KIIATIIOMACIITAINIBIA AITAJIN3 1 BCIIJIECK-TIA3JIOXKEIIN S
IITNIOCTIIAIICTB IIEIMOJINYECKHNX HACHl_lE,ZLEJ'IEHI/IIQ/’I1

A.Tl.MeTyxoB

I anbl onipenesienns kparHomacmtabroro araamsa (KMA) u Berleck-nexkoMmosuumm mrmpo-
KOTO Kpyra KBasmbaHaXOBBIX MPOCTPAHCTB MEPUOANIECKUX pacrpenesennit. MccaemoBanb
ssieMeHTapHbie cBoiicTBa KMA.

Mpbr pacemarpuBaeM oOOUIHI MOAXOM K onpeneennio KparHoMacuTabHOTO aHaI3a
{vi }32 IMMPOKOTo KpyTa KBasubaHaXoBBIX MPOCTPAHCTB NEPHOAMIECKUX pacTIpeieeHuit
(060bImEHHBIX DYHKIIHIT).

O6osnaunm depes D mpocTpancTBO 27-TIEPUOANICCKUX PACTIPEIeseHuil. D oTHoe Mo-
CTPOEHUE TEOPUH MEPUOINICCKUX PaclpeleseHuii TpUBOAUTCs, HanpuMep, B [5]. Damo-
MHWUM HEKOTOPBIE OCHOBHBIE CBOMCTBA pacpeneseHnii. JacnpenesieHus MOTy T pacCMaTp-
BaThCs JIMOO Kak orpaHWYeHHble JImHeHHbIe QyHKIIMOHAbI, AeHCTBYIONIEe Ha MPOCTpaH-
c1tBe beckoreunomnd dbepentmpyembrx Gyurnumnit C, mubo kax dbopMaabHble TPUTOHOME-

TpUHIECKUE PAILbI
4+ oo

p def
¢ nocJenoBateTbHOCTAME Koadduimentos Pypre f(n) = ¢, nMerommmMn He bosiee deM
o o def
ctenenHoit poct. CBepTKa pacnpenenennil f u g onpenendercs no dopmyie f * g(x) =

oo F(n)g(n) exp(ina).

Yepes f, MBI 0003HAIUM CBEPTKY [ ¢ sapoMm DyaccoHa P,

4+ oo

fr(x) = f*Pp(x) = Z c,rimleine,

n—=——0oo

Dyers X C D — xBasubanaxoso nmpoctpancTBo. Hepes M (X, L) Mbr obosHadmm mpo-
CTPAHCTBO OTPAHNIEHHBIX OMEPATOPOB CBEPTKHU (TOUHee, AIep TaKUX OMepaTopoB), Heli-
cTBytommx n3 X B L.

IYa6ora Beimosaena mpu noggepxike DPOU rpant 97 - 01 - 00443
Hoknmamer DAD 356(1997), N 2, 303 — 306

Typeset by AsS-TEX



2 ADDETYXOB

Omnpenesienne 1. Yepes § Mbl 0603HAUMM KJacc KBa3sMmOaHAaXOBBIX IMPOCTpaHCTB X ¢
kBasuHopmMoii || e | X ||, yI0BIETBODAIONINX CJACMLYIONINM YCIOBUAM:
a) C* C X C Dy
)1 1= supll | X | 1 oo f € X
T

¢) X MHBapUaHTHO OTHOCHTENBHO 3aMeH MEPEMEHHBIX & — +a + 7 1 & — 22, a TaKKe
OTHOCUTEJIHHO 3aMEHbI & — /2 JIsd T-NepUOIMIecKuX (yHKIHI;

d) X uHBapMaHTHO OTHOCHTEJNLHO MOTOYETHOrO yMHOXKeHUsA Ha (GyHKumuu expl(ina),
n € Z;

e) f € X B TOM W TOTbKO TOM coydae, Korma f € X.

3aMeTnM, ITO GOTBIUTMHCTBO KJIACCHIECKUX MTPOCTPAHCTB pacipeneseHi (Taknx, Kak
npoctpamncTBa Jlebera n Xapmu, mpocTparcTBa JecoBa—Jlnmsopruna— Tpubdess, mpo-
crparcTBa Op/nda, MPOCTPAHCTBO KOHETHBIX OOPETEBCKUX Mep W MHOTHE IpyTHe) Mpu-
HalljlexkatT £).

