PERIODIC DISCRETE WAVELETS!

A. P. Petukhov

Abstract. A definition of a multiresolution analysis (MRA) on a discrete periodic net is given, and a theory of
MRA is constructed. We consider two possible approaches to the definition of the wavelet spaces associated with
a fixed MRA. Effective numerical algorithms of wavelet expansion and reconstruction of functions of a discrete
argument are presented.

§0. Introduction

Let N = 27 where n € N. We consider the space CN of N-periodic complex-valued functions of a
discrete variable. The paper is devoted to the construction of a multiresolution analysis (MRA) {V7 T=0
and to wavelet decompositions VO @ WO @ -.- @ W™ ! of the space CN. Also, we find some economical
algorithms of expansion and reconstruction of functions.

Wavelet decompositions have numerous applications to signal and image processing and to compressing
information.

The known algorithms of wavelet expansion of functions (see [1-9]) are based on the assumption that the
approximated functions have continuous argument. It is natural that the basis functions also turn out to be
functions of a continuous argument. However, information for digital processing 1s discrete; for representing
and processing such information it is appropriate to construct a theory of discrete wavelet bases.

The construction of an MRA of the space of N-periodic discrete functions involves some specific problems,
which could not arise in the study of wavelets on IR. We list some of such problems.

A priort it 18 not clear how dilation of the argument of a function should be understood, because the
function may become indefinite at the intermediate points. On the contrary, if we “compress” the argument,
then some “extra” points arise. Is it true that the bases of the spaces forming an MRA are generated
by translates and dilations of a single function? This question looks especially difficult in the periodic case
considered here because, after dilation, we may obtain a 2 N-periodic function that we must make N-periodic.
Also, it seems important that every MRA {V7} be uniquely recovered by any of the subspaces V7.

All these problems find satisfactory solutions in the framework of the MRA theory proposed in §1.

At the same time, apparently there exist at least two possible approaches to the definition of wavelet
spaces associated with a fixed MRA. Generally speaking, these approaches lead to different objects. The
first is treated in §2, where we define a wavelet space W7 as the orthogonal complement of V7 in VJi+!,
Such a definition looks natural, but it turns out that this collection of wavelet spaces does not possess some
properties usual in the theory of wavelets in I.?(R) . For example, dilation of the argument of a function
belonging to WJ*! may lead to a function not belonging to W7. For this and some other reasons, in §4
we consider another approach to wavelets. Among these reasons we mention the existence of economical
algorithms, including those admitting parallel algorithms.

The spaces V7 forming an MRA and the spaces W/ (for both definitions) are invariant with respect to the
shifts of the argument by N/J = 2"~J. Therefore, it may be expected that the orthogonal bases consisting
of eigenvectors of the operator of (N/J)-shift are of importance. V. A. Zheludev [2] applied such bases to the
theory and numerical algorithms for the MRA generated by periodic splines of minimal defect. Previously, V.
A. Zheludev [3] had used these bases for constructing numerical algorithms of spline approximation. These
bases turned out to be useful for theoretical study of the properties of MRA as well as for constructing
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numerical algorithms. Actually, the operator realizing the passage to such bases plays the same role as the
discrete Fourier transformation in the space @N, and the coefficients of the corresponding expansions play
the role of the spectrum. The passage to such bases underlies most of the proofs presented in §§1 and 2.

In §3, for orthogonal wavelet spaces we consider an economical expansion algorithm in the case where
the spaces V7 are generated by bases of functions with local support. Here we use the term “local” because
the term “bases of compactly supported wavelets” (traditional for MRA in IL?(R)) makes no sense in the
periodic case. In §4 we show that if some bases of the spaces V7 and V/+! satisfy a recurrence relation of

the form
P

P =D ar (- + kN/2T),
k=0
then algorithms of expansion and reconstruction can be represented as discrete convolutions with window of
size of order p. However, this requires that we lift the condition of the mutual orthogonality of the spaces
WJ. In general, applying the procedure of sampling to orthogonal bases (of continuous function) for MRA
in IL?(R), we lose the orthogonality of the elements of the bases, as well as of the spaces W/, Therefore, in
our opinion, the fact that our wavelet spaces may fail to be orthogonal is not a defect of the construction.

§1. Multiresolution analysis of the space of discrete periodic functions

The space CN will be equipped with the following natural inner product:

(F9) = 70900 = 3 FOTG)

For a matrix (or a vector) C, the operation * means transposition and complex conjugation, i.e., C* = C" .

We write C' = (A(), B(+)), where A and B are functional matrices or vectors, if the matrix A(-) is multiplied
by BT (-), and then the inner product is calculated, i.e., cxm = > (axi(:), bmi(-)). For convenience, in what
follows we enumerate the entries of matrices and vectors starting with 0. Unless otherwise specified, we
assume N =27 J =2/ [ = 2! and so on.

We shall use vector-matrix notation for the convolution operators and their generalizations. The matrices
arising here are either circulant matrices of size K x K (their elements are of the form a;; = f(j — 9),
where f(-) € @K), or rectangular matrices of size K x 2K that are generalized circulant with double shift
(a;; = f(§ —290), f(-) € @ZK) and their transposes. In all the above cases we use the term convolution with
a window of size p if the support of f(-) on a period can be placed on a segment of length p — 1.

Definition 1. A sequence of linear spaces {Vj}?zo is called a multiresolution analysis of the space CN if
the following conditions are satisfied:
LVicVic...cVic...cvr=CN:dimVi=2,;=0,1,2,...,n.
2. a) VY consists of constants.
b) If f(-) € V4, then g(-) = f(2-) € VIt .
) If f(-) € VI+L, then there exists g(-) € V7 such that ¢(2-) = f(-) + f(- + N/2).
d) The spaces V7 are invariant under the shift by 2"~/ j = 0,1,2,...,n, i.e., for any function f € VJ
and any k € Z we have f(- + k2"79) € VI,
e) For any 1 < j < n, every function f € V/*! is representable in the form

FOY = f1() + f2(- + k2771 + f3(2),
where k € Na fla fZa f3 € V]

Remark. With the exception of condition 2e), all conditions of Definition 1 are similar to those occurring
in the literature on wavelets with continuous argument (see, for example, [4]). We included condition 2e)
because we wished that a MRA be uniquely recovered by any space V7; the remaining conditions do not
ensure this property. For instance, it is easy to show that the periodic MRA constructed in [5] does not
possess this property.

For ¢ € V! we denote by @' the vector-function

B = (@ (), (= N/L), .G (= (L=1)N/L)T, 1=0,1,2,.. 0.
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Theorem 1. Let {Vj}?zo be an arbitrary MRA of the space CN. Then for any fixed 0 <1 < n and any
function ¢' such that the components of @' form a basis of the space V! there exists a family ¢/, 0 < j < n,
of functions ¢/ € V7, such that the components of @7 form bases of the spaces VJ. Moreover, for any ji,
J2, 0 < j1 < ja < n, we have

Ja)Ji-1

(1.1) P (Jam/J1) = Y @ (m+kNJi /).
k=0

For j <1 < n, the functions ¢’ are uniquely determined by ¢'.

