The Derivative

1 Tangent Lines and the Derivative

Let’s start by describing what we will call the tangent line to a curve. If we have a
function f(z) and a point zg in its domain, then the tangent line of f at xq is the
line passing through the point (xg, f(xg)) with the property that in a small enough
neighborhood around (zg, f(zg)), the function and the the line are indistinguishable.
That is, the graph of the function will look like the tangent line if you zoom in to
a small enough interval around the point. The slope of the tangent line to f at
(x0, f(x0)) is also called the slope of the function f(z) at xo.

It is important to realize that there are points on graphs of certain functions for
which no tangent line exists. For example, the graph of the function f(x) = |z| in
any open interval around z = 0 will always look like a ‘V’ and so it could not have
a tangent line at x = 0.

We need a way to compute the slope of the tangent line to a function at a given
point. Remember that in order to compute the slope of a line, we need to know
two distinct points which lie on the line. We will start by computing the slope of a
secant line (a line going through two points on the graph of f(x)). Suppose z; is a
point in the domain D of f(x) and h is a non-zero real number (we want h to be
close to zero, though it can be either positive or negative). We will approximate the
tangent line to f(x) at (xo, f(xg)) using the secant line passing through (xg, f(xo))
and (zg + h, f(xzo + h)). The slope of this secant line is

~ fleo+h) = f(zo)  f(xo+h)— f(x0)
m(xo, h) = = .
(zo +h) — 20 h
The notation m(xo, ) means that the slope of the secant line depends on both x
and h. Furthermore, if we fix g, then m(zg, h) is a function of h. The limit concept
provides us with a tool which allows us to define the slope of the tangent line to a
function at a point.

Definition 1.1 Let f(z) be a function and let x¢ be a point in its domain. The
slope of the tangent line to f(x) at the point (xo, f(x¢)) is the real number

given by
m(zg) = lim flzo + h})l — flzo) _ f(xi - i(fﬁo)
— T—x( — Xo

whenever this limit exists. The limit does not exist if and only if there is not tangent
line to that function at (o, f(x0)).

Note that we get the second expression for m(zy) when we take h = © — ¢ in the
first expression and we interpret h to be a ‘signed distance’ from x to z¢ (meaning
h takes on positive and negative values depending on whether z lies to the right or
to the left of x¢).

Given a function f, we will derive a function f’(z) from f(z) which takes each
point in the domain of f(x) for which f(z) has a tangent line to the slope of that
tangent line.



Definition 1.2 Let f(z) be a function with domain D and let D' be the set of all
points in D at which f(x) has a tangent line. The derivative of f is the function
f'(z) with domain D' given by

B) — _

h—0 h T—T0 Tr — X

which takes a point x¢ in D' to the slope of the tangent line to f(z) at (zo, f(zg)).
We call f'(x) the derivative of f at x and we say that f is differentiable on
D'

Let’s see if we can compute the slope of the tangent line of constant, linear,
and quadratic functions at any point on them. To do this, consider the function
f(z) = ax? + bx + ¢, where a, b, and ¢ are any real numbers. Fix a real number z.
We compute

f(zo+h) = a(xe+h)? +b(zo +h) +c
= ax% + 2ahxo 4+ ah® + bz + bh + ¢
= (axd + bxg + ¢) + 2ahxo + ah® + bh
= f(x0) + 2ahzo + ah® + bh.

Consequently,
. flzo +h) = f(wo)
’ _
i) = Jim h
. 2ahxo + ah? + bh
= lim
h—0 h
. h(2azg + ah +b)
= lim
h—0 h

= }hmO(ano—!—ah—l—b):2ax0+a-0+b=2ax0+b
11—

by continuity of the polynomial ah + (2axq + b).

Note that if a = b = 0, then f(x) = ¢ (i.e., f is a constant function). In this
case, f'(zg) = 0; that is, the slope of a constant function at any point is 0. This
makes sense since the graph of f(z) is a horizontal line (so the slope is 0) and the
tangent line should correspond exactly to the graph of the function. If a = 0, then
we have the linear function f(x) = bx + ¢ whose graph is a line with slope b. As we
hope, f'(z) =b.

