8000 Fall 2006 Day 3.
Canonical forms of matrices, the power of Cramer'srule

Our decomposition theorem gives usa standad modd in each isomorphism class of
finitely generated torsion k[ X] modues. Thiswill beused next to providea standad matrix
representative for each conjugacy class, or similarity classasit isusudly caled, in thering
Matn(k), of n by n matrices over any field k.

Recdll that alinear map T:V--->V onak vector spaceV, provides a unique k agebramap
Kk[t]--->Endk(V), sendingt to T, and hence f(t) to f(T), and hence aunique k[t] modue structure

onV. Wewill denote Endk(V) smply by End(V) in this chapter for brevity, since we will not be

concerned with thelarger ring of group endonorphisms.
Convesdy, ak[t] modue structure onV singles out aunique linear map T, theimage of t
unde themap k[t]--->Endk(V). Thusk[t] moduestructuresonV arein natural bijection with

the dements of End(V). We want to ask what equivalence rdationisimposed in thisway on
End(V) by considering isomorphism classes of modules.

Note that if f:(V,T)--->(V,S) isak[t] modueisomorphism, then f isak isomorphism tha
takes multiplication by (i.e. application of) T into multiplicationby S. Thusf(Tv) = S(fv) for
every vinV. Sincef isanisomorphism thisimplies Tv = (f'lsf)v, for every v. HenceSand T
are conjugate by theisomorphism f.

Convesely, these equationsshow that if T = (f-15f), then T and S define isomorphic k[t]
modues viatheisomorphism f. Thus isomorphism classes of k[t] modue structures onV
correspond to conjugecy classes of endamorhisms viathe action of Aut(V) onEnd(V).

Hence when V hasfinite k dimenson, our canorica modd s of each k[t] - isomorphism
class, trandate into canorica representatives of each conjugacy classin End(V). Recdl each
finitely generated torsion k[t] modue (V,T) hasamodd V ! K[t]/f1 X ...X K[t]/fm , where each fj

isamonic polynoma in k[t], andfj divides fj+1.

Unde theisomorphism (V,T) ! k[t]/f1 x...xK[t]/fm thelinear map T:V--->V, i.e.
multiplication by T, becomes multiplication by thevariable t on each factor of K[t]/f1 X ....x
K[t]/fm. Henceif wechoo anatura k basisfor thismodd vector space, the resulting matrix for
t will give a natural matrix representing T in some corresponding k basisfor V.

Ak - basisfor k[t]/f1 x ... x k[t]/fm, can be obtained as the union of bases for each factor
space K[t]/fj, and the simplest basis for k[t]/fj, is{1, t, t2,..., thi-1}, wherefj hasdegreeri. If f =
a0+ at+ ...+ aqtr1 4+t



"0 0 0 0 !ay
$§ 00 0 !a

thematrix of t in this basisisthis ® 1 0 0 !a,’', wherethejth column
$ 1

Hh o .1 13z
is the coefficient vector of t times thejth basis vector. E.g. t(1) = 0(1)+1(t) + 0(t2) + ...+ O(t"-1),
gives thefirst column.

Thisiscaled acyclic basis, since thelinear map carries each basis vector to the next ore,
except for thelast one which is carried to alinear combination of the basis by meansof scaars
which are precisdy minusthe coefficients of the polynomia f. Thisis caled acompanion matrix
Ct forf. [Other versonsof it in other booksmay have the coefficients of f dong the bottom, and
the 1'sabowve thediagonal.] Note that if v1,...,vnisonecyclic basisfor (V,T) thenforany c " 0,

cv1,...,CVn isanother, so cyclic bases are never unique

If £1,....fmis the sequence of polynomids defining themodue (V, T), thefull matrix for T
using the cyclic bases for each factor lookslike this:

ic ’ ] $

8
C,
# [ fz] & Where there are zeroes away fromthe Cfj.
" 2
: (€.

Summarizing, we have thefollowing.
Theorem: If V isavector space of finite dimengonn over afiedd k, and T isany linear
endamorphism of V, there exist bases for V in which thematrix of T is composed of one or more
blocks, each block being acompanion matrix for amonic k polynomd fj.

Thesum of the degrees of thefj equals n, and we may choaose them so each fj divides fj+1.
If we dothis, then two maps S,T of V are conjugateif and only if they have exactly the same
matrix of companion blocks. Thereis exactly onecompanion matrix block Cf for each factor

k[t]/(f) in the standard decomposition of thek[t] modue structure for (V,T). Each block Cf has
dimenson deg(f) by dey(f).

Terminology: Wecall theunique matrix of thistype assodated to T, therationdl canoncal
matrix for T.

Two natura questions remain:

1) how do we find thecanoricd form for agiven matrix? and (more difficult):

2) how dowe findabasis that puts agiven matrix into canoricd form?

A third questionis:

3) istherea smpler canonca matrix in cases where the polynomasfj are particularly smple,




e.g. when they al factor into linear factors over k?

Before addressing these questions, we derive some useful consequences of theresults we
dready have. For example we can dready compute theimportant invariant # fj of themodue
(V,T), usng determinants. Briefly, we claim this product is the "characteristic polynomia™” of T,
# fi = det[tl-T] = chT(t). Sincefmistheannihilator of themodue (V,T), thisimplies the Cayley
Hamilton theorem: chT(T) = 0.

Before proving this, we recal the basic theory of determinants, including LaGrange's
formulas for expanding them aong any row or column, and the resulting " Cramer's rule”.
Review of determinants.

If A =[aij] isann by n matrix over acommutative ring, denote by Ajj the(n-1) by (n-1)
matrix obtained from A by ddeting theith row and jth column. Then LaGrange's formulas say,
for each fixed value of i, det(A) = $j (-1)i+J det(Ajj), (expansion by theith row), andfor each
fixed value of j, det(A) = $i (-1)* det(Aijj), (expansion by thejth column.

Thus if we define adj(A) = the adjoint of A, as the matrix whosei,j entry equds (-1)it]
det(Aji), i.e. as thetranspose of thematrix of signed determinants of the Ajj, it follows that the
matrix produds adj(A).A = A.adj(A), both equal the diagona matrix det(A).l, whose entries
adong thediagona aredl equa to det(A).

Thusif det(A) isaunit in thering of coefficients, then A isaninvertible matrix with
inverse equal to (det(A))-1.adj(A). Sincefor any two n by n matrices A,mB we aways have
det(AB) = det(A)det(B), theconverseisaso true |.e. AB =1 impliesdet(A)det(B) = det(l) = 1,
so both det(A) and det(B) are units. Thus theequation adj(A).A = A.adj(A) = det(A).l, yiddsa
formulafor theinverse of aninvertible A, and hence Cramer's rule for solving invertible systems
AX=Y.