Before proving Theorem 1, we introduce some notation and formulate and prove some auxiliary results.

For J fixed, we put wy = exp(27i/J) and denote by Fy the matrix of the discrete Fourier transformation
(DFT) (the elements of Fy are Fy, = w}lk, l=0,1,...,J=1,k=0,1,...,J—1). If no confusion concerning
dimensions is possible, we shall omit the subscript J. The matrix of the inverse DFT (IDFT) is F}/J.
We put ejr(m) = wﬁm, k=0,1,2,...,J = 1. It is well known that the functions ez form a basis of the
space @J, and that their restrictions to the period [0, J) are the columns (and rows) of the matrix F;. The
functions ey k() will be called harmonics. As usual, for an arbitrary function f(-) € CN we denote by f()
the spectrum (discrete Fourier transform)

N-1
F)y =" fm)wy™, k=0,1,...,N—1.
m=0
Lemma 1. For h(-) € C, we put h € (h(-),h(- = N/J), ..., h(- = (J = YN/INT, i7() E F*h(-)/J.
Then the dimension of the linear span of the components of the vector h(-) is equal to the number of all
nonzero components of the vector i7j(-). The nonzero components of ij () are mutually orthogonal and can
be calculated by the formulas

N/J-1
1 ~
(1.2) me() = % > h(k+Jm)exp(2ri(k + Jm)-/N), k=0,1,...,J—1.

m=0

Proof of Lemma 1. Let T' be the Gram matrix of the elements of the vector 77 and G the Gram matrix of
the functions forming the vector A. Then

D= (i (m).if(m) = F* - (F (m). F (m) - F).I* = F* - G- F/J”.

Since G is a circulant matrix, the matrix I' is diagonal. On the other hand, since F' is nonsingular, the
rank of I' coincides with that of (G, and the latter rank is equal to the dimension of the linear span of the

components of h.
We prove (1.2):

p=0 m=0
1 = /= —2milp/N \ 2mikm/J
:72 ( h(p—mN/J)e P )e
m=0 p=0
1 J-1 ,N-1 ) )
— j ( h(p _ mN/J)e—Zml(p—mN/J)/N)eZm(k—l)m/J
m=0 p=0
J-1

[l

=
—

=
=

1 p2mitk=lm/J _ { h(l), l=k+qJ
0, l#k+q) qe.

d

The following statement is an obvious consequence of Lemma 1.
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Corollary. Under the conditions of Lemma 1, let g(-) € CN. The linear span of the components of the
vector () = (¢9(-),9(- = N/J),...,9(-— (J = 1)N/J))T coincides with the linear span of those of h if and
only if g(-) is a linear combination of nonzero components of 7j with nonzero coefficients.

Thus, if V C CN is the linear span of the components of a vector h (1) and dimV = J, then there exists
a basis of V' consisting of elements of the form (1.2). These elements have mutually disjoint supports; so,
they are mutually orthogonal. Besides, they fit into the pattern of the following definition.

Definition 2. A collection of functions fo, fi,..., fr—1 belonging to a linear space V C CN is called a
Wiener basis of V if the following discrete periodic analog of the Wiener theorem is true: a collection
{9(- = k’N/J)}i;é is a basis of V' if and only if ¢ can be represented in the form g = Zi;é ay fx, where all
@ are nonzero.

Clearly, such a basis is unique up to multiplication of its elements by nonzero factors and permutation.
Formula (1.2) shows that the elements of this basis can be enumerated in a natural way; this enumeration
is associated with the spectrum components involved in the corresponding elements, 1. e., in the expansion
of the functions n(+), 0 < k < J, with respect to the basis {6N,k}i\;61 only the coefficients with the indices
of the form | =k + Jm, m=0,1,2,..., N/J — 1 are nonzero.

The Wiener basis has been obtained as the image of the components of the vector h under the IDFT.
However, in accordance with (1.2), a Wiener basis can be introduced as an initial notion. The existence of a
Wiener basis is necessary and sufficient for the existence of a function g such that the corresponding vector
of shifts ¢ constitutes a basis of V.

There is one more useful property of a Wiener basis, namely, the components of it are eigenfunctions
of the operator of the shift by (N/J). For this reason, the coefficients in the expansion of a function with
respect to a Wiener basis can be viewed as the spectrum of that operator. In particular, for a space V' having
a Wiener basis the following theorem on convolution holds: The spectrum of the convolution of functions
(with respect to the shift by N/J) is equal to the pointwise product of their spectra.

As mentioned in the Introduction, in the papers [2,3] V. A. Zheludev proposed to employ such a basis for
solving theoretical and numerical problems of periodic spline-approximation and periodic spline MRA.

Lemma 2. For an arbitrary MRA of @N, in each of the spaces V7 there exists a function ¢/ such that
the collection {7 (- — k’N/J)}i;é is a basis of V. The MRA can be recovered uniquely by any of the V7
(0<j<n).

Proof of Lemma 2. By Lemma 1, the existence of a basis of translates will be proved if we check the existence
of a Wiener basis {v‘é}g;é for any j. We proceed by induction.

Obviously, for j = 0, as the above v] we can take the function identically equal to 1. Let j = 1, and let
h(-) = 1; then h € V1. Let g be an arbitrary nonzero function in V! orthogonal to k. The functions h and g
form a basis of V. We show that they form a Wiener basis. Indeed, since h and g are orthogonal, we have
g(m) = Zi\f:—f apwk™. Moreover, using 2a) and 2c) we obtain

N/2-1
g(m) +g(m+ N/2) =2 Z opwiF™ = const.
k=1

Consequently, all aog with k& # 0 are equal to zero, and there is at least one nonzero ay with odd k. Later
we shall prove that all oy with odd k are nonzero. Thus, we put v} = h, vi = g.

Now we assume that the required Wiener bases have already been constructed for 7 =0,1,...,p < n. We
show that such a construction is possible for j = p+ 1.

Consider an arbitrary function f; € VP!, If the dimension of the linear span & of the components of
the vector-function

AC) = (A AC=N/2P), . (= (2P = 1)N/2P))T
is equal to 2P, then the components of the inverse discrete Fourier transform F;Pﬁ/QP generate a subspace

of dimension 2P. Consequently, &, is a Wiener basis of the space VP If dim& < 2P, then we take an
arbitrary function ¢ off & and consider the linear span &; of the components of the vector-functions f; and

Fo() = (f2(), fol- = NJ2P),. fol- = (2P = 1)N/2P))T.
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We supplement the system {f;, } with new functions until the linear span obtained coincides with V?+1. Now
we can choose a basis of VP! consisting of the components of {Gx}, Gk = Fypfi/2P . We show that this is
a Wiener basis. This will follow from the fact that for every { = 0,1,...,2F — 1 this basis contains precisely

one element of the form
N/2P-1

Z Ay m exp(2mi(l +2mP) - /N).

m=0
Lemma 1 shows that all elements of the basis are of that form. Since by property 1 in the definition of a
MRA we have dim VP+! = 2°11 it suffices to prove that for every [ there exists at least one element of that
form.

