

COROLLARY 4.13. Let E/Q be an elliptic curve given by? = x3 — A whereA is a positive square-free
integer such thah = 1 or 25 mod 36anddim , CI(Q(v/—A))[3] = 0. For a non-zero cube-free integer

letEp be the cubic twisty? = x> — AD?. Then there is a positive integer 1 such that
X

#{D € Z3(X) :rankEp(Q) = 0} > {logX)E"

Proof. By [Sfa98], Corollary 2.1, ding, Sel®) (E,K) = 0 whereA = 1— {3 andK = Q({3). AsAls square-
free and coprime to 3, the polynomigd 4+ AD? is irreducible ovelk. The result follows immediately from
TheorenZ.710 with = 3. O

4.2 The case of function fields

In this section, we shall prove two results for function feettat are analogous to TheorEm4.10. For Lemma
B3, Proposition 416, and Lemina4.18, let us assume dlgligore general context: Létbe a finite field
containing a primitive-th root of unity{,; hence, chat# ¢. LetK /k be a function field of one variable with

a rational divisowv,, such that G0k )[¢] # 0 mod/ defined i CLb. Let be a field extension df such that
p:=[L:K]is a prime number not equal to

4.14. LetW be a finite subset of \{0}. We denote byZy the set of prime idealg of 0k which satisfy
the following properties:

i) The idealqd, is prime;
i) forall a e W, a #0 modqd,, and (ﬁ)/ =1.

LEMMA 4.15. Letq be a prime ideal otk such thatj&, is prime. Ifa € Ok such that(%)/ =1, then

(3),=2

Proof. The proof is similar to that of Lemn{fa3.5. O
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PROPOSITION4.16. LetW be a finite subset af \{0}. ThenZy contains a set of prime ideals 6k with
positive Dirichlet density at leagp— 1)/ (¢)P'pl),

Proof. The proof is similar to that of Propositi¢n 4.6. O

Recall thatk /k is a function field of one variable with a rational divisas, and letd.,, M., andTt, be
the discrete valuation ring, the maximal ideal, and a unifaer atv,,, respectively.

4.17. LetK,, be the completion oK atv.. Let us define

(g) 1 ifge (k)
Vo /-1 ifgg (K"
Note that each non-constant elemgrdf 0k is not an element of the valuation rin@., i.e., ord, (g) < O.

The leading coefficient of a nonzero element @gfis the constana € k* such thatrfl'g = a mod 1z, for
somem < Z. The element is monicif the leading coefficient is IThe degree of an element g@#, denoted

by dedg), is — ord»(Q). Let g be an element ofx with the leading coefficiend € k*. Theng € (K\*;m)z if
and only ifa € (k*)* and degg) is divisible by/.
LEMMA 4.18. LetW be a finite subset af| \{0} containing—1 € k, and let%y be the set of prime ideals

of Ok defined i 41W. Led be a prime ideal ofx, anda,, an element ofx such thatr,0x = q™ where
m is the order ofy in Cl(0x). If a; € W, andD is a nonzero monic element @k, supported by/y such

thatdeg D) = 0 mod/, then
(2)-(),
Voo /¢ 9/

Proof. Suppose thatr, € W, and letD be a nonzero monic element #, supported byZy such that
degD) = 0 mod/. Then,(%)[ = 1. Following the proof of Lemm@a4.7, we fir(c%)f = 1. Since—1 W,

it follows that (&), = 1. By LemmdED, & (B), = (a%)/. It follows that 1= (O%)/ = (%);ﬂ where

m= 0 mod/. Therefore,(%)é =1. O

THEOREM 4.19. Assume that Cl(0x) # 0 mod /. Let f(X) be a monic polynomial of prime degree
defined overk such thaff (x) is irreducible oveK, andl # p. LetC/K be the normalization of the superel-
liptic curvey’ = f(x). LetN := dim, Sel*) (J,K), and letM be the number of prime ideals 6k dividing
(A¢. Then there is a se¥ of prime ideals with Dirichlet density at leagd— 1)/ (¢(N*M+1P pl) such that
wheneveD is a monic element afx supported by such thatleg D) is divisible by¢,

