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Abstract
We show that the sectional capacity of an adelic subset of a projective variety over
a number field is a quasi-canonical limit of arithmetic top self-intersection numbers,
and we establish the functorial properties of extremal plurisubharmonic Green’s func-
tions. We also present a conjecture that the sectional capacity should be a top self-
intersection number in an appropriate adelic arithmetic intersection theory.
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0. Introduction
In this paper we establish a formula for the sectional capacity of an adelic set in terms
of arithmetic intersection theory. An adelic set is a subset of the adelic points of a pro-
jective variety over a number field. The sectional capacity of such a set is an arithmetic
measure of its size relative to an ample divisor. The sectional capacity generalizes the
classical logarithmic capacity to an adelic setting on varieties of arbitrary dimension.

Our main theorem asserts that the sectional capacity is a limit of top self-intersection
numbers of metrized fractional line bundles in Gillet-Soulé’s theory. These line bun-
dles are supported on a canonical sequence of models determined by the nonar-
chimedean components of the set, with metrics given by smoothings of extremal
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plurisubharmonic Green’s functions attached to the archimedean components of the
set. The main theorem gives the first explicit relation between capacity theory and
arithmetic intersection theory in dimensionsd ≥ 2; the connection is made via ex-
tremal plurisubharmonic Green’s functions and H. Gillet and C. Soulé’s arithmetic
amplitude theorem.

The result above is the strongest one we can formulate within Gillet-Soulé’s the-
ory. However, we expect that the sectional capacity should be given exactly by a top
self-intersection number of an adelic metrized line bundle with singular metrics, in
an appropriate adelic intersection theory. The conjecture and the nature of the desired
intersection theory are discussed in the final section of the paper.

We now introduce the three objects involved in the main theorem.

The sectional capacity
Let K be a number field, and letX/K be a smooth, connected, projective variety. Let
D be an ample, effective,K -rational Cartier divisor onX, and for each placev of K ,
let Ev ⊂ X(Cv) be a nonempty set, disjoint from the support ofD and stable under
the group Galc(Cv/Kv) of continuous automorphisms ofCv/Kv. (Cv denotes the
completion of the algebraic closure ofKv.) Dehomogenizing atD, identify sections
of OX(nD) with functions inK (X):

0(nD) = H0(X,OX(nD)
)

=
{

f ∈ K (X) : div( f )+ nD ≥ 0
}
.

For eachv, Kv ⊗K 0(nD) ⊆ Kv(X). For f ∈ Kv(X), define

‖ f ‖Ev = sup
z∈Ev

(
| f (z)|v

)
.

In this generality it is possible that‖ f ‖Ev = ∞. However, we are dealing only with
sets and functions for which‖ f ‖Ev is always finite.

For eachn ≥ 0, putB(Ev,nD) = { f ∈ Kv ⊗K 0(nD) : ‖ f ‖Ev ≤ 1}. Let AK

be the ad̀ele ring ofK . Write E =
∏
v Ev, and put

B(E,nD) =
(
AK ⊗K 0(nD)

)
∩

∏
v

B(Ev,nD),

the “ball of adelic sections with sup norm at most 1 at each place.” Let volA be any
Haar measure onAK ⊗K 0(nD). Viewing0(nD) as a lattice inAK ⊗K 0(nD), write
covolA(nD) for the volume of a fundamental domain for(AK ⊗K 0(nD)) /0(nD).
Write log(x) for ln(x). The ratio volA(B(E,nD))/ covolA(nD) is independent of the
choice of Haar measure. T. Chinburg [10] defined the sectional capacitySγ (E, D) by

− log
(
Sγ (E, D)

)
= lim

n→∞

(d + 1)!

nd+1
log

(
volA(B(E,nD))/ covolA(nD)

)
, (0.1)
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provided the limit exists. Theorem C of [33, p. 8] asserts that under the following con-
ditions, which we call thestandard hypotheses, Sγ (E, D) exists and is finite (possibly
zero):
(1) eachEv is nonempty and stable under Galc(Cv/Kv);
(2) eachEv is bounded away from supp(D)(Cv) under thev-adic metric induced

by the given projective embedding ofX; and for all but finitely manyv, Ev
and supp(D)(Cv) reduce to disjoint sets(modv).

The extremal Green’s function
For each archimedean placev of K , put Xv = Kv ⊗K X, and view Xv(C) as a
complex manifold. LetEv ⊆ Xv(C) be a compact set, disjoint from supp(D)(C).
Identifying sectionsf ∈ Kv⊗K H0(X,OX(nD)) with functions f (z) ∈ Kv(Xv), we
define the extremal Green’s function ofEv relative toD by

G(z; Ev, D) = sup
n≥1

sup
f ∈Kv⊗K0(nD)

‖ f ‖Ev≤1

(1

n
log

(
| f (z)|

))
(0.2)

for z ∈ Yv(C) = Xv(C)\ supp(D)(C). In the definition, the outer “sup” can be re-
placed by “lim sup” or by “lim” since f ∈ Kv ⊗K 0(nD) implies f N

∈ Kv ⊗K

0(NnD).
It is not always true thatG(z; Ev, D) is finite for z /∈ Ev. Recall that a com-

pact setE ⊂ Xv(C) is calledpluripolar if for eachx ∈ E there is a plurisubharmonic
functionϕ(z) defined in a neighborhoodU of x, such thatU ∩E ⊂ {z : ϕ(z) = −∞}.
We prove thatG(z; Ev, D) is finite onYv(C) if and only if Ev is not pluripolar by
showing that it coincides with8(z; Ev, D), the “Siciak extremal function” or “ex-
tremal plurisubharmonic function of minimal growth alongD,” which has been ex-
tensively studied in the theory of plurisubharmonic functions (see, e.g., [18], [34],
[35], [40]). Moreover, we show thatG(z; Ev, D) is a Weil function forD, so it in-
duces a metric onOXv (D).

Arithmetic intersection numbers
By a generically smooth arithmetic variety, we mean an equidimensional projective
schemeX, flat and proper over Spec(Z), with smooth generic fibreX = X ⊗Z Q.
Write d = dim(X); so d + 1 = dim(X). Let Div(X) denote the group of Cartier
divisors onX.

Definition 0.1
A fractional Cartier divisoron X is an element ofQ ⊗Z Div(X), that is, a symbol
D = (1/n)D ′, where 0< n ∈ Z andD ′ is a Cartier divisor onX. The associated frac-
tional line bundleL = OX(D) gives well-defined line bundlesL ⊗nm

= OX(mD ′)
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on X for all integersm. We callD ample ifD ′ is ample. A metric{| |} on L is spec-
ified by giving a metric{| |}

⊗n on the associated complex line bundleL ⊗n
⊗Z C =

OX(C)(D
′

C), whereX(C) is the complex analytic space associated toX, andD ′

C is the
divisorD ′

⊗Z C onX(C). We say that{| |} is smooth and Hermitian if{| |}
⊗n is, and we

define the first Chern form of{| |} to be 1/n times that of{| |}
⊗n. Given a line bundle

L on X, we say thatL inducesL if L⊗n extends toOX(D
′) onX.

