PERIODIC WAVELETS!

Alexander P. Petukhov

Abstract. We give definitions of Multiresolution analysis and wavelet decomposition for a wide range of quasi-
Banach spaces of periodic distributions. Elementary properties of such MRA are investigated. Economical
algorithms of wavelet decomposition and reconstruction are represented.

§0. Introduction

We consider a general approach to definition of Multiresolution analysis (MRA) {VJ §=o of a broad range
of quasi-Banach spaces of periodic distributions (generalized functions). In spite of the fact that most of the
known MRA of 1.7 satisfy our definition, it does not coincide with known ones (see, for example, [10], [15],
[17], [18]) even for the space .. Our constraints for MRA are more severe. The result of these constraints
is possibility to recover MRA by any of the spaces V7. Periodizations of practically all classical MRA of the
space IL? (see [4], [9]) possess such property. We know only two examples of MRA, introduced by Y.Meyer
[9, p.22] and C.K.Chui and H.N. Mhaskar [2], which do not possess this property and, consequently, are not
MRA from our point of view.

In §1 we introduce a special class § of quasi-Banach spaces. For these spaces we define the notion
of MRA. We note that most of classical spaces of distributions (such as Lebesgue and Hardy spaces, the
Besov—Lizorkin—Triebel spaces, the Orlicz spaces, the space of Borel measures, and many others) belongs
to 9.

Because each of the spaces {1/} are invariant with respect to the translate by 27/27, then it is clear that
bases of eigen functions of an operator of the translate are of fundamental importance in the study of these
spaces. Using a representation in these bases we obtain a description of properties of the spaces V7. In
particular, we find a full description of all possible MRA of X € §.

In §2 we define wavelet spaces for fixed MRA of X € $. Wavelet decomposition of the space X is generated
by dual MRA of the spaces of bounded convolution operators acting from the space X to [L*°.

Two numerical algorithms of wavelet decomposition and reconstruction are considered in §3. The first of
them is based on the transfer to the frequency domain. For a function f € V7 this algorithm is of complexity
O(j27). The second one is applicable only for a case, analogous to the case of compactly supported (generally
speaking, nonorthogonal) wavelets for MRA of function spaces on a real line. The complexity of such
algorithm is equal to O(c27), where ¢ is a size of the support.

In §4 we show that in every MRA there exist many bases of translates with finite masks of refinement
equations. For such bases we construct algorithms of wavelet expansion and recovery those are realized as
convolutions with finite windows of a size at most a size of the mask.

§1. Multiresolution analysis of spaces of periodic functions and distributions.

We denote by D the space of 27-periodic distributions. We recall some principal properties of distributions.
Full constructing a theory of periodic distributions can be found, for example, in [7]. Distributions can be
considered either as bounded linear functionals on the space C* of infinitely differentiable functions or as

formal trigonometric series
+oo
f(l‘) — Z Cnemx’

n=—oQ
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where the sequence f(n) def ¢, of Fourier coefficients has at most power rate of growth. Convolution of
def +oo

distribution f and g is defined to be fxg (x) = >° 77" f(n)ﬁ(n) exp(inz). We denote by f, the convolution
of f with the Poisson kernel P,,
+oo )
(@) =F«P (2) = Z cnrlnlemx.

Let X C D be a quasi-Banach space. We denote by M (X,1.%°) the space of bounded convolution operators
(to be more exact, the space of kernels of such operators) acting from X to IL°°.

Definition 1. We denote by § a collection of quasi-Banach spaces X with the quasi-norm || e | X || satisfying
the following conditions:

a) C* C X C Dy

BY IS 1X N = sup |l f» [ X |l for any f € X

¢) X is invariant with respect to the changes of variable # — 2 + 7 and « — 2z, as well as with respect
to & — x/2 as soon as a function is 7-periodic;
d) X is invariant with respect to pointwise multiplication by the functions exp(inz), n € Z;

e) f € X if and only if f € X.

In what follows we study only problems of convergence but not its rate. So we can assume that a norm of
all spaces X € § is invariant with respect to translates of argument and with respect to complex conjugation.
In the opposite case, in view of conditions ¢) and e) we can do the appropriate renormalization.

In [11] and [12] we have introduced the class H of spaces of distributions which is very close to the class
9. At least the both classes have many common properties. We formulate some properties of the spaces of
9. .

Let X € §, then we denote by X (or X°) the completion of the space C*° with respect to the quasi-norm
of the space X;

O ger
X = f6D|su11)||fr|X||<oo :
r<

(x] €

0 a
{Y6ﬁ|XCYCX}
It is not hard to show that the operation [e] partitions §) into classes of equivalence. As it usually is, we
denote by X* the space of continuous linear functionals on X.
In what follows we shall denote by (f, g) a value of linear functional g € X* at the distribution f € X. Tt
is well known that in the case X = C* we can suppose

+oo
(f.9) € flo)xg(=9)(0) = Y f(n)g(n), (1.1)

n=—0oQ
where the series are absolutely convergent. Now we prove that the same formula is valid for an arbitrary

space X = )o( For this case the corresponding series in (1.1) are not absolutely convergent, however we can
sum it by Abel — Poisson method.

First, we show that || f— f, | X|| = 0 as r = 1. Let ¢ > 0 be an arbitrary number. Then there exists
h € C® such that || f — h | X || < ¢/3. Because h, — h in topology of the space C* as r — 1, then for r
close enough to 1 we have ||k, —h | X || < £/3. Hence,

1= 5 XN <UL =R X+ =y | X ]+ By — £ ] X )
<0 (efsefaesuplih—fep, | X)) =
r<l

where, generally speaking, C' # 1 because X is a quasi-Banach space but not a Banach one.
Thus, {f,g) = lim,1{fr, g) as we wished.

V]
Obviously, in the similar way for f € X we can prove that || f(e) — f(e +7) | X|| =2 0as 7 — 0. In
particular, it follows from this that when g € X°* the function f * ¢ is continuous.
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V]
Property 1. Let X € 9, Y € [X]. Then M(Y,L.°) = (X)* € 9.
Remark. Tt is easy to prove, if X € §, then a set of compact convolution operators, acting from X to IL*°,

[}
coincides with (X)*°.

Proof of Property 1. Let f € X, T:[f](e) = f(T — o), g € ( )*, then

||f*g||oo—SUP||f*g*77 ||oo—supsup|2fr ) mx|—supsup|2fr 5 —znx|
new r<l = nen
° 0
= S‘iIfSUPKTx[fr]’gH < SngHfr | X Mg T O™ <A TX g O™

Conversely, let g € M (X,1.%°), h € C*°. Then we have

= |2 h(ma(n)

nen

<|[h(=#) * g(®)lloc <I[A|X][-]lg | M(X, L.
V]
Hence, in view of density C* in X we obtain

V]
g | XN < llg | MX, L)
Now we prove that M (X,1.*°) € §. The imbeddings C* C M(X,IL.*°) C D are obvious. Let us prove

property b) of spaces of 9.
On the one hand,

o1 mx L) = sup {1 wslle | £ € K70 <1}
> supsup {1 vall | 7€ 50171 X1 <1
=supsup {7 ¢ arlle | 7 X7 1XI < 1} =suplr | MECLZ ] (12
On the other hand, for any ¢ > 0 there exists f € )o( such that || f | X || =1 and
1 # glloe > 19 | MCX, LS — <.