0(SelM(J,K)) = 6°(Sel™ (Jp,K)).
Proof. Recall §; from [£]. For each prime ideal of 0k, choose a monic elemem; of ¢k such that
aq0x = q™ wheremis the order ofy in CI(0k). LetW; be the subset of, generatingd(Sel®) (J,K)). Let
Yy = {-1}UW;U{a, € Ok : q € SSNMR},

and let%y, be the set of prime ideals definedin4.14 Wér= Y;. Then, by Proposition 2167, contains a
set of prime ideal® with Dirichlet density at leastp — 1)/ (¢N*M+DP' pl). The proof of6 (Sel®) (J,K)) =

6° (Sel® (Jp,K)) is identical with that of TheorefIZIL0, when Lemma%.18 idiapoW = Y;. O

COROLLARY 4.20. Assume the same hypotheses as in Theérem 4.19Dd-be a nonzero element 6.
LetN := dim g, Sel) (Jp,,K), andM, the number of prime ideals @fy dividing /¢ Do . Then there is a
set? of prime ideals ofvx with Dirichlet density at leastp — 1) /(¢(N*M+DP pl) such that wheneved is
a monic element ofx supported by? such thatlegD) is divisible by¢,

dim F, Sel(’\)(JDOD, K) =N.
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Proof. The proof is similar to that of Theorein 4]110. O

4.21. Given a se® of prime ideals ok, there are indeed infinitely many classeity (K *)¢ represented
by D € 0k supported by and degD) = 0 mod/. Let {p1,---,pn} be a finite set of prime ideals @fx
contained inZ for n > 2. Letpim = ayp, Ok for somea,, € Ok wherem is the order ob; in Cl(0k). Then,
since C[61) # 0 mod/ and dega,, ) = ord,, (a,,), there is a positive integersuch thaD := a3 [} ay,
has degree divisible b4

THEOREM4.22. Assume the same hypotheses as in The@renh 4.19. Suppos$éexhat defined ovek. Let
K' be the finite extension &f of degreep :=ded f). LetL := K® K/, andd, the integral closure df in L.
Suppose thatim r, CI(6,)[(] = 0. Thendim g, Sel®) (J,K) = 0.

Let E /k be theconstantJacobian variety of the normalization of the superelligticvey’ = f(x) over
k. Then there is a se¥ of prime ideals ok with Dirichlet density(p— 1)/p such that wheneveD is an
element oftk supported by,

dimp,Sel? (Jp,K) =0 and #Cp(K) <#E(K).

Proof. Note thatL/K is Galois. Recallgy from @1). ThenS; = Mg, and HY(K,J[A])mz = ker (N jk :
L(Mg, ) — K(Mg,£)). Note that el (3,K) < #HL(K,I[A])mz = # ker(Nj : L(MZ,£) — K(Mg,0)).
Since the subgroup G#7)[¢] is trivial, by LemmdZ.2B below* (K, J[A])mz = 1 and, henceSel®) (J3,K) =
0.

Let & be the set of prime ideals of 0k such thaty&, is prime. Since G4L/K) has orderp, by the
Cebotarev Density Theorer, has Dirichlet densityp—1)/p. LetD be an element ofk supported byz.
Then, by TheoreTd B° (H(K,Jp[A])s,) = 8(HL(K,J[A])s,) = 1 and, hence, dim, Sel*) (Jp,K) = 0.

By [Sch98], Corollary 3.7, ranl (K) < (£ —1)dim r, Sel®) (Jp,K) = 0. Suppose thab is not a unit
in Ok, and letF := K(v/D). Thenk is algebraically closed iff, andF C Ksep Since? # charK. Since
(Cp)r = Cr asF-schemes, by Propositidn 4125 belowd# K )1or < # E(k). SinceJp(K) = Jp(K)Tor, @and
CD(K) — JD(K), it follows that #CD(K) < #JD(K)Tor <# E(k) [l

LEMMA 4.23. (Suppose tha¥ly consists of a single place of degreg LetL := K@ k' wherek is a finite
(separable) extension kfof degreed coprime tol, and suppose th&l(0) )[¢] is trivial. Thenker(NL K-
L(MZ.€) — K(MZ,0)) = 1.

Proof. Since the extensiob/K is obtained from base chandé,” still consists of a single place of degree 1,
andL is a function of field of one variable ovét. With S= M, L(MR,¢) = 6,*/(6})" since CloL)[¢] = 1.
It follows from Propositiorf4.24 below that; = (k')*. Hence,

ker(N i : LIMZ,€) — K(Mg,€)) = ker (N 1 K /(K*) — k*/(k")"). (28)

Let a be a positive integer such thda= 1 mod/. Note that there is a sectian: k* /(k*)* — k'* /(kK'*)* to
the norm map N in 8), given by clasgr) — clasga?®). Hence, the norm mapdy is surjective. Since
k* and (K')* are both cyclic groups of order divisible Wy it follows that Ne k Is an isomorphism of the
F,-vector spaces. Therefore, the kernel is trivial. O

PROPOSITION4.24. Letk be a finite field. LetZ /K be a smooth complete curve with function fi€lduch
that % has a rational divisor,. Then there is & -morphism:% — IP’&, such that, is totally ramified over
a rational divisor irP},.