Dac THTEPECYIOT JUIIb ITPOOJIEMbI CXOOUMOCTH, a He €€ CKOPOCTH. D 03TOMY MbI MOXKEM
rnoJjiaraTh, 9TO HOPMBI BCeX TMPOCTpaHCTB X € §) MHBaApMaHTHBI OTHOCUTEJBHO CIIBUIOB
apryMeHTa M KOMILJIEKCHOTO COTPSKEHNA. B IPOTUBHOM ciIyvae, COTTIacHO CBOHCTBAM ¢)
M €) MBI MOYKEM BBIOJHUTE MOIXOIANLYO TEPEHOPMUPOBKY.

B [9] MBI BBesm KJsiace mpocTpaHCTB pacupenescHnii H, KOTOpbIi BecbMa OJU30K K
KJaccy $). Do kpaiimeil Mepe 9TH KJacchl IMEIOT MHOTO OOIIHX CBOMCTB.

[e]
Dycrs X € §), Torma gepes X (mam X°) oboswaunm momnoaHerne npoctpanctsa C 1o
KBa3MHOPME TIPOCTPAHCTBA X ;

U gef
X = feD\gWﬁJXH<w

def ° g
(X] = {Yen|XcYcX

Oneparius [8] pasduBaer §) Ha KJracchl sKBUBaJieHTHOCTH. [Kak obbaHo, Yepes X * obosna-
YUM TIPOCTPAHCTBO HENTPEPBIBHBIX JUHEHHBIX (DYHKIMOHAJIOB Ha X .
Hanee (f,g) — snauenne suHeiinoro Gynkimonana g € X* wa pacnpenenennn f € X.
Xoportio usBecTHO, U410 B caydae X = C™ mMbl MoiKeM moJtaraTh

(f.9) Z flo)xg(—0)(0) = Y f(n)i(n), (1)

re pan abcosotHo cxomutcesa. Ta ke dopMmysia TpUMEHNMa I TPOU3BOJBHOTO TIPO-

[e]
crparctBa X = X. Dpu stoM paAn B (1) He cxomuress abCOTIOTHO, HO CYMMUPYETCH
MeTomoM Abesis — DyaccoHa.

CsoiictBo 1. Ilycrs X € 9, Y € [X]. Torma M(Y,L>) = (X)* € 9.

30,M6’%0,H’U,6. MozxHO Tagk:Ke AJoKa3aTb, YTO OJIA X € f:) MHOZKECTBO KOMITaKTHbBIX OII€paTO-
o

poB cBepTKH, neficTBytomnx s X B L, copmamaet ¢ (X)*°.
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CsoiictBo 2. Ilycrs X € $ — b6anaxoBo npocrpanctso. Torma

d m|
M(M(X,L>),L®) = M(M(X,L>),L>®) = X**** = X.

Bamewanue. s kBasubanaxosa (Ho He Ganaxosa) nmpoctpancTBa X CBolicTBO 2 yTpatn-
BAET CUJIy. DTO CJEIyeT u3 Toro, 9to X °*°* — Hanaxoso.

Ounpenenenune 2. Mol 6ynem rosoputh, uro {V7 j=¢ — TOCJ/IENOBATEIBHOCTD JIMHENHBIX

HOAIIPOCTPAHCTB IIPOCTPAHCTBA X €  — obpasyer Kpamrnomacwmabrod anasus (KMA)
npoctpaHcTBa X € §), €csIi OHa yIOBJIETBOPSAET yCJIOBHAM:
Ha)VlcVic...cVic...cX;

b) dimV? =2/, 5 =0,1,2,...;
2) szo VJ naorno B )O(;
3) a) VY cocTonT M3 MOCTOAHHBIX;

b) econ f(z) € VI, to f(2z) € VI 1 =0,1,2,...;

) ecm f(x) € VI 1o f(x/2) + f(z/2+ 7)€V, j=0,1,2,...;

d) Ka}KILaH‘beHKHI/IH npocrpaHcTBa [ € Vj'H npercrasuma B Bune f(x) = fi(x) +
fZ(x + 27 - 2_]_1) + f3(2$>, roe f17f27f3 € V]7 .] = 1727 s