Cramer'sformulaaso implies that amatrix and its transpose have the same determinant.
|.e. since the transpose of the adjoint is the adjoint of the trangpose, taking the transpose of the
equation adj(A).A = A.adj(A) = det(A).1, gives (det(Al).1) = Al adj(Al) = adj(Al).Al =
(det(A).Dt = det(A).1, thelast because the diagona matrix det(A). is symmetric.

Define: thecharacteristic polynomial of alinear map T on afinite dimensgona space chT(t) =
det([tI-A]) where A isany matrix for T.

By the previousremarks, amatrix A andits transpose Al have the same characteristic
polynomial.

Note: If A,B are two matrices matrix for T, A and B are conjugate, i.e. B = C-1AC for some
invertible C. Then since det(B) = det(C-1AC) = det(C-1)det(A)det(C) = det(A)det(C-1)det(C)
= det(A), we see A and B have the same determinant. Similarly, [tI-A] and C-1[tI-A]C =

[C-1tic-C-1AC] = [tI-B] have the same determinant, since t.I commutes with every matrix C.
Hence the characteristic polynoma of T iswell defined by any matrix for T. It iseasy to seethe

congant term of cha () is + det(A), and the coefficient of t"-1 isminusthetrace of A, (minus



the sum of the diagona entries).

Exercise: If Cf isacompanion matrix for themonic polynomd f, then ch(Cf) =f. [hint: use
indwction and expand across thefirst row.] Oneseesimmediately thetrace of Cf is - an-1.

Corollary:(Cayley Hamilton) If T isany linear trandormation, then chT(T) = 0. In paticular

amatrix satisfies its characteristic polynoma.

prodf: Theannihilator ided of thecyclic modue R/l wherel isany ided of thering R, equals|.
In paticular theannihilator ideal of k[t]/(f) is(f). Hencetheannhilator of themodue
K[t]/f1 X ... X K[t]/fm, wherefj dividesfj+1, isfm. |.e. thesmalest degree monic polynoma f

such tha f(t) = 0 onthismodueisfm. If thismodule represents (V,T), then theminimd
polynomid of T isfm, and we just showed thecharacteristic polynomia of T isthe produad # fj.

So theminimal polynomia of T divides its characteristic polynomid, which implies the
corollary. QED.

Note: Since every factor fj divides fm, this proof shows that every irreducible factor of chT(t) is
anirreducible factor of theminima polynoma mT(t), (and vice versa). Moreover, for acyclic or

companion matrix, theminima and characteristic polynomasareequa. Thisistheandog of the
fact that for acyclic group Z/nZ, the order n of thegroup equa s theannihilator of thegroup.

Example: A nilpotent matrix A is asquae matrix such tha AM =0 forsomem. If Ais
nilpotent, follows that AN = 0, where nis thedimension of thematrix A. Sinceal coefficients &

of thecharacteristic polynomia for anilpotent matrix are O except theleading one, therationd
canonicd form of a nilpotent matrix congsts of blocks of form:

03
0&

0& Thereader should verify this matrix is nilpotent.
&
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Direct proof of Cayley Hamilton:

Cramer'sruleimplies the Cayley Hamilton theorem directly, without using the
decompaosition theorem, or therationa canorica form, asfollows. Let [tI-A] bethe
characteristic matrix for A, with codficientsin k[t], and substitute t = A into this matrix,
obtaining an n by n matrix with coefficientsin thesubring k[A], of Matn(k).

This may beviewed as defining alinear map on the produda space (k") x....x (k"), a

produd of n copies of k. Note thisis not the same as substitutingt = A into tI-A viewed as a
polynomia with matrix coefficients, as tha would give A.1-A = 0. Our result instead is the
following n by n matrix M:



[A-a, -a, .. -a,]
M = I _.cle A_"azz az I Now take the transpose of this,
| -4y, -a, .. A-a,]
[A-a, -&; .. -] es$
Mt = I _ﬁ” A_"azz _?"2 I,andapplyittothecolumnofvectors?'&
[ - & o A-a %8
in (kMN.
16$ 10%
By définition of theentriesin A, this yields Mt Zgz zoz Now multiply
%8 #o8
Mt fromtheleft by adj(Mt) = (adj(M))!. By Cramer'sruleadj(M?) Mt =
es$
ch(At)(A).I = cha(A).l = annihilates the vector 4 & l.e. thematrix
%9
[ch, (A) 0 0 7J1e$ [0]
productl O ChA“(A) ) O Ifz IOI Hence cha(A)(s) = O for
| o 0 .. ch(4)|%8& |o]

eechi, so cha(A) = 0. QED.

Note: This proves theminima polynomal divides the characteristic polynomal, but does not
show they have the same irreducible factors.

The canonical presentation of (k", A) by the characteristic matrix of A.
Next ask how to find therationd canorical form of agiven n by n matrix A over afidd k.

Sinceit is determined by thecyclic decomposition of thek[t] modue (kN,A), it sufficesto



diagondize any presentation matrix for this modue. So we lookforamatrix M of polynomals
in k[t], whose cokernd isisomorphic to (k", A) as k[t]- modues. Perhaps not surprisingly, it is
given by theonly k[t] matrix we know, the characteristic matrix [tI-A].

Itiseasy to find an explicit sequence of k[t] generators for (k",A), sinceey,....en ae k
generators, hence dso k[t] generators of kN. Themap (k[t])N--->kN, sending Ej to g, whereE1 =
(1,0....,0) in (K[t)N, ande1 = (1,0...,0) in kN, is thus a surjective k[t] modue map, where$ fj(t)E;
in (k[t])"goesto $ fj(A)g in kN

Thenext theorem is our main result.

Theorem: Given ann by n matrix A over afidd k, defining ak[t] modue structure onkn, the
k[t] modue map (k[t])N--->kN, sending $ fi(t)Ej to $ fj(A)g, issurjective. Itskernd isafree
k[t] modue of rank n generated by the columnsof [tI-A], the characteristic matrix of A. l.e. the

following sequence of k[t] moduesis exact: 0--->(Kk[t])N--->(k[t])"--->kN--->0, where theleft
map is multiplication by [t.I-A].

Remark: Thiswill follow from aversion of thewondeful "root factor" theorem, but first we
work an example usngit.
1 2 3]

LetA=1]4 5 6|. Thendet(A) =0, sincethesumof the 1¢ and 3rd rows s twice themidde
|7 8 9|

row. Thetraceis 15,0 we know tha cha(t) = t3-15t2+2. Dr Shifrin calls the unknown

coefficient Fred(A). Sowe only need to compute Fred. A tediouscalculation with polynomias

and lots of minussignsreveals that the characteristic polynomia det(tl-A) = t3-15t2-18t, so Fred
is-18. But we will compuite this ancther way.