Let Og be the ring of integers definedlin .6 with choiceMff := {v.,}. Then the group of unitg{ is
(K)*, and#Cl(0r) = # Pid®(Z). Hence, the class number6f does not depend on the choice of a rational
divisor onF .

Proof. Using the Riemann-Roch theorem, we can find a funagiamk’(2) with poles supported only by
V. Then the functiorg induces a morphisn#” — ]P’ﬁ, such thatv, is totally ramified over a rational point
€ PL. To finish the proof, usé [Lor96], Sec VIII, p. 299-300. O
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ProOPOSITION4.25. Letk be a perfect field, and l&t be a field extension & such thak is algebraically
closed irK. LetE /k be a smooth complete geometrically connected curve vikthegional point.

LetC' /K be a twist oEx /K, and suppose that there is a field exten$iaf K such thak is algebraically
closed inF and such thaty = Er (asF-schemes). Lel/k be the Jacobian variety &f/k, and letlo /K be
the Jacobian variety @& /K. Thendc (K)tor — J(K).

O

5. The Jacobian Varieties WithA-Torsion Points

In this section we prove Theordmb.5 and its analogue for etiomfield, introduced in Sectidd 1. Lébe a
prime number, and le := Q({,) for which we assumé is regular, or a function field of one variable with
a rational divison., such that #Qlok ) # 0 mod/. Let f(x), C/K, Cp/K, J/K, andJp /K be as in Section
B, and we keep the notation used in that sectiondie the discriminant of. Recallzy, ..., 7y € Ksep the
roots of f (x), and suppose thaj is contained irK. Recall thaZ(J) := {Ty,..., Ts} is a set of representatives
of Gk-orbits inX, andL; := K(T;) fori =1,...,s. LetL be the compositum dfy,...,Lsin Ksep

5.1. Let us fix a set of generators 8fSel*) (J,K)), and note that each generator issatuiple with entries
in L. LetW; be the union of all entries of the generators. Tigns a subset oL*. For each prime ideaj of
Ok, choose an element, of Ok as in the proof of Theorein 4.8 or TheorEm 4.19, depending®ndkes of
K. RecallS; := M2 U{q € MY : q | ¢A¢ Ok}, and let

Ys = {{,—1}U WsU{a, € Ok 1 q € SNMR}.
WhenK = Q({;), let M be the Galois closure df(/a : a € Y;) overQ. WhenK is a function field, leM
be the Galois closure df(/a : a €Y;) overK.

If K =Q({), let us denote by, the set of prime numbexgin Z such thag splits completely iy
and coprime tax for all a € Y;. If K is a function field, let us denote t@{ﬁ the set of prime idealg of Ok
such thaty splits completely inoy and coprime tax for all o € Y;. By the Cebotarev Density Theorem with
H being the trivial subgroup of G@/Q) or GalM/K), depending on both cases Iéf the set of prime
ideals ofZ or 0k that split completely irfM has positive Dirichlet density. Since there are finitely gnan
prime idealsy of Z or 0k that are not coprime ta for somea € Yj, .@{(J has positive Dirichlet density.

Recall fromT4.1F the definition o«i)/ whenK is a function field, and that # G¥ ) Z 0 mod/.
LEMMA 5.2. Suppose thaf = Q({,). If D is a positive integer supported @({J, andq is a place ir5y, then

(5L

Suppose thdK is a function field. LeD be a monic element aby, of degree divisible by supported
by 24,. If q is a place irf, then(a)é =1.
Proof. The proof is identical with those of Lemrhal.7 4dnd #.18. O

PROPOSITION 5.3. Suppose thaK = Q({;). Let D be a positivel-th power free integer itZ. which is
supported byz,, . Then

dim g, Sel® (Jp, K) > dim 5, Sel®) (3,K). (29)

Suppose thd is a function field. LeD be a monic element af \{0} of degree divisible by such
thatD O is not ani-th power of an ideal anD is supported byZy,. Then

dim g, Sel® (Jp, K) > dim 5, Sel®) (3,K). (30)
For both cases df, limsup, dim r, Sel®) (Jp,K) = oo.
18
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Proof. Let D be a positive/-th power free integer it which is supported by, or a monic elemen of
0Ok of degree divisible by supported byZy,. LetSy == SU{q € M2 : q | DOk}. Then,

O K I is) = [Li(S.0). O°(HK.olA])s) = []L(.0).