Samevarue 1. Mol onpenennan KMA He Torbko nisa L2, #o un myia nponssosbHoro X € §).
DTo onpenesieHre OTINIAETC OT APYTUX W3BECTHBIX ONpelesennit (cM., Hamp., [8]) maxe
ais X = L2, Mbl usHauasabho He TpebyeM HE Toro, 4Tobbl mpocTpancTsa VY Obin su-
Heiinoit 060/109KO# ¢ABUTOB OfHOH (BbYHKINN, HI JazKe HHBAPHAHTHOCTH IPOCTpaHcTs V/
OTHOCHTEJILHO CIIBUTa apryMenTa na 27277, Tem me menee, onpenenentbie Hamu KMA
obJTaatoT yKasaHHBIME cBOWCTBaMu. [WTaBHOI Ke OTIIMIUTETbHON YepTOil HAIIETO OTpe-
JleJIEHU S ABJIAETCH TOT (PaKT, ITO OHO TapaHTUPYyeT OMHO3HATHOCTE BoccTanoBIeHm s KMA
o JriobomMy w3 poctparcTs VY (j > 0). DTuM cBoHcTBOM He 0b/IaafoT TOMHHOMHAATbHbIE
KMA, pacemorpennbie Y. Hyu, X.Mackapom [2] u U.Meiiepom [7]. Dostomy, ¢ nameii
TOUKM 3penus, onn He spiatorca KMA. Bee npyrue, nsBecTHble HaM TPUMEPHI TIEPUOIH-
weckux KMA, ynosstetsopstor Omnpenestennio 2.

EctectBenno, Ompenesnerne 2 MOKeT OBITH IPUMEHEHO HE TOJHKO K TIPOCTPAHCTBAM W3
£, HO M KO MHOTHM TOTIOJOTUIECKNM JIMHeHHbIM TTpocTpancTBaM, Hampumep K C wan D.
Doka He oroBopeHo mpoTHsHoe, Mbl Honaraem N = 27, L = 2! J = 2J u tax naee.

Dyers ! € X, u nuxmmit ungexc | onpenesser npunagiexnocts o! k VI torma uepes
G Mbl 0603HAUNM BEKTOP-BYyHKIHIO

F(x) = (¢'(x).¢'(x — 27/L),... o' (x —2(L —1)/L))" .

Ecam ee KoMITOHEHTHI IMHENHO HE3aBUCHUMbI, MBI OyIeM Ha3bIBaTh UX 6azucom cdeuzos. B
naJbHeHIeM 3Ta JOTOBOPEHHOCTD PACIIPOCTPAHAETCH TOJTbKO Ha (DYyHKINN, 0003HATAEMBIE
rpevIecKUMI OYKBaMU.
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Teopema 1. ITycrs {V/ =0 — HpOH;BOJIbeIﬁ KMA npocrpancrsa X € ). Torna
cymecrByer rtakoii nabop dynxuui {p! };io, 9TO KOMIIOHEHTBI BEKTOpOB J obpasyior

6asucer npoctpancts V. Kpowme Toro, as jobbix i1, ja, 0 < j1 < Jjo, umeem

JQ/Jl—l
! (Jyx [ J) = Z 0’2 (x + 2rkJy ) J3).

k=0

CaencrBue. 3adurcupyem jo > 0. Ecim npu yeaosusx Teopemsr 1 ! yrosiaersopser
MacwmabupyrouLemMy ypasHeHU0

2Jo—1

@ (x) = Z anp? Tz — 27n /2.0)

n=0

opu j = jo, TO @) YIOBIETBOPSIOT 5TOMY ypaBHEHHIO IpH Bcex | < jo.

DocsenBaTeIbHOCTD Koa(PpPUIMEHTOB MaCIITAOUPYIONIETo YPpaBHEHNA HA3hIBACTCH MC-
KoU.
HokasatenabcTBo TeopemMbl 1 onmupaeTcsa Ha HECKOTBKO BCIIOMOTATETbHBIX PE3YIbTATOB.