Suppose the contrary. This means that for some [ there i1s no such element in the basis. If p=n —1, we

arrive at a contradiction with property 1 mentioned above. So, we assume that p < n — 1. We show that in
this case the space VT2 contains no elements of the form f(-) = ZN/4P_1 ozllym exp(2mi(20l +4mP) - /N). Tt

m=0

is not hard to check that the action of the operator A of (N/2)-periodization,
A k()= h()+ h(-+ N/2),

consists in eliminating the odd harmonics and in doubling the evens ones. At the same time, deleting the odd
m, on the remaining net we have ex r(m) = ey r4n/2(m). Moreover, the functions {eNyk}QZg_l form a basis
of the space of functions on that net. Thus, any function g¢(-) satisfying ¢(2-) = f() + f(- + N/2) involves
only harmonics with indices of the form | + 2mP, and these harmonics are absent in V?*!. Consequently,

2all,m = C(al,m + al,m+N/2) =0.

Increasing subsequently the index of the space, we see that the space V™ does not contain the function
exp(2mi2"~P~1]. /N), which contradicts property 1 in Definition 1. Thus, each space V? has a Wiener basis.

We show by induction that for any p > 1 the Wiener basis of VPt can be expressed in terms of the
elements of the Wiener basis of VP by the formulas

(1.3) o+ (k4 2Pl) = 0% (k + 2PI),
k=1,3,...,2P-1, 1=0,1,...,N/2P —1.

(14) W (k+2Pl) =3 ), (k/2+ Pl) + 3 ,(k/2+ Pl+ N/2),
k=0,2,...,2P-2, 1=0,1,...,N/2P —1,

where P = 2P and UZ_I_P = vl for any k. It is easy to observe that, except for k = P, for all even k these
formulas give the same results. Next, obviously, formula (1.4) can be written in the form

(1.4") V() =0h(2), k=0,2,..,2P—2.
Let j = 1. Since V1 C V2 ifkis odd (i. e., k = 1,3) and if at least one of the numbers {ﬁé(k’ +4l) ;\;/04_1
is nonzero, we obtain (1.3) up to renormalization. We show that these numbers cannot be simultaneously

zero. Let f be the kth element of the Wiener basis of the space V2. Condition 2e) in Definition 1 implies
that f can be represented in the form

(1.5) FO) = A06)+ f2( +m2772) 4 f3(24),

where fi, f2, fs € V!. If the numbers v} (k + 4{) are all zero, the first two terms in (1.5) cannot involve
the harmonics corresponding to these numbers, and the third term in (1.5) involves only even harmonics.
Consequently, f(-) = 0, but this is impossible since the existence of a Wiener basis of V7 has already been
proved.
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The validity of (1.4) for k& = 0 follows from condition 2b), and for & = 2 formula (1.4) is a direct
consequence of conditions 2b) and 2e). Indeed, if the function

N/4—1
2 .
v%(2~) = ¥ Z (ﬁ%(?k +1)+79; (Qk S N/Q)) 27 (4k42)- /N
k=0

is not equal to zero identically, the validity of (1.4) follows from condition 2b). Now, suppose that the above
function is equal to zero identically. By Lemma 1, the function vZ contains only harmonics with indices of
the form 4k + 2. We represent the function v3 as a sum of three functions, as in 2e). Then the required
harmonics are absent in the first two terms, because there are no such harmonics in V1 (we recall that
vl = 1). The absence of them in the third term follows from the relation v{(2-) = 0. Consequently, v = 0,
which contradicts the existence of a Wiener basis of V2.

Assume that (1.3) and (1.4) have been proved for the spaces V7, j < p. We do the induction step for
arbitrary p.

Since V¥ C VP*! if k is odd and at least one of the numbers v% (k + 2PI) is nonzero, we obtain (1.3) up
to renormalization. The fact that all these numbers cannot be zero simultaneously i1s proved as in the case
p=1.

For k =0 or k = P, formula (1.4) can be checked as in the case where p = 1 and k is even. We consider
the case of an arbitrary even k& = 2m, k # 0, k # p. If at least one of the numbers

{905 (k/2 + P+ 00, (k)2 + PL+ N/2)} 20

is nonzero, then (1.4) follows from condition 2b). We show that these numbers cannot be zero simultaneously.
Indeed, using (1.3) and (1.4) with parameters for which these formulas have already been proved, we obtain

U (k +2P1) =7, (k/2+ PO + 07, (k/2+ PL+ N/2)
=} 5 (k/24 PU) + 3}, (k/2+ Pl+ N/2) = 0.

.. . . 1
Hence, the harmonics involved in the function vz-l'

Definition 1.

Thus, we have shown that each of the spaces V7 contains a function ¢/ such that the components of the
vector @7 form a basis and that any space with a greater index is uniquely recovered by the spaces with
smaller indices.

Now we prove that any space V4 can be recovered by the space Vi1, First observe that there are no
harmonics with indices J,2J,..., N — J in the space V7 (and in the corresponding elements of the Wiener
basis). This is a consequence of (1.3), since this formula shows that a gap in the spectrum of the space with

are absent in VP in contradiction with condition 2e) in

index j arises in all spaces with greater indices, which contradicts the condition V" = CN.
Let 1<j+1<n,1<k<J—1. Since VI C Vit and since the existence of the Wiener bases has
already been proved for all the spaces V7| there exist numbers o and 3 such that

,; = ozv;,i"’1 + ﬁviib
Using (1.2), we obtain @ (k +mJ) = aﬁ‘é“(k’ + mJ) for m even and 5‘,1(1{7 +mJ) = ﬁﬁiib(k’ + mJ) for m

odd. As already noted, the quantities vk(k’ + mJ) are nonzero. Therefore, the numbers a and S are also

nonzero. On the other hand, condition 2b) implies that vi(?) = 'yv‘;:l( -). Consequently, for even m we

obtaln

a (B (k+mJ) + 5 (k+ mJ + N/2)) = T (k + mJ) + 5 (k + mJ + N/2) = 705 2k + 2m J).

(1.6) a =50 2k + 2mJ) /(T (k + mJ) + T (k +mJ 4+ N/2)),
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where m is an arbitrary even number. The denominator in formula (1.6) is nonzero, because otherwise, by
(1.4), the spectrum of the elements of V+! would involve no harmonic with index 2k + 2m.J.
In a similar way, we prove that the coefficient 5 can be calculated by formula (1.6) with m odd.
Consequently, o and § are determined uniquely up to a nonzero factor v, which does not affect the space
VI, Lemma 2 is proved. [

Let ¢ and ¢ be two functions such that the collections {@(- — kN/J)}{Z¢ and {¢(- — kN/J) VI are
biorthogonal bases of the space V7 (i.e., (&, (;) is the identity matrix); such functions ¢ and ¢ are said to
be dual. The following statement was obtained by V. A. Zheludev [2] in the case of a spline MRA.

Lemma 3. Let {V/ }i_o be an arbitrary MRA. Assume that a Wiener basis {v‘é}g;é of each V7 is chosen
so as to satisfy the normalizing condition

N/J-1
S E k4 mI) =1
m=0

Then two function ¢, ¢ € VI are dual if and only if the coefficients occurring in the representations

J-1 J-1
p() =D awri (), é() =) Bevi()
k=0 k=0
satisfy the relations apf, = a1, = --- = ay_18,_, = 1/J. In particular, ¢ gives rise to an orthogonal

basis if and only if | ag |=| o1 |= -+ =] ag_1 |#£ 0.