The computation of the derivative of f(z) = az? + bz + ¢ shows that f(x) is
differentiable at every real number, and the slope of the tangent line to f(z) at any
point g is f'(z) = 2axg + b.

One of the simplest examples of a function which is not differentiable at every
point of its domain is the absolute value function defined by

z ifx>0
g(x) = |of = -z fz<0

We claim that g is differentiable at every real number except x = 0. If x > 0, then
g(x) = x and so ¢'(x) = 1. If z < 0, then g(x) = —z and therefore ¢'(z) = —1.
Thus, g(x) is differentiable at any positive or negative point. To show that g(z) is
not differentiable at 0, consider the limit:
—g(0 — 10
e g0 el (0] . al

im — = lim
x—0 x—0 x—0 x z—0 X z—0

1 ifxz>0
-1 ifxz<0

which does not exist. Recall that the graph of g(z) = |z| looks like a ‘V’ with its
sharp vertex at the point (0,0). In general, a function is not differentiable at ‘sharp’
points like this on its graph.
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1.1 Notation

We will introduce three different notations associated with the derivative. If f(x) is
a function, then we write f/(z) for its derivative. If we have an equation y = f(z),
then we use the notation p
Y ’
de - f (.1?)7
which is read “the derivative of y with respect to x.” Note that y is the dependent
variable and x is the independent variable. Sometimes we will use = as the inde-
pendent variable (representing horizontal displacement) and ¢ as the independent
dx

variable (representing time) and so we would write 57 in this case.

A third notation for the derivative comes when we think of the operation of
taking the derivative as a BIG function from the set of differentiable functions into
the set of all functions; that is, this big function takes a differentiable function, say
f, to its derivative f’ (recall that f’ is also a function). The notation we use to
emphasize this idea is

Dy(f)=f" or (Du(f))(x) = f'(2).

1.2 Rates of Change

The slope of a line is a number which communicates to us the rate at which a line
is rising or falling as we move in the positive direction. If f is a function, then
its derivative, f’(x), tells us what the slope of the tangent line to f at x is. We
therefore might guess that there is a strong relation between f’(z) and the rate of
change of f. Most useful to us in this regard are functions which measure a quantity
of something such as length, population, money, area, volume, etc. with respect to
time. In this case, f/(¢t) will tell us the rate at which the quantity is changing at
any given time. We will explore this idea in what follows.

Suppose @ is some quantity which varies with time ¢ so that Q@ = f(¢) for
some function f. Then the change in @ from time ¢ to time ¢ + At is the number
AQ = f(t+ At) — f(t). Hence, the average rate of change of Q from time ¢ to
time ¢t + At is the quotient

AQ _ flt+At) — £t
At At '
The instantaneous rate of change of @ at time ¢ is the derivative
A At) —
4Q . AQ L f(t+ AN [()

v — Y = 1
dt At—0 At A%IEO At

For example, suppose z(t) is a function which gives the horizontal displacement
of a particle at time ¢. You can think of the particle moving along the z-axis where

z(t) is the z-coordinate of the particle at time ¢. In this case, the quantity is length

and the derivative ‘Z—f represents the velocity of the particle at time ¢. Recall that

velocity is a vector quantity (so it has both a magnitude and a direction); in this
case its direction is given by a plus or minus sign: if it is positive, it is moving to
the right and if it is negative, it is moving to the left.

Similarly, suppose that y(¢) is a function which gives the vertical displacement

of a particle at time ¢. Its derivative % gives the velocity of the particle at time

t, where a positive sign means it is moving upward and a negative sign means it is
moving downward. An important special case of this vertical motion is the function

y(t) = —16t% + vot + yo



which gives the vertical displacement of an object with initial vertical velocity vg
(given in ft/sec) and initial height yo (given in ft) under the influence of the down-
ward acceleration of gravity a = —32 ft/ sec”.

If @ is a quantity that changes with respect to time ¢, the sign of its derivative
determines whether the quantity is increasing or decreasing. In particular, we have

d
CTCtQ >0 means ( is increasing
d
d—? <0 means ( is decreasing.