For r close enough to 1 we have

1S * gllee <Nfr*glloo + 10 = fr) # gllec <IN *grlloo +& <lgr [ M(X,LZ) || +¢.

Joining the both inequalities, we obtain

g [ MXL=) | SSngng | M(X, L) ||+ 2e.

It follows from this and from (1.2) that condition b) holds.
We show validity of condition ¢). Let ¢ € M (X,1.*°), then

||g(T—°)|M(X,Lw)stup{Hf(T—')*g e | £ EX IS |X||—1}

<o | ML) -1 f(r =) [ X[ =1[g | X]|.
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Invariance of the space M (X,IL°°) with respect to the change of a variable  — # + 1 is proved in the similar

way.
Invariance with respect to the change of a variable & — 2z the following inequalities prove:

1 9(20) | M(X, 15| = sup {[[f(e) * g(20)l[oc ||/ | X || <1}

_ sup{‘Zf(?n)ﬁ(n)‘

nen

171X < 1} = sup {[I(F(e/2) + f(o/2+ ) xg(&)lloo/2 | 1 £ | X < 1}
<sup{|| (F(o/2)+ f(o/2+m) | XII-llg(e) | MO, L2) || IFI XN < 1} < CiCallg | MY 1) ),

where C is a norm of an operator of the change of a variable ¢ — /2 in the space X, (5 is a constant in
the triangle inequality for the quasi-Banach space X (in particular, if X is a Banach space, then C3 = 1).
Let us estimate a value || g(e/2) | M(X,1.*°) ||, if ¢ € M (X,1.%°) is m-periodic:

1 9(e/2) | M(X, L) || = sup {||f(e) * g(o/2)]loc | || F] X ] <1}
=sup {||IF(2¢) * g(®)lloo | IIF 1 X || <1} = Callg(e) | M(X, L)},
where C5 is a norm of an operator of the change of a variable £ — 2z in the space X. Thus, property ¢)

holds.

Let By, n € Z be norms of operators of multiplication of functions of X by exp(inz), ¢ € M(X,1L°°).
Then

[1£(o) % (€™ g(o)) e = 1[(e7* F(9)) % g(#)]lec
<Hlem™ e f(o) [ X[ Ilg(o) | M(X,L=) || < Boall £ I X g | M(X, L) ).

It follows from this that for the space ()o()* condition d) holds. Fulfillment for it condition e) is obvious.

Property 2. Let X € $ be a Banach space. Then
| |
M(M(X, L), L°) = M(M(X,L°),L*) = X°°* = X.

Remark. If X is a quasi-Banach but not a Banach one, then Property 2 fails. It follows from the fact that
the space X°*°* is a Banach space.

|
Proof of Property 2. Obviously, we need to prove only the relation X°*°* = X. Let Y = X°* 7 = Y°*,
h € . Taking into account that for any Banach space B and b € B we have

16131 =supl0) [l Bl <1},
from Property 1 we obtain
o
10121 =suplle | 21 =supsup {010} [ g € V.1l 1Vl <1}
r< r<

[
= supsup { (- g € Vg |V 11 < 1f = supsup (tg. ) 1 g € Yellg | < 1)
r< r<

=sup|lh, | X||=[h ] X]|
r<l

It completes the proof of Property 2.
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. V]
Definition 2. We say that the sequence {V? };?020 of linear subspaces of X € $ forms a multiresolution
analysis (MRA) of the space X € 9, if it satisfies the conditions:

Ha)yVlcVvVic...cVic...cX;

b) dimV/ =2, j=0,1,2,...;
2) Uj>0 V7 is dense in )0(;
3) a) VO consists of constants;

b if f(z) € V7, then f(2z) € VIt j=10,1,2,..;

) if f(z) € VI*tL then f(z/2) + f(z/2+ 7)€ VI j=0,1,2,..;

d) every function f € VJ*! can be represented in the form f(z) = fi(z) + fa(x + 27 - 27971 + f5(2z),
where f1,fa, f3€ VI, j=1,2,...

Remark 1. We define MRA not only for IL? but for an arbitrary X € § as well. As we have mentioned in
the Introduction this definition of MRA is distinct from the known definitions even for X = IL?. First, we
do not require the spaces V7 to be a linear span of the translates of a single function. Second, we do not
require the spaces V7 to be invariant with respect to a shift of an argument by 27277, However, we shall
show that MRA, which we have defined, possesses these two properties. Main distinguishing feature of our
definition is that it guarantees the unique reconstruction of MRA by each of the spaces V7 (j > 0). In the
definitions of MRA from [10], [15] Property 3d) is absent and in [17] and [18] none of the conditions 3) is
required. In these all cases it is not possible to guarantee the uniqueness of recovery. In the first three MRAs
of the space 1.2 is studded and only in [18] MRA of the spaces I.? and C are considered.

Remark 2. Tt can be easy proved that property 3b) follows from the others. So it can be rejected from
Definition 2.

Unless otherwise specified, we suppose N = 2", L =2, J = 27 and so on.

Let ¢! € X, and superscript [ indicates belonging of the function to V!, we denote by &' the vector-function
F(z) = (gpl(x), oz —2m/L),... ¢ (x—27(L — 1)/L))T. If its components are linear independent, we shall
call such a vector a basis of translates. In what follows an understanding about this notation acts only for
functions which are denoted by Greek letters.

Theorem 1. Let {V/ j=o be an arbitrary MRA of the space X € §). Then there exists a set {p §=o of

functions such that components of @' form a basis of the spaces V!. Besides, for any ji, ja, 0 < j1 < ja, we

have
Ja)Ji—1

O (Jox)Jh) = Z @2 (x + 2mkJy ) J2).
k=0

Corollary. Let us fix some jg > 0. If under conditions and notation of Theorem 1 a refinement equation

2J0—1
() = Z @ T — 2mn)2J) (1.3)

n=0

holds for some j = jg, then it takes place for any j < jo. Besides, taking into account 2m-perodicity of ¢/,
the refinement equation can be rewritten in the form

2J-1 fJo/J—-1

Spj(x): Z Z Un42kJ g0j+1(l‘—27'rn/2j).

n=0 k=0

A sequence of coefficients of a refinement equation is called its mask.
Before proving Theorem 1, we introduce a notation and formulate and prove some auxiliary results.