Remark. Obviously, if we supplement the normalizing condition of Lemma 3 with the condition 5‘,1(1{7) > 0,
k=0,1,...,J — 1, then the choice of a Wiener basis becomes unique.

Proof of Lemma 3. By (1.2), we obtain v‘é( —mN/J) = w}kmvi(),k =0,1,...,J — 1. In particular,
(vil(~ —miN/J), v22(~ —maN/J)) = 6k1k2w§1(m2_m1), where

1a kl == kZa
Obiks =
0, ki ko.

Thus, (p(- —myN/J),¢(-—maN/J)) = Zi;é akgkwﬁ(mrml). The same expression may be written in the
matrix form:

e E (), (6(-)T) = F3AFy,

where A is the diagonal matrix with the elements A; = «;3; on the diagonal. The matrix ® is the identity
matrix if and only if Ag = Ay = --- = Aj_y = 1/J, as claimed. This completes the proof of Lemma 3. O

Lemma 4. Let {VJ 7=o be an arbitrary MRA. For any j, an arbitrary interpolation problem on the (coarser)

net x, = kN/J is uniquely solvable in the space V7, i.e., for any collection {ak}i;é of numbers there exists
a unique function A € V9 such that \(zx) = ay.

Proof of Lemma 4. It is well known that any interpolation problem is solvable on the above net in the linear
span of the system {6N,l}i]:_01~ In order to find the coefficients of the expansion we need to calculate the
DFT of the sequence aj and to divide the result by J. Let {bs} be the resulting coefficients. We consider
the [th element of the Wiener basis of V7. On the net {z,}, the values of its harmonics coincide with those
of the function ey,;. Thus,

N/J-1
v‘;(xk) = exp(2milz /N) Z ﬁ‘lj(l +¢J)/N = exp(2milay /N)e,
q=0

whence we see that the coefficients of the expansion of the interpolating function with respect to the Wiener
basis are equal to {b;/c¢;}. It remains to prove that the numbers ¢; are all nonzero. Indeed, otherwise,
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applying formula (1.4) n — j times, we easily show that in the space V" there is no harmonic with index
N1/J, which contradicts condition 1 in Definition 1. Lemma 4 is proved. O

Proof of Theorem 1. Let [ be an arbitrary integer satisfying 0 < [ < n, and let ¢! € V! be a function such
that the elements of the vector ! form a basis of the space V!. The existence of such a function follows
from Lemma 2. Let {v‘é}i;é, j=0,1,...,n, be the Wiener bases of the spaces V7. We assume that these

bases are related by formulas (1.3) and (1.4). By the corollary to Lemma 1, we obtain

L-1
gol(m):ZakvL(m); ap 20, k=0,1,...,L—1.
k=0

! can be constructed so that the components of the vectors ¢ ‘! and

=1 we take a function satisfying the relation

We show that functions ¢! and ¢'~
G =1 form bases in the spaces V!t and V=1 respectively. As ¢

PH2) = () e+ N/2).
Condition 2¢) shows that such a function exists; by Lemma 4, it is unique. We can write

L/2-1

(1.7) PN = Y B0

We need to prove that all coefficients 35 are nonzero. Since the operator of (N/2)-periodization eliminates
the odd harmonics and doubles the even ones, we have

L/2-1
PO TP N2 =2 ) anviy(-).
k=0

Combined with (1.7) and (1.4'), the above relation shows that 85 = 2a9; # 0. Applying the corollary to
Lemma 1, we see that the components of the vector @!~! form a basis of the space V=1,
Now we show that the required functions ¢/ can be found for j > 1. Let j =1+ 1. We put

2L-1
P m) = Y eyt (m)
k=0

and find the coefficients of the expansion. Obviously, for £ odd, the coefficients can be chosen arbitrarily,
subject to the sole requirement vy, # 0 (which is necessary for the linear independence of the components of

F'*1). As to the even coefficients, we have y2, = oy /2 (as in the above passage from ¢' to ¢'~1).
In the sequel we shall need the following statement.

Lemma 5. Let {¢/ 7=1 be a sequence of functions satistying (1.1), and assume that the components of the

vectors @7 form bases of the spaces V. Then there exist numbers {ak}i\;_ol independent of j such that

Z

(1.8) P = S angd (-~ kNJ)

for any 0 < j < N.

Remark. Since ¢/ is N-periodic, relation (1.8) can be written in the form

N/J-1

> s )= N/),

/
m=0

o=
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Proof of Lemma 5. We introduce the functions {q/){ jy {(b‘%};:_ol defined only at the points the form mN/J
and mN/2J,m € Z, by the formulas

GUN/T) =" () 65 (N/T) ="M ().

Relation (1.8) will be proved by induction.

If j = n, then the existence of a; follows from condition 1 in Definition 1.

Assuming that relation (1.8) has been proved for j = n,n —1,...,{ 4+ 1, we show that (1.8) is true for
j=1.

Obviously,

2
i)

(1.9) CUN/L) = 3 agdh (N/L — kN/L).
k=0

We apply a periodization procedure to both sides of the latter relation, so as to obtain N-periodic functions.

By (1.1), the left-hand side will yield

N/L-1 N/L-1
Do OHN/L+EN) = Y "M+ kD) = ¢ T (N/L).
k=0 k=0

Now we “periodize” the right-hand side of (1.9):

N/L-1N-1
> > k@t (-N/L— kN/L+ mN)
m=0 k=0

=> ar Y ¢\(-N/L—kN/L+mN)

k=0 m=0
N-1 N/L-1 N-1

= ag "(-—k+mL) = arp' (NJL — kN/L).
k=0 m=0 k=0

Thus, Lemma 5 is valid for the net mN/L;m = 0,1,...,L/2 — 1. Since, by Lemma 4, any interpolation
problem is solvable in the space V! on that net, we obtain (1.8) at all points.

In particular, from Lemma 5 not only does it follow that any MRA of the space CN is determined by the
function ¢™ and the sequence {a;} describing the passage from the basis " to the basis ¢"~!, but also
that the MRA in question can be recovered with the help of the simple formula (1.8), which looks uniform
in j.

Thus, for the discrete periodic case a theory of MRA can be constructed; in many respects, this theory
is similar to the corresponding theory for IL?(R). In particular, every MRA is generated by dilations and
translates of a single function.

Now we show how an arbitrary MRA of CN can be constructed. By Lemma 2, an MRA can be recovered
by each of the spaces V4,0 < j < N. In particular, it can be recovered by the space V1, which, in turn, is
determined by the corresponding Wiener basis. As shown in the proof of Lemma 2, the Wiener basis of V!

is formed by the function v}(:) = const # 0 and a function v}(-) whose spectrum has only odd harmonics.

Distinct (up to a common factor) choices of the coefficients v} (2k+1) def ag, 0 < k < N/2, of those harmonics

yield distinct MRA’s. It only remains to determine the admissible collections of coefficients.