To obtain theminima polynomad of A, we use the previoustheorem which says[tl-A]
is a presentation matrix for thek[t] modue (k",A), so we want to diagondize [tI-A], i.e.:

“trr 12 130

$14 t1'5 16'. Nonzerocondantsareunits, so we switch thefirst two
$17 18 t19g

columns and multiply the2ndrow by 2, getting:

[ 2 -1 -3

|2(t-5) -8 -12|. Now add (t-5) times the 1&t row to the 2ndrow, and -4 times the 1st
| 8 =7 -9

row to the 3rd row, getting:



M2 il 13 9 I 0 0 ]
$0 ?!6:!3 3! 3, whichimmediatdy gives [0 t°-6t-3 3-3t],
$0 1314 1+3% o -3-4t t+3]

(think about it). Add 3 timesthe3rd row to the2nd, and switch 2ndand 3rd columns
" 0 0 9

® 12 A£118! 12", multiply the3rd row by -12,and add to it (t+3) times
43 1314 3
the2nd,yidding:

"1 0 0 v 10 0o ]
12 4118112  hence |0 1 0 |
o 0 115 1sg o 0 t°-15t*-18t]

This shows our k[t] modueis cyclic, isomorphic to k[t]/(t3-15t2-18t), so t3-15t2-18t, is both
minima and characteristic polynoma of A.

Therationa canoricd matrix for A (and every matrix conjugate to A) is:
0 0O

1 0 18|. Pleasecheck meonthis, as| am pretty weak at computation.
0 1 15

As corollary of the theorem above we get ancther proof of

Cayley Hamilton: If thek[t] modue (k", A) isisomorphic to the produd (k[t]/f1) X ....x
(K[t]/fm), in standad form, i.e. wherefj divides fj+1, then theminima polynomia of A isfm and
the characteristic polynomd isthe produd # fj.

proof: Since[tl-A] isa presentation matrix for thismodue, there exist invertible matrices A, B
ove K[t] such that A[tl-A]B isdiagond, with lower diagond entries equa to thefj, and higher

diagonal entries= 1.
Hence det(A)cha(t)det(B) = # fi. Since A, B areinvertible over K[t], thar determinants

are unitsin k[t] hence nonzero congantsin k. Since cha(t) is monic, the coefficient of the
leading term on theleft equals det(A)det(B). Sincethe produd # fj ontheright isaso monic,
det(A)det(B) = 1, hence cha(t) = # fj. QED.

Note theanaogy here with the structure of finite abdian groups. If Gisan abdian group
isomorphic to (Z/n1) x ..x (Z/ny), where nj divides nj+1, then ny is theannihilator of G, (it
generates the principd annihilator idedl), and the cardindity of thegroup G is# nj. In both cases
it is hard to compute the precise annihilator, but we can compute amultiple of it more easily, i.e.
in one case the order of theabelian group, andin the other the characteristic polynomad of the
matrix. In both cases the computable element has the same prime factors as theannihilator.



Next we recdl theroot - factor theorem, and apply it to prove the theorem abowe, that the

characteristic matrix of A gives a presentation for thek[t] modue (k", A). We aso get another
proof of Cayley Hamilton.

Polynomialswith non commutative coefficients: If Risany ring, not necessarily
commutative, define the polynoma ring R[t] as usud, but where powers of t commute with dl
coefficientsin R, dthough the coefficients may not commute among themselves.

Hencef(t) =$ &t = $ tig, but if weset t = ¢, where cisin R, it makes a difference whether we
set t = cin thefirst or the second of these expressions. Wecall fr(c) = $ ac theright value of f
at ¢, andfi(c) = $ da, theleft vaueof f at c.

Remainder theorem: If f(t) isa polynomid in R[t], then we can write f(t) = (t-c)q(t) + f|(c) =
p(t)(t-c) + fr(c), i.e. we can divide f(t) by (t-c) from theleft, with remainder theleft value of f at
¢, and similarly from theright. Thequadients and remainders are uniqueif we require the
remainder belorng to R.
prodf: Wedoit for left evaluationsand left division. Thisisthebinomid theorem, i.e. replace t
in f(t), by (t-c)+c and expand. Weget in each term tigj, termsin which al but thelast have a
factor of (t-c), i.e tig = [(t-0)+c]i & = [(t-0)q(t) + ¢i] &. Thusf(t) =$ tig = (t-0)Q(t) + $c'a,
and we see theremander isindeed theleft evauation of f at c.

This proves existence. For unigueness, assume f(t) = (t-c)q(t)+r = (t-c)(p(t)+s, wherer,s
bdongto R. Then (t-c)[q(t)-p(t)] = sr. Thustheleft handsdedso bdongsto R. But

multiplication by (t-c) raises the degree by one so theleft hand side has degree %1, uness
[q(t)-p(t)] = 0. thendsor-s=0. Hence both quatient and remainder are unique. QED.

Corollary: If f(t) isany polynomid in R[t], f isleft divisible by (t-c) if and only if f|(c) = 0.
Smilarly for right divisibility.

prodf: Theexpression we gave shows that f(t) = (t-c)q(t) + f|(c), Henceif f|(c) = 0, then f isleft
divisble by (t-c). Conwversdly, if f isleft divisaible by (t-c), uniqueness shows the remainder,
whichis zero, must equd f|(c), so f|(c) 0. QED.

To apply these results to produds of matrices, we prove tha matrices with polynomal
entries are equivaent to polynomals with matrix coeficients.

Lemma: If kisafidd, the noncommutative ring Matn(k[t]) of n by n matrices with entries from
K[t], isisomorphic to Matn(k)[t], thering of polynomias with coefficientsin thenon
commutative ring Matn(k).

proaf: Just aswith commutative rings aring map R[t]-->Sis obtained from aring map R--->S
plus achaice of dement in Sto sendt to, only this time, sincet commutes with R in R[t], we
must choose asimage of t, an dement that commutes with theimageof RinS. So we map
Matn(k) into Matn(k[t]) by viewing scalar matrices as polynoma matrices, and then sendt to



thematrix t.1, which isin the center of Matn(K[t]), i.e. it commutes with everything. Itisan
exercise to check thisring map is injective and surjective. QED.

It follows we we get equivaent results by multiplying two matrices of polynomasas
matrices, or as polynomas with matrix entries.

Corollary: Cayley Hamilton. A square matrix A over acommutativering R, isaroot of its
characteristic polynomia cha(t).

proof: By Cramer'srule, we have (tI-A).adj(tl-A) = cha(t).l, as produds of matrices. Thenit
hddsaso as produds of polynomals. Settingt = A gives zero on theleft, hence also onthe
right side. I.e if cha(t) = $ tici, wherethecj belong to R, then cha(t).I = ($ tig).l = $ ti(G.1).

Thus settingt = A gives0=$ Al(ci.) = $AI(G) =$ Al = cha(A). QED.

If in thelemmaabowe, we think of the matrix on theleft acting indvidually on each
column vector of thematrix on theright, we can also congder matrices of polynomals acting on
column vectors of polynomias, as multiplication from theleft of polynomals with matrix
coefficients, times polynomas with column vector coefficients. |.e. thelemmaalso hdds with
the same proof, for polynomas with coefficientsin any ring R with identity, acting from theleft
on polynomals with coefficientsin any (unitary) left modue over R.