Definition 0.2
A metrized fractional line bundleis a triple(X,L , {| |}) consisting of a generically
smooth arithmetic varietyX, a fractional line bundleL onX, and a metric{| |} onL

invariant under complex conjugation.

We need Gillet and Soulé’s arithmetic amplitude theorem (see [14]), strengthened
using their arithmetic Riemann-Roch theorem for generically smooth arithmetic vari-
eties (see [15]).

Let (X,L , {| |}) be an ample metrized fractional line bundle such that{| |} is
a smooth Hermitian metric with positive first Chern form, invariant under complex
conjugation. WriteX = X ⊗Z Q and L = L ⊗Z Q. Suppose thatL ⊗n is an
ample metrized line bundle onX. For all m > 0, define the sup norm‖ ‖sup for
s ∈ H0(X, L⊗nm) (and fors ∈ R ⊗Q H0(X, L⊗nm)) by

‖s‖sup = sup
x∈X(C)

(
{|s(x)|}⊗nm)

.

Let Bsup(n,m) be the unit ball inR ⊗Q H0(X, L⊗nm) relative to ‖ ‖sup. (Note
that R ⊗Q H0(X, L⊗nm) ∼=

⊕
v|∞ Kv ⊗K H0(X, L⊗nm), and Bsup(n,m) =⊕

v|∞ Bv(n,m), where Bv(n,m) is the unit ball in Kv ⊗K H0(X, L⊗nm) =

H0(Xv, L⊗nm
v ) relative to the restriction‖ ‖v,sup of ‖ ‖sup to Xv = Kv ⊗K X.)

Let vol∞ be any Haar measure on the real vector spaceR ⊗Q H0(X, L⊗nm). Then
H0(X,L ⊗nm) forms aZ-lattice inR ⊗Q H0(X, L⊗nm). Let

covol∞
(
H0(X,L ⊗nm)

)
:= vol∞

(
R ⊗Q H0(X, L⊗nm)/H0(X,L ⊗nm)

)
be the volume of a fundamental domain for this lattice.

Given a metrized fractional line bundleL = (X,L , {| |}), the intersection number
(X,L , {| |})d+1 is defined as follows. Let̂c1(L) ∈ ĈH

1
(X) be its first arithmetic Chern

class, and letf : X → Spec(Z) be the structure morphism. Then

(X,L , {| |})d+1
= f∗

(
ĉ1(L)

d+1)
∈ ĈH

1(
Spec(Z)

)
∼= R, (0.3)

where the isomorphism takes((a), λ) ∈ ĈH
1
(Spec(Z)) to λ/2 − log(deg(a)).
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THEOREM 0.1 (Gillet, Souĺe; M. Gromov)
Let X be a generically smooth arithmetic variety. With the assumptions and notation
above,

(X,L , {| |})d+1

= lim
m→∞

(d + 1)!

(nm)d+1
log

(
vol∞(Bsup(n,m))/ covol∞(H

0(X,L ⊗nm))
)
. (0.4)

This form of the arithmetic amplitude theorem (Th. 0.1) can be extracted from the
discussion in [14, p. 888] using [15, Th. 8].

Outline
The paper is divided into four sections. The first contains the main theorem express-
ing the sectional capacity as a limit of top self-intersection numbers of metrized frac-
tional line bundles. The second establishes properties of Green’s functionG(z; E, D)
needed for the first part. The third derives functoriality properties ofG(z; E, D), and
the fourth gives the conjectural exact formula and discusses evidence for it.

1. The main theorem
Our main theorem is as follows.

THEOREM 1.1
Let K be a number field, and let X/K be a smooth, connected, projective variety
of dimension d. Let an adelic setE =

∏
v Ev and an effective, ample, K -rational

divisor D on X satisfying the standard hypotheses be given. Assume that Sγ (E, D) >
0, and assume that each archimedean Ev is compact and not pluripolar. Put L=
OX(D). Then there is a canonical sequence of models{Xn}1≤n<∞ determined by
the nonarchimedean part ofE, and a natural sequence of ample metrized fractional
line bundles(Xn,Ln, {| |}n) inducing L on X, where the{| |}n are smooth positive
metrics given by smoothings of Green’s functions G(z; Ev, D) of the archimedean
components ofE, such that

− log
(
Sγ (E, D)

)
= lim

n→∞
(Xn,Ln, {| |}n)

d+1. (1.1)

More precisely, for each n≥ 1, let

Sn =
{

f ∈ 0(nD) : sup
x∈Ev

(| f (x)|v) ≤ 1 for each nonarchimedeanv
}
,

and let OK [Sn] denote the graded OK -algebra generated in degree1 by Sn. Then
Xn = Proj(OK [Sn]), andLn is a fractional line bundle induced by L onXn for which
L⊗n extends toOXn(1). The metric{| |}n is obtained by smoothing the Green’s function
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of an appropriate enlargement of the archimedean component ofE, constructed in
the theorem. The enlargements have the property that their Green’s functions are
continuous and their capacities approach the capacity of the original set. Such a
sequence of enlargements and smoothings is not unique, but any such sequence given
by the construction in the theorem yields metrics{| |}n for which (1.1) holds.

In the statement of the main theorem, we expect that the hypothesisEv nonpluripolar
is redundant, and it should follow from the fact thatSγ (E, D) > 0 (see the remark
following Lemma2.3).

The proof of the main theorem uses results about extremal Green’s functions
proved in Section 2, together with Gillet-Soulé’s arithmetic amplitude theorem and
approximation theorems for the sectional capacity established in [33]. Note that al-
though the limits (0.1) and (0.4) are similar in form, they have different origins. In
the capacity case, the metric underlying the sup norm (the fibral metric{| · |}Ev (x) on
OX(D) for which the canonical section1 of OX(D) satisfies{|1|}Ev (x) = 1 if x ∈ Ev,
and zero otherwise) is not even continuous from fibre to fibre, while in the intersec-
tion theory case it isC ∞. Furthermore, the capacity case concerns only the generic
fibre X/Q, whereas the intersection theory case involves a modelX/Spec(Z).

The proof depends on two key observations. The first is that for each archimedean
v, the unit ballB(Ev,nD) ⊂ Kv ⊗K 0(nD) for

‖ f ‖Ev = sup
z∈Ev

(
| f (z)|

)
coincides with the unit ballBGv (n) for the sup norm‖ f ‖Gv with respect to the sin-
gular but smoothable metric onOX(nD) associated to Green’s functionG(z; Ev, D):

‖ f ‖Gv = sup
z∈X(Cv)

(
| f (z)|

exp(nG(z; Ev, D))

)
.