. =
a basis v}, (z), n =0,1,...,J — 1, satisfying for m € Z the conditions:
Dvg=1,7>0;

2) for any k #n, 0 < k,n < J, m € Z, we have ¢ (k + Jm) = 0;

Lemma 1. Let a sequence {V7} of spaces forms MRA of the space X. Then for every j > 0 there exists
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3) the recurrent relations ' '
a) @‘,7%"'1(71 +2Jm) = @‘Zl(n + 2Jm) for odd n (here and in what follows we suppose v] = v‘l7+J),'
b) vt (n +2Jm) = @‘;/z(n/Q + Jm) for even n

hold.

Remark 1. Obviously, items 1) — 3) of Lemma 1 gives a simple tool for univalent reconstruction of entire
MRA from the known basis {v%‘)};{”:_ol for a fixed jy > 0. In particulary, for the recovery MRA it is necessary

to know only the function v1.

Remark 2. Obviously, formulae of items 3a) and 3b) give the same results for all n except when n = J.
The bases vi, existence of which follows from Lemma 1, for the case of spaces of periodic splines were
studied by many authors (see [8], [13],[14], [16]). In [14] V. A. Zheludev used these bases to construct
operational calculus on the space of periodic splines and effective algorithms of spline approximation.
Functions of these bases V. A. Zheludev have called orthsplines. In [13] he also used orthsplines for
constructing theory of spline wavelets and algorithms of wavelet decomposition and reconstruction.

Let us formulate some consequences of Lemma 1.

Corollary 1. The spaces {VJ j=o are invariant with respect to a shift of an argument by 2w/ J.

Corollary 2. Any function v}, j > 0,0 < n < J can be represented in the form of the series

v‘Zl(x) = Z cZL-I—Jm exp(i(n + Jm)z), (1.4)

with nonzero coefficients.

The statement of Corollary 1 follows from the fact that the basis functions v/ are eigen functions of the
operator of 27/ J-shift of an argument.

Validity of (1.4) follows from item 2) of Lemma 1. As for the fact that all coefficients in (1.4) are distinct
from zero, it follows from item 3) of Lemma 1. Indeed, if we assume that C{Lo+Nmo
item 3) that a harmonic with number ng + Jmg is absent in the spaces V¥ for k > j. It contradicts to item
2) of Definition 2.

= 0, then we obtain from

Proof of Lemma 1. Let us take v‘é =1, 7 > 0. We conduct the proof by induction.

First, we show the existence of the basis {v}} for j = 1. As above v} we can take an arbitrary function

such that v} and v} form a basis of V1. Obviously, we can suppose 91(0) = 0. Since an operator A : f(z) —
f(x/2) + f(x/2 + 7) rejects odd harmonics and doubles even ones (deviding their frequency in two), the

function v has not even harmonics. In the opposite case A(vi) € VO that contradicts property 3c) of MRA.

We assume that the existence of the bases {{vfl}nKz_Ol }‘;:0 has been proved. Let us prove that the collection
{v3 132751 of function, determined by recurrent formulae of items 3a) and 3b) of Lemma 1, is the desired
basis.

Let us estimate a dimension of a linear space Y of functions which can be represented in the form
f(z) = fi(z) + fo(x +27/2J) + f3(22), where fi, f2, f3 € V. Obviously, for any n =1,2,...,J — 1 linear
spans of the function pairs {vi(x), vl (z+2r/2J)} and {viti(z), viib(x)} coincides. On the other hand we
have vf (22) = v} 1! (2). Hence, a value dimY does not exceed a number of elements of collection {v%f"l}, ie.,
2J. At the same time, according to items 1b) and 3d) of Definition 2, we have dim V7t = 2J VJi+l C Y.
Thus, Y = Vit and the functions {vi*'} form a basis of VJ/+1.

We introduce the notation @ for the vector (v‘é, . ,v“j]_l)T.
Lemma 2. Components of @ form a basis of V7 if and only if the function ¢’ is a linear combination of
elements of the vector v with nonzero coefficients.

We recall that by the Wiener theorem a linear span of translates of a function f € IL(R) is dense in L(R)
if and only if f(w) # 0 for all w € R. In our case the space V7 is invariant with respect to the shift by
27/J, and elements of the basis ¢/ are eigenvectors of an operator of this shift. So coefficients of expansion
of functions in the basis ¢/ can be considered as their spectrum. Thus, the statement of Lemma 2 is an
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analog of the Wiener theorem. That is why we shall call the vector-function t/ the Wiener basis of the
space V7. Obviously, in each of the spaces V7 there exists only one Wiener basis up to renormalization and
rearrangement of its components. We shall use the natural enumeration of elements of Wiener bases when
number of an element is determined by harmonics which are contained in its spectrum.

Proof of Lemma 2. For the fixed J we suppose wy = exp(2ni/J) and Fj is the matrix of the Discrete
Fourier Transform (DFT) (its elements are determined by the relation Fj, = w}lk,l =0,1,...,J -1k =
0,1,...,J —1). The matrix of the Inverse Discrete Fourier Transform (IDFT) can be written in the form
F3/J. Here and in what follows * means an operation of simultaneous transposition and complex conjugation
of a matrix or of a vector.

Let we have the representation ¢ (z) = E;{;é anvi(r). We introduce the vector-functions @’ &t
(aov‘é, alv{, . ,aJ_lv“j]_l)T, Q{L def (exp(inz), exp(in(z — 27/J)), ..., exp(in(z — 2x(J — 1)/J)))T, where
n=k+Jm, 0<k<J, meZ. We have

50 /T = exp(ina) F3(1,w7*, ..., w; "N /] = exp(in)éy,
where &, = (0,...,0,1,0,...,0)7 with 1 at the kth position. Thus, we obtain
F3@ )T = (1.5)

Components of the right-hand side of (1.5) form a basis of V7 if and only if all a, are not equal to zero.
Since DFT (and IDFT) is a nonsingular transformation, the same property is necessary and sufficient the
components of @ to be a basis. Lemma 2 is proved. Moreover, we have proved that the Wiener basis and
the basis of translates are connected (up to multiplication the functions v/, by nonzero factors) by direct and
inverse DFT.

Proof of Theorem 1. Taking into account that f(x/2) + f(z/2+7) =2 Z+Oo f(2n) exp inx, according to

n=—0oQ
Lemma 2, any collection of functions, satisfying Theorem 1, can be constructed in the form

where vJ satisfy the recurrent relations of Lemma 1, as follows.

We take an arbitrary ¢J # 0 and suppose ¢° = ¢J. If we have chosen the numbers ¢, then we set

et = 011/2/2 for even n, and we take an arbitrary nonzero ¢/ ! for odd n.

According to Lemma 1, every MRA of the space X is generated by a single function v}. To describe all
possible MRA of the space X it suffices to find all permissible functions v1.

[}
Theorem 2. A function v% € X € $ generates MRA of X if and only if

+ oo

vi(x) = Z an exp(i(2n + 1)z),

n=—oQ

where all a,, are distinct from 0.