JlemMma 1. ITycrs nocorenosaressbHocTs npocTpancTs { V7 720 obpasyer KMA npocrpan-
crsa X. Torma misa xaxmgoro j > 0 maiizercsa 6asnc vi(z), n = 0,1,...,J — 1, yaope-
TBOpAtomMil Ipu m € Z yCJI0BUAM:

ol=1,5>0;

2) s qoboro k #n, 0 < k,n < J, m € Z, mveem 0 (k + Jm) = 0;

3) cripaBeIHBBI PEKYPPEHTHBIE COOTHOIICHIA

a) pItt (n+2Jm) = 0} (n+2Jm) npu HedeTHBIX N (31€Ch U B JabHEHIIEM MBI TOJIaraeM

Y a—— .
vy = Ul—l—J):

b) ﬁ%"’l(n +2Jm) = ﬁi/z(n/Q + Jm) npu geTHBIX n.

Bamewarue. OueBumano, GopMyJIbl TyHKTOB 3a) 1 3b) HAIOT OMMH 1 TOT Ke PesyIbTaT 111
BCEX n KpoMme ciaydas n = J.

Dasucel v, CyIECTBOBAHNE KOTOPBIX caenyeT u3 JleMMbl 1, B cirydae meproaniecKnx
CTTaitHOB M3y vaauch MHOTHME aBTopamu (cMm. [6], [10],[11]).

Cdopmynupyem HeKoTOpbIe caenctBusA Jlemvbr 1.

Caencrsue 1. Ilpocrpancrsa {V’ j=¢ HHBapHaHTHBI OTHOCHTEJIPHO CABHIA apryMEHTa

nva 27/ J.

CaencrBue 2. Jlwbdas uz ¢yaxnuuit v),, 7 >0, 0 <n < .J npencrabuma B Bue

vl (z) = Z c;i_i_Jm exp(i(n + Jm)x),
me7Z

¢ HEHYJICBBIMHU K02} DpUITHeHTaMI.

BBenem obosnavenme 07 mis BekTopa (v)), . . . ,U]J_l)T.
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Jlemma 2. KommnoneHTbl BeKTOpa @’ obpasyior 6asuc npocrparcTBa V7 B TOM U TOJIBKO
TOM cJydae, Korjga (PpyHKIUA @’ ABJIAETCA JUHEHHOH KoMOuHAaImed 2JIeMEeHTOB BEKTOPa
07 ¢ HeHyJIeBbIMHU KO3 (DpUIIHEeHTAMIU.

DanoMHUM, UTO COIVIacHO Teopeme Bubepa JuHeilinas o60J09YKa CIABUTOB (DYHKIINN
f € L(R) nmorna B L(R) torma m TosbKo Torma, Korma f(w) # 0 nns Becex w € R. B
HAIIeM CJIydae IpoCTPancTBo VV HHBAPHAHTHO OTHOCUTEILHO 27/ J-CABUTA, & 3JIeMEeHTbI
Gasuca ¥/ sABssAtOTCA COGCTBEHHBIME (BYHKIHAMI 5TOTO CIABUTA. Do3TOMY Koa]hhuIimeH-
HTBI pasjokerns GyHKIHH 10 6asucy ) MOKHO paccMaTpuBaTh Kak ee CIeKTp. Takum
obpaszom, Jlemma 2 sABJIsETCA aHAIOTOM TeopeMbl Butepa. Do3ToMy MbI OyIeM Ha3bIBATDH
BexTop-pyHKIHIO 07 6asucom Bunepa npocrpancrsa V/. OQgeBHAHO, YTO B KazKIOM M3
npocrpancTs V/ cymecTByeT eIMHCTBEHHbBIH ¢ TOYHOCTBIO 10 EPEHOPMHUPOBKH M Iepe-
CTAHOBKM JIeMeHTOB Oasnc Bunepa. Mbl 6y1eM MoJIb30BaThCs eCTeCTBEHHON HyMepaliieti
€ro »JIeMEHTOB, KOTHa HOMED OMpefessieTcs TapMOHUKaMU, BXOIANMMU B CHEKTD TaH-
Hoit dyHKIMN. Dasnchkl Burepa m 6a3muchl CABUTOB CBA3AHBI MEKILY CODO (¢ TOTHOCTHIO
1o ymHoKenus (yHKIM v Ha HeHyJebble MHOKUTe ) TpaAMbiM (Fr[e]) u obparmbim

(F;'[e]) ID® nopsaxa J:

#(x) = Fr @ (x)), & (x) = Fy[t(x)].