The second is that for eachn, if (Sn)
m denotes the degreem component ofOK [Sn],

then for all sufficiently largem the set(Sn)
m can be recovered asH0(X,OX(m)) for

the modelXn = Proj(OK [Sn]).
We need the following lemma. In the lemma, and in many other places in

the paper, volv denotes an arbitrary Haar measure onKv ⊗K 0(nD). Given mea-
surable subsetsB1,B2 ⊂ Kv ⊗K 0(nD) with finite, nonzero measure, the ratio
volv(B1)/ volv(B2) is a generalized index, independent of the choice of Haar mea-
sure.

LEMMA 1.2
LetE and D satisfy the hypotheses of Theorem1.1, and fix an archimedean placev of
K . Then for eachε > 0, there is a set Ev(ε) containing Ev which is compact, stable
underGalc(Cv/Kv), bounded away fromsupp(D), and such that
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(1) for all sufficiently large n,

lim sup
m→∞

1

(nm)d+1
log

(
volv(B(Ev,nmD))/ volv(B(Ev(ε),nmD))

)
< ε;

(2) G(z; Ev(ε), D) is continuous.

Proof
SinceSγ (E, D) > 0,B(Ev,nD) is a bounded, convex subset ofKv ⊗K 0(nD) for
eachn > 0. LetC be a constant such that dimK (0(nD)) ≤ Cnd, and letB(Ev,nD)m

denote the convex hull inKv ⊗K 0(nmD) generated bym-fold products of elements
of B(Ev,nD). By [33, Th. 15.1], for each sufficiently largen, and all sufficiently
largem (depending onn),

log
(

volv(B(Ev,nmD))/ volv(B(Ev,nD)m)
)
<
ε

3
· (nm)d+1. (1.2)

Fix such ann, and letη > 1 be such thatC · log(η) < ε/3. Then the setB0 =

η−nB(Ev,nD) satisfies

log
(

volv(B(Ev,nD)m)/ volv((B0)
m)

)
= dimK

(
0(nmD)

)
log(ηnm)

<
ε

3
· (nm)d+1 (1.3)

for eachm. AsB0 is contained in the interior ofB(Ev,nD), there exist finitely many
functionsh1, . . . , hM in B(Ev,nD) such thatB0 is contained in the interior of the
convex hull ofh1, . . . , hM . For sufficiently smallT > 1, B0 is also contained in the
interior of the convex hull ofh1/T, . . . , hM/T . Fix such aT . For 1≤ R< T , put

Ev,R =
{
z ∈ Xv(C) : |h1(z)| ≤ R, . . . , |hM (z)| ≤ R

}
.

Then Ev ⊆ Ev,R; Ev,R is stable under Galc(Cv/Kv) and bounded away from
supp(D); andh1/T, . . . , hM/T ∈ Bv(Ev,R,nD). By (1.2) and (1.3), for all suffi-
ciently largem,

log
(

volv(B(Ev,nmD))/ volv(B(Ev,R,nD)m)
)
<

2ε

3
· (nm)d+1,

so Ev,R satisfies (1) in the lemma. Proposition2.12shows that for small enoughR>
1, G(z; Ev,R, D) is continuous. Hence we can takeEv(ε) = Ev,R for an appropriate
R.

Proof of Theorem1.1, assuming the results of Section 2
After replacingD by N D for a suitableN, we can assume, without loss, thatD is
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very ample. ViewingR⊗Q 0(nD) as the archimedean component ofAK ⊗K 0(nD),
and regarding0(nD) as embedded inAK ⊗K 0(nD) along the diagonal, put

Sn =

{
f ∈ 0(nD) : f ∈

(
R ⊗Q 0(nD)

)
×

∏
v finite

B(Ev,nD)
}
.

As Sγ (E, D) > 0, our standard hypotheses imply that each nonarchimedean
B(Ev,nD) is compact and open, and ifh1, . . . , hM is aK -basis for0(nD), then for
all but finitely manyv, B(Ev,nD) is the “trivial set”

⊕
Ovhi (see [33, formula (4)]

for the result over a field where a monic basis exists, and see [33, formula (22)] for the
descent toK ). It follows thatSn is a finitely generatedOK -module. Furthermore, by
the weak approximation theorem,Sn is dense inB(Ev,nD) for eachv. Let OK [Sn]

be the gradedOK -algebra generated in degree 1 bySn, and putXn = Proj(OK [Sn]).
As L⊗n extends to the line bundleOXn(1) on Xn, by definition there is a fractional
line bundleLn onXn which inducesL on X.

Fix a sequence of numbersεn > 0 with limn→∞ εn = 0 and a sequence of
numbersηn > 1 with limn→∞ ηn = 1.

For each archimedeanv, Lemma1.2 shows that there are setsEv,n := Ev(εn)

containingEv such that for eachn,
(1) lim supm→∞(1/(nm)d+1) log

(
volv(B(Ev,nmD))/ volv(B(Ev,n,nmD))

)
< εn;

(2) G(z; Ev,n, D) is continuous.
Write Xv = Cv×K X. SinceG(z; Ev,n, D) is continuous, Corollary2.6and Theorem
2.18provide a smoothinggv,n of G(z; Ev,n, D) such that

|gv,n(z)− G(z; Ev,n, D)| < log(ηn)

and such thatgv,n induces a metric onLv = Cv ⊗K L on Xv(C), with positive first
Chern form, given onXv(C)\ supp(D) by

{| f |}gv,n(z) =
| f (z)|

exp(gv,n(z))
.

If Kv ∼= R, then gv,n can be taken to be stable under complex conjugation. To-
gether, the metrics{| |}gv,n determine a metric{| |}n on L over X(C), stable under
complex conjugation. We claim that the sequence of fractional metrized line bundles
(Xn,Ln, {| |}n) has the properties in the theorem.

