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On Bilu’s Equidistribution Theorem

Robert Rumely

ABSTRACT. We place Bilu’s equidistribution theorem for small points on al-
gebraic tori in the confext of potential theory, generalizing it to arbitrary
compact sets of capacity 1.

Recently Szpiro, Ullmo, and Zhang ([SUZ)) proved that points of small height
on an ahelian variety A are equidistributed with respect to the Haar measure on
A(C). Bilu ([Bi]) established the analogue of this for algebraic tori. In particular
he showed that if h(a) is the naive height on @, the algebraic closure of Q, and if
{an} is a sequence of points in Q such that

deg(ay) — 00, h(an) — 0

as n — 00, then the discrete measures

1
An T\ Z 'Sar(aﬂ)(x)

~ deg(an) i o2

converge weakly (relative to the space of continuous functions on C with compact
support) to the uniform measure of mass 1 on the boundary of the unit disc D(0, 1).

The purpose of this note is to place Bilu’s result in the context of potential
theory. (Bombieri ([Bo]) has also touched on these ideas.) The set E = D(0,1) has
logarithmic capacity v(E) = 1. Below, we will show that for an arbitrary compact
set E C C with capacity v(E) =1, an analogue of Bilu’s theorem is true.

1. The potential-theoretic setting
One way to define the naive height on Q is as follows: for a € Q, if K =Q(a)

then
h(a) = Y k(@)

P00
where ]
hoa) = —r > max(0,log(lo(@)lp) -
deg(a) -
o:K—0,
Here x|, is the absolute value on @p which extends the canonically normalized
absolute value on Q,, and log(z) = In(z).
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From the viewpoint of potential theory, at the archimedean place the function
max (0, log(z]))
is simply the Green’s function, relative to the point 0o, of D(0,1). For an arbitrary
compact E C C of positive capacity, define

1
heo(a) = m_)m;,c(;(o(a),m; E)

where G(z, o0; E) is the the Green’s function of the domain C\E, extended by 0 on

E. Put
hu(a) = hpeo(@) + D ho(@) -
p finite
Thus hg(e) is the “height of a with respect to the set E”.
The uniform measure is the so-called “equilibrium distribution” of D(0,1). In
general, for a compact set E of positive capacity, the equilibrium distribution is the
unique probability measure 4 on E which minimizes the energy integral

1) = [ [E _ oz~ uau(a)du(w)
= lim /fs Emin (M, ;log(iz—w|))dp(z)du(w) .

M=o
The value of the integral is precisely
V(E) = —log((E));

if v is any other probability measure on E, then
Iv) = f/ —log(|z — w|)dv(z)dv(w) > V(E) .
ExE

The equilibrium distribution of E is always supported on the outer boundary of E.
For proof of these facts, see ([Ts],pp.53-89).

THEOREM 1. Suppose a compact set E C C has capacity y(E) =1 and is stable
under complez conjugation. If {a,} C Q is a sequence for which deg(an) — ©© and
hg(an) — 0, then the measures A, cOMVETGE weakly to the equilibrium distribution
uof E.

The proof exploits the relationship between the energy integral and the dis-
criminant, together with the fact that the equilibrium distribution is the unigue
probability measure minimizing the energy integral. The hypothesis that E is
stable under complex conjugation is not needed for the proof; however, by the
Fekete-Szegd theorem ([F-S]), it assures that the theorem is not vacuous.

For each place of Q, fix an embedding of Q@ into Q,. Given a € Q, put
D(e) = [J(ei(e) —oj(@) € Q
i#]
where o3, 0; run over the embeddings of K = Q(a) into Q. If a # 0 then D(a) #0,
and by the product formula

[Iip@l =1 -

p?w
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.For each nonarchimedean p, we can bound |D(a)|, in terms of hp(a). Indeed,
for each i # j '

log(max(|os(a)lp, |75 (@)1p))

log(loi(a) — oj(@)lp) <
< max(0, log(jos(@)lp)) + max(0,log(|o;(a)l5))

so that if N = deg(a) = [Q(a) : Q] then

> log(loi(a) — o5(a)lp)
o

< 2(N -1) Zmax(o, log(loi(a)lp))

- 2N(N—1)thp(a) .

log(|D(a)lp)

At the archimedean place, if A is the discrete measure with mass 1/N at each
conjugate of o, we have

3 ~log(o(e) = 7o)l e

f/ —log(|z — w|)dA(z)dA(w) .
CxC\{diagonal}

Now let {a,, } be a sequence of points in Q such that deg(ay,) — o0, hg(a,) — 0
as n — 0o. Suppose for purpose of contradiction that the associated measures A,
do not converge weakly to the equilibrium distribution of pu of E. From the fact
that hg(a,) — 0 it follows that the sequence of probability measures {A,} is tight.
Therefore, we can extract a subsequence converging to a probability measure v # p.
Passing to this subsequence, we can assume that