ByB,
0(Sel™(3,K)) = {a € O(HY(K,J[A])g,) : res,(a) € Im 6,5, for all g € Sy};

6P (SelM (Jp,K)) = {a € 8° (H' (K, Jp[A))s, ) : resy(ar) € Im 6P for all g € Sp}. (31)

Let us show thaB(Sel® (3,K)) c 8P (Sel™ (Jp,K)). Let a be an element 08(Sel?)(J,K)). Then
a € M1 Li(S,£). SinceS is contained inSy, we havea € 6° (HY(K,Jp[A])s,) = 71 Li(Sp,0). If g is
a place ing, then by Lemm&3]2D is an/-th power inK,. By Propositior 35, Inﬁ{!l:’éqD =Im 6,4, and,
hence,a € Im6P 5. Let q be a prime ideal ir§y \Sy. Thenq | D and, henceq € . Suppose thatr is

represented byps,...,[Bs) for somef € &,. Then, sincey; containsW; defined in(&JL, and al{/ﬁi are
defined ovekK,, it follows reg,(a) =1 € €, and, in particular, rega) € Im 9?55',3. Therefore, by[[31)a is
contained ing° (Sel®) (Jp,K)).

Note thatg(Sel®) (J,K)) c 15, Li(Sy,£). Lemmd5H below shows that there is an elenseat 8° (Sel) (Jp, K))
which is contained i]_; Li(So,£) \ 151 Li(S,€). Therefore,a ¢ 8(Sel® (J,K)), and we proved that
dim 5, Sel™ (Jp, K) > dim g, Sel® (J3,K).

If K is a function field, then as illustrated[In4121, there is a im@tementD of 0k of degree divisible
by ¢ such thatD ok is not an/-th power of an ideal an® is supported by%’(J. Using induction, one can

easily show that lim syp dim ¢, Sel®) (Jp, K) = c. O
Recall thatP? := [(zgD,0) — ()] is a point inJp[A](Ksep) but PP ¢ XP.

LEMMA 5.4. Let D be an{-th power free positive integer supported @/6’ or a monic element ok
supported b)@((J such thaD Ok is not ané-th power of an ideal. Consider the map

6°6° : Ip(K)/AJp(K) — € = _ﬁLi*/(Li*)f.

Then theK -rational pointP? € Jp[A](K) is mapped tqLi(So,?) \ [1Li(S,¢) undergP®aP.

Proof. SinceD is supported byZ,, D is coprime toA¢ and to all prime idealg € S;. Recalll thatPP :=
[(zD,0) — ()] fori =1,...,d. SinceP? := [(z4D,0) — (w)] is a point inJp (K), by LemmdZB,

6°(8°(PP)) = (fpo(z4D,0) : P Z(J)) = (gD —D x(P) : P € Z(J))
= (D(x(Ry) —x(P)) : P Z2(J)). (32)

Note that for allP € Z(J), the differencex(Py) — X(P) dividesAs and hence, it is coprime . SinceD 0k
is not an-th power of an ideal, it follows thad (x(Py) —X(Ti)) € Li(So,¢) \Li(S,¢) foralli=1,...,s. O

THEOREM 5.5. Suppose thaK = Q({;). Given a positive integen, there is a positive constamst< 1
depending o€ andn such that

#{D € Zy(X) : dimp, Sel!) (Jp,K) > n} >

X
Togx)F" (33)

Proof. By Propositio 5., there is a positi¢eh power-free rational integddg such that
dim 5, Sel®) (Jp,,K) > n. Propositioi’ 513 applied th= Jp, and Lemm&Z19 together impli{(33). O
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THEOREM 5.6. Suppose thd is a function field. Given a positive integey there arddg € Ok and a set
of prime ideals? of Ok with positive Dirichlet density such that whenew&ns a monic element afk of
degree divisible by such thaD O is not ani-th power of an ideal anB is supported by,

dim g, Sel) (Jp,p,K) > n. (34)

Proof. ByE.Z1 and Proposition 4.3, thereDg such that dim, Sel()‘)(JDO, K) > n. Then, by Proposition 3.3
applied toJp,, we prove the result. O

COROLLARY 5.7. LetK = Q({,) wherel is an odd regular prime number. L&t /K be the Fermat curve
given byx’ +y' = DZ whereD € Z is nonzero, and letadFp) /K be the Jacobian variety &6 /K. Let,
denote the automorphism of ordeonFp given byx — X,y Yy, andz— z{,. LetA be the endomorphism
1-[¢/] onJadFp) where[{,] denotes the automorphism dadFp) induced by the automorphism & .
Thenlimsupy, dim g, Sel® (JaqFp),K) = c.