Write (Sn)
m for the degreem component ofOK [Sn]. SinceOK is a Nagata ring,

for eachn and all sufficiently largem (depending onn),

H0(Xn,L
⊗nm
n ) = (Sn)

m (1.4)

(see [16, p. 123]). For each nonarchimedeanv, write B(Ev,nD)m for the Ov-
submodule ofKv ⊗K 0(nmD) generated bym-fold products of elements of
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B(Ev,nD). BecauseBv(Ev,nD) is closed andSn is dense inBv(Ev,nD), for each
m,

B(Ev,nD)m = Ov ⊗OK (Sn)
m. (1.5)

From (1.4) and (1.5) we conclude that for all sufficiently largem (depending onn),

H0(Xn,L
⊗nm
n ) = 0(nmD) ∩

((
R ⊗Q 0(nmD)

)
×

∏
v finite

B(Ev,nD)m
)
, (1.6)

where we view both sets on the right-hand side as subsets ofAK ⊗K 0(nmD).
Fix ε > 0. By [33, Th. 15.6(B)], for all sufficiently largen and all sufficiently

largem (depending onn), if volA is any Haar measure onAK ⊗K 0(nmD), then

log

(
volA

(
B(E,nmD)

)
/ volA

( ∏
v|∞

B(Ev,nmD)×

∏
v finite

B(Ev,nD)m
))

< ε · (nm)d+1. (1.7)

(As formulated in [33], Theorem 15.6(B) concerns the quantity

log

(
volA

(
B(E,nmD)

)
/ volA

( ∏
v

B(Ev,nD)m
))

;

sinceB(E,nmD) =
∏
v B(Ev,nmD) andB(Ev,nD)m ⊂ B(Ev,nmD) for each

archimedeanv, Theorem 15.6(B) implies (1.7).)
For each archimedeanv, and eachn andm, the metric{| |}gv,n determines a metric

on L⊗nm
v which we denote by{| |}

⊗nm
gv,n . Put

Bgv,n(nm) =
{

f ∈ Kv ⊗K 0(nmD) : sup
z∈Xv(Cv)

{| f |}
⊗nm
gv,n ≤ 1

}
.

Green’s functionG(z; Ev,n, D) determines another metric{| |}
⊗nm
Gv,n

on L⊗nm
v , given

by {| f |}
⊗nm
Gv,n

(z) = | f (z)|/exp(nmG(z; Ev,n, D)). Let ‖ ‖Gv,n be the associated sup
norm. Proposition2.16shows that the unit ballB(Ev,nmD) for the norm‖ ‖Ev and
the unit ballBGv,n(nm) for ‖ ‖Gv,n coincide:

B(Ev,nmD) = BGv,n(nm).

This and the fact that|gv,n(z)− G(z; Ev,n, D)| < log(ηv) for all z imply

η−nm
n Bgv,n(nm) ⊆ B(Ev,n,nmD) ⊆ ηnm

n Bgv,n(nm).

Let volv be any Haar measure onKv ⊗K 0(nD). If C is a constant such that
dim(0(L⊗nm)) ≤ C · (nm)d, we conclude that∣∣ log

(
volv(B(Ev,n,nmD))/ volv(Bgv,n(nm))

)∣∣ ≤ C log(ηn) · (nm)d+1.
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On the other hand, by the construction ofEv,n, for all sufficiently largem,∣∣ log
(

volv(B(Ev,nmD))/ volv(B(Ev,n,nmD))
)∣∣ ≤ εn · (nm)d+1.

Consequently, for all sufficiently largen and all sufficiently largem (depending onv
andn), ∣∣ log

(
volv(B(Ev,nmD))/ volv(Bgv,n(nm))

)∣∣ ≤ ε · (nm)d+1. (1.8)

By (1.7), (1.8), and Lemma1.2, if we put

Bn(nm) =

∏
v|∞

Bgv,n(nm)×

∏
v finite

B(Ev,nD)m

and ifr is the number of archimedean places ofK , then for all sufficiently largen and
all sufficiently largem (depending only onn),∣∣ log

(
volA(B(E,nmD))/ volA(Bn(nm))

)∣∣ < (r + 1) · ε · (nm)d+1. (1.9)

Using the strong approximation theorem and standard isomorphisms of group
theory, it is easy to see that ifT is a fundamental domain for(R ⊗Q
0(nmD))/H0(Xn,L

⊗nm
n ), thenT ×

∏
v finite B(Ev,nD)m is a fundamental domain

for (AK ⊗K 0(nmD))/0(nmD).
Formula (1.9) holds for any choice of the Haar measure volA. If we put volA =∏

v volv where the nonarchimedean local Haar measures are normalized so that each
volv(B(Ev,nD)m) = 1, and if we regard vol∞ =

∏
v|∞ volv as a Haar measure on

R ⊗Q 0(nmD), then we have

covolA(nmD) = volA
(

T ×

∏
v finite

B(Ev,nD)m
)

= vol∞(T) = covol∞
(
H0(Xn,L

⊗nm
n )

)
.

Moreover,
∏
v|∞ Bgv,n(nm) = Bsup(n,m) in the sense of Theorem0.1. Thus (1.9)

can be reformulated as∣∣ log
(

volA(B(E,nmD))/ covolA(nmD)
)

− log
(

vol∞(Bsup(n,m))/ covol∞(H
0(Xn,L

⊗nm
n ))

)∣∣ < (r + 1)ε · (nm)d+1.

(1.10)

Now by the existence of the sectional capacity (see [33, Th. C]), for eachn,

lim
m→∞

(d + 1)!

(nm)d+1
log

(
volA(B(E,nmD))/ covolA(nmD)

)
= − log

(
Sγ (E, D)

)
.
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On the other hand, by Gillet-Soulé’s arithmetic amplitude theorem,

lim
m→∞

(d + 1)!

(nm)d+1
log

(
vol∞(Bsup(n,m))/ covol∞(H

0(Xn,L
⊗nm
n ))

)
= (Xn,Ln, {| |}n)

d+1.

Hence, for all sufficiently largen, (1.10) gives∣∣ − log
(
Sγ (E, D)

)
− (Xn,Ln, {| |}n)

d+1
∣∣ ≤ (d + 1)! · (r + 1) · ε.

Sinceε is arbitrary,

− log
(
Sγ (E, D)

)
= lim

n→∞
(Xn,Ln, {| |}n)

d+1. (1.11)

Remark.The key fact underlying the main theorem is the fact that the sectional ca-
pacity exists under very weak hypotheses. If the setsEv are such thatG(z; Ev, D) is
continuous for each archimedeanv, it can be shown that the convergence of the met-
rics {| |}n is uniform; and in that case, the existence of the limit on the right-hand side
of (1.11) is equivalentto the existence of the sectional capacity. However, in general,
G(z; Ev, D) is not continuous, and thegv,n converge pointwise but not uniformly to
G(z; Ev, D). In this case, the main theorem goes beyond what can be shown using
the methods of uniform convergence used in [43].

Examples
We conclude this section with two examples illustrating the kinds of models that
Theorem1.1produces.

Our first example concerns placesv whereEv is the “trivial set” consisting of
all z ∈ X(Cv) which specialize to points not in supp(D) (mod v). Recall that an ef-
fective relative Cartier divisor on a schemeX/Spec(A) is an effective Cartier divisor
whose local equations define a subscheme flat over Spec(A).