Cormnacuo Jlemme 1 kaxxmerit KMA mpoctpanctsa X mopoxmaercs omuoit dyHKIMe
vi. Ins onucanns Beex BosMokHbIX KMA npoctpancrsa X fnoctarouno Haiitu Bee dony-

cmumvie GYHKIUH V7.

[e]
Teopema 2. @ynxmus vi € X € § nopoxgaer KMA npocrpancrsa X Torna m ToJapKo

TOorAa, Korjia
4+ oo

@)= > anexp(i(2n + 1)),

n—=——0oo

r/ie BC€ dy OTJIMYHDBI OT HYJIA.

TpamuumonHbIl MOAXOM K BCIIecK-TIpocTpancTBam W/ coctonT B MX ompene/ieHun
KaK OpPTOTOHAJILHOTO [IOMOJMHeHHsA mpocTpancTBa V/ mo V/TL. Dror meron semmeck-
npencrapaenna Gynkunit f € L2 ocHOBaH Ha WX alPOKCHMAINH OPTOTOHAILHBIME IPO-
eKIMAME Ha mpocTpancTsa V’/ C L?. OnHako KoHmenmns ~opTOroHAILHON MTPOeKInu”
TepAeT CBOe 3HAYEHUE IIJIA MPOU3BOJIBHBIX TPOCTPAHCTB X € §).

Y oo o =3 00

Dyers {V7 720 — KMA npoctpancrsa X € §). KomnonenTsl BekTop-dyHKImit {vV }]‘:0

oo *
obpasyior 6asuckl Bunepa npocrpancrs V7. Ecau {PJ 720 — KMA mpocrpancrsa (X)
e . o -0 o
c 6asncamvu Bunepa {p’ } 32, n Taxoit, uto (v),p}) #0,n=0,1,... ,J—-1,5=0,1,2,
Toraa MbI OyaeM roBopuTh, uto KMA {P]}QOO ompenesnsaeT ecnaecck-npoexyuro Ha KMA

{V] o- Dpoextuposanme X + V7 onpenensgerca dpopmyioit

fHZ fvp] ]

Unypn> o
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Bcnﬂecn-npocmpaucmeamu Ha3bIBalOTCA HpOCTpaHCTBa
Wi={fevV* | (fp)=0n=01,...,J—1}

Jlerko BumeTh, uTO B mpocTpancTBax W/ cymectByer Oasuc Bumepa, KoTOpBIil MOXKeT

OBITH BBIYUCJIEH IO (pOpMyIam
o /01 ] j+1 +1 g\, J+1 —

wl = <vn+J,p‘,71>v£ — (v} ,p%}vn_i_J, n=12,...,J—1,

J_

J

w

J+1
UJ .

Taxum obpasom, mpoctpanctBa W/ MHBapMaHTHBI OTHOCUTEIBHO CIABUTA apryMeHTa Ha
27 /J. Kpome TOro, uMeeT BECTO MpelcTaBIcHIe

VieVigaWlg...egw’™t j=1,2...,

re & obosHavaeT MPAMYIO CyMMY JTUHEWHBIX TTPOCTPAHCTB.
OueBunno, cormacHo CBoiicTBy 2 mpocTpaHCTB U3 §) 17151 DAHAXOBBIX MPOCTPAHCTB X

MMeeT MecTO nBolicTBeHHas cutyanma. KMA {V] ?’:0 yCTaHaBJINBAaECT BCIJIECK-IIPOCKIINIO
[e]
X)* Pl _
HpOCTpaHCTBa Ha HpOCTpaHCTBa j:O 1%8 OHpeILeJIHeT BCIIJIECCK HpOCTpaHCTBa

{Q7}52,. DTo yTBepKIeHWe ocTaeTcd TaKze B CHIC W A KBA3HOAHAXOBA TPOCTPAH-

crBa X. B camom nene, ecaum {V7} obpasyer KMA kBasubanaxoBa mpocTpaHcTBa
def

X CY = X°** 10 Bce HeueTHble rapMOHUKY (DYHKIMU 0] OTJIUYHBI OT HYJIs. SHAYUT,

corstacto Teopeme 2 {V7} obpasyior KMA 6anaxosa npocrpancrsa Y. Onnako KMA
KBa3mbanaxoBa MpocTpaHcTBa X He OMpeHesIsaioT BCe BOSMOKHBIC BCILICCK-TIPOEKIINN Ha
[e]

