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Abstract

Our goal is to present a systematic algorithm for constructing (anti)symmetric tight wavelet frames and
orthonormal wavelet bases generated by a given refinable function with an integer dilationifacfrSpecial
attention is paid to the issues of the minimality of a number of framelet generators and the size of generator
supports. In particular, our algorithm allows to reduce the computational costs approximately by a factor 2.

0 2004 Elsevier Inc. All rights reserved.

1. Introduction

Let d be an integer numbet > 2. Recall that if a system of functions= {d*/2y;(d*x — n)}i nez,
1=1,2,...,d — 1, generated by the functiong € L?(R), ||| = 1, constitutes an orthonormal basis
in L2(R), this system is called a wavelet basis with the dilation fagtddenoting byW/,1=1,2, ...,

d — 1, the linear span of the functions &fwith a fixedk, we have the representation

L3(R) = @ wy.
JEZ
O<l<d
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S. Mallat [8] suggested (fol = 2) a less general but more useful in applications approach. His
construction is based dviultiresolution Analysi§MRA) generated by a so-callestaling(or refinablg
function, i.e., a functiorp satisfying the refinement equation

(p(g) — \/Ezhnﬁﬂ(x —n) or @(dw)=mo(w)@(w) (in Fourier domain),

nez

wheremg(w) = (1//d) Y ez h,e""®_ The 2r-periodic functionm is calleda symbolof the refinable
function ¢ and its Fourier coefficients, are calleda mask If &, is a finite sequenceyy becomes a
trigonometric polynomial ang is a compactly supported function. In what follows, we are interested in
the case whemy is a polynomial.

Once ¢ € L2(R), an MRA of L2(R) is introduced as a nested sequence of the sp&es=
spar{d*/?p(d*x —n)},

.o VhcvHlc . cL2R).

Under quite mild assumptions amy we have(| V" = {0} and| J V" = L2(R). Assuming also that the
systeme(x — n) is orthonormal, we define the wavelet spadé$ as an orthogonal complement of
V¥ to V1 It is known thatw® may be generated by some functions (wavelégs)?—;' ¢ V* with
orthonormal integer translates as a linear span of these translates (see [7] for an explicit algorithm). Of
course, these; satisfy the equationg; (dw) = (1/v/d)m;(w)¢(w) with some 2 -periodic functionsn;.

The MRA-based approach allows to reduce the problem of constructing new wavelet bases to finding
the symbolgm;} satisfying the very simple relation

M(0)M* (@) =1, (1)
where
mo(w) my(w) . my_1(w)
vy o | m@tZ) merz) L merE) | o
ol ZUD) (ot FUD) gyt 200

High computational efficiency is the main attractive feature of compactly supported MRA-based
wavelets. Unfortunately, not all solutions to (1) lead to orthonormal wavelet bases. However, any solution
to (1) generates a tight frame (see W. Lawton [6] and M. Bownik [1]).

Recall that a set of elemen§s= { f,,} of a Hilbert spacé is called a tight frame if for any € H the
Parseval identity

1F12=Y"[(f |

is valid. It means that a tight frame is a natural extension of the notion of orthonormal bases onto linearly
dependant (redundant) systems.

Since tight frames are not linearly independent any more, the number of frame gengyatoes not
need to be restricted hi— 1. In this case, the matriM (w) becomes rectangular. A. Ronand Z. Shen [11]
proved that even if the matrid (w) is rectangular the condition (1) is still sufficient for the systgin}
to generate a tight frame. Finding wavelets for a given refinable function is one of the most important
problems in wavelet theory. At the same time, in terms of Eq. (1), this problem is equivalent to finding
a unitary matrix with a given column. Therefore, A. Ron and Z. Shen called EdJr{itary Extension
Principle.
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In what follows we are interested only in solutions of Eq. (1) by means of the extension of the given
first column to a unitary matrix. The property of a wavelet system to be an orthonormal basis depends
only onmy, i.e., only on the first column d¥1 (w). So we do not distinguish the cases of orthonormal
bases and tight frames.

While the wavelet construction with a square maWixw) may lead to wavelet frames, we can reach
the real flexibility of the representation only if, in the MRA based construction, a few extra wavelets are
permitted.