PROPOSITION1.3
Let v (resp., S) be a nonarchimedean place(resp., a finite set of nonarchimedean
places) of K . Suppose that A is either Ov or the localization OS of OK at the primes
in S. LetXA/Spec(A) be a normal model of X whose closed fibres overSpec(A) are
reduced. Suppose that D extends to an ample effective relative Cartier divisorDA on
XA. Suppose further that for each finite placew of K corresponding to a closed point
of Spec(A), Ew is trivial with respect toXw = X ⊗A Ow andDw = DA ⊗A Ow, in
the sense that Ew consists of the set of all points of X(Cw) which do not specialize
to a point on the closed fibre ofXw belonging to the reduction ofsupp(Dw). Then for
all sufficiently large n,Proj(OK [Sn])⊗OK A is isomorphic toXA.



240 CHINBURG, LAU, and RUMELY

Proof
We give the proof only whenA = Ov, as the global case is similar. WriteDv = DOv .

Let i : Xv → Pm
Ov

be the projective embedding associated toDv. The argu-
ment of [16, Exer. II.5.14] shows that for all sufficiently large integersN, the map
0(Pm

Ov
,OPm(N)) → 0(Xv,OXv

(NDv)) is surjective. Thus for all sufficiently large

n, the gradedOv-algebraR(n)v generated by0(Xv,OXv
(nDv)) in degree 1 defines

the projective scheme Proj(R(n)v ) which is the image ofXv under the composition
of i : Xv → Pm

Ov
with then-tuple embedding ofPm

Ov
→ Pm′

Ov
for an appropriatem′.

Hence Proj(R(n)v ) is isomorphic toXv, and to prove the proposition, it suffices to show
Ov[Sn] = R(n)v . For this, it is enough to prove thatB(Ev,nD) = 0(Xv,OXv

(nDv))

for all n > 0.
If f ∈ 0(Xv,OXv

(nDv)), then f is regular offDv. Sincez ∈ Ev implies that
the Zariski closure ofz is disjoint fromDv, we conclude that| f (z)|v ≤ 1, so f ∈

B(Ev,nD).
Since0(Xv,OXv

(nDv)) is a finitely generatedOv-module, it now suffices to
show that whenπv is a uniformizer ofOv andπ−1

v f is not in0(Xv,OXv
(nDv)), then

π−1
v f is not inB(Ev,nD). In other words, we must show that there exists az ∈ Ev

for which |π−1
v f (z)|v > 1. Because the special fibre ofXv has been assumed to be

reduced, andnDv is a very ample effective relative Cartier divisor, the hypothesis
π−1
v f 6∈ 0(Xv,OXv

(nDv)) implies that f is a unit in the local ring of the generic
point of some irreducible componentT of the special fibre ofXv. Thus there is a
smooth pointx of T such that f is a unit in the local ringOXv,x. Again, using the
fact that the special fibre ofXv is reduced, we see thatXv → Spec(Ov) is smooth
in a neighborhood ofx. The local lifting property for smooth morphisms (cf. [23, p.
30]) implies there is a pointz ∈ Xv(Cv) which specializes to a point of special fibre
of Xv which is defined over the algebraic closure of the residue field ofv and which
lies abovex. Hencez ∈ Ev becausex does not lie onD. Since f is a unit ofOXv,x,
we also have| f (z)|v = 1, soπ−1

v f is not inB(Ev,nD). By our earlier remarks, this
completes the proof.

Our second example concerns the particular varietyX = P1/Q. Fix a coordi-
nate functionz, and let {U0,U1} be the covering ofX given by the affine sets
U0 = P1

\{z = ∞} andU1 = P1
\{z = 0}. Let D be the Cartier divisor defined

by the pairs(U0,1) and(U1,1/z) so that supp(D) = (∞).
Fix a nonarchimedean placev of K = Q, and letq = qv be the rational prime

underlyingv. Identifying P1(Cv) with Cv ∪ {∞} by means of the coordinate func-
tion z, takeEv = Zq, the ring ofq-adic integers. We consider the local component
Xn,v/Spec(Zq) of the model produced by our construction. IdentifyingQq ⊗0(nD)
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with the space of polynomials inQq[z] of degree less than or equal ton, write

Sn,v =
{

f ∈ Qq ⊗ 0(nD) : sup
x∈Zq

(| f (x)|v) ≤ 1
}
.

If Ov[Sn,v] is the gradedZq-algebra generated in degree 1 bySn,v, thenXn,v =

Proj(Ov[Sn,v]).
It is well known that aZq-basis forSn,v is given by the binomial polynomials

gk(z) =

(
z

k

)
=

1

k!

k−1∏
`=0

(z − `)

for k = 0, . . . ,n. The Lagrange interpolation polynomials

hn,k(z) =

n−1∏
`=0
6̀=k

z − `

k − `
, 0 ≤ k ≤ n − 1,

also belong toSn,v; indeed,hn,k(z) = gk(z) · (−1)n−k−1gn−k−1(z − k − 1). Con-
versely, eachf ∈ Sn,v of degree less than or equal ton − 1 can be written as
f (z) =

∑n−1
k=0 f (k) · hn,k(z), where f (k) ∈ Zq by hypothesis. Thus anotherZq-basis

for Sn,v is given byhn,0(z), . . . , hn,n−1(z), gn(z).
Note that for eachk,

gn(z)

hn,k(z)
=

z − k

(−1)n−k−1n
(n−1

k

) = uk ·
z − k

qm(k)
,

wherem(k) = ordh
(
n
(n−1

k

))
anduk is a unit inZq. Thus, dehomogenizing atgn(z)

and at each of thehn,k(z) in turn, we find thatXn,v is covered by the affine schemes

Spec
(
Zq

[qm(0)

z − 0
, . . . ,

qm(n−1)

z − (n − 1)

])
and

Spec
(
Zq

[z − k

qm(k)
,

z − k

qm(k)
·

qm(0)

z − 0
, . . . ,

z − k

qm(k)
·

qm(n−1)

z − (n − 1)

])
for k = 0, . . . ,n − 1.

Using this, one can work out the structure ofXn,v for any givenn. Whenn = qm,
it is particularly simple. In that case,m(k) = ordq

(
n
(n−1

k

))
= m for eachk. Put

yk = qm/(z − k). Then for eachk 6= `,

yky` =
qm

k − `
· (yk − y`) = uk,` · qm−ordq(k−`)

· (yk − y`),
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whereuk,` is a unit inZq and ordq(k − `) < m. It follows that

Spec
(
Zq

[qm(0)

z − 0
, . . . ,

qm(n−1)

z − n + 1

])
∼= Spec

(
Zq[y0, . . . , yn−1]/(yky` = uk,`q

m−ordq(k−`)(yk − y`))k 6=`

)
has reduced special fibre Spec(Fq[y0, . . . , yn−1]/(yky` = 0)k 6=`) consisting of the
n = qm coordinate axes. The special fibre of each of the other coordinate patches
consists of a single line, corresponding to the local coordinate functionzk = (z −

k)/qm on the ball{z ∈ Cv : |z − k|q ≤ 1/qm
}. Each of these glues onto one of the

coordinate axes above, withzkyk = 1. Thus the special fibre ofXqm,v consists ofqm

linesP1/Fq, meeting as a divisor with normal crossings at a common point∞.

