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Abstract

Let p denote a prime, an& a field of characteristic prime t@ and containing thepth
roots of unity. Forp equal to 3 and 5, the author finds a schefgand a family of genus
one curves ovefl,, such that any genus one curve defined over the fieldf index p whose
Jacobian elliptic curveE has E[pl(K) = E[p](K) is isomorphic to a curve lying over & -
point of 7,,. The author then relates the explicit presentation of such families to the program
of descent on elliptic curves.
© 2005 Published by Elsevier Inc.
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1. Introduction

In [14], the author proved that the existence of models of certain genus one curves
is equivalent to the triviality of a norm symbol. As a natural next step, one can start
with a trivial norm symbol and find a corresponding explicit model. In this paper we
in fact find families of genus one curves which live over the “generic trivial norm
symbol;” as we will see, this is in some sense as close as we can come to finding a
moduli space for genus one curves with fixed index and fixed Jacobian.

Such models can be used in performinglescent for an elliptic curveg defined
over a fieldK which hasE[rn](K) = E[n](K). In particular, this paper gives families
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of genus one curves for special cases wheg 3 and 5; also included are explicit
versions of another related map used in descent.

A few remarks are warranted. First, 2-descent oleris completely known and
implemented for the computer even without assuming rationality of 2-torsion points;
see John Cremona’s “mwrank” program gl based on the methods explained in [2].
For complete 2-descent over a general number field see [19]. An algorithmic method
for performing part of p-descent with no rationality assumption and which generalises
to some higher genus cases can be found in [21] and is discussed further below. Even
with the above references in mind, there is still work to be done; loosely speaking,
when there is nontrivial 2-torsion iHI, 2-descent is not effective, but 3-descent may
be, if the 3-torsion otll is trivial. Therefore it is useful to have two primes completely
understood, or maybe more if possible.

When descent was originally developed, it was intended that one would perform
prime power descent for a fixed prime; thus the natural choice after 2-descent is 4-
descent. In [3], it is explained how to see if a 2-covering can be lifted to a 4-covering,
by showing how to compute the Cassels—Tate pairing. However, it is not easy to do
in practice and when it shows that a lift is possible it does not deal with the practical
guestions concerning explicit models for the resulting 4-coverings and finding rational
points on them. For an account of the state of 4-descent through 1996, see [12].
Currently, Womack and Cremona [6] are extending results from Womack’s thesis [22]
to work out a definitive theory of minimal models for locally soluble 4-coverings.
Womack’s thesis has been implemented in Magma 2.11, and, when combined with
appropriate reduction techniques and Noam Elkies’ fjpdadic point search techniques
[8], provides a feasible way to search for rational points on the locally soluble 4-
coverings.

A genus one curve of order dividing a positive integealways has a line bundle

of degreen?, so an embedding (by a full linear series) Wi*~1. The theorem in [14]
explains when such a curve has in fact a line bundle of degrea other words an
embedding (by a full linear series) " 1. Whenn = 3 this is the difference between
cubic curves inP? and intersections of quadrics i, which is computationally
significant. Whenn = 5 the difference is even more stark. Since all elements of
Selmer groups of elliptic curves have these smaller degree line bundles, the curves we
find are sufficient to perforrm-descent.

Next, we know that no elliptic curve has full 3 or 5 torsion ovigr by the Galois
equivariance of the Weil pairing. Therefore the models we develop in this paper for
performing 3-descent and 5-descent only apply over larger number fields. However it
is still an interesting question to perform descent in this case in order to determine, on
the one hand, the Mordell-Weil rank over a finite extensionldgfthus bounding the
Q-rank, and on the other hand, the sizelHf over a finite extension of), although
this does not bound the size Hfl[n] over Q.

In [21], there is an algorithm which, given the Weierstrass equation for an elliptic
curve, locates the-torsion of its Selmer group (for a prime numhbgras a subgroup
of an arithmetic object over the basefield. There are many cases where just computing
the size of the Selmer-group, together with a naive search for generators on the elliptic
curve, suffices for finding a maximal independent set of points on elliptic curves. In
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that situation, one usually still says that the Mordell-Weil rank has been successfully
determined using a “descent”. In these situations, one does not need models of the
homogeneous spaces. In fact, for higher-dimensional abelian varieties, this is the only
technique that is applicable to any generality.

However, the algorithm if21] does not give models for the corresponding curves, a
key ingredient in descent when the naive approach outlined above fails. To some extent,
this paper complements that approach: we do not attempt to locate the Selmer group
per se (although the period—index obstruction is one that, as was mentioned above, is
trivial for Selmer elements), but we do give models for all curves sitting inside an
analogous arithmetic object. Collaborative work is currently in progress [7] to utilise
the results of [21] and, to some extent, to generalise the techniques we use here, to
explicitly perform 3-descent oit (in Weierstrass form) without any assumptions of
rationality of the 3-torsion points of.