2 Rules of Differentiation

We will now use the definition of the derivative to prove some nice rules for dif-
ferentiating functions that will make finding the derivative much easier than using
the definition directly. I emphasize here that the definition is the foundation upon
which we will build these rules. Each rule that we prove is a result of the definition
of the derivative, and you can see that if you look carefully at the proofs.

The first rule is one that we have already proven, but we restate it here for
reference.

Theorem 2.1 Ifc € R is a constant and f(x) = ¢ for allz € R (so f is a constant
function), then f is differentiable, and

f'(x)=Dy(c) =0 forallz€R.
The next theorem follows easily from the limit laws.

Theorem 2.2 If f,g : D — R are differentiable on the domain D and a is a
constant, then the functions f +¢g: D — R and af : D — R are differentiable on
D and their derivatives are respectively

Dy (f +9) = Do(f) + Dz(g9) and D.(af)=aD.(f).

Proof. We will compute the derivative of f 4+ g and af using the definition.
First,

(f(z+h)+g(x+h) = (f(=) +9(x))

(Da(f +9))(z) = lim

h—0 h
= lim flz+h) = f(x) +g(x+h) —g(x)
h—0 h
. (fla+h)—flx)  glz+h)—g(z)
= lim fla+h) = flz) + lim g(z+h) —g(z)
h—0 h—0 h

For the second function,

o S D)~ af(@) fw+h) — f(@)

(Ds(af))(z) = lim 5 = lma h
. flz+h)— f(z)
= alim —=————= = a(Ds(f)) ().

These computations give the formulas for the derivative and also show that f + g
and af are differentiable whenever f and g are; i.e., on D. O
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2.1 Product and Quotient Rules

Let’s pause here a moment and discuss certain characteristics of a function. First,
a function is either defined or it is not defined at a point. In pre-calculus, one
finds problems concerned with finding where a function is defined: the set of all
such points is called the domain of the function. Earlier in this course, we defined
what we mean by a function being continuous at a point and had several examples
of functions which are defined at a point but not continuous there. In the last
section, the derivative was defined and we said what we mean by the function being
differentiable at a point. The set of all such points is the domain of the derivative
of the function. This next theorem says that differentiability is a stronger condition
than continuity; that is, differentiability implies continuity.

Theorem 2.3 If f(x) is differentiable at a point xo in its domain, then f(x) is
continuous at xg.

Proof. Let xo be a point where f(z) is differentiable, so that f/(z) exists. Using
the limit laws, we compute

lim f(z) — f(zo) = lim f(z)— Jim (o)

T—xo T—x0

= Jim (£(z) = f(w0))
= i (o= a1 00))

T—Ig T — X0
= lim (x — xp) - lim 7]0(@ — f(zo)
Tr—x0 T—x0 xTr — a’,‘O

= (lim z— lim zg)f (x0)

= (Jim z — o) f'(z0)
= (l‘o — ito)f/(xo) = 0

That is, lim; ., f(z) = f(x¢) which means that f(z) is continuous at z¢. O

We have already seen that functions may be continuous but not differentiable.
For instance, we have seen that f(xz) = |z| is continuous on R, but it is not dif-
ferentiable at * = 0. We thus have a hierarchy of functions. At the lowest level
we have functions which are defined on a domain D. At the second level, we have
those functions which are continuous (and therefore defined) on D. Finally, we have
those functions which are differentiable (and therefore continuous) on D.

We are now ready to discuss the derivative of products and quotients of functions.
The rules in these cases are a little more complicated than you might expect.