Proof of Theorem 2. Necessity follows from Corollary 2 of Lemma 1. Let us prove sufficiency. First, we
. 0

prove that vJ € X, 0 <n < J, j > 0. Indeed, the boundedness of the operator of item 3b) of Lemma 1

follows from item 3c) of Definition 1. Hence, if || fn(z) — vi(2) | X|| = 0 as m — oo (f, € C°), then

. . V]
|| fm (22) — v‘%j{l(l‘) | X|| = 0, ie, v‘;;l;l € X. The operator from item 3a) is bounded, since for odd n
the function v4*! can be represented as a linear combination of v/ and its translate by 27/2J. Obviously,
. 0
vitt e X.
Let us prove that property 2) of MRA holds. Fulfillment of other properties is obvious.



8 ALEXANDER P. PETUKHOV

Because the space C™ is dense in )0(, and trigonometric polynomials are dense in C* | it suffices to prove
that a functions of the form exp(inz), n = 0,41,42, ... can be approximated by functions of the spaces V7
with an arbitrary accuracy.

We take a sequence hj = 1 — exp(—inz)vi /oi(n), j = jo,jo+1,.... Let us show that it tends to 0 with
respect to the norm || e | X ||. We denote by w(4, f, X) a modulus of continuity of the function f € X:

w6, [, X) L sup|| f(e +h) — f(o) | X |-
h<d

In view of Property 1 of spaces of § we have ||e | X°*|| = ||e | M(X,L.*°)|| (at least after equivalent
V]
renormalization). It means that for any f € X (= X)

11X N =sup {ll f+g [L2N ] [l | X7 <1} (1.6)

At the same time for any g, ||g | X || < 1 we have
1 f g [ILE<NATXN g XTI < T

in particular,
w(d, f*g, L) <w(d, f, X). (1.7)

We introduce the notation w(d) = w(d, hj,, X). Since h;, € X = )0(, then w(d) — 0 as § — 0. The functions

h; is (2m/J)-periodic and can be represented in the form

n J/Jo—1

h;(e) J Z hj, (e +2mn/J).

It follows from this and from (1.7) that

&, h; ILee 6 <2n/J ) 6 < 2xn/J
w(é,hj*g,}Loo) S {w(’ ]D*g’ )’ = ﬂ-/’ < {w( )’ = ﬂ-/a

w(2w/J, hj, * g, L), &> 2m/J, w2n/J), §>2n/J.

Hence, ||h; g | L*|| < w(27/J) — 0 as j — oo. Taking into account (1.6), we obtain || h; | X || — 0.
Consequently, according to item d) of Definition 1, we have

|| exp(ine) — v} /v}(n) | X || = || exp(ine)h;(e) | X || = 0 as j — 0.

As we wished.

In conclusion of this section it should be be said that Definition 2 can be used not only for spaces from $
but for many topological linear spaces of distributions, for example, for C* or D.

As for to extend Definition 2 over polynomial MRA (Y.Meyer [9], C.K. Chui and H.N. Mhaskar [2]), it
can be done by means of rejecting item 3d) from the definition and changig item 1b) for requirement that
V7 has a basis of translates. However, it leads to violating some useful properties of MRA. So it seems these
important MRA should be considered according to general principles but separately from the general theory.

§2. Wavelets

The traditional approach to definition of wavelet spaces consists in definition of wavelets space W7 as
the orthogonal complement V7 to VJ*!. This method of wavelet decomposition of functions is based on
approximation of a function f € IL? by its orthogonal projections to the spaces V7 C L2, The concept
”orthogonal projection” lose their meaning for an arbitrary space X € $. Some aspects of non-orthogonal
wavelet decomposition of the space IL?(R) were consideres in [4, Ch. 8].

Let {VJ j=o be MRA of a space X € §. The components of vector-functions {w }52¢ form the Wiener

. . o . . .
bases of V7. If {P7}52, is MRA of the space (X)* with the Wiener bases {{ }32, and such that (v}, p},) # 0,
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n=201,...,J—1,7=0,1,2,..., then we shall say that MRA {Pj};?o:o determines a wavelet projection

to MRA {V/ §=o- Since for ¢ # j supports of the spectra of the functions v/ and p! is disjoint, we have

{(vi,pi) = 0. So projecting X ~ V7 is determined by the relation

det = (f,p0) i

F= V] = (2.1)

Wavelet spaces are defined to be
Wi ={feViT | (f,pl)y=0n=0,1,...,J —1}.

It is easyly to see that in the spaces W7 there exists Wiener bases which can be calculated by formulae

wh = (W et = it iy, n=12, -1 2.2)
wh = ot '

Thus, the spaces W/ are invariant with respect to a shift of an argument by (27/.J). Besides, the relations
Vi=vViewle...eawi"l j=1,2,...,

where @ means a direct (generally speaking, nonorthogonal) sum of linear spaces, hold.
Obviously, by Property 2 of the classes § for Banach space X we have a dual situation. MRA {VJ 5=0

[

settles a wavelet projection of the space (X)* to the spaces { P/ 52, and determines wavelet spaces {Q7)2

; j=0-
The same statement is also valid for a quasi-Banach space X. Indeed, if {V?} form MRA of the quasi-Banach

space X CY Lef X°*°* then v} has nonvanishing odd harmonics. Hence, by Theorem 2, {V/} form MRA

of the Banach space Y. However, MRA of the quasi-Banach space X do not define all possible wavelet
. V]
projections to MRA {P?} of the space (X)*.

. . [
Theorem 3. Let {V/}22, be an arbitrary MRA of the space X € §, MRA {P7}52, of the space (X)*
determines a wavelet projection, {W7 j=o are the corresponding wavelet spaces. Then there exists a set

{7 j=o of functions such that components of 1/7 form a basis of the spaces W'. Besides, for any ji, ja,

0 < j1 < ja we have
JofJi—1

1/)‘71(J296/J1): Z 1/)j2(x+27rkJ1/J2).

k=0
We omit a proof of Theorem 3 because it is similar to the proof of Theorem 1.
Corollary. Let us fix some jg > 0. If under conditions and notation of Theorem 3 a refinement equation

2Jo—1

W)= ba! ™ (= 2mn/2J) (2.3)

n=0

holds for j = jo, then it takes place for any j < jo. Besides, taking into account 2m-perodicity of ¢’ and /7,
the refinement equation can be rewritten in the form

2J-1 [Jo/J—-1

1/)j(x): Z Z bpyorg g0j+1(x—27rn/2j).
k=0

n=0

The principal question, connected with wavelet projections, is about possibility of approximation to any
function with an arbitrary precision. We give answer this question for the simplest case X = 1 < p < o0,

400 1/p
e < ( 3 |f|p) .

where

n=—oQ

In what follows, as it usually is, we suppose ¢ = p/(p—1) for p > 1; ¢ = o0 for p = 1.
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Theorem 4. Let {P;}52, determines a wavelet projection to MRA {vi }52g of £7, 1 < p < co. Then any
distribution of F is approximated by its projections to VI with an arbitrary precision if and only if the

oo def .
collection {{A,;};- = {{lph || || v | € ||/ {vd, pi Yz é =0 of numbers is bounded.