Finally, just finding a model of the homogeneous space is probably not going to
aid in finding rational points, unless one is able to “reduce” the model, i.e., find an
isomorphic model with small coefficients. A relevant reduction theory is also being
worked out in [7] at least for cubics.

2. Modeling genus one curves: sampling spaces

For elliptic curves, as well as for curves of higher genus, the usual moduli space
constructions rely on the existence of a standard model of the curve in a fixed projective
space. By contrast, not all curves of genus one d¢drave a smooth model if¥2,
or, in fact, in projective space of any given dimension. The smallest integach that
a genus one curv€ has a line bundle of degree(and so can be embedded normally
in P’}{l if n>3) is called theindexof C. If we fix a number fieldK and varyC, the
index is unbounded [16].

2.1. Models

Let K be a field, and denote b ¢ its absolute Galois group. Fix an elliptic curve
E overK and an integen > 2.

Definition 1. With respect to the dataE, n) as above, define the categofyr ,) as
follows. An objectof Cg ) is a pair(C, £) whereC is a smooth genus one curve over
K whose Jacobian elliptic curvé(C) is isomorphic toE, and wherel is a degree
n line bundle onC, i.e. an element irPic"(C)(K). A morphismbetween two objects
(C1, £1) and (Cz, L2) of Cg ) is a K-isomorphism fromCy to C» which pulls back
Lo to L.

Remark. We distinguish between thieinctor Pi¢'(C) (taking aK-schemeS to the set
of degreen line bundles overC x g S) with its correspondingcoarse moduli scheme
Pic"(C): a K-point of Pic*(C) corresponds not to an actual degreéine bundle over
C but rather to aGg-equivariant (degreen) divisor class. The difference between
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these two notions is of essential importance and will be more thoroughly examined in
Section3.

Given a pair(C, £) as above, fix a basis foF (£, C). With respect to this basis
there exists a vector spabeof equationsF; in P! and an injective map ok-group
schemesy : E[n] — PGL, so that the equation#; cut out the locus of the map
C — P(I'(L, C))~P" ! and such that the fof' € E[n](K), y(T) € PGL,(K) gives
the automorphism “translation-b2 on C as a subvariety of*" 1. In particular, the
image of E[n] in PGL, fixes the variety defined by theg;.

Example. Whenn = 3, the vector spac¥ is just 1-dimensional, generated by a cubic
equation for the curveC, and in this case the “translation-@y- for a three-torsion
point T is given by an element of PGKK (T)). For n>4, V is ”(”—2‘2)—dimensional
and consists of quadrics (an easy generalisation of [10, Proposition 1V.2.1]).

Definition 2. With notation as above, modelof the pair (C, £) is the pair(V, ).

Remark 3. A model for (C, £) depends on the choice of basis (L, C). Therefore
the “space of models” for the pailC, £) is a GL,-torsor over the categor§ ).

Now let C be the category of schemes of finite type okerFor any schem& of C,
we can define the catego€yg ) (S) of pairs(C X, L) whereC L sSisa projective
flat morphism whose fibers are smooth genus one curvesCaisdan invertible sheaf
on C of degreen and whose morphisms are isomorphisms compatible with the line
bundles. From[13, Remark A, p. 126], we see that we automatically get a closed
immersion ofC into P(n.(£)) over S. Moreover, whenS is a field or the spectrum
of a local ring, P(n.(L)) is isomorphic toP§‘1 once we have chosen a basis of the
module of global sections of the she&f

The associatior{ : S — Cg,»)(S) is a functor of groupoids. We will actually be
working with a slightly coarser concept, arising from the period—index obstruction map.
This map, denoted byb, will be studied in Section 3. In anticipation, we have the
following definition:

Definition 4. Define Hp, to be ng(#H), which sends the schemg& € C to equiva-

lence classes of object&” =X s, L) of Cg n(S), where two objects are in the same
equivalence class when there is a morphisntin ,(S) between them.

Our goal is to find an efficient family of models living over the functlp,. To
this end we introduce the notion of sampling spaces.

2.2. Sampling spaces
Definition 5. An arithmetic objectis a functor fromC to the category of sets.

For example, any schemg € C gives rise to its functor of points. This associated
functor will also be denoted by. A natural transformation of functorss the natural
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analog to a morphism of schemes; indeed if we are gi¥e € C and a morphism
f : X — Y, then their associated functors will have a natural transformation, also
denoted byf.

Definition 6. A sampling spacefor an arithmetic objectH is a pair (T, @) where
T € C and @ is a natural transformation from the functor associated to H which is
required to be surjective odn-points whenevet is a finite extension oK. In particular
this implies that the mafg’ (K) — H(K) is surjective.