So let kM[t] denote polynomids with coeficients which are column vectors fromkn. This
isnot aring, in particular the coefficents do not have an element 1, so this object does not contain
t. But the coefficients do contain the basic vectors g, and we can multiply these by polynomias
ovea kandaddup. In paticular this object is ak[t] modue, andisisomorphic as such to thefree

k[t] modue (k[t])".

|.e. if Ej arethestandad free k[t] basisvectorsin (k[t])1, just send Ej to g, and $fiEj to
$fig wherefj are polynomasin k[t]. Theexpression $fjg can bere - expanded as a polynomiad
in t with vector coefficients by expanding each term as fg = (ap+agt+...+tN)g =
(apg + t a1g +...+ tNg), and then combining coefficients of like powers of t, from variousterms,
to get coefficient vectors.

Exercise: Show thisgives ak[t] modueisomorphism (k[t])N--->kMt].

As we have remarked abowe, the previouslemma, shows multiplication of matrices corresponds
to multiplication of polynomals, i.e. theisomorphisms abowe, giveisomorphisms of

multi plication diagrams with matrix multiplication Matn(k[t]) x (k[t])"--->(k[t])", corresponding
to polynomia multiplication Matn(k)[t] x kM[t] ---> kN[t].

Now we can prove themain presentation theorem.

Theorem: Given any n by n matrix A over afidd k, defining ak[t] modue structure on k", the
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k[t] modue map (k[t])N--->kN, sending $ fi(t)Ej to $ fj(A)g, issurjective, andits kernd isafree
k[t] modue, fredly generated by thecolumnsof [tI-A], the characteristic matrix of A. 1.e. this
sequence is exact: 0--->(K[t])N--->(k[t])N--->kN--->0, as k[t] - modues, where theleft map is
multiplication by [tI-A].
proadf: Weknow thelast map is surjective.

Recdl theright map takes $fj(t)Ej to $fj(A)g, which is exactly theresult of viewing
$1i(t)Ej asapolynomid $fj(t)e with coefficient vectorsin kN, and then settingt = A. Soif we

view these as maps of polynonias kN[t]--->kMt]--->kN--->0, the right map kN[t]--->kN, is left
evauation of apolynomial f(t) with vector coefficients, at t = A. By thefactor theorem abowe,
thisis zero if andonly if f(t) isleft divisbleby (t-A), i.e. if and only if f(t) isin theimage of the
left hand map kN[ t]--->kN[t].

Since multiplication by amonic polynomia never sends a non zero polynoma to zero,
theleft map isinjective. Hence the sequence 0--->(Kk[])N--->(k[t])N--->k"--->0 is exact, and
(tI-A) isindeed a presentation matrix for themodue (kN,A). QED.

Thefollowing amazing theorem, generdizes thefact a surjective endamorphism of afinite
dimensonda vector spaceis aso injective.

Theorem: If Risany commutative ring and X afinitely generated R modue, any surjective R
modue map f:X--->X isan isomorphism.

prodf: Thisfollows from the proof of Cayley Hamilton. If x1,...,Xn are generators and if we

write f(xj) = $i &j Xi, then asin a previousproof, thematrix A represents f for thegenerators

[A-a, -a&, .. -a&,]
{xi} evenif notindependent, andlook at thematrix M = I _.8.21 A_"azz _?2“ I
‘__anl -, .. A—amj
Again thetranspose
Alva, la, .. la,u &1
Mt = i! 'Cf” A!“a” | 7"2 , anrihilates the column of vectors I%I
ﬁ! a, la,, .. Al a,ml& ‘-e"

Again thedeterminant of tI-A isa polynoma P(t) ove R annihilating the matrix A and
hence themap f. Asasmdl refinement: noteif theimage f(X) of themap f liesin thesubmodue
IX, for someided | of R, then we can choo= theentries &jj to bdongto |, andlooking at the

determinant formulafor P shows the coefficient of ti in P(t) bdorgsto the power 1M of theideal
I, where n = degree of P(t).

Now apply the principlejus proved, notto f, but to themap Id:X--->X whee X is
viewed not asan R modue, but as an R[t] moduewheret actsviat =f. Then theimageof Idis
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al of X, which equas (t) X, the produd of X by theided (t) in R[t]. Hencewe havea
polynomia satisifed by Id asfollows: 1d+ c1f.1d™1 + ... +cn-1fML.id + cnf = 0, where each
ifl belongsto theided (f) in R[f]. But we can solve thisfor Id, getting Id =

feafld 1+ | +cpeafMrlid +enf] = f [-cpld™1- . -cn-1f2.1d - enf™1]. Thepolynomia

expression on therightisarightinversefor f, and since dl its terms are polynomadsinf, it
commutes with f, henceis also aleft inverse. QED.

We have not said how to find bases for k" which put agiven matrix A into rationd
canoricd form. Although in theory onecoud presumably doit by keeping track of the
diagonalization steps, as they doin DF, this seems unappealing. |.e. given A there exist

invertible Q such that (Q'lAQ) isin canorica form, but it seems tediousto findsuch Qin
practice.

We will undertake thisjobonly in the smplest possible casg, i.e. for nilpotent matrices.
Wewill findit aready quite tediousenowgh there. It is worthwhile however, asin that case it
leads to finding so called QJordanOmatrices, a dight variation on therationd canorica form.

Nilpotent matrices, and Jordan canonical forms

Since the companion matrix of a polynoma contains the coefficients of theminima
polynomia of thematrix, it will be as smple as possible when those coefficients are al zero.
Tha happensif and only if theminima poynomid ist! for somer, i.e. for operators T such that
Tr =0, for somer. Wecal these operators nilpotent. The Jordan formisatrick to produea
matrix for agenera operator in terms of rationd canorical matrices of nilpotent operators.

It only works when the characteristic polynomia of T factors completely into linear
factors over thefidd k, but every field has an extension where this holds as we will learn soon.
In fact universal such fidd extensonsof k exist where every polynomia over k factors
completely, e.g. the complex numbers do this for matrices over Q or R.

Rational canonical form of acyclic nilpotent matrix
Let T:V--->V be alinear operator whose assodiated k[t] modue structure isisomorphic to

the cyclic modueKk[t]/(t"), with annihilator tN. Then T is nilpotent of index n = dim(V). Inthe

standad k basis{[ 1], [t], [t2], ../t 1]} for the vector space K[t]/(t"), thematrix for t has the
following rational canorical form, say whenn=5:

0 0 0 0 0]
1 0 0 0 O
0 1 0 0 ol Thisnilpotent matrix M, with M5 =[0], corresponds to
lo 0o 1 0 ol
[o 00 1 oJ

themodue k[t]/(t9), with annihilator tO. Equivaently, thereis some basisfor V, in which T has
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this same matrix. Thisisabou as simpleasarationd canorica matrix can get. We want to
extend therange of this observation.