Remark. Since (£°°)° d:ef o # £, Theorem 4 is only valid for ¢y but not for £*°.

As we have mentioned, to determme wavelet spaces for the given MRA {VJ 2 of X we have to settle
a method of projecting to the spaces V7. For each of MRA {VJ };X’:O of the most important particular case
X = LL? it makes sense to consider an orthogonal projection which is determined by relations P/ = V7.
According to Theorem 4, any function can be approximated by its orthogonal projections to the spaces V7.

Taking into account that an orthogonal projection gives the best approximation, this fact follows also from
density of U;o:o V3 in L2

Proof of Theorem 4. Necessity. Let there exist sequences n,, and j,, 0 < n,, < 2/m = J,,, jm — 0o, such
that |A,, ;.| = 00 as m — co. It means that a sequence of the projectors

i et (FPim) L
f=Vin[f] = i i >vnm

is unbounded as a sequence of operators acting from  to (2, i.e., there exists a sequence fn, € 7, || fm |
]| = 1 such that || V%’; [fm] | & || = co. Obviously, we can choose f,, with all vanishing harmonics except
when their numbers equal n,, + kJ,,, k € Z. Hence, a sequence of norms of the operators V7 is not bounded.
Necessity is proved.

We note that boundedness of the set A,; is necessary for convergence in the spaces in which a sequence
of norms of operators of multiplication by the functions exp(inz) is bounded. Indeed, it follows from the
fact that an operator f(x) — ) .., f(n+ kJ)e!"+50)7 can be represented in the form ei™* Ei;é fle +
27T]{7/J)6_in(x+2ﬂk/J)/J.

Sufficiency. Let numbers |A,;| = || Vi | ## — (7 || are bounded by M > 0. We prove that || V7 | 2 — (7 ||
are bounded by M. Indeed, introducing the notation

f] def Zf n—I—k’J z(n-l—kJ)x’
kel

we obtaln

VL] ] I”—IIZW 1e] I”—IIZV]J” Jreep

— J-1
= Z IVALRT P < M2 Y[ fA 1 |lP = M2 f | en)P.

n=0 n=0

As we wished.

Thus, in view of boundedness of norms of the approximating operators, to prove the convergence for
every function of the space ¥ we need only to prove the convergence for the exponents. It easily follows
from (2.1) and from the fact that for any MRA of X € § (in particular, for £ and (%) for any n we have
|| ei”® — v (2) /93 (n) | X || — 0 as j — oo that was shown when we proved Theorem 2. Theorem 4 is proved.

§3. Algorithms of wavelet decomposition and reconstruction

Algorithms of decomposition consists of two steps. The first of them is projection of infinite dimensional
space X to a finite dimensional space V7. This step can be realized only approximately, since it includes
such operations as integration or summation of infinite series. We shall adduce only analytic formulae and
shall not discuss methods of numerical realization of the projection. The second step 1s decomposition of
f € V/ into a sum

j—1N-1

F@) = fol@) + D gn(e) = fo(@) + Y D ejntt" (¢ = 27k/N),

n=0 k=0
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where fo € V°, g, € W™, n=0,1,2,...,j — 1. Since here we deal with finite dimensional spaces then we
can use finite numerical algorithms. We consider 3 type of algorithms. First of them is universal. It based
on transfer to frequency domain, and it has complexity O(JlogJ) = O(Jj). The second one is applicable
for wavelet projections of the space X € § when there exist locally supported bases {@/ 152 of {Vi 152 and

{gj}}”:() of the spaces {Pj};?o:o, determining a wavelet projection. We use the term locally supported bases,
since for the periodic case the traditional term compact supported basis does not make sense. In the case of
locally supported bases of translates there exists a real number ¢ > 0 such that support of distributions of
basis ¢" (on a period) belongs to a segment of length 2ro/N, n > 0. In what follows we suppose that o is
positive integer and it is equal to minimal number of sequential segments of the form [2nk/N, 27 (k+ 1)/N],
covering the support of the bases on period. Complexity of such algorithm is equal to O((o1 + 02)J),
where 1 and o9 are sizes of supports of bases {@’ };?020 and {5_:7 };?020 respectively. Solving systems of linear
equations with sparse matrices are main components of this algorithm. The third algorithm allows for an
arbitrary MRA with a finite mask of refinement equation to find an appropriate wavelet projection such that
procedures of decomposition and reconstruction can be realized in the form of discrete convolutions with a
size of windows of order N which coincides with a size of the mask. Complexity of such algorithm is equal
to O(NJ). These algorithms can be parallelizing. They are considered in §4.

Let us fix two dual MRA {V/ $20 and {Pi $2o of the spaces X and ()0()* respectively, {#7 1520 and {7 1520
are their Wiener bases, {W? §=o and {Q? };?020 are the corresponding wavelet spaces with the Wiener bases
{u’}520 and {¢7}72,.

The coefficients of expansion of projection of an arbitrary distribution f to the space V™ in the Wiener
basis are determined by formula (2.1). According to relation (1.5), coordinates of vectors of V" in a Wiener
basis and in a basis of translates are connected by direct and inverse DFT and (may be) coordinatewise
multiplication in frequency domain. According to Lemma 1 and by (2.2), the functions vi and wi are linear
combinations of the pair vi“, v‘éi‘l] So if we know coefficients of decomposition in the basis @11, we need at
most 4.J operations of multiplication and 2J additions to calculate projections to V¥ and W7 in the bases ¢
and 7. The reconstruction formulae have the same complexity. Thus, the general complexity is determined
by the transfer from Wiener bases to bases of translates and by the inverse one. Hence, the complexity is
equal to the complexity of Fast Fourier Transform, i.e., O(N log N).

Before consideration the second algorithm we obtain some results on bases of translates. We have formula
(2.1) for projecting to V¥ in the Wiener basis. Let us obtain analogous formulae of projecting in a basis of
translates. A basis 5_:7 of translates in P7 is called dual one to the basis @7, if

i i B aef [ 1, =k
<g0 (0 27TZ/J),€ (0 27T]<7/J)>—(51k = {0’ l;ﬁk’ .

Theorem 5. Two distributions
N-1 N-1
p= Z apvy and & = Z Brph
k=0 k=0
are dual (i.e., their corresponding translates form dual bases of V" and P") if and only if
a050<v8,p8> = 04151@?,17% =...= OéN—1BN—1<UJnv_1,PTJLV—1> =1/N.
Theorem 5 for the case of the spline MRA of the space IL? was proved by V. A. Zheludev [13].

Proof of Theorem 5. Indeed,
N-1
def

(p(e),E(0 = 2m1/N)) = > awBi(vf, pi) exp(2milk/N) = 7.

The right-hand expression gives values of the trigonometric polynomial ¢y (z) = Zi\;_ol vi exp(izk), where
Ye = B (vp, pR), at points 2xl/N, 1 =0,1,..., N — 1. In view of the fact that the interpolation problem
has a single solution we have 71 = dq, if and only if v, = 1/N. Theorem 5 is proved.