When an arithmetic objecH is a representable functor, then its sampling space
can be taken to be the corresponding fine moduli scheme. Howewdr,sfnot rep-
resentable, sampling spaces are an alternative to coarse moduli schemes that trade
efficiency for completeness. Sampling spaces lveour functor (i.e. map taH)
and lose no arithmetic information. By contrast, coarse moduli schemeshdilav
their functors and do lose arithmetic information. The difference between the dimen-
sion of a sampling space fdd and the dimension of a coarse moduli scheme for
H, if both exist, can be viewed as an arithmetic “bloating factor,” i.e. the number
of extra parameters that one needs to, say, program a computer to completely list
all arithmetic objects of a given type. A good example is given by the fun€tor
which associates t¢ € C the elliptic curves ovelS up to isomorphism. The coarse
moduli scheme for€il is the j-line, a curve. However, to actually list all elliptic
curves overQ (up to isomorphism), one needs both th@wariant and a separate
parameter to take into account all the quadratic twists of a fixed elliptic curve. It
is not hard to see that this forces any sampling spaceffbrto have dimension at
least 2. For more on sampling spaces, Ees.

Remark 7. A sampling space for an arithmetic objgdtcomes endowed with a “tau-
tological object,” (e.g. ifH = Hpp, & genus one curve ovar and a line bundle). To
obtain this tautological object, we take the identity map on the sampling spdoe
®(Idr), which will be an element inH (T).

With the above discussion in mind, our goal is to explicitly find an efficient sampling
space (and its tautological object) féky; with respect to the datéE, n) over the base
field K. The dimension of our sampling spagewill roughly determine the efficiency
of a computer package that would search through curves in the tautological object
overT.

3. The period—index problem

Let K be a field,n an integer prime to the characteristic &f, and E an elliptic
curve overK. Denote byGk the absolute Galois group d&. We have a well-known
exact sequence

1— E(K)/nE(K) — HYK, E[n]) > HY(K, E)[n] — 1.
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By Theorem 3.6 of[18, p. 291], the groupH(K, E) in the above sequence para-
meterizes principal homogeneous spaces of the elliptic carviVe typically denote
a principal homogeneous space by The period of C is the exact order o€ as an
element of H1(K, E). Equivalently, the period ofC is the smallest positive integer
n so that there exists K-rational point onPic-(K). The index of C is the smallest
integer d so there is aK-rational divisor of degread on C. Equivalently, the index
is the smallest degree of a field extensiorover K so thatC(L) # @. The classical
period—index question is to determine when the period equals the index. This question
can be generalised to abelian varieties (see [11]). In [14], this question was slightly
refined. Instead of asking whether a given homogeneous Spdwss its period equal
to its index, one liftsC to a diagram involvingC (see below) and asks whether the
diagram has period equal to index. A giventherefore may lift in different ways and
give different answers. Finally, the classical period—index problem can be restated, is
there a lift of C which has period equal to index?

By Proposition 2.2 of [14, p. 3], the middle grougl(K, E[n]) parameterizes dia-
gramsC — S whereC is a periodn principal homogeneous spaces of the elliptic curve
E as above, and whei®is a Brauer-Severi variety of dimensian- 1. These diagrams
are twists of a fixed “base diagran — P"~1, given by the divisom - Of. In the
above exact sequence, the map from the middle group to the right group is the forget-
ful map sendingC — S to C. There is also another forgetful map, namely the map
sendingC — S to S, which is a quadratic map frol (K, E[n]) to HX(K, PGL,) =
H%(K,G,,) and is called theeriod—index obstruction mapr Ob. The obstruction is
trivial exactly whenS is isomorphic oveK to P"~, and in this case we say that the
diagramC — S has its period equal to its index.

Assume now that there exists &y -equivariant isomorphisnk[n]=Z/nZ x Z/nZ,
which induces (via the Weil pairingf 1(K, E[n]) =~ K*/K** x K*/K*". The period—
index obstruction for an elemett, b)) € H1(K, E[n]) can be identified [14, Proposition
3.4, p. 6] as the “norm symbol” or the generalised Hilbert symtolb)ni, . This
symbol is trivial exactly wherb is in the image of the norm map from the field(x)
to K, whereq is chosen such that* = a.

4. A sampling space forHgpyp for any odd n when A =27/nZ x Z/nZ

Let K be a field whose characteristic is primertoAssume we have a fixed primitive
nth root of unity{ € K. Fix A, = Z/nZ x Z/nZ with the pairinge, ((a, b), (c,d)) =
{@4=b¢ Note that an elliptic curve whose-torsion is isomorphic to4,, corresponds
to a point of the modular curv (n), so in some sense we are working oveé(n).
However, it is enough to fix one elliptic curve with o, : A, = E[n].