Theorem 2.4 (Product Rule for Derivatives) If f(x) and g(z) are differen-
tiable functions on a common domain D, then the function (fg)(z) := f(x)g(x) is
differentiable on D and its derivative is

(Da(fg)(x)) = f'(x)g(x) + f(2)g'(x) = (f'g + f9')(2)-

Proof. Let ¢ be any point in D. We compute the derivative by adding in and
subtracting out a carefully chosen term in the definition of the derivative:

(Du(Fo)) (o) = lim L29@) = F(@o)g(o)

T—To Tr — X




i T@)9(@) = Flao)o(a) + Fo)o(e) + fao)g(ao)

z—To T — X
= lim (Mg(x) + f(xo)g(l’)_g(%)>

T — X T — X

= lim M- lim g(x)+ lim f(xg)- lim 9(@) — g(wo)

T—T0 r — X T—T0 T—T0 T—T0 T — X0

= f'(w0)g(wo) + f(z0)g (x0)

where we have used the fact that lim,_,,, g(z) = g(zo) since g is differentiable and
hence continuous. Note that all of the limits exist by the differentiability of f and
g and therefore fg is differentiable on D. O

T—XTQ

Theorem 2.5 (Quotient Rule for Derivatives) If f(z) and g(x) are differen-
tiable functions on a common domain D and g(x) # 0 for any x in D, then the
function (f/g)(x) := f(x)/g(x) is differentiable on D and its derivative is

Hele) - J@te) _ (19-51)

(D(f/9)(x)) = (9(2))? g2

Proof. Let xg be any point in D. Again we compute the derivative using the
definition and adding in and subtracting off a carefully chosen term. We find

f@) _ f=o)
(D2 (f/9)) (o) = Jim HE_90)

T—T0 T — X9

f(@)g(wo) — f(zo)g(2)

= lim )

= g(@)g(wo) (@ — o)

o F@g(o) — Fo)g(wo) + Flao)g(rn) — f(ro)o(a)

A 9(2)9(z0) (= — o)

— lim 1 f(@) = f(@o) za) — Fla 9(x) — g(x0)

‘Jmiawwm>< T 90~ el >}
1

limg 4, () - limy 4, g(z0)
< lim 7]‘(3:) — f(wo) lim g(xo) — hm f(xo) - lim 79(33) — g($0)>
T—X0 xTr — ‘rO T—To Tr—To T — {EO

= m[f’(xo)g(mo) — f(fo)g’(mo)]

where again we have used the fact that lim, .., g(z) = g(xo) since g is differentiable
and hence continuous. All of the limits exist by the differentiability of f and g and
the fact that g(x) # 0 for all  in D and therefore f/g is differentiable on D. O

2.2 The Power Rule

We are now ready to give a relatively easy way to compute the derivative of power
functions like f(z) = 2°.

Theorem 2.6 (Power Rule for Derivatives) Ifn is any integer and f(x) = z™
then f is differentiable on R and its derivative is

2’

f'(x) = na™t
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Proof. Let xg be any real number. We have three cases. The first case is that
n = 0. This is easy because f is a constant function in this case and it is easy to
check that the formula holds in this case; I will leave it to the reader to check.

The second case is that n is a positive integer. Convince yourself that the
following equation holds for all x:
" =l = (r— o) (2" F 2" Pag " Bk 4+ 22wl T Y.

If © # x, then this yields

" —zxf

0 = e g b R 222l ol D

r — X
By the product law and identity function law of limits, for each k =1,2,...,n—1,n
we have

lim (" Faf™t) = af Fab™t = ap~ L.
x—x0
Thus if we take the limit of both sides of our equation and use the limit laws, we

obtain

. a —ag . _ _ - - -

flx) = lim =—% = lim (@" ' 42" 220 + - +aap 2+ 20 = naf !
T—To T — X T—T0

since there are n terms in the sum on the right side.

Now suppose n is a negative integer. Then —n is a positive integer and f(z) =
m%n. Hence, we can apply the quotient law for derivatives and the power rule we
just proved for positive integers to compute

0-27"—1.(— —n—1 —n—1
f/(flf) _ Z l‘_Q(n TL)IC _ ni_}n _ nzannfl _ nxnfl

as claimed. OJ

Using the Power Rule and Theorem 2.2, we now know that polynomials are dif-
ferentiable on R and we also can quickly compute the derivative of any polynomial.
In fact, if an,apn—1,...,0a2,a1,aq are the coefficients of an nth degree polynomial,
then

Dy(anx™ + ap_12™ 4 -+ axx® 4+ arx + ag)
=a,D,(z") + an,lDz(xnfl) 4+ agDz(xz) + a1D,(z) + D, (ap)

=na,z" '+ (n— Dap_12" %+ - + 2001 + ay.