As already mentioned, were at least one of the numbers oJ,(k+mJ) (0 < m < N/J, 1<k < j, 1< j<n)
equal to zero, the corresponding harmonic would be absent in the space V" which contradicts property 1
in Definition 1. Thus, it is necessary that all numbers of the form

2P—1

Z Qmgrnyortr, P=0,1,2,...,n—1,
k=0
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be nonzero. It 1s easy to verify that this condition is also sufficient.

N 2 1 .
/2=1 can be constructed as follows. First, we choose a

Obv1ously, all the admissible sequences {an,},,—
sequence = C‘], j=0,...,n—1, by induction.

We put b = 1 and assume that the vectors {l_)’k}zlzo have already been chosen. As b™+1 we take an
arbitrary vector with nonzero components satisfying the condition b;n‘l'l —|—b;’j|_‘|2',1n =b foralll =0,1,...,27—
1.

Clearly, the vector bn=1 is admissible, i.e., we can put a; = bz_l, k=0,1,... N/2—1.

By Theorem 1, some bases of the spaces VJ can be chosen that consist of dilations, periodizations, and
translates of a single function. However, such bases are not orthogonal. By Lemma 3, orthogonalization is
possible for every j, but it is not clear whether the new bases are generated by dilations, translates, and
periodizations of one and the same function for all j. It turns out that not all MRA possess this property.
We pass to the description of such MRA.

We say that two complex numbers are orthogonal if so are the vectors representing them on the plane.
For any k, the frequencies k and k + N/2 will be called symmetric points of the spectrum.

Suppose that a function ¢™ gives rise to an orthogonal basis of the space V"; we put v} (m) =
exp(2rikm/N). By Lemma 3, all harmonics of the function ¢™ have one and the same amplitude, i.e.,

N-1

Za exp(2mikm/N), |ag|=|lai|=- =|an-1]|.
k=0

Without loss of generality we may assume that the amplitude i1s equal to 1. Also, we assume that the Wiener
bases in the spaces V7 satisfy (1.3) and (1.4).
By Lemma 4, there exists a unique function " ~! € V" ~! satisfying the relation

N/2-1
(1.10) ©""H2m) = ¢"(m) + " (m+ N/2) = Z 2a5, exp(2mi2km/N).

k=0

On the other hand, the function ¢” ! is representable as a linear combination of the elements of the Wiener

basis of V7~ 1

N/2-1

(1.11) P Hm) = Y @i (m),

k=0

where az_l = 2a},. Since the absolute values of the coefficients in (1.11) are equal, the components of the
vector ¢”~! are orthogonal if and only if the norms of the elements

v (m) = by exp(2mikm/N) + by n/o exp(2mi(k + N/2)m/N)

of the Wiener basis are equal:

def
[ bo |7+ [bys P=101 1 + [ bigaya P= - = byams P+ [ bv-1 =
Since by = 0, formula (1.4) shows that by = 1, whence ¢ = 1. Again by (1.4), we obtain
b +biyn/2 =ba+bognye = =byja_1 + by = 1.

Obviously, the required conditions are satisfied simultaneously of and only if the complex numbers b; and
bptnyo, k=1,2,...,N/2—1, are orthogonal. Moreover, these numbers must be nonzero.

Any number 1 < k < N/2 — 1 can be represented (in a unique way) in the form & = (2m + 1)2?,
0<m< N/4P, 0 < p < n—1. In accordance with this representation, from (1.3) and (1.4) it is easy to
deduce the relations

Nb =07t = Z (1+2m+IN/P),
=0
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P-1
Nbeynyz = Bynss = D 81 (1+2m+IN/P + N/2P).
=0

Clearly, a function vi satisfying these conditions is a solution of our problem. We consider an algorithm for
constructing all possible functions that possess the properties indicated.
We use the same method as applied above for the construction of the Wiener bases for an arbitrary MRA.

A sequence of vectors bl e ¢/ ,7=0,...,n—1, will be constructed by induction.

We put b® = 1 and assume that the vectors {I_)’k}zlzo have already been chosen. As b+ we take an
arbitrary vector with nonzero components satisfying b;n‘l'l + bﬁ‘g}n = b;n‘l'l and such that the terms of the
latter sum are orthogonal; here I = 0,1,...,27 — 1.

Obviously, the vector bn—1is admissible, 1.e., we can put
v (1 +2k) =071 k=0,1,...,N/2—1.
We note that if relations (1.3) and (1.4) are satisfied for j = 1,2,...,n — 1, then
af',/z(J/2+ kJ)=0""7 k=0,1,...,N/J 1.

§2. Orthogonal spaces of discrete periodic wavelets

Let {VJ 7= be an arbitrary MRA of the space CN. Here and in §3, by the wavelet space W7 we mean

the orthogonal complement of the space V4 to V11, Thus, the space CN can be represented as the following
direct sum:

(2.1) CN=V'eoW'aW'q. . -a W'

in our case this sum is orthogonal.
In order to show that in every wavelet space there exists a function whose translates form a basis, we
prove the existence of a Wiener basis of each of the spaces W7. Since for any £ =1,2,...,27 — 1 we have

L im 11
(2.2) v, = av]” + 6”!1+J
with some « and (3, the functions

- SRR EU T S NS N6 B
wy, = B v 1P = aw 35l
and w“j] = v‘§+1 can be taken as the elements of a Wiener basis. In what follows we assume that the norms
of the elements of the Wiener bases in the spaces V7 are equal to 1. Then the above formula takes the form

i i
(2.3) wj, = fu]T — @y ;.

Moreover, by (2.2), |a|?+|B|? = 1, i.e., the elements of the Wiener basis of W/ are orthonormal. The mutual
orthogonality of the functions wi and their orthogonality to the space V7 are obvious. It is worth noting that
the enumeration of these functions will start with 1 (not with zero), because if the elements of the Wiener
basis are enumerated in a natural way, then the harmonic whose index is equal to the subscript turns out
to be present in the spectrum of the function, whereas the zeroth harmonic is present only in the space V°.
However, this is not of great importance since in what follows it is natural to assume that wi_I_J = wi.
Now we consider an algorithm of expanding an arbitrary function f € €V in the basis composed of the

Wiener bases of the spaces W7 . In other words, we describe an algorithm of calculation of the coefficients
in the formula
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As usual, we consecutively find the representations of f in the form

=Y a0+ Y0 Y Al

form=n,n-1,...,1,0.

It is clear that, for m = n, the coefficients ¢ can be calculated up to the factor of 1/\/N with the help
of the DFT of f. ' ' '

By (2.2) and (2.3), having calculated q‘é“, we can find the coefficients ¢, and pj, by the formulas
Q%ZQ%+1a qi:aqiﬂ'l_i_ﬁqii‘l]’ ]le,...,J—l,

J+1

(2.4) . S .
p‘?]:q‘] 3 p‘ézﬁqiﬂ'l_aqii‘l}’ ]le,...,J—l,

where o and 3 are as in (2.2); naturally, these numbers are different for different & and j.
Obviously, the following reconstruction formulas can also be obtained from (2.2) and (2.3):
at =ql, dtt=ad +op}, k=171,

2. : : : ) .
(2:5) q‘§+1:p‘?j, qiib:ﬁqi—api,k:l,...,J—l.