A cyclic Jordan block

Suppose T:V--->V defines amodue structure isomorphic to the cyclic modue
k[t]/((t-c)"), dmost as simple as before, with annihilator (t-c)N. In spite of the similarity of these
two cases, therationa canorical matrix is now quite terrible, being thefollowing matrix for n = 5:

"0 00 0 !c°Y¥
$$ o0 0 5*°
1 0 0 110c¢®. Thiswill never do. But thesolutionis amost obvious
% 01 0 1002
;%O O 01 !5¢g

Namey, we should havelooked at the matrix for (T-c) instead of thematrix for T. I.e. if
T satisfies the polynomia (t-c)N, then (T-c) satisfies the polynomid th, i.e. (T-c) is nil potent
even though T isnot. So we should have taken therational canonica matrix for T-c, instead of
for T. This meanswe get themodue structure k[ X]/(XM) for V, where multiplication by X is
action by T-c, hence the standad basis {[ 1], [X], [X2],...,[Xn'1]} for k[X]/(X"N), corresponds to
thebasis{[ 1], [(t-O)], [(t-C)2], ..... , [(t-0)™-1]} for K[t]/((t-C)M).

Thelatter isacyclic basisfor (T-c), andin that basis the (rationa canornica) matrix for
(T-c) isthe standad nil potent matrix above for n=5. But we want amatrix for T, not (T-c).
Thishowever istrivia, since T = cl+(T-c). Now cl is so simpleit has a diagona matrix in any
basisat al, so if we use therationd canonca basis for (T-c) just chosen, in tha basis, T hasthe
following Jordan matrix (where n=5):

lc 0 0 0 Og
#l ¢ 0 0 0&
# 1 ¢ 0 0% Thisisthesumof therationd canorica matrix for (T-c),
01 ¢ 08
oo 1

plus therational canorical matrix for cl. A moregeneaa Jordan matrix is composed of blocks like
this.

A nilpotent matrix with more than one block
If T:V--->V definesamodue structure onV isomorphic to a produad of cyclic

modues of form (k[t]/(t'1)) x ...x (K[t]/(t'm)), then T is nilpotent of indexr = rm, i.e. t'
annihilates themodue, andistheminimd polynomid for T. Then therationd canornica matrix
for T congsts of exactly m blocks of nilpotent cyclic matrices, of sizesri,...,/m. E.g. the

following illustrates the case (K[t]/(t2)) x (k[]/(t3)):
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0 0 0 0 Og
# 0 0 0 0&
# 0 0 0 0% Noteit haslower rank than the nilpotent matrix M above
o1 0 08
h oo 1 of

A matrix of Jordan blocks all with the same eigenvalue

Theanaog of the previousnilpotent matrix isan operator T with minima polynomal (t-
o)f, wherer < n=dim(V), andasamodueV isa produwct [K[t]/((t-c)'1)] x ... X [K[t]/((t-c)'/m)],
withr1 &r2 &.....&rm =r. TheJordan matrix for this T is obtained from that for the nilpotent
version, by putting ¢'s everywhere onthediagonal. 1f V! k[t]/(t-c)2 x k[t]/(t-c)3, we have the
following Jordan matrix for T:

[c 00 0 0]
1 ¢ 0 0 0
0 0 ¢ 0 0l. Note thismatrix hasfull rankif c" 0.
lo 0 1 ¢ ol
[o 00 1 c}

In generd, if theminimal polynomia for T is# (t-¢j)'i, there will be some blocks with c1 onthe
diagonal, thelargest of which are of size r1, some blocks with c¢2 on the diagonal thelargest being
of sizerp, etc... Theonly thing to be determined is how many blocks exist of each size, for each
eigenvaue c.

Exercise: a) If theminima polynoma is# (t-¢j), and the characteristic poloynomd is

# (t-¢j)3, the Jordan matrix of is diagondl, with s diagonal entries equal to cj for eachi.

b) Conversdly, if the Jordan matrix is diagonal, and the characteristic polynomid is# (t-c)S, then
theminima polynoma is# (t-G;).

c) If thereis only oneJordan block for each eigenvalue, then the characteristic and minimal
polynomiasare equd.

Our discussion shows thefollowing:

Theorem: If T:V--->V has characteristic polynomid chT(t) = (t-c)N, i.e. if thereisonly one
characteristic root, then (T-c) is nil potent, and thematrix of T in some basis congsts of oneor
more Jordan blocks, al with ¢ onthediagond. The determinant of T isch, and thetraceis nc.

Existence of Jordan form
Thegenera theoremis thefollowing:
Theorem: Let T:V--->V isalinear endamorphism of afinite dimensond vector spaceV over Kk,
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whose characteristic polynomia factors completely into linear factors, i.e. chT(t) = # (t-¢j)i,
i=1,...,m; with al roots c1,...,.cmink. ThenV isaprodud of m subspacesV =

V1 X...XVm, such tha therestriction Tj of T to each Vj, hasform Tj = ¢jl + Nj wheaeN;j is
nilpotent. Consequently, thereis abasisfor each Vj, and hence for V, in which thematrix of T is
compaosed of Jordan blocks.

Proof: If m=1,i.e thereisony oneegenvalue, we have already seen thisistrue, i.e. no
decomposition of V isneeded. So assume there are at least two distinct linear factors of chT(t) =
# (t-¢)fi, i=1..m.

DefineVj = {those w in V such tha (t-¢j)i(w) = 0} = thegenerdized eigenspace of T for
theegenvaue ¢j. Define the natura map # Vj--->V taking (w1,...,wm) to $wj. Weclam thisis
anisomorphism. Thisisan easy Euclidean agorithm argument as follows.

Let Qi =# (t-cJ')rj, i"j. Sincem %2, there are at least two Qj, and they have no common prime
factor in k[t]. Hencetheideal they generatein thepid Kk[t] istheunit idedl, so there exist
polynomias Pj such that $ PjQj = 1. Now supposetaking (w1,...,.wm) isin thekernd of the
map above Then $wj =0, so wy isalinear combinaion of thewj'swith j > 1. But w1 is
annihilated by (t-c1), hence by al Qj with j > 1; and al wj with j > 1 areannihilated by Q1.
Hence ($ PiQj)(w1) =0. But $PQj =1, 50 ($PiQj)(w1) =w1. Smilarly we seedl wj =0, and
ourmap isinjective.

For surjectivity, let w beany eement of V and apply theequation $ PjQj = 1, to w,
(usng commutativity), getting $ (QjP;)(w) = $ (PiQj)(w) = w. But Qj(u) isannihilated by
(t-ci)'i, so any vector in theimage of Qj belongsto Vj. Thus theequation$ (QjPj)(w) = w,
shows every vector w is asum of vectors (w1,....,.wm) from the produd # Vj. Hence our map is
surjective.

QED.