Define theK-algebraK, = K[x]/(x" — a). Define as usual the trace and norm
mapsTr : K, - K andN : K — K*. It is not hard to see that the norm symbol
(a, b)Hib» is trivial exactly whenb is in the image of the norm map from tladgebra
K, to K. Define the scheme

T, = Proj(Kla,a™, Bo, By, -, Bues, N(BHHD.
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Here N(f5) denotes the norm of the elemeht= Zf‘:‘(} .x' € K,. This is a polynomial,
homogeneous of degreein the f5;, depending ora but not on a choice ofith root

of a. Thus aK-point of Spe¢K[a,a™t, By, By, ---. B,_1. N(®)1]) is a choice of an
invertible elementa and an invertible element € K,. We can view this as a graded
ring, where we endow eacf; with weight 1 anda with weight 0. A K-point of 7,
will then be an invertible elemerd and an invertible element € K, modulo K*. It

is not hard to see that for any sche®ef finite type overK we have a functorial map
T(S) — Hé1 (S, 1, x w,) which is trivial after composing with the obstruction map to

t
H?(S, G,,). Thus we have proved the following theorem:

Theorem 8. A sampling space foH, with respect to the dataE,, n, A, o) over
the base field K is given bY,, a scheme of dimension n over K

The remainder of this paper will be devoted to explicitly computing the tautological
genus one curve families lying ov@g and Ts.

5. The tautological family over T3

Let K be a field of characteristic prime to 3. Assume there exists a primitive third root
of unity { € K*. Define the elliptic curveE; given by the cubicX3+ Y3+ Z3+)XYZ
with origin Og, = (1; —1;0). Here we fix A3 = Z/3Z x 7/3Z with the pairing
e((a, b), (c,d)) = (b and we fixaz to take (1,0) to the point(1; —¢; 0) and to
take (0, 1) to the point(0; 1; —1). The curveE; is the universal elliptic curve over
X (3). Now let E be any elliptic curve over the field such thatE[3](K) = E[3](K).
The curveE is then isomorphic to the elliptic curv&, for somel € K. We will
choose such @ and the cubicE; will serve as our “base diagram.”

We want to explicitly define the (tautological) genus one curve family lying dger
We start with a paiia, f) € K* x K. Write f = o+ 1x + fpx2, for p; € K. Define
b € K* to be the image off under the norm maN. Let u = f/a(f), whereg is
a linear K-action of K, taking x to {3x. Note thatu only depends on the class ¢f
modulo the action of,, x. Finally, define

010...0 100... 0
001...0 0¢, 0 0
Mep=1::: i and Dy=|: :
000...1 000... O
a00...0 a00.. 01

Theorem 9. The curveCy, ) is given by

(Tr(u) + 2) (@®X3 +aY3 + Z3) + 3Tr(ow) (aX?Z + aY?X + Z%Y)
+3Tr(0Pu) (aX?Y + Y2Z + Z?X) +32aTr(u) — la) XYZ = 0.
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Proof. By results in[13], the “base diagram’E — P? induces an injective group
scheme morphisnk[n] — PGLg; that is, the action orfe of translation by a 3-torsion
point T € E[3](K) can be represented as an element of R@&L. Next, if C is
represented irH1(G, E[3]) by the pair(a, b) which depends on a chosen basis T')
then the determinants of the matrices representing “translatio8”tgnd “translation
by T” are a andb, respectively. Moreover the Weil pairing is given by the commutator
of lifts to GL3(K). In fact the period—index obstruction for the pdai, b) can be
identified with the cyclic algebrdx, y|x3 = a, y® = b, xyx~1y~1 = (). This algebra
is trivial in the Brauer group exactly when it can be embedded i(&L. Such an
embedding will give us the map from Definition 2.

With that in mind, definey(S) = Ms to be the matrixM, 3 and y(T) = Mr to be
the matrix D3 [Bol + 1 Ms + BoM2], if B = o+ P10+ Boo®. We will search for the
model for C < (a, p) by finding cubics which are invariant under the imageyofThe
determinant ofMy is a, the determinant of\/; is b, and the commutatofMg, Mr]
is {I. A cubic which is invariant under the action 15 but with no fixed points must
be of the form

F = A@X3+aY3+ 7%+ B(aX?Z +aY?X + 7%Y)
+C (aX?Y +Y?Z + 7Z?X) +3DXYZ =0.

This is becauseMs acts linearly on the 10-dimensional space of cubics. There are
three eigenspaces of dimensions 3, 3, and 4, and the first two have zeroes at the fixed
points of Mg, whereas the last eigenspace does not and is generated by the above four
cubics.