2.3 The Chain Rule

We now wish to find a way to differentiate a function which is the composition of
functions. For example, we would like to be able to differentiate a function like
f(z) = (z —5)?3. This rule, called the chain rule is one of the most powerful of the
differentiation rules! We will state it without proof since the proof is much harder.

Theorem 2.7 (Chain Rule) If f(z) and g(x) are differentiable functions on their
respective domains Dy and Do and if the range of f(x) is contained in the domain
Dy of g(x), then the composite function (go f)(x) := g(f(z)) is differentiable on
Dy and its derivative is

(Dz(go /))(x) =g (f(z) - f'(x).



One way to remember this rule is that the derivative of go f is the derivative of
the outer function g times the derivative of the inner function f. This statement is
a little imprecise because we actually take the derivative of the outer function with
respect to the inner function f(z) and then multiply by the derivative of the inner
function with respect to x. It is very useful to introduce an intermediate variable
as follows. Let u = f(z). Then g(f(x)) = g(u) and the chain rule says

du
Dy(g(u)) = ¢'(u) 7 = ¢'(u) f'(2) = ¢'(f(2)) - f'(2)-

Using the chain rule to differentiate equations via an intermediate variable is
especially easy to remember. If we again take u = f(x) and also let y = g(u), then
we write the chain rule as

dy _dy du

de  du dz’
This notation, due to Leibnitz, looks like a fraction and if we view it as such we
should be convinced that the equation is true. A strong word of warning is due here
however: the expression % is a notational facilitator that means ‘the derivative of y
with respect to z” and is NOT a fraction! Even though we will frequently do things
with it that one may do with a fraction, do not for one instant think that it is a

fraction!

Let’s do one example showing how one might use the chain rule in applications.
This is called a related rates problem because we will express one rate we wish to
know in terms of another rate that is related in some way.

Example. Suppose that you pump air into a spherical balloon at the constant
rate of 200m cm?3/s. At what rate is the radius increasing when the radius is 5
cm? To solve this problem, think about what we want to know in mathematical
language. The derivative of a function measuring the quantity of something at any
time t tells you the rate at which the quantity is changing at a particular instant
with respect to time. Hence, if r is the radius of the balloon, we want to know %
at the instant when the the balloon has radius 5 cm. What do we know? We know
the ratedat which the volume V of the balloon is changing at any time. We state
v

this as 4- = 2007 cm®/s. The only thing we need to know now is some equation

relating the volume of a sphere to its radius. A geometry formula helps us out there:

V= %777‘3. Let’s use this equation to find a relationship between ’ﬁl—‘t/ and %. If we

differentiate the equation with respect to time using the chain rule, we get

dv. - dV dr o dr

— = — — =Adr‘—

dt dr dt dt
(remember, we are differentiating with respect to ¢, not with respect to r). Hence,
at the instant when r = 5 cm, we have

d d
2007 cm?® /s = 4r (52 ch)d—Z = d—; =2 cm/s.

2.4 The Generalized Power Rule

We have not yet given a rule to compute the derivative of a root function like
f(z) = /x. Recall that we write a root as an exponent:

Vgm =

This exponent is a rational number; i.e., it is a fraction with an integer in the
numerator and an integer in the denominator. We call such an exponent a rational
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exponent. The power rule we have so far is only valid for integers and so it does
not apply in general to this case. What is nice, however, is that the differentiation
rule we find for this case is just a generalization of the power rule which includes
rational exponents!

Theorem 2.8 (Generalized Power Rule) Let r = % be a rational number. If
f(z) =", then f(x) is differentiable on (—o00,0) U (0,00) if ¢ is odd and on (0, 00)
if q is even. Furthermore, its derivative is

() =ra"t

We will not give the proof of this theorem here. As a quick example, we compute
the derivative of f(z) = vz = '/ to be

gy = g2 = L
f()_2 12_2\/5'