C. Chui and W. He [2] and A. Petukhov [9], independently found explicit systematic algorithms for
solving matrix equation (1) for the dyadic cage= 2).

The (anti)symmetry (the evenness or the oddness) of systems plays a very important and sometimes
crucial role in applications. Even if we leave aside double reduction of the computational costs of sym-
metric systems, the “linear phase” property and the opportunity not to increase the dimension of data for
encoding finite data vectors with symmetric wavelets (and in some sense with framelet systems) cannot
be compensated by any other properties. Unfortunately, for the dyadic case, only the Haar orthonormal
basis has an antisymmetric generator. C. Chui and J. Lian [3] showed that for the dilation factor 3, the
choice of symmetric orthonormal bases becomes much wider. In particular, such wavelets can combine
the symmetry and many vanishing moments. B. Han [4] considered the case of (anti)symmetric wavelets
for d = 4. However, as was mentioned in [4], if a scaling function is symmetric about the origin, even for
d = 4 the systematic algorithm for finding symmetric solutions to (1) is unknown.

The case of wavelet frames with a rectangular malfiixw) is much more flexible. For dyadic
framelets, C. Chui and W. He [2] proved that, having a symmetric scaling function, the problem of
the symmetric extension may be solved with 3 framelets. A. Petukhov [10] found a criterion for the ex-
istence of 2 (anti)symmetric framelets. In [2] and [10], explicit algorithms for the matrix extension were
presented.

Recently, M.J. Lai and J. Stockler [5] found a quite general and very simple algorithm for the extension
(including the symmetric one) to a rectangular unitary matrix. Their algorithm is applicable even for
multivariate framelets. However, that algorithm leads to one extra framelet above the amount necessary
for the extension.

This study was inspired by the article of W. Lawton, S.L. Lee, and Z. Shen [7], where the authors found
a simple computationally efficient algorithm for the matrix extension. However, a systematic approach
to the symmetry issue was not considered in [7]. The goal of this paper is to extend the results of [2]
and [10] to an arbitrary integer dilation factér> 2. The algorithm presented below is in fact the version
of the algorithm from [7], with certain adaptation for the symmetric case.

The structure of the paper is as follows. In Section 2 we construct an algorithm implementing the exten-
sion of the unit column consisting of (anti)symmetric Laurent polynomials to a paraunitary matrix with
(anti)symmetric components. In Sections 3 and 4, we show how the cases of square and rectangular ma-
tricesM (w) can be reduced to the problem with symmetric Laurent polynomials considered in Section 2.

2. Extension for matrices with symmetric components

Let P be the space of Laurent polynomials of the form
M

P(Z)=ZP,1Z”, mMeZ, m<M, (3)

n=m
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with real coefficienty, . In what follows, assuming that,, p,; # 0, we use the notation Mdeég) := M,
mded p) :=m, M(p) := py, m(p) := pn, ded p) := M — m. In particular, the degree of a polynomial
p is equal to 0 if and only ifp is @ monomial, i.e.p(z) = cz*, k € Z. In what follows, we apply the
functionals listed above to polynomial vectors and matrices. For examiéz )fis a polynomialk x n
matrix, then

deg P) :=max{deg P, ;) | 1<i <k, 1< <n},
mdeg P) :=min{mdeg P; ;) | 1<i <k, 1< <n},
Mdeg(P) := max{Mdeq(P; ;) | 1 <i <k, 1< j <n},
m(P) :={m; ;} = {(Pi,j)mdegp)},
M(P):={M,;} = {(Pi,j)Mdeg(P)},
where, here and below, the operatigrn, means th&th Laurent coefficient of the polynomial.

Now we introduce the subsets of Laurent polynomials with coefficients either symmetric or
antisymmetric up to translation

S=J{{r@ ePlpy=rpin n€Z}U{pR)€P| pn=—pin neZ}}.
keZ
Obviously, the case of evdncorresponds to the symmetry abavhole pointk/2, whereas odd leads
to half-pointsymmetry. So according to this classification, we can partiiasS = S,, U S;,.