On the other hand we also insist thiatbe invariant under the action affr. To ease
computations we introduce the following notation: fix eigenvecigrs: (1, al’, 2?(%")
of Mg, for someo € K, such thato® = a. Then Mgv; = al'v;. The four coefficients
A, B,C, and D are linear combinations of (vg), F(v1), F(v2), and T (vo, v1, v2),
where T is the trilinear form associated tB, as follows:

F(vo) 3a? 33 3 3 A
F(v1) 3a? 3a%3(% 3a%3¢ 3a B
F(v2) T | 342 3453 34%32 3a C
T (vo, v1, v2) 182 0 0 -9 D

Now it is easy to see how/; acts on theF(v;):

FMT(v;) = F(Mgv;) = F(D [Bol + pyMs + BoMZ]v;)

F(D (B + prol’ + po022)vp) = F(a' (B)Dvi) = 6 (B)3F (vi41).

Similarly,

TMT (vo, v1, v2) = T (Bu1, a(B)va, a*(B)vo) = b T (vo, v1, v2).
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The fact thatF is invariant under the action od; is equivalent to the projective
point P = (F(vo); F(v1); F(v2); T (vo, v1, v2)) being fixed byMy. We have seen that
M7 (P) = (B°F(v1): 6(f)3F (v2): 62(B)°F (v0): b T (v, v1, v2)). For someu # 0 we
have F (v1) = 4 F (vo) and F(vp) = #F(vo). Moreover, the Jacobian of the above
curve is (seq13]):

2
X3+ 73+ [] Fwnz®+ T(vo. v1, v2)XYZ =0,
i=0

in other words

N F(v0)3a2(B)®

x3+vy3 7 7%+ T (vo. v1, v2)XYZ = 0;

setting F (vg) = O'ZLEﬁ) (note thatF(vp) # 0 because= has no fixed points under the
action of Mg) and renamind7 (v, v1, v2) = 4, the Jacobian is exactlf. Note that
o(F(v;)) = F(o(v)) = F(vi+1), SO F(v1) = %ﬁ) and F(vp) = f(%ﬁ To finish the
proof, we need to invert the above matrix to find the coefficiefits3, C, and D in

terms of theF(v;)’s and T

A 1 1 1 1 F(vo)
Bl 1 [ 3 3z 32 0 F(v1)
C |~ 27% | 352 352¢%2 342 0 F(v2)
D 2a 2a 2a -—a T (vo, v1, v2)

We can ignore the factor o%a, since we are working projectively. TheA =

2
F(vo) + F(v1) + F(v2) + T(vo, v1,v2) = g + %P + =P + ) = Tr(uw) + 4, and
similarly for the other coefficients. ]

6. The tautological family over Ts

Let K be a field. Assumehar(K) # 5. Fix a primitive fifth root of unity{ € K*.
Define E; to be the elliptic curve given by the equatioh§2+/12xi_2xi+2—xi_lxi_,,_l =
0 for i between 0 and 4 and whose origin is given®y = (4; —1; 1, —4; 0). Now we
fix As = Z/5Z x Z/5Z with the pairinge((a, b), (c, d)) = ("¢ and we fixos to take
(1,0) to the point(Z; —C; (% —4%;0) and to take(0, 1) to the point(0; /; —1; 1; 4).
The curveE; is the universal elliptic curve ovex (5). Now let E be any elliptic curve
over the fieldK such thatE[5](K) = E[5](K). The curveE is then isomorphic to the
elliptic curve E; for some/ € K. We will choose such & and the above model for
E; will serve as our “base diagram.”
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We want to explicitly define the (tautological) genus one curve family lying over
Ts. We start with a paira, f) € K* x K. Write f = "7, f:x", for §; € K. Define
b € K* to be the image off under the norm mapN. Define u to be the point of
p/a(f), whereo is a linearK-action of K, taking x to {x. Note thatu only depends
on the class off modulo the action ofz,, k.

Our first goal is to find a model for the curv€ s (see Definition2). As in
the casen = 3 we will fix y as follows: y(S) = Ms = M,5 and y(T) = My =
Ds - (Z?:o ﬁiMs") . As before we will search for the model f@r <> (a, ) by finding

the vector space/, s of quadrics which is invariant under the image yfNote this
vector space will give us our model (in other words, the model only dependg on
not onV); modifying a diagramC — P"~1 by an element of PGL(K) has the effect
of conjugatingMg and My. Since the group generated Bys and M7 (a twist of the
Heisenberg group) is its own centraliser, there is no non-trivial modification.

Our goal in this section is to determirig, g.

Definition 10. Define, fori =0, ..., 4, v; to be points inA% such thatMgv; = al'v;.
In particular we see that(v;) = v;y1.

