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Abstract� We give de�nitions of Multiresolution analysis and wavelet decomposition for a wide range of quasi�
Banach spaces of periodic distributions� Elementary properties of such MRA are investigated� Economical
algorithms of wavelet decomposition and reconstruction are represented�

x�� Introduction

We consider a general approach to de�nition of Multiresolution analysis �MRA� fV jg�j�� of a broad range
of quasi�Banach spaces of periodic distributions �generalized functions�� In spite of the fact that most of the
known MRA of L� satisfy our de�nition� it does not coincide with known ones �see� for example� ���	� ��
	�
���	� ���	� even for the space L�� Our constraints for MRA are more severe� The result of these constraints
is possibility to recover MRA by any of the spaces V j� Periodizations of practically all classical MRA of the
space L� �see �
	� ��	� possess such property� We know only two examples of MRA� introduced by Y�Meyer
��� p���	 and C�K�Chui and H�N� Mhaskar ��	� which do not possess this property and� consequently� are not
MRA from our point of view�

In x� we introduce a special class H of quasi�Banach spaces� For these spaces we de�ne the notion
of MRA� We note that most of classical spaces of distributions �such as Lebesgue and Hardy spaces� the
Besov�Lizorkin�Triebel spaces� the Orlicz spaces� the space of Borel measures� and many others� belongs
to H�

Because each of the spaces fV jg are invariant with respect to the translate by ����j� then it is clear that
bases of eigen functions of an operator of the translate are of fundamental importance in the study of these
spaces� Using a representation in these bases we obtain a description of properties of the spaces V j� In
particular� we �nd a full description of all possible MRA of X � H�

In x� we de�ne wavelet spaces for �xed MRA ofX � H� Wavelet decomposition of the space X is generated
by dual MRA of the spaces of bounded convolution operators acting from the space X to L��

Two numerical algorithms of wavelet decomposition and reconstruction are considered in x�� The �rst of
them is based on the transfer to the frequency domain� For a function f � V j this algorithm is of complexity
O�j�j�� The second one is applicable only for a case� analogous to the case of compactly supported �generally
speaking� nonorthogonal� wavelets for MRA of function spaces on a real line� The complexity of such
algorithm is equal to O���j�� where � is a size of the support�

In x
 we show that in every MRA there exist many bases of translates with �nite masks of re�nement
equations� For such bases we construct algorithms of wavelet expansion and recovery those are realized as
convolutions with �nite windows of a size at most a size of the mask�

x�� Multiresolution analysis of spaces of periodic functions and distributions�

We denote by D the space of ���periodic distributions� We recall some principal properties of distributions�
Full constructing a theory of periodic distributions can be found� for example� in ��	� Distributions can be
considered either as bounded linear functionals on the space C� of in�nitely di�erentiable functions or as
formal trigonometric series
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��X
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where the sequence �f �n�
def
� cn of Fourier coe�cients has at most power rate of growth� Convolution of

distribution f and g is de�ned to be f �g �x�
def
�
P��

n���
�f �n��g�n� exp�inx�� We denote by fr the convolution

of f with the Poisson kernel Pr�

fr�x� � f � Pr �x� �
��X

n���

cnr
jnjeinx�

Let X � D be a quasi�Banach space� We denote byM �X�L�� the space of bounded convolution operators
�to be more exact� the space of kernels of such operators� acting from X to L��

De�nition �� We denote by H a collection of quasi�Banach spaces X with the quasi�norm k � j X k satisfying
the following conditions�

a� C� � X � D �
b� k f j X k � sup

r��
k fr j X k for any f � X�

c� X is invariant with respect to the changes of variable x �� �x� � and x �� �x� as well as with respect
to x �� x�� as soon as a function is ��periodic�

d� X is invariant with respect to pointwise multiplication by the functions exp�inx�� n �Z�
e� f � X if and only if �f � X�

In what follows we study only problems of convergence but not its rate� So we can assume that a norm of
all spaces X � H is invariant with respect to translates of argument and with respect to complex conjugation�
In the opposite case� in view of conditions c� and e� we can do the appropriate renormalization�

In ���	 and ���	 we have introduced the class H of spaces of distributions which is very close to the class
H� At least the both classes have many common properties� We formulate some properties of the spaces of
H�

Let X � H� then we denote by
�
X �or X�� the completion of the space C� with respect to the quasi�norm

of the space X�
�

X
def
�

�
f � D

�� sup
r��

k fr j X k ��

�
�

�X	
def
�

�
Y � H

�� �
X � Y �

�

X

�
�

It is not hard to show that the operation ��	 partitions H into classes of equivalence� As it usually is� we
denote by X� the space of continuous linear functionals on X�

In what follows we shall denote by hf� gi a value of linear functional g � X� at the distribution f � X� It
is well known that in the case X � C� we can suppose

hf� gi
def
� f��� � �g������� �

��X
n���

�f �n���g�n�� �����

where the series are absolutely convergent� Now we prove that the same formula is valid for an arbitrary

space X �
�
X� For this case the corresponding series in ����� are not absolutely convergent� however we can

sum it by Abel � Poisson method�
First� we show that k f � fr j X k � � as r � �� Let � � � be an arbitrary number� Then there exists

h � C� such that k f � h j X k � ���� Because hr � h in topology of the space C� as r � �� then for r
close enough to � we have khr � h j X k � ���� Hence�

k f � fr j X k 	 C�k f � h j X k� kh� hr j X k� khr � fr j X k�

	 C

�
��� � ��� � sup

r��
k �h� f� � Pr j X k

�
� C��

where� generally speaking� C 
� � because X is a quasi�Banach space but not a Banach one�
Thus� hf� gi � limr��hfr � gi as we wished�

Obviously� in the similar way for f �
�
X we can prove that k f��� � f�� � � � j X k � � as � � �� In

particular� it follows from this that when g � X�� the function f � g is continuous�
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Property �� Let X � H� Y � �X	� Then M �Y�L�� � �
�
X�� � H�

Remark� It is easy to prove� if X � H� then a set of compact convolution operators� acting from X to L��

coincides with �
�
X����

Proof of Property �� Let f � X� T� �f 	��� � f�� � ��� g � �
�
X��� then

kf � gk� � sup
r��

kf � g � Prk� � sup
r��

sup
x
j
X
n�Z

�fr�n��g�n�e
inxj � sup

r��
sup
x
j
X
n�Z

��fr�n���g�n�e
�inxj

� sup
r��

sup
x
jhTx�fr	� gij 	 sup

r��
k fr j X k � k g j �

�
X�� k 	 k f j X k � k g j �

�
X�� k�

Conversely� let g �M �X�L��� h � C� � Then we have

jhh� gij �

�����
X
n�Z

�h�n���g�n�

����� �
�����
X
n�Z

��h�n��g�n�

����� � j�h���� � g������j

	 k�h���� � g���k� 	 kh j X k � k g jM �X�L�k�

Hence� in view of density C� in
�
X we obtain

k g j
�
X k 	 k g jM �X�L�� k�

Now we prove that M �X�L�� � H� The imbeddings C� � M �X�L�� � D are obvious� Let us prove
property b� of spaces of H�

On the one hand�

k g jM �X�L�� k � sup

�
kf � gk�

�� f � �
X� k f j X k 	 �

�

� sup
r��

sup

�
kfr � gk�

�� f � �
X� k f j X k 	 �

�

� sup
r��

sup

�
kf � grk�

�� f � �
X� k f j X k 	 �

�
� sup

r��
k gr jM �X�L� k� �����

On the other hand� for any � � � there exists f �
�
X such that k f j X k � � and

kf � gk� � k g jM �X�L�k � ��

For r close enough to � we have

kf � gk� 	 kfr � gk� � k�f � fr� � gk� 	 kf � grk� � � 	 k gr jM �X�L�� k� ��

Joining the both inequalities� we obtain

k g jM �X�L�� k 	 sup
r��

k gr jM �X�L�� k� ���

It follows from this and from ����� that condition b� holds�
We show validity of condition c�� Let g �M �X�L��� then

k g�� � �� jM �X�L�� k � sup

�
kf�� � �� � g���k�

�� f � �
X� kf j X k � �

�
	 k g jM �X�L�� k � k f�� � �� j X k � k g j X k�
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Invariance of the space M �X�L�� with respect to the change of a variable x �� x� � is proved in the similar
way�

Invariance with respect to the change of a variable x �� �x the following inequalities prove�

k g���� jM �X�L�� k � sup
�
kf��� � g����k�

�� k f j X k 	 �
�

� sup

����X
n�Z

�f ��n��g�n�
���
����� k f j X k 	 �

�
� sup

�
k
	
f����� � f���� � ��



� g���k���

�� k f j X k 	 �
�

	 sup
n
k
	
f����� � f���� � ��



j X k � k g��� jM �X�L�� k

��� k f j X k 	 �
o
	 C�C�k g jM �X�L�� k�

where C� is a norm of an operator of the change of a variable x �� x�� in the space X� C� is a constant in
the triangle inequality for the quasi�Banach space X �in particular� if X is a Banach space� then C� � ���

Let us estimate a value k g����� jM �X�L�� k� if g �M �X�L�� is ��periodic�

k g����� jM �X�L�� k � sup
�
kf��� � g�����k�

�� k f j X k 	 �
�

� sup
�
kf���� � g���k�

�� k f j X k 	 �
�
� C�k g��� jM �X�L�� k�

where C� is a norm of an operator of the change of a variable x �� �x in the space X� Thus� property c�
holds�

Let Bn� n � Zbe norms of operators of multiplication of functions of X by exp�inx�� g � M �X�L���
Then

kf��� �
	
ein�g���



k� � k

	
e�in�f���



� g���k�

	 k e�in�f��� j X k � k g��� jM �X�L�� k 	 B�nk f j X k � k g jM �X�L�� k�

It follows from this that for the space �
�
X�� condition d� holds� Ful�llment for it condition e� is obvious�

Property �� Let X � H be a Banach space� Then

M �M �X�L���L�� � M �M �
�

X�L���L�� � X���� �
�

X�

Remark� If X is a quasi�Banach but not a Banach one� then Property � fails� It follows from the fact that
the space X���� is a Banach space�

Proof of Property �� Obviously� we need to prove only the relation X���� �
�

X� Let Y � X��� Z � Y ���
h � D � Taking into account that for any Banach space B and b � B we have

k b j B k � sup
�
hb� ci

�� k c j B� k 	 �
�
�

from Property � we obtain

kh j Z k � sup
r��

khr j Z k � sup
r��

sup

�
hg� hri

��� g � �
Y � k g j Y k 	 �

�

� sup
r��

sup

�
hgr� hi

��� g � �
Y � k g j Y k 	 �

�
� sup

r��
sup fhg� hri j g � Y� k g j Y k 	 �g

� sup
r��

khr j X k � kh j X k�

It completes the proof of Property ��
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De�nition �� We say that the sequence fV jg�j�� of linear subspaces of
�
X � H forms a multiresolution

analysis �MRA� of the space X � H� if it satis�es the conditions�
�� a� V � � V � � � � � � V j � � � � � X�

b� dimV j � �j� j � �� �� �� � � � �

��
S
j�� V

j is dense in
�
X �

�� a� V � consists of constants�
b� if f�x� � V j� then f��x� � V j��� j � �� �� �� � � � �
c� if f�x� � V j��� then f�x��� � f�x�� � �� � V j j � �� �� �� � � ��
d� every function f � V j�� can be represented in the form f�x� � f��x� � f��x � �� � ��j��� � f���x��

where f�� f�� f� � V j� j � �� �� � � �

Remark �� We de�ne MRA not only for L� but for an arbitrary X � H as well� As we have mentioned in
the Introduction this de�nition of MRA is distinct from the known de�nitions even for X � L�� First� we
do not require the spaces V j to be a linear span of the translates of a single function� Second� we do not
require the spaces V j to be invariant with respect to a shift of an argument by ����j� However� we shall
show that MRA� which we have de�ned� possesses these two properties� Main distinguishing feature of our
de�nition is that it guarantees the unique reconstruction of MRA by each of the spaces V j �j � ��� In the
de�nitions of MRA from ���	� ��
	 Property �d� is absent and in ���	 and ���	 none of the conditions �� is
required� In these all cases it is not possible to guarantee the uniqueness of recovery� In the �rst three MRAs
of the space L� is studded and only in ���	 MRA of the spaces Lp and C are considered�

Remark �� It can be easy proved that property �b� follows from the others� So it can be rejected from
De�nition ��

Unless otherwise speci�ed� we suppose N � �n� L � �l� J � �j and so on�
Let 	l � X� and superscript l indicates belonging of the function to V l� we denote by 
	l the vector�function


	l�x� �
	
	l�x�� 	l�x� ���L�� � � � � 	l�x� ���L� ���L�


T
� If its components are linear independent� we shall

call such a vector a basis of translates� In what follows an understanding about this notation acts only for
functions which are denoted by Greek letters�

Theorem �� Let fV jg�j�� be an arbitrary MRA of the space X � H� Then there exists a set f	jg�j�� of

functions such that components of 
	l form a basis of the spaces V l� Besides� for any j�� j�� � 	 j� � j�� we
have

	j��J�x�J�� �

J��J���X
k��

	j��x� ��kJ��J���

Corollary� Let us �x some j� � �� If under conditions and notation of Theorem � a re�nement equation

	j�x� �
�J���X
n��

an	
j���x� ��n��J� �����

holds for some j � j�� then it takes place for any j 	 j�� Besides� taking into account ���perodicity of 	j�
the re�nement equation can be rewritten in the form

	j�x� �
�J��X
n��

�
�J��J��X

k��

an��kJ



A	j���x� ��n��J��

A sequence of coe�cients of a re�nement equation is called its mask�
Before proving Theorem �� we introduce a notation and formulate and prove some auxiliary results�

Lemma �� Let a sequence fV jg�j�� of spaces forms MRA of the space X� Then for every j � � there exists

a basis vjn�x�� n � �� �� � � � � J � �� satisfying for m �Zthe conditions�

�� vj� 
 �� j � ��
�� for any k 
� n� � 	 k� n � J � m �Z� we have �vjn�k � Jm� � ��
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	� the recurrent relations

a� �vj��n �n� �Jm� � �vjn�n� �Jm� for odd n 
here and in what follows we suppose vjl 
 vjl�J ��

b� �vj��n �n� �Jm� � �vjn���n�� � Jm� for even n

hold�

Remark �� Obviously� items �� � �� of Lemma � gives a simple tool for univalent reconstruction of entire

MRA from the known basis fvj�n g
J���
n�� for a �xed j� � �� In particulary� for the recovery MRA it is necessary

to know only the function v�� �

Remark �� Obviously� formulae of items �a� and �b� give the same results for all n except when n � J �
The bases vjn� existence of which follows from Lemma �� for the case of spaces of periodic splines were

studied by many authors �see ��	� ���	���
	� ���	�� In ��
	 V� A� Zheludev used these bases to construct
operational calculus on the space of periodic splines and e�ective algorithms of spline approximation�
Functions of these bases V� A� Zheludev have called orthsplines� In ���	 he also used orthsplines for
constructing theory of spline wavelets and algorithms of wavelet decomposition and reconstruction�

Let us formulate some consequences of Lemma ��

Corollary �� The spaces fV jg�j�� are invariant with respect to a shift of an argument by ���J �

Corollary �� Any function vjn� j � �� � � n � J can be represented in the form of the series

vjn�x� �
X
m�Z

cjn�Jm exp�i�n � Jm�x�� ���
�

with nonzero coe�cients�

The statement of Corollary � follows from the fact that the basis functions vjn are eigen functions of the
operator of ���J�shift of an argument�

Validity of ���
� follows from item �� of Lemma �� As for the fact that all coe�cients in ���
� are distinct

from zero� it follows from item �� of Lemma �� Indeed� if we assume that cjn��Nm�
� �� then we obtain from

item �� that a harmonic with number n� � Jm� is absent in the spaces V k for k � j� It contradicts to item
�� of De�nition ��

Proof of Lemma �� Let us take vj� 
 �� j � �� We conduct the proof by induction�
First� we show the existence of the basis fvjng for j � �� As above v�� we can take an arbitrary function

such that v�� and v�� form a basis of V �� Obviously� we can suppose �v����� � �� Since an operator A � f�x� ��
f�x��� � f�x�� � �� rejects odd harmonics and doubles even ones �deviding their frequency in two�� the
function v�� has not even harmonics� In the opposite case A�v��� 
� V � that contradicts property �c� of MRA�

We assume that the existence of the bases
�
fvkng

K��
n��

�j
k��

has been proved� Let us prove that the collection

fvj��n g�J��n�� of function� determined by recurrent formulae of items �a� and �b� of Lemma �� is the desired
basis�

Let us estimate a dimension of a linear space Y of functions which can be represented in the form
f�x� � f��x� � f��x � ����J� � f���x�� where f�� f�� f� � V j � Obviously� for any n � �� �� � � � � J � � linear

spans of the function pairs fvjn�x�� v
j
n�x� ����J�g and fvj��n �x�� vj��n�J�x�g coincides� On the other hand we

have vjn��x� � vj���n �x�� Hence� a value dimY does not exceed a number of elements of collection fvj��n g� i�e��
�J � At the same time� according to items �b� and �d� of De�nition �� we have dimV j�� � �J � V j�� � Y �
Thus� Y � V j��� and the functions fvj��n g form a basis of V j���

We introduce the notation 
vj for the vector �vj�� � � � � v
j
J���

T �

Lemma �� Components of 
	j form a basis of V j if and only if the function 	j is a linear combination of
elements of the vector 
vj with nonzero coe�cients�

We recall that by the Wiener theorem a linear span of translates of a function f � L�R� is dense in L�R�

if and only if �f ��� 
� � for all � � R� In our case the space V j is invariant with respect to the shift by
���J � and elements of the basis 
vj are eigenvectors of an operator of this shift� So coe�cients of expansion
of functions in the basis 
vj can be considered as their spectrum� Thus� the statement of Lemma � is an
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analog of the Wiener theorem� That is why we shall call the vector�function 
vj the Wiener basis of the
space V j� Obviously� in each of the spaces V j there exists only one Wiener basis up to renormalization and
rearrangement of its components� We shall use the natural enumeration of elements of Wiener bases when
number of an element is determined by harmonics which are contained in its spectrum�

Proof of Lemma �� For the �xed J we suppose �J � exp���i�J� and FJ is the matrix of the Discrete

Fourier Transform �DFT� �its elements are determined by the relation Flk � ��lkJ � l � �� �� � � � � J � �� k �
�� �� � � � � J � ��� The matrix of the Inverse Discrete Fourier Transform �IDFT� can be written in the form
F �J �J � Here and in what follows � means an operation of simultaneous transposition and complex conjugation
of a matrix or of a vector�

Let we have the representation 	j�x� �
PJ��

n�� anv
j
n�x�� We introduce the vector�functions 
uj

def
�

�a�v
j
�� a�v

j
�� � � � � aJ��v

j
J���

T � 
�j
n

def
� �exp�inx�� exp�in�x � ���J��� � � � � exp�in�x � ���J � ���J���T � where

n � k � Jm� � 	 k � J � m �Z� We have

F �J

�j
n�J � exp�inx�F �J ��� �

�k
J � � � � � �

�k�J���
J �T�J � exp�inx�
ek�

where 
ek � ��� � � � � �� �� �� � � � � ��T with � at the kth position� Thus� we obtain

F �J 
	
j�J � 
uj � ���
�

Components of the right�hand side of ���
� form a basis of V j if and only if all an are not equal to zero�
Since DFT �and IDFT� is a nonsingular transformation� the same property is necessary and su�cient the
components of 
	j to be a basis� Lemma � is proved� Moreover� we have proved that the Wiener basis and
the basis of translates are connected �up to multiplication the functions vjn by nonzero factors� by direct and
inverse DFT�

Proof of Theorem �� Taking into account that f�x��� � f�x�� � �� � �
P��

n���
�f ��n� exp inx� according to

Lemma �� any collection of functions� satisfying Theorem �� can be constructed in the form

	j�x� �
J��X
n��

cjnv
j
n�x��

where vjn satisfy the recurrent relations of Lemma �� as follows�
We take an arbitrary c�� 
� � and suppose 	� 
 c��� If we have chosen the numbers cjn� then we set

cj��n � cjn���� for even n� and we take an arbitrary nonzero cj��n for odd n�

According to Lemma �� every MRA of the space X is generated by a single function v�� � To describe all
possible MRA of the space X it su�ces to �nd all permissible functions v���

Theorem �� A function v�� �
�
X � H generates MRA of X if and only if

v���x� �
��X

n���

an exp�i��n� ��x��

where all an are distinct from ��

Proof of Theorem �� Necessity follows from Corollary � of Lemma �� Let us prove su�ciency� First� we

prove that vjn �
�
X � � 	 n � J � j � �� Indeed� the boundedness of the operator of item �b� of Lemma �

follows from item �c� of De�nition �� Hence� if k fm�x� � vjn�x� j X k � � as m � � �fm � C� �� then

k fm��x� � vj���n �x� j X k � �� i�e�� vj���n �
�
X � The operator from item �a� is bounded� since for odd n

the function vj��n can be represented as a linear combination of vjn and its translate by ����J � Obviously�

vj��n �
�
X �

Let us prove that property �� of MRA holds� Ful�llment of other properties is obvious�
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Because the space C� is dense in
�
X� and trigonometric polynomials are dense in C� � it su�ces to prove

that a functions of the form exp�inx�� n � �������� � � � can be approximated by functions of the spaces V j

with an arbitrary accuracy�
We take a sequence hj � �� exp��inx�vjn��v

j
n�n�� j � j�� j� � �� � � � � Let us show that it tends to � with

respect to the norm k � j X k� We denote by ���� f�X� a modulus of continuity of the function f � X�

���� f�X�
def
� sup

h��
k f�� � h�� f��� j X k�

In view of Property � of spaces of H we have k � j X�� k � k � j M �X�L�� k �at least after equivalent

renormalization�� It means that for any f � X ��
�
X�

k f j X k � sup
�
k f � g j L� k

�� k g j X� k 	 �
�
� �����

At the same time for any g� k g j X k 	 � we have

k f � g j L� k 	 k f j X k � k g j X� k 	 k f j X k�

in particular�
���� f � g�L�� 	 ���� f�X�� �����

We introduce the notation ���� � ���� hj� � X�� Since hj� � X �
�
X� then ����� � as � � �� The functions

hj is ����J��periodic and can be represented in the form

hj��� �
J�
J

J�J���X
n��

hj���� ��n�J��

It follows from this and from ����� that

���� hj � g�L
�� 	

�
���� hj� � g�L

��� � 	 ���J�

�����J� hj� � g�L
��� � � ���J�

	

�
����� � 	 ���J�

�����J�� � � ���J�

Hence� khj � g j L
� k 	 �����J� � � as j � �� Taking into account ������ we obtain khj j X k � ��

Consequently� according to item d� of De�nition �� we have

k exp�in��� vjn��v
j
n�n� j X k � k exp�in��hj��� j X k � � as j � ��

As we wished�

In conclusion of this section it should be be said that De�nition � can be used not only for spaces from H

but for many topological linear spaces of distributions� for example� for C� or D �
As for to extend De�nition � over polynomial MRA �Y�Meyer ��	� C�K� Chui and H�N� Mhaskar ��	�� it

can be done by means of rejecting item �d� from the de�nition and changig item �b� for requirement that
V j has a basis of translates� However� it leads to violating some useful properties of MRA� So it seems these
important MRA should be considered according to general principles but separately from the general theory�

x�� Wavelets

The traditional approach to de�nition of wavelet spaces consists in de�nition of wavelets space W j as
the orthogonal complement V j to V j��� This method of wavelet decomposition of functions is based on
approximation of a function f � L

� by its orthogonal projections to the spaces V j � L
�� The concept

�orthogonal projection� lose their meaning for an arbitrary space X � H� Some aspects of non�orthogonal
wavelet decomposition of the space L��R� were consideres in �
� Ch� �	�

Let fV jg�j�� be MRA of a space X � H� The components of vector�functions f
vjg�j�� form the Wiener

bases of V j� If fP jg�j�� is MRA of the space �
�
X�� with the Wiener bases f
pjg�j�� and such that hvjn� p

j
ni 
� ��
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n � �� �� � � � � J � �� j � �� �� �� � � �� then we shall say that MRA fP jg�j�� determines a wavelet projection

to MRA fV jg�j��� Since for i 
� j supports of the spectra of the functions vjn and pin is disjoint� we have

hvjn� p
i
ni � �� So projecting X �� V j is determined by the relation

f �� Vj �f 	
def
�

J��X
n��

hf� pjni

hvjn� p
j
ni
vjn� �����

Wavelet spaces are de�ned to be

W j � ff � V j�� j hf� pjni � �� n � �� �� � � � � J � �g�

It is easyly to see that in the spaces W j there exists Wiener bases which can be calculated by formulae

wj
n � hvj��n�J � p

j
niv

j��
n � hvj��n � pjniv

j��
n�J � n � �� �� � � � � J � ��

wj
J � vj��J �

�����

Thus� the spaces W j are invariant with respect to a shift of an argument by ����J�� Besides� the relations

V j � V � �W � � � � � �W j��� j � �� �� � � � �

where � means a direct �generally speaking� nonorthogonal� sum of linear spaces� hold�
Obviously� by Property � of the classes H for Banach space X we have a dual situation� MRA fV jg�j��

settles a wavelet projection of the space �
�
X�� to the spaces fP jg�j�� and determines wavelet spaces fQjg�j���

The same statement is also valid for a quasi�Banach space X� Indeed� if fV jg formMRA of the quasi�Banach

space X � Y
def
� X����� then v�� has nonvanishing odd harmonics� Hence� by Theorem �� fV jg form MRA

of the Banach space Y � However� MRA of the quasi�Banach space X do not de�ne all possible wavelet

projections to MRA fP jg of the space �
�
X���

Theorem �� Let fV jg�j�� be an arbitrary MRA of the space X � H� MRA fP jg�j�� of the space �
�
X��

determines a wavelet projection� fW jg�j�� are the corresponding wavelet spaces� Then there exists a set

f
jg�j�� of functions such that components of 

l form a basis of the spaces W l� Besides� for any j�� j��
� 	 j� � j� we have


j� �J�x�J�� �

J��J���X
k��


j��x � ��kJ��J���

We omit a proof of Theorem � because it is similar to the proof of Theorem ��

Corollary� Let us �x some j� � �� If under conditions and notation of Theorem 	 a re�nement equation


j�x� �
�J���X
n��

bn	
j���x � ��n��J� �����

holds for j � j�� then it takes place for any j 	 j�� Besides� taking into account ���perodicity of 	j and 
j �
the re�nement equation can be rewritten in the form


j�x� �
�J��X
n��

�
�J��J��X

k��

bn��kJ



A	j���x� ��n��J��

The principal question� connected with wavelet projections� is about possibility of approximation to any
function with an arbitrary precision� We give answer this question for the simplest case X � �p� � 	 p 	 ��
where

k f j �p k
def
�

�
��X

n���

j �f jp

���p

�

In what follows� as it usually is� we suppose q � p��p� �� for p � �� q �� for p � ��
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Theorem �� Let fPjg
�
j�� determines a wavelet projection to MRA fV jg�j�� of �p� � 	 p � �� Then any

distribution of �p is approximated by its projections to V j with an arbitrary precision if and only if the

collection
�
f�njg

J��
n��

��
j��

def
�
�
fk pjn j �

q k � k vjn j �
p k�hvjn� p

j
nig

J��
n��

��
j��

of numbers is bounded�

Remark� Since �����
def
� c� 
� ��� Theorem 
 is only valid for c� but not for ���

As we have mentioned� to determine wavelet spaces for the given MRA fV jg�j�� of X we have to settle

a method of projecting to the spaces V j� For each of MRA fV jg�j�� of the most important particular case

X � L� it makes sense to consider an orthogonal projection which is determined by relations P j � V j�
According to Theorem 
� any function can be approximated by its orthogonal projections to the spaces V j�
Taking into account that an orthogonal projection gives the best approximation� this fact follows also from
density of

S�
j�� V

j in L��

Proof of Theorem �� Necessity� Let there exist sequences nm and jm� � 	 nm � �jm � Jm� jm ��� such
that j�nmjm j � � as m��� It means that a sequence of the projectors

f �� Vjmnm �f 	
def
�

hf� pjmnmi

hvjmnm � p
jm
nmi

vjmnm

is unbounded as a sequence of operators acting from �p to �p� i�e�� there exists a sequence fm � �p� k fm j
�p k � � such that k Vjmnm �fm	 j �p k � �� Obviously� we can choose fm with all vanishing harmonics except

when their numbers equal nm�kJm� k �Z� Hence� a sequence of norms of the operators Vj is not bounded�
Necessity is proved�

We note that boundedness of the set �nj is necessary for convergence in the spaces in which a sequence
of norms of operators of multiplication by the functions exp�inx� is bounded� Indeed� it follows from the

fact that an operator f�x� ��
P

k�Z
�f �n � kJ�ei�n�kJ�x can be represented in the form einx

PJ��
k�� f�x �

��k�J�e�in�x���k�J��J �
Su�ciency� Let numbers j�njj � k Vjn j �

p � �p k are bounded by M � �� We prove that k Vj j �p � �p k
are bounded by M � Indeed� introducing the notation

fjn�x�
def
�
X
k�Z

�f �n� kJ�ei�n�kJ�x�

we obtain

k Vj �f 	 j �p kp � k
J��X
n��

Vjn�f 	 j �
p kp � k

J��X
n��

Vjn�f
j
n	 j �

p kp

�
J��X
n��

k Vjn�f
j
n	 j �

p kp 	Mp
J��X
n��

k fjn j �
p kp � Mpk f j �p kp�

As we wished�
Thus� in view of boundedness of norms of the approximating operators� to prove the convergence for

every function of the space �p we need only to prove the convergence for the exponents� It easily follows
from ����� and from the fact that for any MRA of X � H �in particular� for �p and �q� for any n we have
k einx� vjn�x���v

j
n�n� j X k � � as j �� that was shown when we proved Theorem �� Theorem 
 is proved�

x�� Algorithms of wavelet decomposition and reconstruction

Algorithms of decomposition consists of two steps� The �rst of them is projection of in�nite dimensional
space X to a �nite dimensional space V j� This step can be realized only approximately� since it includes
such operations as integration or summation of in�nite series� We shall adduce only analytic formulae and
shall not discuss methods of numerical realization of the projection� The second step is decomposition of
f � V j into a sum

f�x� � f��x� �

j��X
n��

gn�x� � f��x� �

j��X
n��

N��X
k��

cjn

n�x� ��k�N ��



PERIODIC WAVELETS ��

where f� � V �� gn � Wn� n � �� �� �� � � � � j � �� Since here we deal with �nite dimensional spaces then we
can use �nite numerical algorithms� We consider � type of algorithms� First of them is universal� It based
on transfer to frequency domain� and it has complexity O�J logJ� � O�Jj�� The second one is applicable
for wavelet projections of the space X � H when there exist locally supported bases f
	jg�j�� of fV

jg�j�� and

f
�jg�j�� of the spaces fP jg�j��� determining a wavelet projection� We use the term locally supported bases�
since for the periodic case the traditional term compact supported basis does not make sense� In the case of
locally supported bases of translates there exists a real number � � � such that support of distributions of
basis 
	n �on a period� belongs to a segment of length ����N � n � �� In what follows we suppose that � is
positive integer and it is equal to minimal number of sequential segments of the form ���k�N� ���k� ���N 	�
covering the support of the bases on period� Complexity of such algorithm is equal to O���� � ���J��

where �� and �� are sizes of supports of bases f
	jg�j�� and f
�jg�j�� respectively� Solving systems of linear
equations with sparse matrices are main components of this algorithm� The third algorithm allows for an
arbitrary MRA with a �nite mask of re�nement equation to �nd an appropriate wavelet projection such that
procedures of decomposition and reconstruction can be realized in the form of discrete convolutions with a
size of windows of order N which coincides with a size of the mask� Complexity of such algorithm is equal
to O�NJ�� These algorithms can be parallelizing� They are considered in x
�

Let us �x two dual MRA fV jg�j�� and fP
jg�j�� of the spaces X and �

�
X�� respectively� f
vjg�j�� and f
p

jg�j��
are their Wiener bases� fW jg�j�� and fQjg�j�� are the corresponding wavelet spaces with the Wiener bases

f
wjg�j�� and f
qjg�j���
The coe�cients of expansion of projection of an arbitrary distribution f to the space V n in the Wiener

basis are determined by formula ������ According to relation ���
�� coordinates of vectors of V n in a Wiener
basis and in a basis of translates are connected by direct and inverse DFT and �may be� coordinatewise

multiplication in frequency domain� According to Lemma � and by ������ the functions vjk and wj
k are linear

combinations of the pair vj��k � vj��k�J � So if we know coe�cients of decomposition in the basis 
vj��� we need at

most 
J operations of multiplication and �J additions to calculate projections to V j and W j in the bases 
vj

and 
wj� The reconstruction formulae have the same complexity� Thus� the general complexity is determined
by the transfer from Wiener bases to bases of translates and by the inverse one� Hence� the complexity is
equal to the complexity of Fast Fourier Transform� i�e�� O�N logN ��

Before consideration the second algorithm we obtain some results on bases of translates� We have formula
����� for projecting to V j in the Wiener basis� Let us obtain analogous formulae of projecting in a basis of

translates� A basis 
�j of translates in P j is called dual one to the basis 
	j � if

h	j�� � ��l�J�� �j�� � ��k�J�i � �lk
def
�

�
�� l � k�

�� l 
� k
�

Theorem �� Two distributions

	 �
N��X
k��

�kv
n
k and � �

N��X
k��

�kp
n
k

are dual 
i�e�� their corresponding translates form dual bases of V n and Pn� if and only if

�� ���hv
n
� � p

n
� i � �� ���hv

n
� � p

n
� i � � � � � �N�� ��N��hv

n
N��� p

n
N��i � ��N�

Theorem 
 for the case of the spline MRA of the space L� was proved by V� A� Zheludev ���	�

Proof of Theorem �� Indeed�

h	���� ��� � ��l�N �i �
N��X
k��

�k ��khv
n
k � p

n
ki exp���ilk�N �

def
� �l�

The right�hand expression gives values of the trigonometric polynomial tN �x� �
PN��

k�� �k exp�ixk�� where
�k � �k ��khvnk � p

n
ki� at points ��l�N � l � �� �� � � � � N � �� In view of the fact that the interpolation problem

has a single solution we have �l � ��l� if and only if �k � ��N � Theorem 
 is proved�

Let us introduce the notation

�m � h	n���� � ��m��N �� �n���i� m � �� �� � � � � �N � ��



�� ALEXANDER P� PETUKHOV

Theorem �� Let


n��� ����N � �
�N��X
m��

����n�m	
n����� ��m��N �� �����

Then the system f
n�� � ��m�N �gN��m�� of functions forms a basis of the space Wn�

Relationship ����� is reminiscent of the well�known representation of 
n in terms of components of the
vector 
	n�� when the components form an orthonormal basis �see� �
	��
	�� In fact� ����� makes clear the
sense of the coe�cients� For the case of MRA of the space L��R� formula ����� represented in �
� p� ��
	
�see also formulae �
�
� from ��	��

For the case of locally supported bases 
	j of V j it follows from Theorem � that the bases 

j are locally
supported� Moreover� the masks of re�nement equations for 
j has a bounded number of elements� Similar
problems for MRA of L��R� with compactly supported bases� connected by a re�nement equations with a
�nite mask� were considered in ��	�

Proof of Theorem �� For any k we have

h
n�� � ��k�N �� �n���i �
�N��X
m��

����m�mh	
n���� � ����k � ��m���N ��� �m���i

�
�N��X
m��

����m�m��k���m �
N��X
m��

��m��k����m �
N��X
m��

��m����k��m

�
N��X
m��

��m��k����m �
N��X
m��

��k����m��m � ��

We show that components of the vector 

n�x� are linear independent� If A��� and B��� are functional

matrices of sizes j��k�� l��k� elements of which are in X and �
�
X�� respectively� then the notation hA�Bi is

de�ned to be a numerical matrix C of size j�� l�� where cj�l �
Pk���

k�� haj�k� bl�ki� We introduce the auxiliary

matrix �n � h
	n��� 
�ni� Its �rst column is ���� ��� � � � � ��N���� And each of the following columns is a cyclic
shift of the previous one by two position� In view of relation ����� a dimension of a linear span of components


n is equal to the rank of the matrix �n� Since rank�n � rank �F ��N�nFN��N

�� � rank h
vn��� 
pni � N �

components of vector 

n are linear independent� Theorem � is proved�

Now we dwell on numerical algorithms of wavelet decomposition and reconstruction when we have MRA

of X � H with locally supported bases 
	j and when MRA of �
�
X��� determining a wavelet projection� also

has locally supported bases 
�j� We denote by �� and �� sizes of the corresponding supports� The case
X � L�� P j � V j is a particular one� It gives an decomposition of the space L� in an orthogonal sum of
wavelet spaces�

We denote by

 �
j

and 
 	
j
bases which are dual to 
	j and 
�j respectively�

First� let us �nd a coe�cients of projection of an arbitrary function f � X to the space V n in the basis

	n� The projection fn can be represented in the two forms

fn � 
anT 
	n � 
bnT
 	
n
� �����

where 
a and 
b are vectors of coe�cients of decomposition in the bases 
	n and 
 	
n
� Obviously� 
bn � hf� 
�ni�

So� if f
�
�n is a vector of integrable functions� to �nd 
bn we need to calculate N integrals over segments of

length �����N � It follows from ����� that h
anT 
	n� 
�ni � h
bnT
 	
n
� 
�ni� Hence� 
anT!n � 
bnT � Thus� a vector


an is a solution of a system of linear equations with at most ��� � ����diagonal circulant matrix� Triangle
decomposition of a matrix !n can be realized for O���� � ����N � arithmetic operations� However� it does
not depend on input function f � The complexity of solving two systems with the triangle sparse matrices
equals O���� � ���N �� So complexity of this step of decomposition is equal to O���� � ���N ��
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The second and the third steps consist in projection of the function fj�� � V j�� to the spaces V j and
W j� These steps repeat as many times as we need up to j � �� A single di�erence of the second step from

the �rst one lies in simpli�cation of a method of obtaining the function fj � Indeed� since 
bj � hfj��� 
�ji �

h�
aj���T 
	j��� 
�ji � �
aj���T�j � then the vector 
bj is a result of convolution of 
aj�� with a window of size of
order O��� � ����� In particular� for X � L� we need not to calculate integrals�

Projection to the wavelet spaceW j is realized in a similarway� Indeed� let 

j be determined by ����� and 
�j

is the locally supported basis of the wavelet space Qj� 
 �
j

and 
 

j

are the corresponding dual bases� Then gj �


cjT 

j � 
djT

 

j

� where gj is the wavelet projection of fj�� to W j � 
djT � hfj��� 
�ji � �
aj���T h
	j��� 
�ji �

�
aj���T"j� 
cj is a solution of the system of linear equations 
cjT#j � 
djT with the matrix #j def
� h

j � 
�ji�

Obviously� complexity of this step is equal to O���� � ���N ��
Let us construct an algorithm of reconstruction� Because

�
aj���T 
	j�� � 
ajT 
	j � 
cjT 

j � �����

then
h�
aj���T 
	j��� 
�j��i � h
ajT 
	j � 
�j��i � h
cjT 

j � 
�j��i�

Hence�
�
aj���T!j�� � 
ajT� � 
cjT"� ���
�

The right�hand part of ���
� consists of two convolutions with windows of a size of order �� � ��� and a
vector 
aj�� is a solution of system of linear equations with the matrix !j���

Thus� general computational complexity of this algorithm for MRA with locally supported bases is equal
to O���� � ���N ��

x�� Convolution algorithms of wavelet decomposition and reconstruction

Strictly speaking� for every wavelet projection algorithms of wavelet decomposition and reconstruction
can be realized in the form of convolution� However� not for all cases �see� for instance� the previous section�
such realization is optimal from the point of view of computational complexity� Here we consider cases when
these algorithms can be realized as convolutions with short windows�

Let fV kg form MRA of a space X� fP kg determines a wavelet projection� f
	kgj��k�� and f


kgjk�� are bases

of the corresponding spaces V k and W k� Then there exist collections frmg
�J��
m�� and fsmg

�J��
m�� of numbers

which for every k 	 j determines wavelet projection

�K��X
n��

ck��n 	k���x� ��n��K� �
K��X
n��

ckn	
k�x� ��n�K� �

K��X
n��

dkn

k�x� ��n�K�

by formulae

ckm �
�J��X
l��

ck��l��mrl� dkm �
�J��X
l��

ck��l��msl�

The reconstruction formula can be written in the form

ck��m �
�J��X
l��

ckl am��l �
�J��X
l��

dkl bm��l�

where al and bl are numbers of masks of re�nement equations ����� and ������
Conversely� if we have a space W j which is invariant with respect to a shift of an argument by ���J

and such that V j�� � V j �W j � then spaces W k� k � j� can be de�ned by the recurrent relation W k �
f f����� � f���� � �� j f � W k�� g� It turns out� there exist MRA those settle wavelet projections with

the same wavelet spaces fW kgjk��� It can be easily proved that there are many possible MRA� determining
these wavelet spaces� It follows from the fact that by Theorem � MRA fP jg is de�ned by the function p���



�� ALEXANDER P� PETUKHOV

At the same time any function f � which satis�es conditions hvmk � fi 
� �� hwn
k � fi � �� k is odd� m � �� �� � � ��

n � �� �� � � � � j� can be taken as above p��� After a choice of bases of translates in the spaces V j�� and W j

the sequences frlg and fslg are determined uniquely�
In this section we prove that� if for a �x n � � numbers of nonzero elements of a mask of re�nement

equation ����� are in a segment of length N �Z�it makes a sense to assume that N � N �� then there exist
algorithms of decomposition and reconstruction of functions of V n of complexity O�NN ��

We need the following auxiliary statements�

Lemma �� Let P�� P�� R be algebraic polynomials of degree m� n� and � m � n respectively� Besides� the
polynomials P� and P� have not common roots� Then there exist polynomials Q� and Q� of degree at most
n� � and m � � such that

P��x�Q��x� � P��x�Q��x� � R�x�� �
���

The polynomials Q� and Q� are determined uniquely�

Remark� This lemma in the form� which is a little less general� is adduced by I� Daubechies �
� p� ���	 and
�
	� Our proof is based on other idea� and it is a little shorter�

Proof of Lemma �� Let fxkgmk�� be roots of the polynomial P�� Then Q� is determined by conditions
Q��xk� � R�xk��P��xk�� where the equality is ful�lled with multiplicity of the root xk� Since P��xk� 
� ��
the division is determined correctly� The polynomial Q� is found in an analogous way by values at points
fykgnk�� which are roots of the polynomial P��

Relation �
��� follows from its ful�llment �with regard to multiplicity� at n � m points� because its the
left and the right parts are polynomials of order at most n�m � ��

In view of uniqueness of a solution of an interpolation problem �generally speaking� with multiple points�
the polynomials Q� and Q� are uniquely determined�

Let fV jg be some MRA of a space of H� We know that� in fact� the Wiener bases of the spaces are
determined uniquely� However� collection of translate bases f
	jg can be chosen in various ways� We consider
the case when the basis functions are connected by the re�nement equation

	j�x� �
NX
n��

an	
j���x� ��n��J��

where N � � and fang do not depend on j� j � �� �� �� � � � � The characteristic polynomial of the bases

f
	jg is de�ned to be P��z�
def
�
PN

n�� anz
n� Besides� we suppose that for any j � � the relation 	j��� �

�
�

	
	j������� � 	j������ � ��



holds� In particular� it implies the equality P���� � �� Our immediate

purpose is to �nd all permissible �nite masks� i�e�� masks for which the corresponding collection of bases 
	j

exists�

Lemma �� Let fV jg be an arbitrary MRA� Then the mask fangNn�� is permissible� if and only if its

characteristic polynomial P��z� �
PN

n�� anz
n is equal to � at the point z � �� and does not vanish at other

points representable in the form z � exp���i��� where �� � 	 � � �� is a dyadic rational number� The mask

with the normalizing condition P���� � �� together with a function 	� determine the bases f
	jg uniquely�

Proof of Lemma �� Necessity� Let P��exp���i��� � �� where in binary representation � � ������ � � � �j��
�for n � �� �� � � � � j � �� �n � � or ��� �j�� � �� j � � � The number j � � we shall call an order of

�� We assume that an � � for n � N � 
a� � �a�� a�� a�� � � � �T � a
j
k

def
�
P�

n�� ak�nJ � 
a
jT � �aj�� � � � � a

j
J����

Pj�z� �
PJ��

n�� a
j
nz

n� We note that for � of order at most j we have P��exp���i��� � Pj�exp���i����
Let us introduce a number � � �� � � �������� � � � ��j��� Since we have

	j�x� �
	

aj��


T

	j���x� �

	
F�J
a

j��

T

F ��J 
	
j���x���J

def
�
	

�j��


T

vj���x��

and for k � ���� � � ��j�� �in the binary representation� �j��k � Pj���exp���i�� � ��� � Pj���exp���i�� �
P��exp���i��� � �� then there are no harmonics with numbers of the form n � k � �Jm� m � Z� in the
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function 	j � It follows from this that the same harmonics are absent in the function v��� It contradicts to
Theorem ��

If P����� 
� � or P���� � �� then we obviously obtain either 	� 

 const or 	� 
 �� Necessity is proved�
Su�ciency� We suppose that 	� � ��� � ���v

�
�� �

�
� � �� ��� 
� �� Then it is easy to see that coe�cients of

the expansions 	j�� �
P�J��

n�� �j��n vj��n can be calculated by the recurrent formula

�j��n � �jn�Pj���exp���i����

where in the binary representation n � ���� � � ��j�� 
� J � � � ������ � � ��j��� � � � � �� �j��J � �jJ��
�� �����

Lemma �� Let fV jg be an arbitrary MRA� Bases 
	j of V j are taken from Theorem � and satisfy a
re�nement equation 
��	� with a �nite mask and a characteristic polynomial of order N � �� Then for this

MRA there exist bases 
�j� which for any j�� j�� � 	 j� � j� also satisfy the conditions

�j� �J��J�x� �

J��J���X
k��

�j� �x� ��kJ��J�� �

and for any j � �

�j��� �
�J���X
l��

�l�
j���� � ��l��J��

such that for characteristic polynomials

P��z�
def
�

�J���X
l��

�lz
l

of the bases 
�j we have jP��z�j� � jP���z�j� � � for all z� Besides� an order of the polynomial P� does not
exceed N �

An analog of Lemma 
 for MRA of the space L��R� can be found� for instance� in the paper of Chui C�
K� and Wang J�Z� ��	�

Proof of Lemma �� Necessity� If the characteristic polynomial

P��z�
def
�

NX
l��

alz
l

has not pairs of roots of the form �c� and P���� 
� �� then the statement of Lemma 
 holds� Let the numbers
z � �c� be roots of polynomial P�� C � c��� Then the representation

P��z� � �C � z��
N��X
l��

�lz
l �
���

takes place�

We consider a procedure of transfer to a new basis 
�j� which allows reduce an order of the characteristic
polynomial P�� We introduce a new function

�j���� �
N��X
l��

�l	
j���� � ��l��J�� �
���

Since� according to �
���� 	j��� � C�j������
j
�������J�� then the collection �j������l�J�� l � �� �� � � � � J���

of functions forms a basis of the space V j for j � ��
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It is clear that the relationship between functions of basis for distinct j is expressed by equalities