At the same time we also use another classification of the symmetry type. Since symmetric or
antisymmetric sequences, are correspondinglgvenor odd functions of indices (up to appropriate
translation), we introduce for them the notatiagfisandsS,. Besides, we use combinations of these two
classifications. For exampl&,, . := S, N S,. To fix the center of symmetry we will use an addition
superscripk. For example,

Sto={P@ €P|py=—pi nek}.

Of course, the subscriptav”can be combined only with an even supersckiptvhereas the#” can be
combined only with an odd.

In what follows, forp(z) =Y p,z" € P we denote by revp the polynomialy(z) = Y ¢,z" with the
coefficientsg, = py_,.

We define the operatian + 5o, wheres; € {w, h} (ors; € {e, 0}) as the binary “exclusive or,” assuming
w=0h=1(ore=0,0=1),i.e.,

+ _ Oa §1 =82,
51 2= 1, S1 ;ﬁ S52.
For (anti)symmetric polynomials the following simple properties take place.

Proposition 1. (1) If p € Si%,, andg € Si2,,, thenpg € SE2, s

(2) (@) p,q € P andq = rev, p hold if and only if(p + ¢) € S* and (p — q) € S¥,
(b) p, g € P andg = —rev; p hold if and only if(p + ¢) € S* and (p — ¢q) € S~.

Let p(z) be ad-dimensional vector with components’}¢_, C S satisfying the equality

Ip@)|* = p.p) =1, &)
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where the inner product af-dimensional polynomial vectogs(z) andq(z) is defined as

d
=> p'@4q' 1/2).
i=1
A matrix P(z) that is unitary with respect to this inner product, i.€(z)P(1/z)" = I, is called
paraunitary Our objective is to prove the existence of a paraunitary polynomial m#&¢» with
components fron& whose first column coincides with

Theorem 1. Let p(z) be a unit vector withd components fron&5. Then there exists a paraunitary
extensionP (z) generated byp(z) with components frons. Moreover, the choice of the components
such that the degrees of thid row of the matrixP (z) does not exceedeg(p;) (in particular, degP (z) =
degp(z)) is possible.

Proof. We give a constructive proof leading to the simple systematic algorithm for the paraunitary
extension.

We start with a general case when the vegiarontains components from all sef5., Sy, Sw.o,
Sh.o- Thus, up to rearrangement, the veqtazan be represented in the block form

P’ =(Pr.PL. PL, Pr.)

where the dimensions of its components@afe, ny ¢, My .o 1o > 0, Withny . + 1y e + 1y o + 14, =d.
Without loss of generality, we suppose that all components belong to €fher Si. Otherwise, we
have to multiply the components pfby appropriate monomials.
Our additional assumption is

deqr’) = max(dequ,e)v degpw,o)) > max(deqr)h,e)’ degiph,o))‘ (5)

The method for the reduction of the converse inequality will be considered later. At the same time, the
equality sign is impossible due to different parity of the compared values. In particular, for the assumption
above we have dépg) =: 2N > O (the cas&V = 0 is trivial).

Following [7], we will construct a paraunitary matrix(z) with (anti)symmetric components such that
p'(z)A(z) is a vector with zero components except for the first one which is equal to 1. Atign) is
the required matrix. We represent the matixas a product of paraunitary matrices of low degree.

First, we introduce the real vectoig := m(py..) = M(Py..) andiiz := —m(Py.,) = M(Pw.,). We
also assume that the first componentigfand the last component @b are not zeros. Otherwise, we
just rearrange the components @mf ., and p,, ,. Because of (4), taking into account that(p, .) =
0, m(py.,) =0, we have

= (m(p)’ M(p)> = (m(ph,e)v M(ph,e)> + <m(pw,e)v M(pw,e)) + (m(pw,o)v M(pw,o)>
+ <m(ph,o)’ M(ph,o)>
= (0, M(p,0)) + iy, iin) + (—iiz. iiz) + (0, M(p,0)) = llixll? — liizlI%

It means that both vectonsl andu, are not degenerated and have equal noems; ||u1| = ||u2|. We
denote bwl =1ui/a anduz = u»/a the normalized versions of those vectors.
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Now we introduce matrices which will serve us as building blocks,