After applying formulas (2.5), for recovering f it remains to find the IDFT of §™ and to multiply the result
by v/N. Thus, the algorithm of expansion of a function with respect to the Wiener bases and the algorithm
of recovering a function have complexity of order of O(N log N).

Now we consider bases of a wavelet space that consist of translates of a single function; usually, such bases
arise first, and the wavelet spaces emerge only afterwards.

We already know that any basis of this type in the space W/ can be constructed as a linear combination
of elements of the Wiener basis with nonzero coefficients. However, there exists another approach that does
not require referring to Wiener bases.

Let 7 and ¢/ +! be two functions such that the collections {7 (-—kN/J)}/Z% and {@?T1(-—kN/2.J)} 2151
of translates form bases of the spaces V7 and VJ+! respectively; we put

A (9 (), T — kNJ2)).

Theorem 2. Let
) 2J-1 _ )
(2.6) W (m+ N/2J) = > (1) X (m + nN/2J).

n=0
Then the system of functions {¢ (m — kN/J) g;é (in what follows denoted by 1;]()) is a basis of the space
Wi,

Remark. Formula (2.6) looks similar to the well-known formula for the expansion of ¥ in the basis of
components of the vector F/*! for the MRA of the space IL%(IR) under the condition that these components
form an orthonormal basis. In fact, in formula (2.6) we specify the coefficients. In some sense, formula (2.6)
can be regarded as known. In any case, an analog of it can easily be obtained from formula (5.4) in [6].

Proof of Theorem 2. We show that the translates of 17 belong to the space WJ. Obviously, it suffices to
prove that they are orthogonal to /. Indeed, for any k we have

(7 (), (- = kN/JT))
= > ()" (), ¥( = (2k + 1= n)N/2J))

n=0
2J—1 J—1 J—1
= (=1)" A Aakq1-n = Z AonAok1—2n — Z Aont1A2k—an
n=0 n=0 n=0
J- J—1

1
= Z A2n A2k t1-9n — Z A2kti—2mAzm = 0.
n=0 m=0
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In order to show that the components of J](x) are linearly independent, we introduce an auxiliary matrix
P = (@'J, gEJ‘H). The first row of it is the vector (Ag, A1, ..., A2j_1), and each subsequent row is obtained by
the cyclic shift by two positions. Since the components of the vector @7 form a basis of the space VI C VIt

the rank of the matrix ®/ equals J. Furthermore, by (2.6), the matrix ¥/ = (Jj, gEj‘H) is the product of two

matrices. The first of them (denoted by ©7) is of order (J x 2.J) and differs from ®/ by complex conjugation
of the elements and by the change of sign in the even columns. The second one coincides (up to nonsingular
transformations) with the Gram matrix of the components of the vector g7+1. Clearly, the latter matrix is
nonsingular, because the components of @7*! form a basis of V1. Consequently, the rank of the product
is determined by that of the matrix @7, which, obviously, coincides with the rank of ® and, thus, is equal
to J.

The bases of the spaces W7 generated by a single function will be called bases of wavelets.

We turn to algorithms of expansion of an arbitrary function f € CN in the bases Jj and to algorithms of
recovering such functions.

The passage from the coordinates corresponding to a basis of wavelets to the coordinates corresponding to
a Wiener basis and conversely is realized by means of the direct and inverse DFT and, possibly, coordinatewise
multiplication in the frequency domain. Indeed, for any f € W/ we have

-, 1 .. i . -
f=0Ta= ST Py Fyd = a9 = a T E b,

where @ and b are the coordinate vectors of f relative to the bases 1/7j and 7, respectively. Since the
components of a Wiener basis are determined uniquely up to nonzero factors, coordinatewise multiplication
in the frequency domain may occur if the Wiener basis chosen is distinct from 7. Clearly, similar relations
are also valid for the spaces V7 and the bases @/ and #7.

Thus, the algorithm of decomposition of functions in CN with respect to the basis of wavelets 1/7j and the
algorithm of recovering such functions with the help of Wiener bases have complexity of order of O(N log N)
independently of what was the initial representation of a function: the natural form f(-), the form of a
spectrum, or the form of expansion with respect to some basis ™.

§3. Wavelets with local support

From the point of view of economy, the algorithms for wavelets with local support can serve as an
alternative to the algorithms of expansion and reconstruction that use the passage to the frequency domain.
Talking of “local support” (of size p), we mean that there exists a function ¢ generating a basis of V™ such
that the functions determined recursively by formulas (1.8) have supports in the segments [0, pN/.J], where
p < N. In particular, from (2.6) it follows that the wavelet basis 1/7j in the spaces W7 can be chosen so
that the functions ¢ also have local support. One of the sources of periodic wavelets with local support is
periodization of nonperiodic MRA having bases with compact support.

We recall that, by definition, a spline of order p and of minimal defect with knots at integral points is
a (p— 1) times continuously differentiable function that coincides with a polynomial of order at most p on
the segments of the form (k, k 4 1), where k is an integer. A B-spline is a spline with support of minimal
possible size. With the help of splines, it is easy to construct a discrete MRA with locally supported bases.
Let p < N be a nonnegative integer (the order of a spline). The role of the above ¢” will be played by
a function whose values coincide with those of a B-spline at the knots. The functions ¢/ are chosen so as
to satisfy the recurrent relations (1.8), under the following initial conditions: for m = 0,1,..., N — 1, the
function ¢/ coincides with the periodization of a B-spline of order p with knots kN/J, k =0,1,...,J — 1.
Bases of wavelets in the spaces W7 can be found with the help of (2.6).

We turn to computational aspects of expansion and reconstruction of functions with respect to wavelet
bases with local support.

We show that the procedure of expansion of any function with respect to locally supported bases of
wavelets, as well as the recovering procedure, require O(pN) arithmetic operations; here p is the above
parameter characterizing the size of supports of the basis functions. We shall see that these algorithms
consist of operations of solution of linear equations with circulant matrices having O(p) nonzero diagonals,
and of operations of generalized convolutions with windows of size O(p).
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Let {¢/ }?_1 be a collection of locally supported functions satisfying the assumptions of Theorem 1, and
let {vd };__11 be the functions obtained as in (2.6) and determining the wavelet bases.

We need to construct an algorithm of expansion of an arbitrary function f € CN in a sum of the form
) = () + qu;lk gm(-), where fi € V¥ gm € W™, k = 0,1,...,n; more precisely, we must find the
coefficients of the expansions of f; and g with respect to the corresponding bases of translates. We apply
inverse induction on k, beginning with k£ = n.

Since fr () def f() =@ @ (-), where @" is the vector of coefficients to be found, we see that @" is the
solution of a system of linear equations with a certain p-diagonal circulant matrix (we recall that ¢”(-) can
be viewed either as a vector-valued function or as a matrix of size N x N).