Proof. LetCp be the curve given by the homogeneous equation

0-1)/2

( ‘
_ —2k | 2k (—1—2k)a )—
DZ = k; X 2Ky <2k> (2¢0)(F=1=2kap-1 (35)

wherea andb are integers such that> 0 and(¢ — 1)a+ ¢b = 1. Then we have the isomorphisfs — Cp
given by

(X:y:2) = (X+y:(20)3(x—y):2tPrPz).

Dehomogenized with respect xpthe equation[{35) is writte® Z = f(y) for some monic polynomial
f(y) of degree/ — 1, defined ovefZ. Note that theK-rational points({7: —{, : 0) in Fp for 1 < s< / are
mapped to th&-rational points

a GH&.

1:(2¢ :
(20 325
Thus, f (y) has(¢ — 1) K-rational roots, and Corollafy 3.7 follows from TheorEml 5.5 O

O> eCpforl<s</.

6. The General Reciprocity Laws

The general reciprocity law is used in this paper to show Kigtence of infinitely many prime numbers or
ideals satisfying a set of conditions under which we are &bleontrol the size of the Selmer groups. We
recall it below.

LetK be a number field or a function field of one variable with a raiadivisorv., such thaK contains
a primitive n-th root of unity. Letp be a place ifM2. For a non-archimedean plapewe have the Hilbert
norm residue symbol which is nondegenerate, and bilinear:

<.’.>n K/ (K X K/ (K™ — .

p
The norm residue symbol extends for an archimedean pla€& in an obvious way.

LetF be a global field. Lep be a prime ideal ofF, anda € 0k such thap, a O, andndr are pairwise
coprime. We define

(%) := ¢ for somej such thatf] = a(#7F/P)=1/" modp.
n

Note that(%) — 1ifand only ifx"— a has a root mog, (provided thatr # 0 modp).
n
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If B € Ok is coprime ton anda, we extend the power residue symbol as follows @6t = p$t-- - p*

B n i pl

6.1. Let/ be a prime number. L&t be a number field containing. For an archimedean plagez Mg, and
for a prime idealp of 0k which divides{Ok, we extend the symbol as follows only for convenience: Let
e:=ord,({0k), and letm be the smallest integer which is (strictly) greater tegn¢ —1).

4 1 if X —a = 0 is solvable ovekKy ,
(V>/ ={ -1 ifx'—a =0is not solvable oveKy ,
0 ifa=0
o 1 if a = a’ modp™ for somea % 0 modp,
(E) =< -1 ifaza’ modp™ forall a 0 modp
¢

0 if o =0 modp

THEOREM6.2. (THE GENERAL RECIPROCITY LAW) LetK be a number field or a function field of one
variable with a rational divisov.,. Suppose thaf contains a primitiven-th root of unity wheren > 2 is a
positive integer coprime toharK.

Leta andf be non-zero elements 6l coprime to each other ando Then

a B -1 B a,f
(5), (&), -n(5°),
whereS, :={ve Mk :v|norve Mg}.
Proof. Seel[Neu99], Theorem 8.3, p.415, br|Tat], p. 352 O
LEMMA 6.3. Let/ be a prime number. Letbe a rational prime coprime fpand leK be thel-th cyclotomic

extension of). LetA :=1—{,. Letp be a prime ideal ofx lying overq. Suppose thatis odd. If (%) = 1,

thenq = a’ mod ¢? for somea c Z, and(%)/ =1.

Suppose that= 2, i.e.,K = Q. If q is an odd prime such th:{t%l)é = (%)é =1, then(%;),=1.

Proof. Suppose thatis odd, and(%)é = 1. By definition,

-(0)-

Hence,(q™—1)/¢/ = 0 mod/, i.e.,q™ = 1 mod /2. Note thatK /Q being Galois implies tham | (£ — 1)
and, hence(m, ?) = 1. Then there are integeasandb such thatam+ b¢ = 1. It follows thatq = @™ =
(o°)* mod ¢2. By definition,

Zéqm*l)/z wheremis the residue degree pfoverq.