Now theexistence of Jordan formis proved, and the uniqueness al'so follows from the
uniqueness for rationd form. If we subtract off the diagond terms from the Jordan form for T,
we get a nilpotent matrix, so it follows tool that every T whose minima polynomad has
only linear factors, can bewritten asasum T = S+N where, Sisdiagondizable, N is nilpotent,
andinfact SN = NS. Such Sand N areaso unique.

At last we bring up thetask we have been avoiding, actudly computing a basis which
puts T into Jordan form. We will start with the easiest case, nil potent matrices and see why it is
aready not so easy.

Look at themodue (V,T) ! k[t]/(t") and condder thestandad cyclic basis for the

standad model, namely {[ 1],[t],.....[t"1]}. We started with thegenerator [1], andjust applied t
toitn-1times. Sotoget acyclicbasisforV, dl weneedisaT cyclic generator corresponding to

[1]. But how to findone? I.e. we need avector w inV such that TPw = 0, but T"-1w " 0. So

we need to find abasis for the space kerT-1, and then choos a vector w not bedonging to it.
It isnot dways obvioushow to choose a vector not bdonging to the span of agiven set,
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dthowgh statisticaly speaking, over R say, any vector chosen at randam has probébility 1 of
working. An agorithm tha will dwayswork isto let v1,.....,vsbegiven,andlet eq,....en bea

basisfor thewhole space. Then reduce the ordered spanning set {v 1,...,vs€1,....en} to abasis
starting from the left and discarding any vector which depends on those to itsleft. Thenany g

remaining afterwards will notbein the span of thev's. This can be dore with matrices by
Gaussian eimination.

So to findacyclic generator for V in case theminima polynonia of TistNandn
= dimV, wefindabasisv1,...,vn-1 for kerTN-1, and then use some such procedureto find a
vector w not in that kernd. Then therationd canonical matrix is obtained from thecyclic basis
{w,Tw,T2w,... T-1w}. Similarly, if theminimal polynomid is (t-c)N, we find a basis of
ker(T-c)"1, and then find a vector not in that kerne.

Of course we usudly have amore complicated situation in practice, since we may only
know the characteristic polynomal andit may not equa theminima polynomal. So we have
more than one cyclic block, hence we are looking for more than one cyclic generator, and the
cyclic blocks have different sizes.

We proceed as follows, by example: suppose ker(T-c) has dimensgondi, then thereare

exactly d1 Jordan blocks with c onthediagonal. If ker(T-c)2 has dimenson dj+d2, then d2&d1,
and there are exactly d2 blocks of size larger than one hence exactly d1-d2 blocks of size one If

ker(T-c)3 has dimenson d1+d2+d3, then d3 & d2, there are exactly d3 blocks of size greater than
2, hence exactly d2-d3 blocks of size two.....Once the dimenson of ker(T-c)! equas that of
ker(T-c)f*1, then there are no blocks larger than r, and we are dore with determining the sizes of
the blocks for theeigenvaluec. We still need to show how to compute a Jordan basis for this
generaized eigenspace.

Here are some actud prelim problems of this nature:

"Put thefollowing matrix in Jordan form":

"1 2 3y
T=%$1 0 !3 . Weneedtoknow thecharacteristic polynomia. With a3by3 it should be
111 2%

feasible to compute it directly by the determinant. Ok, | got ch(t) = (t+1)(t-2)2. Since (t+1)
occurs with multiplicity one thereis exactly oneblock, andit has size one Solving for vectorsin
thekernd of (T+1), gives[1,-1,0], by Gausian elimination. Thisis akeeper.

-1 2 3]
| 1 -2 -3|. Weneed avectorin thiskernd.
-1 -1 o]
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It hasrank 2, so again get only one eg. [1,-1,1]. Hence thisisnot a cyclic generator for

this subspace, since we want a vector annihilated by (T-2)2 but not by (T-2). Sowe squae
(T-2), getting:

0 -9 -9
(T-22=|0 9 9 |, soabasisforthekernd,is{[1,0,0], [0,1-1]}. Wewant onewhich does
o o o]

not liein ker(T-2). Applying T-2 to thefirst, it is not zero, so we takeit. Now we have our
cyclic generalized eigenvector, so our cyclic basisfor that spaceis[1,0,0], and (T-2)([1,0,0]) =
[-1,1,-1]. Thusour Jordan basis seemsto be{[1,-1,0]; [1,0,0],[-1,1-1]}. Thematrix Q with
these as columns should conjugate our matrix T into Jordan form, if al iswell.

"1 0 0u
l.e. weshould have Q- 1TQ=J=$0 2 0, oranother ordering of blocks.
$0 1 2%

"1 2 31 1 !'19 "1 1 129
MultiplyinggivesTQ= $1 0 !3 81 0 1'=%1 1 2.
111 28% o0 113 $0 11 123

L 1 -1j[-1 0 0] "1 1 129
NowQJ=|-1 0 1||0 2 0]=%1 1 2'.SneeTQ=0QJ thusJ=Q1TQ.
lo 0 -1f[o 1 2| %0 11 128
0 0 -1 2]
1 1 1 -3| o - -
NowletA:|1 0 2 _3|andtry|tagan. We want the characteristic roots, but thistime
oo o 1]

lets diagonalize the characteristic matrix.

"t 0 1 129

IA—gdlt!l!1 3'D' dizing it, yiddsthefollowing:
(t')_$_1 0 (12 3°' iagondizing it, yiddsthefollowing:

20 0 0 1!1g
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"1 0 O 0 o
1 0 0o o o
D 0 ¢! 0o ' Thus we have the characteristic polynoma = (t-1)%,
o 0 @)Yy

theminima polynoma = (t-1)3, and we know the Jordan form has onecyclic block of size 1,
and onre cyclic block of size 3. Sowe need to findtwo independent vectorsu,v in ker(T-1).

Then we need to find a vector w in ker(T-1)3 that is not in ker(T-1)2. Then we check to see
which of u,v, is niot sdependent on (T-1)2w, say uisnot. Then our Jordan basis will condst of
{u, w, (T-1)w, (T-1)2w}. l.e {u, (T-1)2w} isthen abasisfor ker(T-1), while{u, (T-1)w,
(T-1)2w} isabasisfor ker(T-1)2. Theincreasein dimenson by one from 2 to 3, tells us thereis
exactly oneblock of size 2 ormore. Then {u, w, (T-1)w, (T-1)2w} isourfull Jorden basisforV
= ker(T-1)3. We need to solve the equations of course.

Sinceit dready midnight, thisis an exercise.

8000spectral theorems.

A spectrd theorem is a theorem guaranteeing certain specia operators or matrices are
diagonalizable, without having to actudly diagonaize them, or even calculate any characteristic
polynomias. Roughly, "symmetric" operators are always diagonalizable.

A hermitian produd on a complex vector spaceis abi - addtive paring VxV-->C with
values in the complex numbers C, such that v.w = conj(w.v) ["conjugate symmetric"], and (av).w
= a(v.w) and v.(bw) = con(b)(v.w). Sotheparingisoneandahaf timescomplex linear, or
"sesquilinear”. It followsthat fordl vinV, v.v = (conj(v.v) isred. Weassumev.v >0 foral
nonzerov, i.e. theparingis positive definite.

