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Algebraic integers in the unit circle

If z is a nonzero algebraic integer with all its
conjugates inside or on the unit circle, then z is a root
of unity.

Proof. Assumez and all its conjugates are
inside the unit circle. Letβ be the product
of conjugates ofz. Sinceβ is invariant under
Gal(Q/Q) we getβ ∈ Z. But |β| < 1; it follows
thatβ = 0 and soz is zero.�
Noteβ =

∏
P (w) overw conjugates ofz and

P (w) = w.
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Can we generalize this result ?
For a monic polynomialP (z) ∈ Z[z] andc < 1, the leminscate
domainE = {z ∈ C : |P (z)| ≤ c} has finitely many conjugate
sets of algebraic integers; and the setF = {z ∈ C : |P (z)| = 1}
has infinitely many such sets.

Define the capacity of a compact set E to be

γ(E) := lim
n→∞

[
Mn(E)

] 1
n

where
Mn(E) = min

P (z)∈Z[z]
P (z) monic

degP=n

max
z∈E

|P (z)| .
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Fekete and Fekete-Szeg ö theorems
Let E be a compact subset of C stable under complex

conjugation and having capacity γ(E).

• Fekete Theorem (1923): if γ(E) < 1
then there is a neighborhood of E which
contains only a finite number of complete
conjugate sets of algebraic integers.

• Fekete-Szeg ö Theorem (1955): if
γ(E) ≥ 1, every neighborhood of E

contains infinitely many complete
conjugate sets of algebraic integers.
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Logarithmic capacity

We have

γ(E) = lim
n→∞

[
Mn(E)

]1
n
, Mn(E) = min

P (z)∈Z[z]

P (z) monic
degP=n

max
z∈E

|P (z)|

= lim
n→∞

δn(E), δ
n(n−1)

2
n = max

{z1,...,zn}∈E

∏
1≤j<k≤n

|zj − zk|

= e−V (E), V (E) = inf
measure ν
ν(E)=1

∫
E

∫
E

log
1

|z − w|
dν(z)dν(w)

Noteγ(E) = γ(Γ) with Γ the outer boundary of E.
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Equilibrium distribution and Green’s
function

If γ(E) > 0 then

• there exists a unique probability measure µ of E such
that

V (E) =
∫

E

∫
E

log
1

|z − w|
dµ(z)dµ(w);

• there is a harmonic function g(z) defined on the
unbounded component of C\E by

g(z) = V (E) +
∫

E

log |z − w| dµ(w).
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Some planar sets and their capacities
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Problem: Effective version of Fekete
and Fekete-Szeg ö theorems

Given a compact set E stable under complex
conjugation:

1. if γ(E) < 1, find an upper bound for the number
of conjugate sets of algebraic integers in (some
neighborhood of) E;

2. if γ(E) ≥ 1 and U is a given neighborhood of E, find
a monic polynomial P (z) in Z[z] of degree d (d explicit)
such that {z ∈ C : |P (z)| = c} ⊂ U for some positive
integer c.

SERMON 2004 - Charleston, SC 8



Effective Fekete theorem (P.)
Let E be a connected compact subset of C stable under

complex conjugation and having logarithmic capacity
α < 1. Then for all positive ε < (1 − α)2, all algebraic
integers with conjugates in the ε-neighborhood E(ε) of E

are the roots of a monic polynomial P (z) =
∑

arz
r ∈ Z[z]

of degree at most d = 4m2
with

m =

⌈
4

1−
√

β

(
1 +

4α

ε

)2

log
(

16
β (1− β)

)
log−1

(
1
β

)⌉

β = α+
ε

2
+

1
2

√
ε (4α + ε), |ar| ≤

(
r

d

) (
4β + sup

z∈E
|z|

)r

.

SERMON 2004 - Charleston, SC 9



Effective Fekete-Szeg ö theorem (P.)

Now assume α ≥ 1. Then for any real number ε > 0,

there is a monic polynomial P (z) ∈ Z[z] of degree at most
d such that the ε-neighborhood E(ε) of E contains the
polynomial lemniscate {z ∈ C : |P (z)| = c}. Here d and
c are (explicit) positive integers depending only on α, ε.

With these results, we can determine explicitly a monic
polynomial in Z[z] containing information about algebraic
integers in E and the number of their conjugacy classes.
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Idea of the proof

Construct monic polynomials P (z) ∈ Z[z] whose

normalized logarithm
1

deg P
log |P (z)| closely

approximates g(z)− V (E).

This is done in two steps:

1. first approximate g(z)− V (E) by
1

deg Q
log |Q(z)| where

Q(z) ∈ R[z];

2. and next, transform Q(z) ∈ R[z] into a monic polynomial
P (z) ∈ Z[z] which still well-approximates g(z)− V (E).
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Conformal mapping and Level sets

• f(z) = αz + α0 +
α1

z
+ . . .

• g(w) = log
∣∣f−1(w)

∣∣
• dµ = 1

2π |dθ|

The level set Eρ is the interior of the level curve
{f(z) : |z| = eρ}.

Every neighborhood ofE contained anε-neighborhood
whose outer boundary is squeezed between some level setsEρ

andEτ .
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Approximation theorem
Let 0 < τ < ρ. Then for ε > 0, for n ∈ Z and

n ≥ 2eτ

(1− e−ε)(cosh(ρ)− cosh(τ)) (1− e−2τ)
+ 1,

the real monic polynomial T (w) =
∏2n

k=1

(
w − f(eτ+iφk)

)
with φk = (2k − 1)

π

2n
satisfies

∣∣∣∣ g(w)− V (E)− 1
2n

log |T (w)|
∣∣∣∣ < ε

for all w 6∈ Eρ.
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Application

Let E be a connected compact subset of C stable under
complex conjugation and having logarithmic capacity
α ≥ 1. Then for any real number ε > 0, there is a
positive integer N such that for each n > N there is
an algebraic integer ϑ (and all conjugates) in E(ε) with
[Q(ϑ) : Q] ≥ n. Moreover the height of ϑ is bounded by a
constant depending only on α, ε and supw∈E |w| .
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(possible) Future work

• Generalize to arbitrary compact sets.

• Compute logarithmic capacity of a compact set having a
piecewise smooth boundary.

• Effective Fekete and Fekete-Szego theorems on
algebraic curves.

pooh@math.uga.edu
http://www.math.uga.edu/ ∼pooh
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