Let us introduce the notation

Y = (" (e — 2rm/2N), £ (8)), m=0,1,...,2N —1.
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Theorem 6. Let
IN-1

Yo+ 2m/2N) = Y (1) " (o 4 2mm/2N). (3.1)

m=0
Then the system {¢" (e — 27rm/N)}NZ1 of functions forms a basis of the space W".

Relationship (3.1) is reminiscent of the well-known representation of ¢” in terms of components of the
vector ¢"t1 when the components form an orthonormal basis (see, [4],[5]). In fact, (3.1) makes clear the
sense of the coefficients. For the case of MRA of the space IL%(IR) formula (3.1) represented in [4, p. 264]
(see also formulae (5.4) from [1]).

For the case of locally supported bases @/ of V7 it follows from Theorem 6 that the bases 1/17 are locally
supported. Moreover, the masks of refinement equations for ¢ has a bounded number of elements. Similar
problems for MRA of I.?(R) with compactly supported bases, connected by a refinement equations with a

finite mask, were considered in [3].

Proof of Theorem 6. For any k we have

IN—1
(V" (o — 27k /N),E™ (o)) = Z (=)™ (" T (@ = 27m(2k + 1 —m)/2N)),£™ (o))
m=0
IN—1 N—1 N—1
= Z (=)™ ymYokt1-m = Z YomY2k41—2m — Z Yom+1Y2k—2m
m=0 m=0 m=0
N-1 N-1
= Z Yo Y2k41—2m — Z Yok +1—2mY2m = 0.
m=0 m=0

We show that components of the vector 1/7”(9:) are linear independent. If A(e) and B(e) are functional
V]

matrices of sizes jo X kg, lg X kg elements of which are in X and (X)* respectively, then the notation (A, B) is
defined to be a numerical matrix C' of size jo x lp, where ¢;; = Zz”:_(f(ajyk, b1 k). We introduce the auxiliary
matrix I'* = <g5”+1,€”>. Tts first column is (yo,v1, ... ,¥2nv-1). And each of the following columns is a cyclic
shift of the previous one by two position. In view of relation (3.1) a dimension of a linear span of components
1/7” is equal to the rank of the matrix I'™. Since rank I = rank (FiyI"Fy/2N?) = rank (7" 1, j") = N,
components of vector 1/7” are linear independent. Theorem 6 is proved.

Now we dwell on numerical algorithms of wavelet decomposition and reconstruction when we have MRA

of X € $ with locally supported bases ¢/ and when MRA of ()0()*, determining a wavelet projection, also
has locally supported bases 5_:7 We denote by o1 and o3 sizes of the corresponding supports. The case
X =12 PJ = VJ is a particular one. It gives an decomposition of the space I.? in an orthogonal sum of
wavelet spaces.

= - . o
We denote by £ and gBJ bases which are dual to ¢# and &7 respectively.
First, let us find a coefficients of projection of an arbitrary function f € X to the space V™ in the basis
@". The projection f, can be represented in the two forms

fo=@TE =0T, (3.2)

where @ and b are vectors of coefficients of decomposition in the bases ¢ and 5n Obviously, b = (f, €”>

So, if f&’_’” is a vector of integrable functions, to find b" we need to calculate N integrals over segments of
length 27os/N. Tt follows from (3.2) that <5”Tg5'”,€”> = <E”T5n,€”> Hence, @a"7T®" = T Thus, a vector
d"® is a solution of a system of linear equations with at most (o1 + o2)-diagonal circulant matrix. Triangle
decomposition of a matrix ®" can be realized for O((cy + 02)?N) arithmetic operations. However, it does
not depend on input function f. The complexity of solving two systems with the triangle sparse matrices

equals O((o1 + 02)N). So complexity of this step of decomposition is equal to O((oy 4+ 72)N).
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The second and the third steps consist in projection of the function f;11 € Vitl to the spaces V/ and
W7. These steps repeat as many times as we need up to j = 0. A single difference of the second step from
the first one lies in simplification of a method of obtaining the function f;. Indeed, since b= <fj+1,£?3> =
<(El'j+1)Tg5'j+1,£?:7> = (@*+1)TT7 | then the vector b7 is a result of convolution of @1 with a window of size of
order O(o1 + 203). In particular, for X = 1.7 we need not to calculate integrals.

Projection to the wavelet space W/ is realized in a similar way. Indeed, let 1/17 be determined by (3.1) and 57
-7 =J
is the locally supported basis of the wavelet space (7, ( and ¢y are the corresponding dual bases. Then g; =

I . . : N
FTyd = d’Typ | where g; is the wavelet projection of fj11 to Wi, d/T = (f;41,¢%) = (@ )T (@71 7)) =

(@+1)T=7 ) & is a solution of the system of linear equations &7 ¥/ = &7 with the matrix ¥/ & <1Ej,5j>.
Obviously, complexity of this step is equal to O((oy + o2)N).
Let us construct an algorithm of reconstruction. Because
@t =at e+ @y, (3:3)
<(a’]+1)T¢’]+1’€]+1> — <JJT¢’]’€]+1> + <6:7T1/)]’€]+1>.
Hence, ' ' ' '
(@+HHT @i+l = @71 4 &7z, (3.4)

The right-hand part of (3.4) consists of two convolutions with windows of a size of order o1 4 03, and a
vector @/t is a solution of system of linear equations with the matrix ®/+?.

Thus, general computational complexity of this algorithm for MRA with locally supported bases is equal
to O((o1 + o2)N).

§4. Convolution algorithms of wavelet decomposition and reconstruction

Strictly speaking, for every wavelet projection algorithms of wavelet decomposition and reconstruction
can be realized in the form of convolution. However, not for all cases (see, for instance, the previous section)
such realization is optimal from the point of view of computational complexity. Here we consider cases when
these algorithms can be realized as convolutions with short windows. ' '

Let {V*} form MRA of a space X, {P¥} determines a wavelet projection, {@*}/ ¥} and {/*}1_ are bases

of the corresponding spaces V* and W*. Then there exist collections {r, 72,1‘]:_01 and {s, 72,1‘]:_01 of numbers
which for every k < j determines wavelet projection
2K -1 K—1 K—1
Z AT (¢ — 270 )2K) = EoF (e —2mn/K) + Z dEF (2 — 270/ K)
n=0 n=0 n=0
by formulae
2J—1 2J—1
k k41 k k41
cr, = Z Cl-|-—|—2mrl’ d;, = Z Cl-|-l—2m51~
1=0 1=0

The reconstruction formula can be written in the form

2J-1 2J-1

k+1 k k
AP =" cfam_u+ Y dibm_a,

=0 =0

where a; and b; are numbers of masks of refinement equations (1.3) and (2.3).