L,.| 0 |ojo] o0 |0
1+ 7 d-27

Ai _ 0 2z ui U]_ 0 Tzl/tl 0

0 (1;2)112 0|U, (l+z)ﬁ2 0

2
0 0 |0|0| O |,
where the dimensions of the rectangular matrideandU; aren,, , x (n, . —1) andn,, , x (n,, —1),
respectively. The columns of those matrices extend the vegtoasdii, to orthonormal bases of the
spacesR™< and R"~, In addition, if for somei we have defp;) < degp), we require that théth
column and row of the matrid} has 1 on the main diagonal and 0 at the remaining coordinates. It is

easy to verify that the matrid} is paraunitary. Moreover, components of the vector
T
(P'@) =p"(@A] (6)
are symmetric and dég') = 2N — 1. Indeed, the operatot} does not change componentspffor
i=1...,np.andi=d—n,,+1,...,d. The componentpil fori=n,.+2,...,d —n;,,— 1inherit
the type of symmetry. In particular, all of them belong3$ whereas their degree cannot excead-22

because o] Uy = 0" andii} U, = O". As for the elements with indexes ., + 1 andd — n;,.,,, by item (1)
of Proposition 1, we have

1 2 2
P 1) = 5 (L4 2DPu.e(@), i) + (1= 2)Puo(2), ) € S, (7)
1 2 2
pifnh,,, (z) = E(((l — 2)Puw..(2), I/t]_) + ((1 + 2)Pw.o(2), MZ)) € S}],:(;- (8)
It is easy to prove that
max{dedp;, +1). dedpg ., )} = 2N — 1. ©)
Indeed,

1 2 2
(P e+1) n = (P 1)y = §(<m(puue)’ 1) + (m(Pu.o), ita))

1 - - - 1
= Z((ulv ul) + <—I/t2, Mz)) = Z(az _ Clz) =0.

For the same reason@;_,, )-v = (P;_,, )v+1=0. Thus, we proved
max{deqpi‘h,e‘i‘l)’ deqpfi_nh,o)} < 2N - 1
Now we prove that the strict inequality is impossible. By (7) and (8),

1 > 2
(p}lh,e+l)7N+l = (p,l,hﬁl)N = E(((pw,e)—N + (Pw.e)-N+1, #1) + (= (Puwo) - + (Puw.o)—N-+1, i2))

1 - -
= 5(20 + ((pw,e)—N+la iil> + ((pw,o)—N+la ﬁZ)) =!a+ ba
and analogously

_(pi_”h,u)—N-‘rl = (pi—l‘ljhu)]\/ =a— b
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Sincea = ||u1|| > 0, thena 4 b cannot be equal to 0 simultaneously. Hence, (9) is proved.
Summarizing what was said above, we can claim that the transform (6) decreases the degree of the
vectorp(z) exactly by 1, preserves the total symmetry but@hg, +1)th and the(d —n,, ,)th components
now belong taS; , andS}, (notto Y, andSY ). At the same time all the other components of degree
< 2N stay unchanged. '
The next step becomes almost obvious. We introduce the matrix

|25 o | o |45 0

o | 0] 0 [, O 0 |0

=190 0 [I,,1 0 [0] (10)
092273, 0 | 0 |4E2F|v

where

= _mPL) _ ML) s mpi,) M@,

v ay B ai ’ 2 ai B ai ’

= [m(P)| = [M(BE ) = Im(ph )] = ML), Fremmet Fermert

The dimensions of the rectangular matricésand V, are (nhf + 1)q>< npe and (ny, + 1) X np,,
respectively. The columns of those matrices extend the veéioasid v, to orthonormal bases of the
spacesR™+<*1 andR"<*+1, And again, if for some (except fori = n;, . +1 andi =d — n;,) we have

degp?) < degpl), we require that théth column and row of the matrix? has 1 on the main diagonal

and 0 at the remaining coordinates. Then, by repeating almost literally the previous reasonings, we arrive
at the conclusion that the vector

(P%(2)" = (p1(2)) " A2(2) = p" (D) AL (2) A%(2) = P (D) A1(z), deg(A1(z)) =2

inherits all properties of the vectgr, including the types of symmetry and locations of all components.
At the same time,

deg(p?) = deg(p’, ) = deg(p’ ) = 2N — 2

and components gf of degree less than\2— 1 stay unchanged.