Definition 11. Define the action of a matrikl on a functionf to be such thayf™ (x) =
f(Mx). Then fMiMz2 — (fM1yMz

Lemma 12. With notation as abovewe can choose a quadriQ € V, g such that

Q(vg) = Q(v1) and such that(QMg),-zon_zl forms a basis of, 5. Moreover such a Q
is unique up to K-scaling. Therefore to determivig it suffices to determine .Q

Remark. We are actually taking a fixed quadr@ (not defined up to a scalar), since
we need to make sense of the nonzero quantifiésg) and Q(vy).

Proof of Lemma 12. We can sparV, s by translates of ani-rational quadricQ by
the action of powers oMy since the eigenvalues @fig acting on the space of quadrics
are the fifth roots ofz2, not defined overk. Note thatQ(v;) # 0 for all i since if
so we would havep™s (v;) = Q(Mgv,-) = 0 as well, in other words we would have a

point on C fixed by Mg, namely the projectivization of;. Next, note thatQMg(vo) =
O(Mivo) = Q(oivg) = a? Q(vg). Therefore if we replaceQ by the quadricQ’ =

Y4 0@ QMs, for a; € K, then Q'(vo) = Y oa; M5 (vo) = (Zf-‘:oaiocz") 0(vo),
and likewiseQ'(v1) = 34 o a; QM5 (v1) = (ZfzoaiocZiCZi) Q(v1). So in order to have

Q' (vg) = Q' (v1), we need to find: = Z?:o a;ia? so thatQ(vg)/Q(v1) = o(a)/a. This
is possible by Hilbert's Theorem 90, sineg@(vg)/Q(v1) = Q(vo)/a(Q(vg)) is in the
kernel of the norm map. Nex)’ and its translates undés also generaté/, 5. The
K-rational quadricQ’ is nonzero since its value ag is nonzero; by the above comment
its translates by powers dffs spanV, z. Finally, such aQ’ is unique up to an element
of K, since if we had botiQ and Q' such thatQ(vg)/Q(v1) = Q'(vp)/ Q' (v1) = 1,
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we could write Q' = Y% a;0Ms for a; € K to get Q'(v0)/Q'(v1) = a/o(a) -
Q(vg)/Q(v1), i.e. we would haver = a(a), or in other wordsa € K. [
Our newly defined goal is to fin@ as in Lemmal2. We will choose a matriM

by which to modify Q as in Lemma 12 so that the coefficients @/ are easy to
manipulate. DefineM = (vguivovava), @ 5x 5 matrix defined over (x). Then

4
oM (x) = Q(Mx) = Q (Z vm) Z Q)x?+ Y Bivj)xix;,
i=0

0<i<j<4

where B(w, v) = Q(w +v) — Q(w) — Q(v).
Define My = M~*MsM and M}, = M~ Mz M. Then we have Q")Ms = (QMs)M

and (QM)Mr = (QMr)M_ A calculation shows usMy = oDs and M) = Ml_é

diag(, a(B), a*(B), a>(f). a*(P)).
Next, note that by assumptioW fixes V, 5. Moreover, sinceMr is defined over
K, the image ofQ under the action by is again defined ovek. Thus there exists

7; € K such thatQVr = Z?:o yiQMIS. Acting on that equation byl we get (here let
0 = oM
4

QM =3 50

i=0
Since we know thel. and M explicitly, we can compute the left and right sides of
this equation and compare them.
0™Mr (x) = Z Q) P2+ Y Biv)d B B xioaxj 1
i=0 0<i<j<4
and
Q' M (x) = o Z QN x2+ " B, ) U x|
0<j<k<4
Proposition 13. For everyi = 0,...,4, Q(v;) = Q(vo), B(vi+1,vi—1) = B(v1, vg) -

. - 12 . . ;2

Proof. We compare the coefficient o(fg on both sides of the above equation. On the
left, we getQ(v1)f%. On the right we gefy"* ,7,0% Q(vo). Definey = Y% 7,02,
then we haveQ(ul)ﬂ2 = 70(vg). On the other hand we have chos@nas in Lemma
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12 so thatQ(vg) = Q(v1) # 0. Thereforey = [32 We can determine the rest of the

0 (v;)'s now since 1= o-(Q(ﬁ(l)g) ggzi etc. so all of theQ(v;)’s are equal toQ (vo).

Next, compare the coefficients afixs: on the left we getB(vo, vo)a(f)a*(p) and
2

; 4 . 2 (2v)) _ _ B
on the right we ge®";_,7;o“ B(v1, va). In other words we hav (ﬁ 52 = A

) : . i 2 B 32
Acting by ¢ on both sides gives;ttl = G(a(ﬁ)ﬁa“(ﬁ)) so Zusl — 6([),)164(/3) :

2
a(m) We continue in this way. Similarly, comparing coefficients xgftz on

both sides we ge% W;(ﬂ) and we finish by acting on both sides byand

solving for %. O

Now we have only to determine the three unknov@@yp), B(v1, v4), and B(vz, v3);
moreover, since we are actually working projectively, we only need to know two of

them, or more precisely it is adequate to know the rag8&% and ;2% Recall

that E, is the elliptic curve given by the equatiomlsi2 + ilefgxﬂrg Xi—1xi4+1 fori
between 0 and 4 and whose origin is given ®y = (4; —1; 1, —4; 0).