2. Extremal Green’s functions
In this section we study the archimedean Green’s functionsG(z; Ev, D). We show
that if Ev is not pluripolar, thenG(z; Ev, D) is finite and defines a Weil function for
D and hence an associated metric onOX(D). We prove thatEv can be approximated
by sets with continuous Green’s functions, and ifG(z; Ev, D) is continuous, then the
associated metric can be smoothed to aC ∞-positive metric withinε of the original
metric, for anyε > 0.

Our plan is to identifyG(z; Ev, D)with the “plurisubharmonic extremal function
8(z; Ev, D) of minimal growth alongD,” which has been extensively studied in
analysis. The key results are known for plurisubharmonic functions on Stein spaces,
and the only novelty in our approach consists in carrying them over in an arithmetic
context to Weil functions.

To simplify notation, in this section we drop the subscriptv, and we letX =

Xv(C) be a smooth connected projective complex manifold,D an effective, ample
Cartier divisor onX, and E ⊂ X\ supp(D) a compact subset. We writeY for the
affine subsetX\ supp(D).

Plurisubharmonic functions
Recall the following definitions and facts.

(A) Given an open setU ⊆ CN , a functionv : U → [−∞,∞) is calledplurisub-
harmonic(cf. [18, p. 62], [19, Th. 3]) if
(1) v(z) is not identically−∞ on any connected component ofU ;
(2) v(z) is upper semicontinuous (i.e., lim supx→z v(x) = v(z) for eachz ∈ W,

or, equivalently,v−1([−∞,a)) is open for eacha ∈ R);
(3) for anyEa, Eb ∈ CN , the functionv̂ : C → [−∞,∞) given byv̂(λ) = v(Ea+λEb)

is either subharmonic, or identically−∞, on each component of{λ ∈ C :

Ea + λEb ∈ U }.
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(Recall thatu(z) : C → [−∞,∞) is subharmonic if it is upper semicontinuous, is
not identically−∞, and has the integral average property

u(z) ≤
1

2π

∫ 2π

0
u(z + rei θ )dθ

for eachz ∈ C and each sufficiently smallr > 0.)
(B) If v ∈ C 2(U ), thenv is plurisubharmonic if and only if

ddcv =
i

2π

∑
j,k

∂2v

∂z j ∂zk
dzj ∧ dzk (2.1)

is positive semidefinite. Even whenv /∈ C 2, if v(z) is plurisubharmonic, thenddcv is
a positive semidefinite(1,1)-current with measure coefficients (see [18, p. 110]).

(C) Let T (U ) be the space of test functions, that is, the space ofC ∞-functions
onU with compact support. A plurisubharmonic functionv(z) onU ⊆ CN is called
strongly plurisubharmonicif for eachw ∈ T (U ) there is at0 > 0 such that for all
t ∈ R with |t | < t0 the functionv(z) + tw(z) is plurisubharmonic (see [27, Def.
2]). If v ∈ C 2, thenv(z) is strongly plurisubharmonic if and only ifddcv is positive
definite.

(D) Let X be a complex analytic space, and letU ⊆ X be an open subset. A
function v : U → [−∞,∞) is called plurisubharmonic if, for eacha ∈ U and
each analytic embeddingh : V → CN of a sufficiently small neighborhoodV of
a, there is a plurisubharmonic functioñv on a neighborhood̃V of h(a) such that
v(z) coincides withṽ(h(z)) on V (see [40, Déf. 1.1]). Similarly,v is called strongly
plurisubharmonic if̃v can be taken to be strongly plurisubharmonic. A basic theorem
of J. Fornaess and R. Narasimhan [13] asserts that an upper semicontinuous function
v : U → [−∞,∞) is plurisubharmonic if and only if for each holomorphich :

D(0,1) → U the functionv(h(z)) is either subharmonic or is identically−∞.

Weil functions
The divisor D can be described by giving a finite open covering{Uα} of X and a
family {ϕα} of meromorphic functions on{Uα} such that onUα∩Uβ , ϕαβ := ϕα/ϕβ ∈

O×(Uα ∩ Uβ). Fix such a family{(Uα, ϕα)}. For the associated line bundleOX(D),
the transition function onUα ∩Uβ is ϕαβ , and the canonical meromorphic section “1”
is given by{(Uα, ϕα)}.

A function f : Y = X\ supp(D) → R is called aWeil functionrelative toD if
on eachUα there exists a bounded functionγα : Uα → R so that

f + log(|ϕα|) = γα (2.2)
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on Uα\ supp(D). Note that eachγα is defined on the entire setUα, not just on
Uα\ supp(D). We call a Weil functionf continuous, or upper or lower semicontinu-
ous, orC ∞, or plurisubharmonic, or strongly plurisubharmonic, if there existγα ’s for
f with these properties. It is clear that iff1 and f2 are Weil functions relative to the
divisorsD1 andD2, then f1 + f2 is a Weil function relative toD1 + D2.

LEMMA 2.1
If a Weil function f relative to D is continuous or plurisubharmonic, then theγα ’s
with these properties are uniquely determined. If f and g are Weil functions relative
to D, then f−g is bounded on X\ supp(D); moreover, if f is continuous or plurisub-
harmonic and g is continuous or plurisubharmonic, there is a canonical extension of
f − g from X\ supp(D) to all of X, which is continuous(resp.,C ∞) if f and g are.

Proof
The boundedness off − g follows from the compactness ofX.

Suppose thatf + log(|ϕα|) = γα on Uα\ supp(D). If f is continuous, the re-
quirement of continuity uniquely determines theγα on Uα; so does the requirement
of plurisubharmonicity (see [18, Cor. 2.9.8]).

Now suppose thatg is another Weil function relative toD, with g + log(|ϕα|) =

τα on Uα\ supp(D). If f andg are continuous or plurisubharmonic, we can extend
f − g to X by putting( f − g)(z) = γα(z) − τα(z) on Uα. This extension is well
defined because on(Uα ∩ Uβ)\ supp(D) we have

γα − γβ = log(|ϕαβ |) = τα − τβ ,

so the uniqueness of theγα andτα implies thatγα − τα = γβ − τβ onUα ∩ Uβ . The
extension is clearlyC ∞ if f andg are.

In the future, if f andg are continuous or plurisubharmonic, whenever we writef −g
we understand this to mean the natural extension toX given by Lemma2.1.

PROPOSITION2.2
If D is an ample, effective divisor on X, then there exists aC ∞, strongly plurisubhar-
monic Weil function W(z) relative to D.