Conversely, if we have a space W/ which is invariant with respect to a shift of an argument by 27/J
and such that V/+t! = VJ @ W, then spaces W*, k < j, can be defined by the recurrent relation W* =
{f(e/2) + f(o/2 + m) | f € WKTL}. Tt turns out, there exist MRA those settle wavelet projections with
the same wavelet spaces {W* i:O' It can be easily proved that there are many possible MRA, determining
these wavelet spaces. It follows from the fact that by Theorem 2 MRA {P7} is defined by the function p}.
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At the same time any function f, which satisfies conditions (v*, f) # 0, (wp, f) =0, kisodd, m = 1,2,.. .;
n=2,3,...,j, can be taken as above p}. After a choice of bases of translates in the spaces V/*! and W/
the sequences {r;} and {s;} are determined uniquely.

In this section we prove that, if for a fix n > 0 numbers of nonzero elements of a mask of refinement
equation (1.3) are in a segment of length A" € Z (it makes a sense to assume that A" < N), then there exist
algorithms of decomposition and reconstruction of functions of V" of complexity O(N N).

We need the following auxiliary statements.

Lemma 3. Let Py, P>, R be algebraic polynomials of degree m, n, and < m + n respectively. Besides, the
polynomials P, and P> have not common roots. Then there exist polynomials @)1 and ()2 of degree at most
n — 1 and m — 1 such that

PU2)Q1(x) + Po(2)@2(x) = R(x). (4.1
The polynomials ()1 and Q5 are determined uniquely.

Remark. This lemma in the form, which is a little less general, is adduced by I. Daubechies [4, p. 169] and
[5]. Our proof is based on other idea, and it is a little shorter.

Proof of Lemma 3. Let {xx}7, be roots of the polynomial P;. Then @ is determined by conditions
Q2(x) = R(xg)/ Pa(y), where the equality is fulfilled with multiplicity of the root ®j. Since Pa(zy) # 0,
the division is determined correctly. The polynomial )1 is found in an analogous way by values at points
{yx }7_, which are roots of the polynomial Ps.

Relation (4.1) follows from its fulfillment (with regard to multiplicity) at n 4+ m points, because its the
left and the right parts are polynomials of order at most n + m — 1.

In view of uniqueness of a solution of an interpolation problem (generally speaking, with multiple points)
the polynomials ()1 and () are uniquely determined.

Let {V7} be some MRA of a space of §. We know that, in fact, the Wiener bases of the spaces are
determined uniquely. However, collection of translate bases {&?} can be chosen in various ways. We consider
the case when the basis functions are connected by the refinement equation

N
o (x) = Z an’ T — 27n/2J),
n=0
where A" > 0 and {a,} do not depend on j, j = 0,1,2,.... The characteristic polynomial of the bases

{@} is defined to be P,(2) ! Eﬁfzo anz". Besides, we suppose that for any j > 0 the relation ¢/ (e) =
%(gpj‘H(o/Q) + it (e/2 + 71')) holds. In particular, it implies the equality P,(1) = 1. Our immediate
purpose is to find all permissible finite masks, i.e., masks for which the corresponding collection of bases &/
exists.

Lemma 4. Let {V7} be an arbitrary MRA. Then the mask {a,})_, is permissible, if and only if its
characteristic polynomial P.(z) = Zﬁf:o a,z" is equal to 0 at the point z = —1 and does not vanish at other
points representable in the form z = exp(2nif), where #, 0 < 0 < 1, is a dyadic rational number. The mask

(with the normalizing condition P.(1) = 1) together with a function @' determine the bases {@} uniquely.

Proof of Lemma j. Necessity. Let P.(exp(2mif)) = 0, where in binary representation # = 0.6165...6;14
(forn=1,2,...,54+1, 6, =0o0r 1), 841 =1 j>1. The number j + 1 we shall call an order of

0. We assume that a, = 0 for n > N, @ = (ag,a1,as,...)7, a‘,i def S o Whtng, @1 = (a‘é ,a“j]_l);
P;(z) = Z;{;é al, 2" . We note that for 6 of order at most j we have P.(exp(2mif)) = P;(exp(27i0)).
Let us introduce a number 2c =1 — 0 = 0.2¢1, 59, ... , 5¢;11. Since we have

ol (z) = (@) @ () = (Fos@)" 3@t (2)/27 & (@) 5+ (2)

bl

and for k = se15¢5 ... 52541 (in the binary representation) oz‘,i‘l'l = Pip1(exp(2mi(1l — ) = Pjy1(exp(2mif) =
P, (exp(2mifl)) = 0, then there are no harmonics with numbers of the form n = k + 2Jm, m € Z, in the
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function ¢’. It follows from this that the same harmonics are absent in the function v}. It contradicts to
Theorem 2.
If P.(—1) # 0 or P.(1) = 0, then we obviously obtain either ¢ # const or ¢ = 0. Necessity is proved.

Sufficiency. We suppose that ¢! = af + atvi, af =1, al # 0. Then it is easy to see that coeflicients of
2J-1

the expansions /T = $">7" % @i *1yJ+1 can be calculated by the recurrent formula

af! = ol /Py (exp(2nif)),

where in the binary representation n = sei2es... 565401 # J, 36 = Osepoe0 . o541, 0 = 1 — 3¢ oz‘?,“ = 0‘17]/2

(= a1).
Lemma 5. Let {V7} be an arbitrary MRA. Bases ¢/ of V/ are taken from Theorem 1 and satisfy a
refinement equation (1.3) with a finite mask and a characteristic polynomial of order N' > 0. Then for this

MRA there exist bases ¢3’j, which for any j1, j2, 0 < j1 < ja also satisfy the conditions

JafJi—1

¢ (Jof uw) = > ¢ (v + 2mkJ1/ ]),

k=0
and for any j > 0

2Jo—1

$(e) = Y it (e —2ml/27),

=0

such that for characteristic polynomials

2Jo—1

Py(z) def Z a2t
=0

of the bases ¢/ we have |Ps(2)|> + | Py(—2)|? > 0 for all z. Besides, an order of the polynomial P; does not
exceed N

An analog of Lemma 5 for MRA of the space IL?(R) can be found, for instance, in the paper of Chui C.
K. and Wang J.Z. [3].

Proof of Lemma 5. Necessity. If the characteristic polynomial

N

P,(#) def Zalzl

=0

has not pairs of roots of the form +¢, and P, (0) # 0, then the statement of Lemma 5 holds. Let the numbers
z = g be roots of polynomial P,, C'= ¢Z. Then the representation

N=2
Py() = (C =24 Y 3! (4.2)

takes place. '
We consider a procedure of transfer to a new basis ¢ which allows reduce an order of the characteristic
polynomial P,. We introduce a new function

N=2

#l(e) =D et (e —2ml/2J). (4.3)

=0

Since, according to (4.2), ¢/ (e) = CqS{(o)qu{(o—Qﬂ/J), then the collection (b{(o—?ﬂ'l/J), I1=0,1,...,J-1,

of functions forms a basis of the space V7 for j > 0.
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It is clear that the relationship between functions of basis for distinct j is expressed by equalities

N-1

() = D ai* (o —2ml/2),

=0

where coefficients o] are determined by a formula

N-=2
Zalz =(C=2) Z'ylzl.
=0

We note that the new mask is permissible; since on the one hand new characteristic polynomial has not
additional roots. On the other hand ¢y # —1, because —(—1) = 1 is not its root. We shall repeat this
procedure while the obtained characteristic polynomial has roots of the form £ec. Since every time we lower
a degree of the polynomlal by 1, we shall come to the requlred bases go* for a finite number of steps. If
P,,(0) # 0, we take (/)J = &L. In the opposite case we suppose (/)J( )= FL(e+2m/J).