Thus, itis clear that by applying the procedure described abbtimes, we get the vectc(pz"’ )=
pTA1A;...Ay = p'B of degree 0, i.e., not depending enMoreover,p?" =0, p2" =0, paN = 0.
In addition, requiring for each stépthat theith column and row of the matrmk has 1 on the main
diagonal and Os at the remaining coordinatesi featisfying the condition dép,) < 2(N — k), we can
control the degree of all rows of the matrik(z) such that the degree of iish row does not exceed
degp;).

Now we examine the properties of the matBx By direct computation, it is easy to verify that for
anyi =1, ..., N we have the block structure of the form

Bl)]_ESg)) BlzeSh_l B]_’3€Sh_, 31468

w,o

w,e

1 1
B3 1€ Sh B3,2 € Sw’o B3,3 € Sg,e B3,4 € Sh,e

-1 -1
B41€S B4,2€Sh’0 B4,3€Sh,e B4,4€88)e

1 0 0
Bz,leSh) 32268 Bz)gESw)o 32’468}1)0

: (11)

w,o
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where sizes of the blocks are determined by the dimension of the diagonal Blgokéich are equal to
ki x ki, i = 1,....4, Wher8k1 =Npe, ko = Ny.es ks = Ny.o kg = Nho- We denote byA(kl, ko, k3, k4) a
family of matrices of the form (11).

PrOpOS.tion 2.1f B, By € .A(ll, Ip,13,14), 11,12, 13,14 > 0, thenB1B; € .A(ll, Io,13,14).

The statement of Proposition 2 is verified by direct computation.
Recall thatp?" still has nonzero componem",. Now it remains to multiplyB(z) by a matrix
An41(z) Of the classA(ky, ka, ks, k4) which differs from the identity matrix only in the block; ,. If
we chooseB, , as the extension of the vectpfu’j’e to an orthogonal matrix, then the vecto#V+! :=
p2N Ay differs from zero only at one coordinat(qo@"’“),,h,ﬁl = 1). Note that multiplication oB(z)
by Ay, 1 does not increase the degree of the matrix) nor the degree of its rows.
Thus, the matrixA(z~1) = [J¥4 A, (z71) is a required extension of the vecfafz).
The case when the converse of inequality (5) takes place can be easily reduced to the considered one.
Indeed, applying a transform

vi|&205] o | 0 [4=25 |0
0] 0 [5,|0] 0 Jo

o O 0 |/ 0o |0 |’

nw.0

2 -2
0 —(15 )Uz 0 0 —(1+§ )Uz V2

which looks like (10) but has different size of blocks, to the vegtar), we have a new vectqr(z)
satisfying (5). Following the described procedure, we can find the matix € A(n,., — 1, ny. + 1,
ny.+1 n,,— 1) extending the vectgpl(z) to a paraunitary matrix. In this case, the mattixz) A(z)
does not belong to any clasé(ky, k», k3, k4). However, it has a structure of the form (11), where the
dimensions of the diagonal blocks are equatQ x (n,., — 1), nye X (Nye + 1), 0y o X (M, + 1),
andny , x (n,, — 1), respectively.

The algorithm described above does not work for the cases when eithey, (& n,, = 0 or
(b) ny.. = ny,,, = 0. We consider them separately.

First, we consider case (a). We suppose tat= — mdegp) = Mdeg(p) > 0 (the caseV =0 is
trivial). We note that in this case, .n, , > 0. Otherwise, condition (4) is violated. Indeed, if for the
definiteness,, , = 0, then((p(z), p(1/2)))ay = (P)wI* # O.