9 ) —1ifand only ifq= y* modA‘*! for somey € 6.
A0k ),

Sincel0x = A'~10k, we haveq = (q°)! mod A2~V gy. Hence, if¢ > 3, then 2 —1) > ¢/ + 1 and,
hence(%)é =1

Suppose that = 2. Then{, = —1. By the supplementary quadratic reciprocity Iaws;(%l)é =
(-1)(@Y/2 and 1= (%)[ = (—1)(@-1/8 and, henceg = 1 mod 4, andy? = 1 mod 16. It follows that
g=1mod 8. Ifg= 1 mod 8, then(5}), = 1. ad
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COROLLARY 6.4. If ais a positive rational integer coprime t@uch that(ﬁ) =1, then

(%), (),

for all a € Ok coprime toal.

Proof. Since (ﬁ)é =1, by definition, it implies that (Kj)” and, hence, the Hilbert residue symbol
(%2),=1.1f £ =2, then there is an infinite plasefor whichK, = R. Sincea € (R*)?, (42), =1.1f £ >3,
then the Hilbert residue symbol is trivial at all infinite pis. Thereforef], .. (%‘)é — 1 and, hence, the
assertion follows from Theorem%.2.

Let k be a finite field of characteristig, and letK /k be a function field of one variable with a rational
divisor v, (with Mg = {v.,}). Let 1%, be a uniformizer of the discrete valuation rirg, of K at v.,, and let
ord, := ord,,,. Recall that a nonzero elememte Ok is monic(with respect tat,) if ra = 1 mod 1z, for
some integem € Z.

THEOREM 6.5. (THE GENERAL RECIPROCITY LAW FOR FUNCTION FIELD¥} Letq be a prime number,
and let be a positive integer not divisible oy Letk be a finite field withd' elements such thatcontains
a primitiven-th root of unity. LetK /k be a function field of one variable with a rational divisy.

If g andh are monic distinct elements 6k such thay is coprime tan, then

(%) ) ((@-1/n) orcu(@).

9\ (MY —1_ 4 (@-1/m)- ords(e orde(h)
(h)n <g>n =(=1) ’

Proof. LetK,, be the completion ok atv,. Let &, := {aeK,, :|al,, <1}, andMt, ;= {ae O lal,, <

1}. Since defv.,) = 1, let us definev : ﬁA;g — k* by a — asuch thatr = a Mod M. By [Neu99], Chapter
V, Sec 3, Proposition 3.4, for nonzero elememtandf in 0k,

(@"=1)/n
(ouB) _ o ((—1>omm<a> ord. () B"“’”(“)) | (36)
n

Voo qOrd-(B)

Let 15, € K* be a uniformizer oK,,,. Let g andh be monic distinct elements @fx coprime to each other.
Then, by Theorer @ 2,

-1 —-1.9 -1 r_
<_> :<_> :w((_l)ordm(g))(q )/n:(_l)ordm(g) (g -1)/n
9 /n Voo n

Sinceg andh are monic, there ara andb in éii; such thata=b=1 modﬁm, g= anﬁrdm(g), andh =
br™®"™ It follows from Hensel's lemma thatandb are contained ifK;; )". Then, by Theorerfi®.2,

(9) b 1 Tho, Tho ord. (g) ords (h)
h/n\g/, Voo '

n

n

Voo

By (9),

22



ON THE ARITHMETIC OF TWISTS OF SUPERELLIPTIC CURVES

LEMMA 6.6. If g is a monic element ofx such that(%) =1, then for all monic elements of Ok
n

coprime tog,
h
<a> n N (%> n

Proof. The condition:(%l) =1 implies that ord(g) - (' —1)/n= 0 mod 2 and, hence,
n
ords(h) orde(g) - (g —1)/n= 0 mod 2. By Theoreri 6.5, we proved the lemma. O

LEMMA 6.7. Leta be an element ofk, and letp € Mk . Then(%)é = 1implies thata (K;)Z.

Proof. The only non-trivial case is that | ¢. Suppose thap is a prime ideal ofdk such thatp | ¢ and

(%)f = 1. Letm be an integer- &//(¢ — 1) wheree := ord,({0k ). Thena = a’ modp™ for somea € Ok

implies thata € (K;)". O
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