Proof
Without loss, we can assume thatD is very ample, withX ↪→ Pn andD defined by
z0 = 0. Then we can take

W(z0 : · · · : zn) = log
(√

|z0|
2 + · · · + |zn|

2

|z0|
2

)
(2.3)
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onY. A standard computation (see [26, p. 87]) shows thatddcW(z) is positive definite
onY, and it is positive definite in the sense of Weil functions on all ofX.

Note that ifD is ample andW(z) is anyC 0 Weil function for D, then for anyr ∈ R
the set

{z ∈ X : W(z) ≤ r } (2.4)

is a compact subset ofY = X\ supp(D), andY is the union of these sets for allr . A
functionW(z) satisfying these conditions is called anexhaustion functionfor Y.

A function with the properties in Proposition2.2 is called astrong Weil exhaus-
tion functionrelative toD.

Suppose thatD is an ample, effective divisor onX, and suppose thatW(z) is a
strong Weil exhaustion function relative toD. Let us introduce the following classes
of functions:

PSH(D) =
{
plurisubharmonicf : X\ supp(D) → R :

for someC, f (z) ≤ W(z)+ C for all z
}
,

PSH+(D) =
{
plurisubharmonicf : X\ supp(D) → R :

f is a Weil function relative toD
}
,

PSHc
+(D) =

{
f : X\ supp(D) → R : f is a continuous

plurisubharmonic Weil function relative toD
}
.

Trivially, PSHc
+(D) ⊂ PSH+(D). Also, PSH+(D) ⊂ PSH(D) sinceW(z) is a Weil

function relative toD, and any two such functions have bounded difference. For the
same reason, these families depend only onD and not on the choice ofW(z).

Loosely, PSH(D) is the family of plurisubharmonic functions with order of
growth no greater thanW(z) asz approaches supp(D), and PSH+(D) is the family
of plurisubharmonic functions such that| f (z) − W(z)| is bounded onY. PSHc

+(D)
is the family of such functions that are continuous onY and such that, for each
q ∈ supp(D), if ϕq(z) is a local equation forD at q, then in a sufficiently small
neighborhoodU of q there is an extensionγ (z) of f (z)+ log(|ϕq(z)|) which is con-
tinuous and plurisubharmonic onU .

The extremal function8(z; E, D)
Definition 2.1
Let E ⊂ Y be compact and nonempty. Define the extremal function

8(z; E, D) = sup
{

f (z) : f ∈ PSH, and f |E ≤ 0
}
.

More generally, for any functionb : E → R, put

8b(z; E, D) = sup
{

f (z) : f ∈ PSH(D), and f |E ≤ b
}
.
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Recall that for any functionF : Y → R ∪ {−∞}, theupper semicontinuous regular-
ization F? of F is

F?(z) := lim sup
x→z

F(x).

Plurisubharmonic functions are by definition upper semicontinuous. The extremal
function8b(z; E, D) is not, in general, plurisubharmonic, but ifb is bounded and
E is not pluripolar, then8?b(z; E, D) is locally bounded and plurisubharmonic onY
(see [40, Th. 4.2]). Furthermore, under these hypotheses,8?b(z; E, D) coincides with
8b(z; E, D) outside a pluripolar set. (This is a consequence of a general fact due to
E. Bedford and B. Taylor [4, Th. 7.1] about so-called negligible sets; alternately, see
[18, p. 166, and Th. 4.7.6].)

LEMMA 2.3
The following properties of a compact set E⊂ X\ supp(D) are equivalent:
(i) E is pluripolar;
(ii) there exists somev ∈ PSH(D) with v|E ≡ −∞;
(iii) 8?(z; E, D) ≡ ∞;
(iv) for some z0 ∈ X\ supp(D),8?(z0; E, D) = ∞;
(v) for some bounded b: E → R and z0 ∈ X\ supp(D),8?b(z0; E, D) = ∞.

Proof
The equivalence of (i), (ii), and (iii) is shown in [40, Th. 3.9]. The equivalence of (ii)
and (iv) follows from [40, Lem. 3.10]. The equivalence of (iv) and (v) follows from
the fact that for each boundedb : E → R, we have8?(z0, E, D) = ∞ if and only if
8?b(z0; E, D) = ∞.

Remark.Another condition can almost certainly be added to this equivalence, namely,
that E is pluripolar if and only if its local sectional capacitySγ (E, D) (introduced in
[33, Sec. 14]) is zero. This is known to be true whenX = Pn, D = H∞, as noted in
[32, p. 535].

We next show that ifb : E → R is continuous, then8b(z; E, D) is not only a
function onX\ supp(D) but is in fact a Weil function relative toD.

THEOREM 2.4
If E is not pluripolar, and b: E → R is continuous, then
(i) 8?b(z; E, D) is a plurisubharmonic Weil function relative to D; in particular,

8?b(z; E, D) ∈ PSH+(D);
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(ii) on Y\E,8?b(z; E, D) satisfies the complex Monge-Ampère equation(
ddc8?b(z; E, D)

)d
= 0,

where d = dim(X). This holds, in the sense of Weil functions, on all of
X\E: For each q ∈ supp(D), if ϕq(z) is a local equation for D at q,
then in a sufficiently small neighborhood of q, the natural extensionγ (z) of
8?b(z; E, D)+ log(|ϕq(z)|) satisfies(ddcγ (z))d = 0.

Proof
In [40, Th. 4.2] it is shown that whenb is continuous,8?b(z; E, D) is plurisubhar-
monic on Y with ddc8?b(z; E, D) = 0 on Y\E. Moreover, if W(z) is a strong
Weil exhaustion function forD, then8?b(z; E, D) − W(z) is bounded onY. Thus
8?b(z; E, D) ∈ PS H +(D).

To see that8?b(z; E, D) is plurisubharmonic on supp(D) in the sense of Weil
functions, supposeq ∈ supp(D), and let ϕq(z) be a local equation forD in
a neighborhoodU of q. By construction,8?b(z; E, D) − W(z) is bounded on
U , and W(z) + log(|ϕq(z)|) is bounded nearq. Both are plurisubharmonic on
U\ supp(D). By a general fact about plurisubharmonic functions, the natural exten-
sion of8?b(z; E, D)+ log(|ϕq(z)|) to U given by

γ (z) = lim sup
x→z

x/∈supp(D)

8?b(x; E, D)+ log
(
|ϕq(x)|

)
is plurisubharmonic (see [18, Th. 2.9.22]).

Lastly, we show that(ddcγ (z))d = 0 nearq. Without loss, we can assume
that D is very ample. Chooseh(z) ∈ K (X)× so that D′

:= D − div(h) is ef-
fective, q /∈ supp(D′), and E ∩ supp(D′) = φ. Now consider the situation above
relative to D′, with b′

:= b + log(|h(z)|) on E. By the definitions, one sees that
8′

b(z; E, D′) = 8b(z, E, D) + log(|h(z)|). Using what has been shown above, we
conclude thatddc8b′(z, E, D′)d = 0 onY′

\E, whereY′
= X\ supp(D′). Transfer-

ring back, we conclude that(ddcγ (z))d = 0 in a neighborhood ofq.