Applying the operator

2_12—2 51
27147 ’

1 =
z 2+Z ui Ul‘ O
A= — =
2 U2

Z_Z_Z us| 0 ‘Uz

Ao(Z) =

whereii; andU; are defined as above, pd, we get the vectofp)T := pT A; with components belonging
to the same type of symmetry as the components. ¢if is easy to see that; € A(0, ny, ., 1y 0, 0). At
the same time, dep’) < degp) — 2. Indeed,

1 - 2 > . 1 . -
(P) 42 = 5 ((n. i2) — {2, i) = o~ (liial* — ld2]|) = O,
wherea = ||ii1| = ||uz||. Let us show thatpl)y = 0. We introduce the vector®; := (p,,.)_n+1 and

J)Z = _(pw,o)7N+l- Due to (4)!
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0=((p. P))oy_1 = (P)v: (P)—n41) + ((P)v-1. (P)—)
= <I:ilv lDl) + <I:i27 _17)2> + <J)lv ﬁl) + <J)27 _1’72> = 2(<IZ1’ 17)1) - <1227 11)2))
Thus, (i1, w1) = (ii2, W) and
1 - >
(P1)y = 5(( 1, W1) — (itz, o)) =0.
Estimating the degree of the polynomiﬁjw?e +n,,, MAy be conducted in an analogous way. Because of

the choice ofU; and U, the estimate for the remaining components of the vegtas obvious. The
paraunitarity of the matriXd, can be verified by direct computation.

Thus, by applying the described procednid¢imes, we find a sequence of paraunitary matrices of the
class.A(0, ., 1,0, 0) such that forB := ], A; and(p")" := p" B, we have degp") =0, pY,=0.
It remains to define

A(z)=B(2) (g IO )

Nw,o

whereU is an extension of the vectgr) , to an orthogonal matrix.

The case (b) is quite similar. L& := —mdedp) = Mdeg(p) — 1 > 0. Applying the algorithm used
for the previous case, aftaf steps we obtain a polynomial vecfot, degp”) = 1. It remains to multiply
it by the paraunitary matrix

v o= )

-1 s
0 Vs b4 2+1 U

-

-1
z 2+1 U1
A _
N+1 — S

-1
z7 =1~
2 V2

whereﬁ,» andV; are defined as above. We introduce the paraunitary matrix

N+1
AR =[] Ai.
i=1
Then the matrixA(1/z) gives us the required extension with the first column coinciding with the vector
p(z). O

3. Symmetric wavelets and framelets with d — 1 generators

We show that the problem of constructing symmetric wavelets and framelets can be easily reduced to
the symmetric matrix extension considered in Section 2.
Let mo(w) be a polynomial symbol of a scaling function with the dilation faciosatisfying the
condition
d-1
> |mo(w + 2mk/d)|* = 1.
k=0

Itis known that such symbols allow to construct either an orthonormal wavelet basis (if theghifts)
constitute orthonormal basis of its span) or a tight wavelet framedvithl generators.



A. Petukhov / Appl. Comput. Harmon. Anal. 17 (2004) 198-210 207

By substitutionz = €', we haveh(z) = h(e™'®) := mo(w). In what follows, we use the so-called
polyphase representation of the polynontiét)

ZZ Zhic(2). (12)

k=n1

h()—i
Y=

whereh,}(z) are Laurent polynomialsi, — ny =d — 1. Itis well known that in this case

Z ht(2)hi(1/z) = 1. (13)

k=n1

Our choice ofi; andn, depends on the parity @fand on the type of symmetry:

Q) np=—-n1=d-1/2ifdisodd,h € S,;
(2) n2=—n1=(d—l)/2 if d is odd,h € Sy;
(3) no+1=—ny1=d/2ifdisevenh €S,;
(4) np=—-n1+1=d/2ifdisevenh € S,.

However, such a choice is not mandatory. We make it just for definiteness. It is easy to see that for this
choice the set of the polynomia{lls,}};@in1 consists of symmetric polynomials (from the ssg§e or S}},e)
and of pairs of mutually reverse polynomiais=revyg. By Proposition 1, this implies

Pta g0 P4 . g0

\/é w,e’ \/é w,o"*
This transform is unitary, and by applying it to mutually reverse pairs of the vehj';g)r. ey h,%z), we
have a new vectop(z), {p'(z)}%, C S, satisfying (4). Now we can find a paraunitary extension of the
vectorp(z) guaranteed by Theorem 1 with the follow-up transform inverse to (14).

In order to verify that, we really have (anti)symmetric wavelets, we need to check how the transform
inverse to (14) acts on the matrix of the paraunitary extension. We again consider four cases of symmetry
of a refinable function.