�j���� �
N��X
l��

��l�
j��
� �� � ��l��J��

where coe�cients ��l are determined by a formula

N��X
l��

��lz
l � �C � z�

N��X
l��

�lz
l�

We note that the new mask is permissible� since on the one hand new characteristic polynomial has not
additional roots� On the other hand c� 
� ��� because ����� � � is not its root� We shall repeat this
procedure while the obtained characteristic polynomial has roots of the form �c� Since every time we lower
a degree of the polynomial by �� we shall come to the required bases 
	j� for a �nite number of steps� If

P����� 
� �� we take 
�j � 
	j�� In the opposite case we suppose 
�j��� � 
	j���� ���J��

We pass to constructing an algorithm of decomposition of functions� Let the collection fV jg forms MRA
of a space of H� f
	jg be collection of bases of these spaces� Moreover� these bases satisfy ������ and a
characteristic polynomial has an order N � and jP��z�j� � jP���z�j� � � for all z�

We show that there exists a decomposition of the space V n in a direct �generally speaking� nonorthogonal�
sum of the wavelet spaces fW jgn��j�� for which in a some basis algorithms of decomposition and reconstruction
can be realized as a discrete convolution with a window of size at most N � �� Moreover� the convoluting
windows� setting projectors to the spacesW j and V j and reconstructing a function g � V j�� by its projection
to these spaces� can be chosen independent of j� It means that for an arbitrary function

f��� �
N��X
m��

cnm	
n�� � ��m�N � � V n

it is possible to realize decomposition

f��� �
J��X
m��

cjm	
j�� � ��m�J� �

n��X
l�j

L��X
m��

dlm

l�� � ��m�L��

where 

l are bases of the spaces W l� and coe�cients
�
fcjmg

J��
m��

�n��
j��

and
�
fdjmg

J��
m��

�n��
j��

can be calculated

by recurrent formulae

cj��m �
K�NX
l�K

cjl��mrl� dj��m �
L�NX
l�L

cjl��msl� �
�
�

where K�L �Z� In the following we shall prove that an upper limit of summation in the �rst formula can be
reduced by �� The sequences cjm and djm are J�periodic by a subscript� and we suppose that the sequences
rl and sl are determined for all integer indexes but they di�er from zero only if l � K�K� �� � � � �K�N � �
for the �rst sequence and if l � L�L� �� � � � �L�N for the second one� Keeping a size of windows we can
move it� changing the parameter K and obtaining new solutions of our problem� A unique requirement for
a location of a window rl consists in that it should to have nonempty intersection with the segment ���N 	
or with its shift by lN � where l �Z� In the opposite case the �rst of operators �
�
� for j � n transform the
function 	n�� to a function of the form

N����X
l��

�l	
n���� � �� � �l�N ��

where �� � �� that is impossible since it is a projection operator of V n to V n��� We take an arbitrary
number K belonging to the segment ��� N �N 	�
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We shall construct the spaces W j starting from conditions that their bases 

j are determined by the
relations


j����� �
NX

m��

bm	
j�� � ��m�J��

where we have to �nd the coe�cients bm� Since relations �
�
� specify operators of projection to V j�� and
to W j��� for m � �� �� � � � � N��� � the equalities

��m �
K�N��X
l�K

al��mrl� �
�
�

��m �
L�NX
l�L

bl��msl� �
���

� �
L�NX
l�L

al��msl� �
���

� �
K�N��X
l�K

bl��mrl �
���

hold �naturally� we assume that the sequences falg and fblg are N �periodic� and on a period outside of its
domain of de�nition they are completed by zero�� It is well�known �see� for example� ��	� and it can be easy
veri�ed� that to solve the given system of convolution equations it su�ce to solve the following system of
equations

A�z�R�z� �A��z�R��z� 
 �� �
���

B�z�S�z� �B��z�S��z� 
 �� �
����

A�z�S�z� �A��z�S��z� 
 �� �
����

B�z�R�z� �B��z�R��z� 
 �� �
����

where

A�z� �
NX
l��

alz
l� B�z� �

NX
l��

blz
l�

R�z� �
K�N��X
l�K

rlz
�l � z�K�N��

N��X
l��

rK�N���lz
l def
� z�K�N��

	
R�z��

S�z� �
L�NX
l�L

slz
�l � z�L�N

NX
l��

sL�N�lz
l def
� z�L�N

	
S�z��

Equations �
��� $ �
���� can be rewritten in the form

A�z�
	
R�z� � ����K�N��A��z�

	
R��z� � �zK�N��� �
����

B�z�
	
S�z� � ����L�NB��z�

	
S��z� � �zL�N � �
��
�

A�z�
	
S�z� � ����L�NA��z�

	
S��z� � �� �
��
�

B�z�
	
R�z� � ����K�N��B��z�

	
R��z� � �� �
����

According to Lemma � and by choice of K� there exists the unique pair of polynomials Q� and Q� of order
at most N � �� satisfying the equation

A�z�Q��z� � ����K�N��A��z�Q��z� � �zK�N���
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As this takes place� evidently� Q��z� � Q���z�� Thus� the polynomial
	
R�z� � Q��z� satis�es equation �
�����

If K�N is odd� then it is not hard to verify that the functions B�z� � z
	
R��z� and

	
S�z� � A��z� satisfy

equations �
���� � �
����� In the case of even K�N the functions B�z� �
	
R��z� and

	
S�z� � �A��z� are

solutions of these equations�

In spite of apparent arbitrariness of a choice of the polynomials B and
	
S � the spaces W j are completely

determined by a choice of the polynomial
	
R � since coe�cients of this polynomial completely determines an

operator of projection to the space V j along the space W j�
To show that the spaces W j actually has a dimension J we prove that the reconstruction formulae

cjm �

N����X
l��

cj��l am��l �

N����X
l��

dj��l bm��l� �
����

which invert an operators of projection of the space V j to the spaces W j�� and V j��� hold� Hence�

dimW j�� � dimV j � dimV j�� � J � J�� � J���

It su�ces to make sure that formula �
���� is valid for j � n� We denote by A a matrix of size �n�� � �n

such that its �rst row consists of the elements a�� a�� � � � � and the next row is obtained from the previous
one by double cyclic shift to the right� In an analogous way we construct the matrices B�R� S� Then system
�
�
� � �
��� of equations can be rewritten in the matrix form�

A
B

�
�RTST � � E�

Consequently� the matrix �RTST � has the inverse matrix

�
A
B

�
� Hence� it is nonsingular and an operator

of reconstruction is determined by �
�����
The presented construction of nonorthogonal wavelet decomposition of the space V n solves a problem of

minimization of computational expenditures� leaving aside a problem of �angles� between wavelet spaces�
It is clear that� increasing a width of convolution window �parameter N � we can exert a certain in%uence
to mutual disposition �in particular� to degree of nonorthogonality for the case V j � L�� of wavelet spaces�
The dependence of mutual location of the spaces fW jg on a size of a convolution window has need for an
additional consideration�

It is self�evident that for large N the approach based on transfer to the Wiener bases� described in x�� is
preferable�
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