A hermitian paring thus defines alength by |[v|"2 = v.v. We cdl the space V equipped
with thegiven hermitian pairing, a hermitian space.

An endamorphism A:V-->V is"hermitian” for agiven paringif (Av).w = v.(Aw) for dl
v,winV. A par of vectorsis orthagond for thegiven paring if v.w = 0. Then we have:

Spectral theorem (complex hermitian case)
Theorem: If A:V-->V isahermitian endamorphism onafinite dimensona hermitian spaceV,
then V has an orthagonal basis of eigenvectorsfor A, hence also an orthonoma such basis.

Indeed thisis more than we need to assume. The more general statement is this. consder
themap V-->Hom(V,C) defined by sendingv to ().v. Thisiswell defined since the paringis
complex linear in theleft variable. Moreover, sincev.v = 0impliesv =0, themap isinjective,
and conjugate linear, hence bijective. Thusevery linear map f in Hom(V,C) determines aunique
vector v such that f(w) = w.v fordl w. In particular, given any endanorphism A, and any vector
v, thelinear map f(w) = (Aw).v hasform w.y for some unique y, which we cal A*v. Then the
function sendingv to A*v, iscomplex linear. So A* isan endanorphism caled the (hermitian)
adjoint of A.
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Then we clam that the concluson of thetheorem hddsif andonly if AA* = A*A, and
cal such A nomad. |.e. theoperators that commute with thar hermitian adjoints are exactly the
ones that admit orthonomal eigenbases. Theeasy directionisthat if thereis an orthonomal
basisinwhich A has diagona matrix, then in that same basis the matrix of A* is aso diagond,
hence these matrices commute, so dso A and A* commute as operatorsin any basis.

Spectral theorem (normal case)

Theorem: If A:V-->V isanomal endamorphism onafinite dimensona hermitian spaceV,
then V has an orthagonal basis of eigenvectorsfor A, hence also an orthonoma such basis.
Proof:

Lemma: If A isnomal, then A and A* have thesame kerndl.
proadf: AssumeAx =0. Toshow A*x = 0it sufficesto show itslength is zero. But
(A*X).(A*x) = x.(AA*X) = x.(A* AX) = (AX).(AX) = 0. SoA*x =0. QED.

Cor: If Aisnomad, with eigenvaue c, then A maps the ortho - complement of the eigenspace
ker(A-c) into itself.

prodf: If A isnomad, then sois (A-c), asonechecks directly. Then ker(A-c) = ker(A*-c*)
where c* = complex conjugate of c. Henceif xisin ker(A-c), thendso (A*-c*)x =0. Thusifyis
orthogord to x, i.e. if y.x =0, then (A-c)y.x = y.(A*-c*)x = 0, s0 (A-c)y isaso orthogord to x.
But then 0 = (A-c)yx =Ay.x-cyx=Ayx-0,50Ayx=0too. l.e. Ay isdso orthogord to x.
QED.

Now we condruct an orthogona eigenbasisfor V by indudion. I.e. thecharacteristic polynoma
for A has acomplex root and hence thereis a corresponding egenvector x1, which we may scae
down to length one. Now if werestrict A to the ortho complement of <x1>, therestriction of A
isagain nomal and maps that smaller subspaceintoitself. Thus by indudionthereisan
orthonomal eigenbasis of this smaller subspace. Combined with x1, we have an orthonomal
eigenbesisfor V. QED.

Examples. An operator A iscaled hermitian if A = A*, unitary if A®(-1) = A*, andared
operator is caled symmetricif A = A* for somered inner produd. Hermitian and unitary
operators are examples of normal operators, hence they have orthonomal eigenbases.

Remark: If A ishermitian, the characteristic polynomid of A hasdl red roats, i.e. ch(A) dways
splits over thereds.

prodf: If Av = cv, then c(v.v) = (cv).v = (Av).v = V.(Av) = v.(cv) = c*(v.v),andsincev" 0,c=
c*,socisred.

A rea symmetric operator isin a sense an example of a hermitian operator on the
"complexification™ of therea space, and the theorem hadsagain. But we give an independent
proofin thered case, from my linear gebranotes. Theonly differenceisin thefirst step, where
we canna use the characteristic polynomal to rpoduce thefirst eigenvector, since we do not
knowit hasared root.
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Thetrangpose of a matrix, symmetric matrices.
Defn: Ann by nmatrix A is symmetric if theentry in theith column and jth row equds the

entry in thejth column andith row, for every i andj.
Thematrix A* obtained from A by interchanging its rows and columnsis caled thetrangpose of
A. ThusA issymmetricif andonly if A = A*,

Ex: i) If theoperationsare defined, (A+B)* = A* + B*, and (AB)* = B*A*,

i) If A isany m by n matrix, andv, w areany vectorsin RN, RM respectively, then v.(A*w) =
(Av).w.

ii) If A = A* then Av.w =v.Aw, fordl v,w.

Spectral theorem (real symmetric case)
Thm: If A = A*, RN has abasis of mutudly orthogonal eigenvectors of A.

Pf: Therea vaued functionf(x) = Ax.x has amaximum on theunit spherein R", at some point y
where thegradient df of f is"zero", i.e. df(y) is perpendicular to the tangent space of the sphere

at y. Thetangent spaceat y is the subspace of vectorsin RN perpendicular to y, and df (y) =
2Ay. Hence Ay is perpendicular to thetangent spaceat y, i.e. Ay =0or Ay ispadld toy, so
Ay =cy for somec, andy is an eigenvector for A.

Now restrict A to the subspace V of vectors orthogond to y. If v.y =0, then Av.y =
V.Ay =v.cy = c(v.y) =0. Hence A preservesV. A still hasthe propety Av.x =v.AxonV, so
therestriction of A toV has an eigenvectorinV. (Althowh V has no natura representation as

RM-1 theargument for produdng an eigenvector depended only the symmetry property Av.x =
v.AX.) Repeating, A has an eigenbasis. QED.

Dual spaces and pairings

One can discuss pairingsin amore abgract setting, without making any chaices, smply by
consdering vectorsin aspaceV over afield k, together with QovectorsOor dual vectors, i.e.
elements of thefunction space V* = Hom(V,k) = {k linear functionsV! k}. Heretheeisa
naura paring, not between elements of the same space. But between pairs of dements of V and
V*. |.e by thevery definition of elements of V* thaeis anaturaGvauationO pairing VxV*! Kk,
taking (v,f) to f(v). Thefunction space V* iscdled the Qlud space of VO

To add to theconfugon, we can consder thedoule dua V** = (V*)*, and the naturd map

VI V* taking v to v** = Qevaluation at vQ which of courseis alinear map v**: V*1 Kk, taking f
tov**(f) =f(v). If v" 0, it followsfromchoosngabasisof V containingv, tha thereis somef
with v**(f) " 0, namdy f = projection of a vector w onitsv- coefficientin that basis. Thusthe
map V! V** isawaysinjective, and hence aso surjectivein case V hasfinite k dimensgon. Thus
infinitedimensons V andV** are essentiadly the same, dthough thisis not truefor V and V*.
|.e. dthowgh we will see that V and V* have the same dimensonwhen those arefinite, thereisno
naura way to identify them, and they deserve to be distinguished.