Letd =2N + 1 andh € S,,. Then obviously, the vectqr(z) consists ofV + 1 components frons,, .
and N components frond,, ,. Thus, we have the unitary symmetric extension

Bi1€S), ‘ Bi,e SO )

(14)

w,o

(15)

E =
(p) ( Bz)l (S 83!0 Bz’z S Sg_e
where the dimensions of the blocks ; and B, , are equal tqN + 1) x (N + 1) andN x N. Therefore,
we have(N + 1) symmetric generators (including the scaling function) symmetric about the origin and
N odd generators antisymmetric about the origin.
Letd =2N + 1 andh € S;,. Then the vectop(z) consists ofV components fron®,, ., N components
from S, , and 1 component fror§;, .. We note that the degree of the component fi§m cannot exceed
the maximum of the degrees of the components f&mOtherwise, property (4) fails. Thus,

0 1 1
Bl,l (S Sw)e Bl)z S Sh,e Bl’g S Sh,o

E(p) = Bz,l S S}:i Bz,z S Sg’e 32,3 € 83 (16)

o ’

-1 0 0
B3,1 € Sh,o B3,2 € Sw)o B3,3 € Sw)e
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where the dimensions of the blocl#; 1, B,», and B33 are equal to Ix 1, N x N, and N x N.
Therefore, the first columns of the matri%(p) gives an even generator with the mask symmetric
aboutN, the columns with numbers from 2 ¥ + 1 give symmetric generators (including the scaling
function) with masks symmetric abouy2, and the remainingv columns give odd generators with
masks antisymmetric abouf 4.

Letd = 2N andh € S,,. Then the vectop(z) consists ofV components frons,, ., N —1 components
from S, , and 1 component fror§;, .. We note again that the degree of the component fsprcannot
exceed the maximum of the degrees of the components &pnOtherwise, property (4) fails. Thus,

E (p) has the form (16), where the dimensions of the blagks, B, ,, andBs z are equalto X 1, N x N,
and (N — 1) x (N — 1). Therefore, the first column of the matri(p) gives an even generator with
coefficients symmetric abow, the columns with numbers from 2 16 4+ 1 give symmetric generators
(including the scaling function) symmetric about the origin, and the remaiNirgl columns give odd
generators with masks antisymmetric about the origin.

Letd = 2N andh € S;,. Then the vectop(z) consists ofV components frong,, . and N components
from S, ,. Thus, E(p) has the form (15), where the dimensions of the blocks are equal foN.
Therefore, we havéy even andV odd generators with masks (anti)symmetric abgiz. 1

The explicit algorithm given above proves the existence of (anti)symmetric wavelets associated with
any symmetric scaling function. However, generally speaking, it does not provide us with wavelets whose
algorithms of decomposition and reconstruction have minimal computational complexity. Indeed, if we
implement the decomposition algorithm in a direct form as convolutions with masks (multiplication
by a wavelet symbol), then the amount of necessary arithmetic operations is determined by the
degrees of the polyphase components of the symbol. At the same time, if/deg— Mdeg(h;),
the transform (14) and our choice of andn, in (12) may lead to the vectqw with components
whose degrees exceed the degrees of the corresponding components of thened®ra result,
some of the components of the vectdns, k > 1, may have a higher degree than the same
components of!. To avoid this situation we can introduce a preliminary transform consisting in
multiplication of the vectorh! by an appropriate diagonal matrix with monomials of the farfn
i=12,...d, on the diagonal. The integer numbédssare chosen so that the reciprocal pair&nd
g intended for the transform (14) have either mgeg= mdeqq) = —Mdeg(p) = —Mdeg(g) for
even deg@p) = degg) or mdeqp) = mdegq) = —Mdeq(p) + 1 = —Mdegg) + 1 for odd degp) =
degq). It is clear that the sum of the degrees of the monomials corresponding to any reciprocal
pair of polyphase components is equal to 0 or 1. So for that choice of the components the vector
p belongs either taS? or to S}. Thus, Theorem 1 can be applied to the vegporlt is easy to
verify that the extension algorithm described in the proof of Theorem 1 generates (anti)symmetric
wavelets.