We pass to constructing an algorithm of decomposition of functions. Let the collection {V7} forms MRA
of a space of §, {@#} be collection of bases of these spaces. Moreover, these bases satisfy (1.1), and a
characteristic polynomial has an order N, and |P,(z)|? 4 |Py(—=2)|* > 0 for all 2.

We show that there exists a decomposition of the space V" in a direct (generally speaking, nonorthogonal)
sum of the wavelet spaces {7 }?;& for which in a some basis algorithms of decomposition and reconstruction
can be realized as a discrete convolution with a window of size at most A"+ 1. Moreover, the convoluting
windows, setting projectors to the spaces W7 and V7 and reconstructing a function ¢ € V7/1! by its projection
to these spaces, can be chosen independent of j. It means that for an arbitrary function

N-1
Zc o" (e —2rm/N) e V"
m=0
it 1s possible to realize decomposition
J-1 n—1L-1
Fo) = gl (e—2mm/T)+ > > di (e — 2wm/ L),
m=0 =7 m=0

g . sy J—11n—1 sy J—1yn—1
where ¢! are bases of the spaces W', and coefficients {{C‘Zn}mzo }j:0 and {{d{n m=0J j—o Can be calculated

by recurrent formulae
K4+N L£+N

O = Z c‘lj+2mrl’ d‘Zn_l = Z c‘lj+2m5l’ (44)
=K =L

where K, £ € Z. In the follovvmg we shall prove that an upper limit of summation in the first formula can be
reduced by 1. The sequences ¢/, and dJ, are J-periodic by a subscript, and we suppose that the sequences
r; and s; are determined for all integer indexes but they differ from zero only if | = K, K +1,... K+N -1
for the first sequence and if l = £, L+ 1,...,L+ A for the second one. Keeping a size of windows we can
move it, changing the parameter K and obtaining new solutions of our problem. A unique requirement for
a location of a window r; consists in that it should to have nonempty intersection with the segment [0, N]
or with its shift by (N, where [ € Z. In the opposite case the first of operators (4.4) for j = n transform the
function ¢” ! to a function of the form

N/2-1

> " e — 27 2/N),
=0

where a¢ = 0, that is impossible since it is a projection operator of V" to V*~!. We take an arbitrary
number K belonging to the segment [1 — A, V].
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We shall construct the spaces W7 starting from conditions that their bases 1/7‘7 are determined by the
relations

N
W o) =) by (o — 2mm/ ),
m=0
where we have to find the coefficients by,. Since relations (4.4) specify operators of projection to V=1 and
to Wi=t for m=0,1,...,N/2 — 1 the equalities
K+N-1
dom = Z A—2m T, (4.5)
=K

L4+N
Som = > bicomsi, (4.6)
=L

L£+N
0= aroms, (4.7)
=L
K4+N-1

0= Z bi—ammry (4.8)
1=K

hold (naturally, we assume that the sequences {a;} and {b;} are N-periodic, and on a period outside of its
domain of definition they are completed by zero). It is well-known (see, for example, [3]) and it can be easy
verified, that to solve the given system of convolution equations it suffice to solve the following system of
equations

A(2)R(z) + A(—z)R(—2) = 2, (4.9)
B(z)S(z) + B(—=2)S(—z) =2, (4.10)
A(2)S(z) + A(—2)S(—2) =0, (4.11)
B(2)R(z) + B(—2)R(—=%) =0, (4.12)
where v v
Az) = Zalz , B(z) = Zblzl,
K+N -1 N-1 v
R(z) = Z el = —K-N+1 Z rK_H\f_l_lzl = z_K_N'HR(z),
S(z) = Z P — Z_ﬁ_NZé?ﬁ_H\f_lZl = z_ﬁ_NS(z).

Equations (4.9) — (4.12) can be rewritten in the form

A()R(z) + (1)1 A(C2)R(—z) = 2581 (4.13)
B(2)S(2) + (=15 B(—2)8(=2) = 2:5HX (4.14)
A(2)S(2) + (=1)5N A(=2)S(=2) = 0, (4.15)
B()R(2) + (1) V=1 B(—2) R(=2) = 0, (4.16)

According to Lemma 3 and by choice of K, there exists the unique pair of polynomials ¢; and @3 of order
at most A" — 1, satisfying the equation

A)Qu (=) + (=) VT A(=2)Qu(2) = 2V
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v

As this takes place, evidently, @1(z) = Q2(—7). Thus, the polynomial R(z) = @1 (%) satisfies equation (4.13).
v v

If K+ N is odd, then it is not hard to verify that the functions B(z) = zR(—z) and S(z) = A(—=2) satisfy

\

v
equations (4.13) — (4.16). In the case of even K + A the functions B(z) = R(—=z) and S(z) = —A(—2z) are
solutions of these equations.

In spite of apparent arbitrariness of a choice of the polynomials B and S , the spaces W7 are completely

v
determined by a choice of the polynomial R |, since coefficients of this polynomial completely determines an
operator of projection to the space V7 along the space W7.

To show that the spaces W7 actually has a dimension J we prove that the reconstruction formulae

N/2-1 N/2-1

= > A ament Y d T b, (4.17)
=0 =0

which invert an operators of projection of the space V7 to the spaces W7~1 and V=1 hold. Hence,
dimW/~! =dimV? —dimVi~t =J - J/2=J/2.

It suffices to make sure that formula (4.17) is valid for j = n. We denote by A a matrix of size 2"~1 x 27
such that its first row consists of the elements ag,ay,... , and the next row is obtained from the previous
one by double cyclic shift to the right. In an analogous way we construct the matrices B, R, S. Then system
(4.5) — (4.8) of equations can be rewritten in the matrix form

(g) (RTST) = .

. . . A o .
Consequently, the matrix (R ST) has the inverse matrix ( ) Hence, it is nonsingular and an operator

B
of reconstruction is determined by (4.17).

The presented construction of nonorthogonal wavelet decomposition of the space V" solves a problem of
minimization of computational expenditures, leaving aside a problem of ”angles” between wavelet spaces.
It is clear that, increasing a width of convolution window (parameter A') we can exert a certain influence
to mutual disposition (in particular, to degree of nonorthogonality for the case V7 € 1.2) of wavelet spaces.
The dependence of mutual location of the spaces {W7} on a size of a convolution window has need for an
additional consideration.

It is self-evident that for large A" the approach based on transfer to the Wiener bases, described in §3, is
preferable.
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