It is bviouDthat V and V* are different since thereisa natural pairing between them, so if V
and V* were naturally the same there would dways bea natura paring of V with itself. On the
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other hand, once we specify a paringonV, thenV andV* do become related, or even identified
for some purposes, by meansof tha pairing.

|.e. suppose we aregiven aparing VxV! k whichisbilinear, i.e. for every u,v,winV, andaink,
we have <u+v,w> = <u,w> + <v,w>, <uv+w> = <u,v> + <u,w>, and <av,w> = a<v,w> =
<v,aw>. Thenthemap V! V* takingvto <. ,v>,islinear. If the paringisnondegenerate, in
the sense tha <u,v>=0foral uony whenv =0,themap V! V* isinjective, hence aso
bijectiveif V hasfinite k dimenson, which alows us to identify V and V* for some purposes.

For example, if V isan n dimensonal real vector space, and we have ausud Onner produdOon
V, i.e. asymmetric, bilinear, Qpositive definiteOparing[i.e. v.v > Ofordl v " 0], thisyieldsan
isomorphismV! V* takingvto ( ).v.

[If V hasinfinite k dimendon, then | believe V* has still larger infinite dimenson, andin
particular they are never isomorphicin theinfinite dimensgona case. ThusasoV andV** are
not isomorphic when 'V has infinite dimengon, if | am correct. (1 have notwritten the proof.)]

Convesdy if wearegiven alinear map V! V* taking v to thelinear function ( ).v, we can
consder thisaparingonV, by defining <w,v> = (w).v. This pairing will be bilinear, but not
necessary symmetric or nondegenerate. So it seems that bilinear paringsVxV! k areequivaent
to linear maps V! V*, and nondegenerate paringsare equivaent to linear injections V! V*. We
will discuss bdow how to recognize those maps V! V* that correspond to symmetric, or skew
symmetric, parings

Abstract orthogoral complements and transposes

Given avector spaceV over afied k, and asubspace W of V, define the orthagona complement
Wperp inV* to bethe subspace of those linear functionsin V* which areidenticaly zero when
restricted to W. Asusud, these are naturally identified with precisaly al linear functionsin
(V/IW)*, i.e. alinear functionV/W! k defines by compositiononeV! V/W! k, andconversely a
linear functionV! k which annihilates W induces oneV/W! k. So Wperp is a subspace of V*
which is naturaly isomorphic to (V/W)*.

If V hasfinite dimengon, then dim(V) = dim(W) + dim(V/W) = dim(W) + dim(V/W)*
= dim(W) + dim(Wperp), which is theusud formulafor the dimensons of a subspace andits
orthogonal complement in Euclidean space.

Thereisaso an abgract analog of the transpose of amap T:V! W, namdy T* isthemap
T*W*! V* taking alinear functionf:W! kinW?*, to thecomposition (foT):V! W! kinV*.
Confusingisn®@it? Anyway, T* just means Qprecede by TQ Tha® often what upper star
means, in dgebraic topology, fundiona analysis, and e sewhere.

Do thisagan and, from T:V! W, youget amap T** = (T*)*:V**I W**, Now remember the
naura map V! V*? Tha meanswhenever you haveamap T:V! W, that now you aso have
maps V! W! W** ‘andV! V*1 W** andwe dam you can check these compositions are
equal. In category language, this says thereis a natura transformationCbetween theidentity
and thedoule dual operations(such operationsare caled functors there).
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It now makes sense to speak of symmetric or skew symmetric operatorsin an abstract sense, at
least for the specia case of maps T:V! V*. l.e then T*:V**! V* <o this provides anatura
map V! V**1 V* to comparewith T:V! V*. If they areequa we say themap T was
symmetric, or if they are negatives of each other, cal T skew symmetric.

I guessit will follow that bilinear paringsVxV! k tha are symmetric (or skew symmetric) in the
usud sense, yidd maps V! V* which are symmetric (or skew symmetric) in theabgract sense,
andviceversa. Youmight try checking that, to seeif you have some facility with the definitions

Dual bases and matrices
To see how the abstract transpose relates to the matrix transpose, we have to introduc bases.
Solet V befinite dimensord with basisvq,E ,v. Then we can definelinear functionsf1,E ,f,,

onV, by settingf1 = 1 onvq and = 0 on the other basis elments, then settingfy = 1 onvyp, and =
0 on theother basis eements, and so on. These n fundions are independent an span V*, and are
called thebasis for V* dual to theoriginal basisfor V. Note that we must know thewhole basis
for V to define even ore of thef@, so theindvidua eements of thebasisfor V* are notdud just

to the corresponding element of thebasisfor V, but thewhole basisis dud to thewhole other
basis. Thus athowh sometimes we write thebasis dud to vq,E ,vhasvq*,E ,vp*, thisisabit

misleading, since for example v1* depends onvq,E v and not just vq.

Anyway abasisforV, dso definesamap V! V* sendng each vj to vjx. Thus this map defines
aparingonV. Wedam thebasisvq,E ,vyisorthonomal for this paring. Viceversa, if we
havea paring onV and consequently amap V! V*, we can ask whether that map sends agiven

basisfor V to its dud basis, and theanswer should be that it doesif andonly if thebasisis
orthonomal for thegiven paring?

Now if T:V! W isalinear map of finite dimengona spaces with matrix A in some basesfor V
andW, then T*: W*! V* dso has amatrix in terms of the corresponding dual bases, which we
cdamistheusud transpose of A. To seethat, just recdl how you find the elements of a matrix
in terms of abasis: namdy thei,j entry istheith coeficient of theimage of thejth basis vector.
So let thebasis of V be denoted by v, that of W bew(, and the dudl bases bef@andg@. Thus
thei,j entry of thematrix for T* is theith coeffidient of T*( gj), i.e. T*( gj)(vj ) = gj(T(vj)),
whichisthejth coefficient of theimage of theith basis vector unde T. So thei,j entry of A* is
thej,i entry of A. Seeif you can convince yourself of that.

Suppose we haveamap T:V! V* whichis symmetricin theabdract sense, thatis. T =
T*V**=V! V*, Shoud thespectral theorem hdd? What would it say? Tha thereisabass
forV suchthat T becomes diagona in terms of that basisandits dud basis? Presumably not, or
there would be such an abdract versionin every book. Thefirst step would be to show that if
T" 0, thenforsomev, T(v) isnot zero onv, so tha T(v) coud be amultiple of v* for some basis
of V containing v. Can youfind acounerexample?