KMA {P’} mpoctpanctsa (X )*.
Teopema 3. Ilycrs {V/ 520 — npomssospnbili KMA npoctpancrsa X € §, KMA

e * . . e
{P’}52, mpocrpanctsa (X )* onpenesaer senneck-npoexrurio, {W7 152, — coorsercTnyio-

oo

niue Berteck-ripoctpanctsa. Torna natinercs raxoii nabop byuxuui {i’ j=0s ITO KOM-

[MOHEHTbI BEKTOPOB ;/jl obpasytor basucer mpocrparcts W', Kpome Toro, mis jobbx ji,
J2, 0 < g1 < 2 mmeem
Jo)J1—1
() = Y WP (a+ 2xk 1) ).

k=0

CaencrBue. 3adurcupyem jo > 0. Ecsm npu yenosusx Teopembr 3 @07 yrobiaersopser
MacwmabupyrouLemMy ypasHeHU0

2Jo—1

¢](x) = Z bnc,oj"i'l(:z; —27n/2.J),

opu j = jo, T W’ ymoBseTBopsioT eMy s Beex § < Jo.

. —
YKaykeM OIMH W3 CIIocODOB HaxoXKIeHus GyHKIMM /. Dycth " — basmc COBUTOB
npoctparctsa P" nBoiictsermoro KMA. Baenem obosmnaters

Ym = (" T (e — 27m/2N), £ (8)), m=0,1,... ,2N — 1.
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Teopema 4. Ilycrh

Y (e + 21 /2N) = i (—1)"7mc,o"+1(o—|—277m/2]\7). (2)

m=0

Torna cucrema pynximii {" (e — 27rm/N) %;é obpasyer basuc npocrparcrsa W,

Cootnotrenne (2) HAOMIHAET XOPOIIO U3BECTHYTO GOPMYJTY TpefcTaBIeHns (HyHKIINN

n -n+1
77/) gepe3 KOMIIOHEHTBI BEKTOpa @

C OPTOTOHAJBHBIMI KoMIoHeHTamMu (M., [3],[4]).
Dartnvecku (2) yrounser cMmbica Koadduimmentos. B HekoTopoMm cmbiciie dopmyity (2)
MOZKHO CUMTATh U3BecTHO. Bo Beskom cityuae, ee anador nys KMA npocrpanctsa L2 (R)
MOZKeT OBITH JIETKO ToTyYeH 3 dhopmysl (5.4) paboTs [1].

D PUHIMITHAIBHBIM BOITPOCOM, CBA3AHHBIM CO BCILIECK-TTPOEKIIMAMMI, ABJIAETCS BOIIPOC O
BO3MOZKHOCTH AIMTPOKCUMAIINN ITPOU3BOIHHON (DYHKIIMY ¢ Halepe 3adaHHO TOUHOCTHIO.

Mpsr maem Ha Hero orBeT B mpocTeiiniem caydae X = (P 1 < p < oo, 111€

Hrpe = {3 1

n—=——0oo

Kak 06brvHO, omaraem ¢ = p/(p — 1) mpu p > 1; ¢ = oo ipu p = 1.

Teopema 5. Ilyctp {Pj};;’o ycraHaBnBaeT Beiieck-mpoexiuto na KMA {V/ j=o 1po-
crparctBa (P, 1 < p < oo. .Jlioboe pacnpenenenne u3z (P morxxer 6pITH OpHOIHIKEHO
€ IPOU3BOJIBHOI TOYHOCTHIO CBOUMU IPOEKIUAMH Ha V/ Torma m TOJIBKO TOroda, KOTAa

MHOZKECTBO 49HCEJT {{Anj 7{:(1) ;o:O = {{Hp{l | 0L || vl | 0P| /(vd, pl) 7{:(1) j—o OTpaHm-
4eHo.
Samevwarue. DocKoTbKY (£°°)° def co # ((7°)°, To Teopema 5 ocraercs B cuiie JUUIb 15

Co, a He [ (™.
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