Theorem 14. The Jacobian ofC, s is E;, where

_ Qo) PP
B(vz,v3)  fa(f)

Proof. By [13, Theorem 4.2, p. 37] the Jacobian ©f 5 is given asEA given by the
quadratic equatlon,s0 X2X3 +x1x4 =0, xl xox2 + Axzxg = 0, x2 x1x3 — Axgxg =
0, x§ — xox1 — x2x4 = 0, and Ax4 + x1x2 — xox3 = 0 for a parameter

4

O v;)
1_[ B(v;,

i=0 vl+l)

Remark. This corrects a minus sign error in that paper, namely the coefficiemﬁ of
in the last equation above.

A calculation using Propositiod3 shows that the abow& in this case is the fifth
power of % % Finally, whenA is a perfect fifth power, say of-1, the
K-rational mapdiag(1, —4, 4, —1, 272 mapsE, to E;. O

Lemma 15.

0w PPa(h)
B(v1, v4) B(v2, v3) 3B (>
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Proof. This follows from Lemma 4.3 of13, p. 139] and using Proposition 13. Loosely
speaking, this is a condition on the intersection of five quadrics to form a smooth genus
one curve; note that five quadrics in general position do not intersétt.

Corollary 16.
By, va) _ o)

A, -

Qo) p

We now have all of the coefficients @’ in terms of Q(vg). We can divide out by
this non-zero term to get

(BB

iti _ 2P —
Proposition 17. Letuy = = and up = 0

. Then Q' is given by

4 4 4
Z xiz + A Z XiXit2 - oty — 27t inxi—H - o By,
i=0 i=0 i=0

. . -1 .
Finally, sinceQ’ = O™, we can recoveQ as Q'Y ~. A calculation shows:

Theorem 18. Write

Q= Z dajj XiXj.

0<i<j<4

Then theq;; are given as follows. Fof = j we have

ai=1r () +21r(S) =t (42)

and fori # j we have
2 : U
aijor( l+])+/LTr((Cl J C] l H_j)—;ulTl"(ng 21+C21 2l l+j)

Remark. The question of solving “norm equations,” that is, developing an algorithm to
find § as in the above theorem, has been studied extensively by J@0dndiscussed

in [4, Algorithm 7.5.15, p. 383], and implemented in Pari (website to be found at
http://pari.math.u-bordeaux.fr/

7. Application: descent

Now let K be a number field. We will briefly introduce the theory @éscent For
a basic explanation and some examples, dé& Chapter 10]. For more advanced
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approaches, sefs,21]. The basic exact sequence in elliptic curve descent theory is a
modification of the above sequence (see [18, p. 297]):

1— E(K)/nE(K)— Sel,(E) — llI(E)[n] — 1.
HerellI(E)[n] is the kernel of the natural map

HYGk, E(K)Inl — [ [ H'(Gk,, E(K))In],

where thev range over all primes (including infinite primes) &f.

A crucial fact that we will take advantage of is that the element§edf(E), which
a priori correspond to diagram€ — S, always haveS;KP”*l; in other words
elements ofllI(E) always have trivial period—index obstruction (for a proof see the
Remark[14, p. 3]).

The goal of descent is traditionally to measure the size of the left-most group of the
above diagrams, namel§(K)/nE(K). A direct attack using computers can often find
points of this set but cannot prove that we have all of them. Thus we indirectly bound
this set by bounding the middle set and by (hopefully) knowing the size of the right-
most set. The program of descent can be split into two parts: first, to determine the
image of elements of (K)/nE(K) in the middle groupSel, (E) via the left-hand map
above, and second, given an elememtf the middle group, i.e. a diagra® — P" 1,
to write down the equations of this open immersion. We have already performed the
second part. The remainder of this section will be devoted to explicitly computing the
first map for each of the cases= 3 and 5 whereE[n](K) = E[n](K).

We will find a pair of rational functions fs ., fr.») on E which when evaluated at
a point of E(K) gives its image inHY(G, E[n]) ~K*/K*" x K*/K*". By Corollary
1.1 in [18], the functionsfs, and fr, satisfy div(fs,) = n-(S) —n-(0Og) and
div(fr,) =n-(T) —n - (Og) respectively; moreover, they can be chosen to satisfy
fsnolnl=gs, and fr,o[n] = gy, for some rational functiongs, andgr,,.