- ~73108(1D(@) )

A, = v

weakly. Let Eg be the “filled set” corresponding to E: Eg = C\U, where U is the
- unbounded component of C\E. It is easy to see that v is supported on Ep. On
the other hand, it is well-known that Fy has the same capacity and equilibrium
distribution as E (see ([Ts],p.61)), so we can replace E by Ey. Since y(E) = 1, we
have

I(v) = fLXE—1og{lz—w[)du(z)dv(w) > V(E) =0 .
Now we need a

LEMMA. For each M > 0,

fim fof f / min (M, —log(|z — w]))dAn(2)dAn(w)
CxC\{diagonal}

L=+ OO

> //EXE min (M, —log(|z — w'))dy(z}dv(w) .
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PROOF. Since M is fixed and the A,-mass of the diagonal is 1/n, without loss
we can adjoin the diagonal to the integrals on the left. Fix bounded neighborhoods
I, J of E such that the closure of I is contained in J, and choose a continuous
function ¢(z) supported in J such that 0 < ¢(z) <1 for all z and ¢(z) =1 on I.
Put O =C\I, and B(2) = 1 — (z). Then

*)
/ min (M, —log(|z — wl)) aEAn(z)a!.A,,L (w) =
CxC
/] min (M, —tog(lz — w)p(p(w)drn(2)dAn )
+ 2 /LN min (M, —log(|z — w{))@(z)cp(w)dAn(z)dAn(w)
+ / ~min (M, —log(|z — w|))B(2)B(w)dAn(2)dAn(w) .
OxQ

It is not hard to see that there is a constant L > 0 such that

{ —loglz — w| > —G(z,00; E) — L forallze O, weJ
—log|z —w| > —G(z,00; E) — G(w,00; E) — L forallze O,we 0.

Since M > 0, the estimates above also apply to the kernels in (*). Using that
>, Glo(an),00; E) - (1/N,) < hg(an), we see that

/ L  min (M, ~log((z ~ w])dAn ()dAn(uw) >
JJ[. min (84, -1og(z — w)p(a)p()dsn(2)d0n ) — th(n) ~ 3An(O)L
Since A,, — v weakly as n — 00, the first term on the right approaches
// min (M, —log(|z — wl]))dv(z)dv(w) .
EXE

Likewise, A,(O) — 0. But hg(a,) — 0 by hypothesis, so we obtain the assertion
in the lemma.

Returning to the main proof, since I(v) is a limit of integrals of the kernels
min(M, —log()z — w|)), it follows from the Lemma that

liminf ( / /C vy "8~ BB w)
f/ —log(|z — w|)dv(z)dv(w)

=1Iv) > 0.

v

Writing N,, = deg(a, ), then since N,, — oo it follows that

hmsupN log(|D(an)|e) < —I(v) < O .

__1____
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Fix & > 0 small enough that I(v) > 3e. Then for sufficiently large n, we have
hg(a,) <e, so
Z hp(an) < hg(an) < € .

p finite

Also, for sufficiently large n,
1
mlogﬂp(%)lm) < —I(V)."'S .

It follows that for such n,

0 = ) log(ID(an)lp)

b0
< 2Na(Np=1)- () hp(am)) + Na(No—1)- (~I(v) +¢)
p finite

< No(Np—1)-(=I(v)+3€) <0 .

This contradiction shows that A, — u weakly.

2. Applications and generalizations

Apart from the unit disc, arithmetically the most interesting set of capacity 1
is the line segment E = [-2,2]. (In general, the capacity of a line segment [a,d] is
(b—a)/4).) The equilibrium distribution and Green’s function of E are

du — 1 dz
s oy
1
G(z 00, E) = log(l5( + V2= — ).

The algebraic integers whose conjugates all belong to F are just the numbers of the
form 2 cos(am/n) = (% + (;*, where a and n are positive integers.

Put H(a) = deg(a) - h(a). Lehmer’s conjecture asserts that there is a constant
C > 0 such that unless  is 0 or a root of unity, then

H(a) > C.

Correspondingly, if Hg(a) = deg(a) - hg(a), the analogue of Lehmer’s conjecture
would assert there is a constant C’ > 0 such that unless a = 2cos(am/n) for some
a, n, then

Hg(a) > C'.