Assume that the expansion of fi 11 (0 < k < n) with respect to the basis g&+!
we can write

() has already been found;

- T S kT = PRT T
(3.1) Fepr () = (@) ) = () +9u () =TS () + 05798 ().
We take the scalar product of both sides of (3.1) first with ¢*(-) and then with 1/7“() to obtain

(3.2) @) (@), 850) = a7 (B (), 8 ()

(3.3) (@) (F0, 04 0) =5 (70, 7))

Clearly, the left-hand sides of (3.2) and (3.3) can be viewed as convolutions of @*+!

with windows of size
O(p), and the vectors @* and b* are solutions of certain systems of linear equations with circulant matrices
having O(p) diagonals.

Some recovering algorithms can also be obtained with the help of (3.1). Indeed, if the vectors ak, b* of

coefficients are known for some 0 < k < n, then we multiply both sides of the identity

(@) FH) =@ TE () + BT ()

zk+1

by @**1(-). Now the vector @**! can be found from the system of linear equations

@) (@ (0. 8%0) =@ (G 0.8 () + 5T (0. 80

We note that solution of a system of L linear equations with m-diagonal matrix requires triangle
decomposition of the matrix, and the complexity of this procedure is of order of O(m?L). However, these
calculations do not involve the function whose expansion with respect to a wavelet basis we are looking for.

Thus, the total complexity of the expansion and recovering procedures for an arbitrary function f is at
most O(pN).

§4. Nonorthogonal spaces of wavelets.

Here we introduce another definition of the wavelet spaces. This definition has the following advantage:
there are decomposition and recovering algorithms such that calculation of the coefficients at every level can
be realized as convolution with one and the same window. Moreover, in many cases important in practice
the window can be chosen to have size p <« N. In this sense, these algorithms are similar to the algorithm
suggested by I. Daubéchies for the orthogonal wavelets on the line. It should be noted that there is no
orthogonal bases of locally supported discrete wavelets, except for the simplest case where the support of a
basis of translates in the space V7 is of size less than 2777,

In a certain sense, similar ideas were realized in [10]. In that paper, for an arbitrary spline space S on the
line (including the case of nonequidistant knots) the authors proved that .S can be split into the direct sum
of a spline space S; with a coarser net of knots and a space Ss C .S such that the corresponding canonical
projections are local.

In what follows the symbol & means the direct (generally speaking, nonorthogonal) sum of linear spaces.
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Definition 2. Assume that a sequence {Vj}?zo of linear spaces forms a MRA of the space CN. Let ol
0 < j < n, be the functions occurring in Theorem 1 and let a sequence {v }?;& be defined by the relation

N-1
= > beg! (- — kN/J).
k=0

We shall say that the spaces {Wj}?;& defined as the linear spans of the components of 1/7j give rise to a
wavelet decomposition of CN if

VieWwleawle. ..oawrt=v* k=12 n

We show that the sole condition CV = V"=1 & Wn~1 ensures that the above spaces {W7 ?;& give rise
to a wavelet decomposition of CN.

We prove this by induction. Assume we have proved the relation VAt = V* @ W* for some k < n. We
shall show that V¥ = Vk=1 @ W*=1_ For this, we must verify that the components of the vector 1/)’“ L are
linearly independent, and that there are no elements of the space V=1 among their linear combinations.

By (1.1), forany { = 0,1,..., K — 1 we have

V(- +IN/K) + 48 (- +IN/K + N/2)

N-1

= > bt (- 4+ mN/2K +IN/K)
m=0
N-1

+ ) b (- + mN/2K +IN/K + N/2)
m=0

N-1

37 b (@HL( 4 mN/2K +IN/K) + " (- + mN/2K +IN/K + N/2))

I
= 3
Hg

b ™ (2(-+ mN/2K +IN/K)) = *~1(2(- + IN/K)).

3
I

Consequently, if the components of the vector 1/7’“_1 are linearly dependent, then for some collection
K/2 1 . .
{a ]} of numbers not all of which are zero we can write

K/2-1
0= > o2+ iN/K))
7=0

K/2-1
= D oy (Y +IN/E) + 05 (4 JN/K + N/2),

which contradicts the linear independence of the components of 1/7’“
In a similar way we check that if

K/2-1 K/2-1
0= Z Bie" M+ 2N/K) + Y 9t T+ 2iN/K)
7=0

for some collections {3; } and {'yl} of numbers, then, in accordance with the choice of {’}, we have

K/2-1 K/2-1
0= Z Big" N2 +2N/K) + > T2 4+2iN/K)
7=0
K/2 1
Z Bi (¢" (- + JN/K) + " (- + jN/K + N/2))
K/2 1

n Z i (W (- + JN/K) + 4" (- + jN/K + N/2)) .
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However, we have already proved that the sum of the spaces V* and WP is direct, a contradiction.
We shall need the following auxiliary statements.

Lemma 6. Let P, P,, R be algebraic polynomials. We assume that deg P, = m, deg P» = n, deg Ps
< m+n, and that the polynomials P, and P> have no common roots. Then there exist polynomials ()1 and
Q> of degree at most n — 1 and m — 1 such that

(4.1) Pi(2)Q1(z) + P2(2)Q2(z) = R(z).

The polynomials ()1 and Q5 are determined uniquely.

Remark. In a slightly less general form this lemma can be found in [1, p. 169] and [7]. Our proof, based on
another idea, 1s a little shorter.

Proof of Lemma 6. Let {x;}72, be the roots of the polynomial P;. Then @3 is determined by the conditions
Q2(x;) = R(x;)/Pa(x;) (here the multiplicities of the #; must be taken into account). Since Pa(z;) # 0,
division makes sense. Similarly, the polynomial @1 is determined by its values at the roots {y; }7; of the
polynomial Ps.

Now relation (4.1) follows, because it is fulfilled at n 4+ m points (with multiplicity taken into account)
and both sides in (4.1) are polynomials of degree at most n + m — 1.

The uniqueness of a solution of any interpolation problem (in general, with multiple points) implies that
the polynomials ()1 and )5 are uniquely determined. O

Lemma 7. Let {V7} be an arbitrary MRA, and let bases $7 of VI be chosen so as to satisfy (1.1) and
(1.8). Then, for this MRA, there exist bases ¢7 such that they also satisfy (1.1) and (1.8), i.., for any
0 < j1 < j2 < n we have

9J2=I1 _q
¢j1 <2j2—j1m) — Z ¢>j2 (m + k,2n—j2+j1) ’
k=0
and for any 0 < j < N we have
N-1

&)= g (- —IN/T);

1=

in addition, the characteristic polynomial
N-1
P¢(Z) d:ef Z blzl
1=0

of the bases ¢ satisfies |Ps(2)|> + |Ps(—2)|? > 0 for all z. Moreover, the degree of the polynomial P, does
not exceed that of P,.

An analog of Lemma 7 for the MRA of the space IL%(R) can be found, e.g., in the paper [8] by C. K. Chui
and J. Z. Wang.

Proof of Lemma 7. If the characteristic polynomial

K

Po(2) =3 s,

=0

where K < N, has no pairs of roots of the form +¢ and P,(0) # 0, then Lemma 7 is valid. Let some numbers
z = g be roots of the polynomial Py; we put C' = 2. Then we can write

K-2

(4.2) Py(z)=(C=27) ) did.