Lemma 19. The expansions ofs, and fr, with respect to a local parameter at
Of can be chosen to have leading coefficients which are perfect nth poieerso
fsm=gm+---and fr, = ,ﬁn + ... where both a and b are perfect nth powers and
wherer € O o, is a parameter in the local ring aDg. Here*--.” refers to*higher
order terms’

Proof. First we prove that locally the expansions look like:
a C
fs,nzt—n+~~~, gs,n=;+---, and ro[m]l=d-t+--- .

The first is because we knowis , has a pole of orden at Og, the second because
gs.n has a simple pole aDg; in fact div(gs.,) = Zmp,-:s(Pi) - Zin:O(Qi), and
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since the characteristic d does not dividen, we get only one copy oDy on the
right. Finally, r o [m] has a simple zero abg since [m]Og = Op and [m] is étale
when cha(K) fn. We know thatfr , o [n] = 8T n> and a quick calculation shows this
is equivalent toa being a perfecnth power. [

We will use the above lemma in both cases= 3 andn = 5.

- _ /93 32X+43LY—AZ _ 32 Ay 3X—)Y43Z
Proposition 20. fs3 = (4" + 27) 5371577, and fr3=(1“—31+9) XTIz

Proof. By Lemmal9, we want then to compute the expansion%f&“%ﬁiizu at the
origin Og = (1; —1; 0). Here we can work in affine coordinates by settifg= 1,
since this is true locally. TherF : 1+ Y3 + Z3 4+ AYZ = 0. Moreover, sinceOg
takes on a non-zero value at the hyperplanesatve can just evaluate there to get
(BLPX43LY —1Z)|o, = 3t>—3(. Note that{®>—{ = /=3, s0 32—3( = (—/—3)3is

a cube inK. So in fact we can completely ignore this term. We are left w4 3]%—22
which has a triple zero aDg. In other words

34+3Y —JZ~aZ3+ .-,

where = signifies that we are working i¥g o,. Multiply the above by the function
Y, a nonzero function abg, to get ¥ +3Y2 - Y Z>~aVYZ3+---; since—AYZ>~1+
Y3 + Z8 (we are working moduld®) we substitute to get

143y +3Y2 4+ v3 4+ 728 = (14 V)3 + 28=avz8 4. ...

The function 1+ Y has a zero aDg, so it is an alternative parameter for the local
ring Og,0,: 1+Y =bZ+--- but we already have the tangent line equation which tells
us that 31+ Y)~AZ +---, i.e. b = 1/3. Replace(1+ Y)3 above now by(//3)Z3:

731+ (/33 ~ay Z3.

Evaluate atV = —1 to geta = —(1+(1/3)%). Our original constant then is/&, which
modulo cubes is seen to b2e7%3 Finally, to normalize we want the functiofis 3 to
have a leading coefficient which is 1. In other words, we need to multiply the ratio of
the two hyperplanes by the constant-R7°. For fr.3, we are already almost done- the
only difference is the value of the numerator at the origBX — 1Y +32)|o, = 3+ /.

The leading coefficient then |%i3 = m.

Similarly, we can takefs 5 to be a scalar multiple of the quotient of the hypertangent
plane atS by the hypertangent plane étg, since bothS and O are hyperflex points
(to see this, note thdt is a degree 5 curve iﬂi”‘}( and that the hyperplang) = 0 goes
through the points - S for i between 0 and 4, which means that the divisor giving
the embeddingte — P* is linearly equivalent ta(Og) + (S) + (25) + (35) + (45) =
5-(0p) =5-(9)).
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Proposition 21. The hypertangent plane at the origin of E is given by
Ho, @ oxo + f(x1+ x4) + y(x2 + x3),
whereo = 210 — 147° — 1, f = —5)2(1 + 24°), and y = 5.3(}° — 2).

Proof. An easy calculation (in Maple for example) verifies that the above hyperplane
intersectsk only at Og. In order to find the above, we computed a local param-
eterization of the curveE in the local ring Og o, using the equations foE and
Maple. [

To finish finding the equationgs 5 and fr s, we simply find the hypertangent planes
at SandT (these are translates &y, by the 5-torsion matrice®s and M1 s5) and
evaluate them aOg. We then scaleHs/Hp, by the appropriate function of so that
its leading coefficient in the expansion @t is a perfect fifth power:

Proposition 22. The hypertangent planes at S and at T are given by
H : axo + fxal* + xal) + p(x2l® + x3(%)
and
Hr : oxa + P(xo + x3) + 7(x1 + x2).
The rational functionsfs s and fr s are given by

[P 42 —D0* =334+ 402 - 20+ )P+ 23+ 42+ 3.+ DI? Hs

Jss= 5.0 (5-2) Ho,'
frs 2O =33+ 407 — 20+ D200 + 223+ 402 + 37+ 1) Hy
e -1 Ho,'
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