By a theorem of Smythe ([Sm]), if  is the real root of 2 — § — 1 = 0, then
for C = In(@) ~ .28119957 the only possible exceptions to Lehmer’s conjecture are
units whose minimal polynomials are reciprocal polynomials, which we can assume
have even degree, since the only irreducible reciprocal polynomial of odd degree is
z + 1. Given such a unit @, put 8 = a+ 1/a. Then S is an algebraic integer, and
we claim that

Hg(B) = H(a).
Indeed, the finite contributions to Hg () and H(a) are both 0. At the archimedean
place, the map w = (z) := 2+1/z takes 8D(0, 1) onto E and takes the complement
of D(0,1) conformally onto the complement of E; the Green’s functions satisfy

G(z,00; D(0,1)) 4+ G(1/2,00; D(0,1)) = G(p(2),0;E) .
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For any given z, at least one of the terms on the left vanishes. The conjugates of o
come in pairs o(a), 1/0(a), and it is easy to see that [Q(a) : Q(B)] = 2. Thus, the
archimedean components of Hg () and H(a) also coincide.

Conversely, if 3 is an algebraic integer and o € C satisfies @(a) = B, then a is
a unit with [Q(e) : Q(8)] =1 or 2, and by the identity above

H(e) < Hp(f) .

Thus, Lehmer’s conjecture is true if and only if its analogue holds for E = [-2,2].
Moreover, the exceptions to the classical Lehmer’s conjecture are precisely the
pullbacks of exceptions to the Lehmer’s conjecture for E.

For an infinite class of examples, consider the family of ellipses

2?2
Ea,b = {E-l-yZECEE','EESl}
The capacity of E,; is (a + b)/2.
Suppose a + b = 2, so that Y(Eap) = 1. Then the Green’s function of E.p is

log(|3(2+ /22— 4(a~1))|) if 2 ¢ Eap

G(z,00; E = ;
(2 00; Eay) {0 ifz € E,

where \/w is chosen to be positive on the positive real axis. The level set of
G(z,00; E,p) = € corresponding to 0 < & = In(1+6) is the ellipse OE,, where

_ a+26+442 g b+26+8°
T 146 T 146

If OE, 4 is parametrized by ¢(8) = acos(f) + bsin(f)i, 0 < 8 < 2r, then the
equilibrium distribution of E, ; is given by

1 dé

dp = —. .
2T\ J82 cos?(6) + a2 sin?(6)

These facts can be deduced from the fact that w = z + (a — 1)/z takes the
complement of D(0,1) conformally to the complement of E, ;. The equilibrium
distribution is given by the normal derivative of the Green’s function, scaled to
have total mass 1.

It is an interesting question whether the analogue of Lehmer’s conjecture holds
for some, or perhaps almost all, ellipses E,  of capacity 1.

Theorem 1 can easily be generalized to an adelic setting, using the machinery
developed in ([R1]). Let K be a global field, and let E = [I, E. be an adelic set
such that

1. for each v, E, C K,, and E,, is stable under Gal(K,/K,);

2. for all but finitely many v, E, = {z € K, : |2, < 13}:

3. for the remaining v, either E, is compact, or E, is defined by an inequality

z : |P(z), < 1} for some nonconstant P(z) € K,[z].
In ([R1],83,84), the local capacity v(Ey) and Green’s function G(z,o0; E,) are
defined, and for each v such that-E, is compact, the equilibrium distribution p, of
E, is defined.
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For each a € K we can define the height relative to E by

he(a) = ) he,(a)

where

1 ,
he,(a) = K@) : Kl .K(Z)_,-g G(o(a),o0; E,) .

In this setting, the global capacity of E, defined in ([R1],85.1), is given by
(E, {DO}) = HFY(ED) '

Minor modifications to the proof of Theorem 1 yield

THEOREM 2. Suppose that K and E are as above, and ~(E, {o0}) = 1. Let
{an} C K be a sequence such that [K(an) : K] — 00, hg(an) — 0. Then for each
v such that E, is compact, the probability measures A, on K, attached to the a,
converge weakly to the equilibrium distribution p, of E,,.

As an example, take K = @, and let S be a finite set of primes, including the
archimedean one. For each nonarchimedean p € 8, let E, = Zp. Then as shown in
([R1],p.353),

1(Bp) = p~ /), :
The equilibrium distribution of E, is just additive Haar measure. At the archimedean
prime, put E, = [—2r,2r] where

e H pl/(p—l)‘

finite pe S

For each p ¢ S, put E, = {z € Q, : |z|, < 1}. For such p, v(Ep) = 1. Thus, if
E =TI, . Ep, then
V(E,{oo}) = 1.

Using a more sophisticated formulation of the equilibrium distribution, such as
that in ([R2]), Theorem 2 can undoubtedly be strengthened to allow more general
sets E, at nonarchimedean places. It can probably also be extended to adelic sets
on curves, with capacities computed relative to several poles, as in ([R1)).
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