1=
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Now we construct a new basis (/?f, the passage to gEf allows us to reduce the degree of the characteristic
polynomial P, by 1. We introduce the following new function:

(4.3) 17N Zd,@? —IN/J).

Since, by (4.2), we have @/~!() = C(b{_l() — ¢{_1(~ — 2N/J), the collection ¢{_1(~ — 2N/ ), | =
0,1,...,J/2—1, forms a basis of the space V/~! for j > 0. Here, for j < n the functions (/){ are defined as
n (4.3), and for j = n the existence of the required function ¢} follows from Theorem 1 and Lemma 5.

It is clear that the functions belonging to bases with distinct j are related by the formulas

K-1

#1710 = > ddl(-—IN/),

1=0
where the coefficients a; satisfy the relation
K-1

K-2
ajst = (C = z) Z di 2.
=0

We repeat the above procedure until we obtain a characteristic polynomial without roots of the form +e.
Since at every step the degree of the polynomlal reduces by 1, after ﬁnltely many steps we arrive at the
required basis G7. If P, (0) # 0, we take (b] = g ; otherwise we put (b]( y=@I(-+N/J). O

=0

We pass to the construction of an expansion algorithm. Let {V/} be a collection of subspaces forming
an MRA of the space @N, and let {@7} be a collection of bases of these subspaces. We assume that the @7
satisfy (1.1), that the characteristic polynomial with coefficients occurring in (1.8) is of degree K < N, and
that |Py(2)|* + |Ps(—2)]* > 0 for all 2.

We show that CV can be split into the direct (in general, nonorthogonal) sum of wavelet spaces {7 ?;&
for some basis of which the decomposition and recovering algorithms can be realized as discrete convolution
with window of size at most K 4+ 1. Moreover, the convolution windows that determine the projections to
the spaces W7 and V7 and recover a function g € V7t in terms of the projections of ¢ to these spaces can
be chosen independent of j. This means that an arbitrary function

N-1
e (- —m) € cN
m=0
can be decomposed as follows:
J-1 n—1L-1
= > e’ (- —mN/J) + Z > db ' (- = mN/L).
m=0 =7 m=0
Here 1/7’ are bases of the spaces W'; the coefficients {{cj I 10 and {{d] _ ;:_01 can be calculated
by the recurrence formulas
) E+HK ' (+K
(44) C]m_l = Z C{+2mrla d‘Zn_l = Z C{+2m8l’
=¢ =C¢

where &,( € Z. Later we shall see that the upper limit of summation in the first of the above two formulas
can be reduced by 1. The sequences ¢/ and d/ are J-periodic relative to the subscript, and we may
assume that the sequences r; and s; are well defined for all integral indices, but they differ from zero only
ifl=¢¢6+1,...,6 + K —1 (for the first sequence) or [ = (,{+1,...,{ + K (for the second one). In
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what follows we put { = & if ( + K is odd, and ¢ = £ — 1 otherwise. Keeping the size of windows, we can
move them by changing the parameter £, thus obtaining new solutions of our problem. A sole requirement
imposed on the position of a window 7; is that it must have nonempty intersection with the segment [0, K]
or with its shift by {N, where [ € Z. Otherwise, for j = n the first of the operators (4.4) takes ¢"~! to a

function of the form
N/2—1

Z algpn_1(~ - 21)a
=0

where oy = 0, which is impossible since this operator is a projection from V7" to V7~!. We assume that ¢
is an arbitrary number belonging to the segment [1 — K, K].

We construct the spaces W7 using the condition that their bases 1/7j are subject to the relations

I mego -—mN/J),

where the b, are coefficients to be determined. Since relations (4.4) give projections to V/~1 and to WJ—1,
form=0,1,...,N/2 — 1 we have

E+K-1

(4.5) dom = Z A—2m 71,
=¢
(+K

(4.6) Som = Y _ bi_smsi,
=¢

(+K

(4.7) 0=">" a_amsi,

=¢

(4.8) 0= > bi_amn

(we assume that the sequences {a;} and {b;} are N-periodic and that, within a period, they are extended by
zeros off their natural domain of definition). Tt is well known (see, for example, [8] and [9]) and can easily
be checked that in order to solve the above system of convolution equations it suffices to solve the following
system of equations:

(4.9) A(2)R(2) + A(=2)R(-2) = 2,
(4.10) B(2)S(z) + B(—%)S(—2) = 2,
(4.11) A(2)S(z) + A(—2)S(—=) =0,
(4.12) B(z)R(z) + B(—z)R(—z) =0,
where

ialz B(z iblzl,

2+i{ 1 = K-1

f - ~
Z rz7t = TR Zr§+K MNP E+1R(2),
=0
§+K K et
S(z) = Z P — z_C_KZSG_K_lz = ¢~ KS( ).

=¢ =0
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Equations (4.9)-(4.12) can be rewritten in the form

(4.13) A()R(z) + (1§ A(=2) R(—2) = 264K,
(4.14) B(2)S(2) + (—1)SFK B(=2)8(—2) = 254K,
(4.15) A(2)S () + (~D)FEA(=2)S(—2) = 0,
(4.16) B(2)R(z) + (1)K B(—2)R(—2) = 0,

By Lemma 6, the choice of & implies that there is a unique pair of polynomials 1 and Qs of degree at most
K — 1 satisfying the equation

A()Q1(2) + (-1 A(=2)Qs(2) = 225K

Obviously, we have Q1(z) = Q2(—2). Thus, the polynomial R(z) = Q(z) satisfies (4.13).

For ¢ + K odd, it is not hard to verify that the functions B(2) = zR(—z) and S(z) = A(—2) satisfy
equations (4.13) — (4.16). For £ + K even, we can take B( ) = R(—2) and S(z) = —A(-2).

In spite of apparent freedom in the choice of B and S, the spaces Wi are determined completely by the
choice of R, because the coefficients of that polynomial determme the projection to the space V7 along the
space W,

In order to show that the space W7 obtained in this way has dimension J we shall prove the recovering
formula

) N-1 N-1
(4.17) = d lam_u+ Y & b
=0 =0

which inverts the operation of projecting V7 to W7~ and V7~!. This formula implies that
dimW/~! =dimV? —dimVi~t =J - J/2=J/2.

It suffices to check (4.17) for j = n. We denote by A the matrix of size 2"~% x 2™ such that its first row
consists of the elements ag, aq,... , and each of the next rows is obtained from the previous one by double
shift to the right. The matrices B, R, S are constructed in a similar way. Then the system of equations
(4.5)—(4.8) can be rewritten in the matrix form as follows:

(1)

Consequently, the matrix (RTST) has the inverse matrix (A

B) and, thus, is nonsingular. Therefore, (4.14)

yields an operator of reconstruction.

Clearly, if K is large, then the approach based on the passage to the Wiener bases (see §2) is preferable.

-1 J-

Since for any j = 1,...,n and any [ the linear spans of the pairs v, and v/ 7, w ! coincide (as

vl+J/2
in the orthogonal case), formulas (2.2)—(2.5) can be carried (with other coefficients) over to the case of
nonorthogonal wavelet spaces.
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