We have to note that, varying degrees of the monomials in the diagonal matrix, not only computational
complexity can be reduced but systems of wavelets with different types of symmetry for the same scaling
function can be constructed. Fbre 53,,6 (anti)symmetric wavelets with masks (anti)symmetric about
d/2 may substitute some of the wavelets whose masks are (anti)symmetric about the origin. Likewise,
forhe S}})e, (anti)symmetric wavelets with masks (anti)symmetric alfdut 1)/2 may substitute some
of the wavelets whose masks are (anti)symmetric abgait 1

It should also be noted that the given factorization allows to reduce the computational cost
approximately by a factor 2.
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4. Symmetric framelets with d generators

Suppose we have a scaling functiprwith a polynomial symbol (12) satisfying the condition

I‘l%
0< ) m@hi(l/ <1, Iz=1, (17)

1
k=nj

which is milder than (13). Then it is well known that condition (17) is necessary and sufficient for the
existence of a UEP-based framelet system consistinfjfaedimelet generator&//"}fjf, A>1,AeN,
associated with the scaling functign := ¢. We introduce the symbols of framelets as

. 1 &,
h(z) = 7 > ().

k=n1q

Then condition (1) can be re-written in the form

M@OM*(2) =1,

where
hi@) k3@ ... hE Q)
M(z) = h3(z) h3(z) ... h3, ,(2)
hiz) i) ... hi @)

Thus, the problem of constructing framelets associated with a scaling function can be reduced to finding
a rectangular paraunitary matrix with the given first column.

Itis clear that the biggen the more freedom we have for choosing the rectangular paraunitary matrix.
In [9] and [2], it was proved (fot/ = 2) that the problem of polynomial unitary extension can be always
solved forA =1, i.e., for two framelets.

As was mentioned in Introduction, the case of symmetric scaling functions is more complicated. For
symmetric scaling functions anél= 2, Chui and He [2] proved that (anti)symmetric framelets can be
constructed forA = 2 (3 framelets). In [10], a criterion for the existence of 2 (anti)symmetric framelets
(A =1) was found and the method for finding the framelets with minimal support was given.

The goal of this section is to design an algorithm for the symmetric extension fer2 (d + 1
framelets) and to find a condition when(anti)symmetric framelets are possible.

Recall that we consider the case when condition (17) (not (13)) takes place. Thus, the polynomial

"3
Ho(z):=1— Y hi(hi(1/2) >0, [z]=1,
k:n%
is symmetric and, by the Riesz lemma, there exists a Laurent polynagi(ial with real coefficients
satisfying the conditionHy(z) = ho(z)ho(1/z). Without loss of generality, we assume that either

mdedho(z)) = — Mdeg(ho(z)) or mdedho(z)) = —Mdeg(ho(z)) + 1 (the evenness of dég,) defines
which of the two cases takes place).
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We extend the vectdr := (h1, ..., h})T by two polynomials

ho(z ho(1/z
h¢11+1(z) = %v h$+2(z) = %,
to the vectorh := (hy, ..., ha.2)". Obviously, the extended vector satisfies (13). Thus, we reduce the
problem of the extension to a rectangular paraunitary matrix to the problem solved in Section 3. Applying
the algorithms from Section 3, we can extend the vettora paraunitary square matrix with components
corresponding to symmetric wavelets (or framelets) with 1 generators and the dilation factdr+ 2

with the follow-up rejection of two last components of the columns of the extended square matrix. Note
that the problem of the existence of a scaling function for the symbglirrelevant since the extension

of h to h appears as an intermediate step. Once the extension of the matrix is found, we do not need it
any more.

As we mentioned above, if = 2, for a symmetric scaling function, sometimes two (anti)symmetric
framelets exist. In [10], we proved that two (anti)symmetric framelets exist if and only if the roots of the
polynomial Hy(z) have even multiplicity.

It turns out that the same condition is sufficient for the existenee-pfl framelets. Indeed, the even
multiplicity of the roots of the polynomiaH, Sg)e implies that the polynomiaky can be chosen to
be (anti)symmetric. It remains to extend the vedtdsy one eIemenh§+l(z) = ho(z) and to apply the
procedure described in Section 3 to the resulting vettdihus, the sufficiency is proved.

We guess that the evenness of the roots is also necessary for the existéneel ganti)symmetric
framelets. However, we could not find the proof of that fact.

(18)
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