Identification of8(z; E, D) and G(z; E, D)
We now show that Green’s functionG(z; E, D), defined in (0.2), coincides with
8(z; E, D). When E is not pluripolar, it follows thatG(z; E, D) is a plurisubhar-
monic Weil function onX; in particular, it is finite onY = X\ supp(D), and for each
q ∈ supp(D), if ϕq(z) is a local equation forD at q, thenG(z; E, D)+ log(|ϕq(z)|)
extends to a function plurisubharmonic alongD.

The fact thatG(z; E, D) coincides with8(z; E, D) on Y is a simple conse-
quence of [40, Th. 5.1].
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PROPOSITION2.5 (A. Zériahi)
Suppose that Y is embedded inCm for some m; let An(Y) be the vector space of
functions on Y given by polynomials inC[x1, . . . , xm] of total degree less than or
equal to n. Then for each compact E⊂ Y and each z∈ Y ,

8(z; E, D) = sup
n≥1

sup
f ∈An(Y)
‖ f ‖E≤1

1

n
log

(
| f (z)|

)
.

Recall that

G(z; E, D) = sup
n≥1

sup
f ∈0(nD)
‖ f ‖E≤1

(1

n
log

(
| f (z)|

))
. (2.5)

COROLLARY 2.6
For any compact E⊂ Y ,

G(z; E, D) = 8(z; E, D).

Proof
For each integerN ≥ 1, if f ∈ 0(nD), then f N

∈ 0(NnD). It follows that the
outer sup in (2.5) can be taken overn that are multiples ofN, so G(z; E, N D) =

NG(z; E, N D). Similarly, h ∈ PSH(D) if and only if N · h ∈ PSH(N D), so
8(z; E, N D) = N8(z; E, D).

Thus we can assume, without loss, thatD is very ample. After embeddingX in an
appropriatePm using the sections ofH0(X,OX(D)), we can assume thatD is cut out
by the hyperplanez0 = 0. For sufficiently largen, H0(X,OX(nD)) coincides with
H0(Pm,OPm(n))|X (see [16, p. 126]). Dehomogenizing atz0, this says that0(nD) =

An(Y).

COROLLARY 2.7
If E is not pluripolar, then G?(z; E, D) is finite on Y and is a plurisubharmonic Weil
function for D on X.

Proof
This follows from Theorem2.4and Corollary2.6.

Continuity
For the proof of Theorem1.1, we need to smoothG(z; E, D) = 8(z; E, D). The
first step is to find conditions under which8(z; E, D) is continuous. We show that
8(z; E, D) is continuous as a Weil function onX if and only if it is continuous
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as a function onE, and then we give geometric conditions onE which assure that
8(z; E, D) is continuous onE.

As usual, identifyH0(X,OX(nD)) with{
f ∈ K (X) : div( f )+ nD ≥ 0

}
.

We claim that for any continuousb : E → R, the sup defining8b(z; E, D) can be
taken over the class PSHc

+(D).

LEMMA 2.8
Let E ⊂ Y be compact and nonempty, and let b: E → R be continuous. Suppose
f ∈ PSH(D) and f|E ≤ b. Then for any q∈ Y with f(q) > −∞, and anyε > 0,
there exists g∈ PSHc

+(D) such that g|E ≤ b and g(q) ≥ f (q)− ε.

Proof
Without loss of generality, we can assumeb ≥ 0; otherwise, subtract infz∈E b(z)
from b and f . After replacingD (andb and f ) with an appropriate multiple, we can
assume thatD is very ample. We can also assume thatX is projectively embedded via
the sections ofOX(D) and thatW(z) is the strong Weil exhaustion function defined
by (2.3).

After these reductions, the result is essentially given by [40, Lem. 4.1]. That
lemma produces a functiong0 which is continuous and plurisubharmonic onY and
such that|g0(z) − W(z)| is uniformly bounded onY, with g0|E ≤ b andg0(q) ≥

f (q)− ε/2. By definition, such a function belongs to PSH+(D).
However,g0 need not a priori belong to PSHc

+(D) becauseg0(z) − W(z) may
not have a continuous extension to supp(D). To remedy this, we use the following
device. For anyR ∈ R, write BR = {z ∈ Y : W(z) ≤ R}. Let C be a constant such
that |g0(z) − W(z)| ≤ C on Y. ChooseR0 > 0 large enough thatq ∈ BR0, and let
0< δ < 1 be such thatδ < ε/(2(R0 + C)). Fix R1 > R0 with R1 > (1− δ)C + δR0,
and takeR2 > R1 large enough thatR− R1 ≥ (1− δ)(R+C) for all R ≥ R2. Define

g(z) = max
(
(1 − δ)g0(z),W(z)− R1

)
. (2.6)

By construction,g(z) is continuous and plurisubharmonic onY. Forz ∈ BR0,

(1 − δ)g0(z) ≥ (1 − δ)
(
W(z)− C

)
= W(z)− (1 − δ)C − δ

(
W(z)

)
≥ W(z)− [(1 − δ)C + δR0] ≥ W(z)− R1, (2.7)

sog(z) coincides with(1 − δ)g0(z) on BR0. For z /∈ BR2, we haveW(z) > R2, and
so

(1 − δ)g0(z) ≤ (1 − δ)
(
W(z)+ C

)
≤ W(z)− R1. (2.8)
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Thusg(z) coincides withW(z)− R1 onY\BR2. Together, (2.6), (2.7), and (2.8) show
thatg ∈ PSHc

+(D). Using the fact thatg0(q) ≤ W(q)+ C ≤ R0 + C, we also have

g(q)− f (q) = g0(q)− f (q)− δ · g0(q)

≥ −
ε

2
− δ · (R0 + C) ≥ −ε.

It follows from Lemma2.8that

8b(z; E, D) = sup
{

f (z) : f ∈ PSHc
+(D), and f |E ≤ b

}
. (2.9)

COROLLARY 2.9
Let E ⊂ Y be compact and nonempty. Then for each continuous b: E → R,
8b(z; E, D) is lower semicontinuous as a Weil function on X.

Proof
It is clear from (2.9) that8b(z; E, D) is lower semicontinuous onY. Its lower semi-
continuity on supp(D) as a Weil function follows by an argument like the one in
the proof of Theorem2.4. Without loss, we can assume thatD is very ample. Fix
q ∈ supp(D). Chooseh(z) ∈ K (X)× so that D′

:= D + div(h) is effective,
q /∈ supp(D′), andE ∩ supp(D′) = φ. PutY′

:= X\ supp(D′) andb′
:= b− log(|h|)

on E. Then

8b′(z; E, D′) = sup
{

f (z) : f ∈ PS H c
+(D

′), f |E ≤ b′
}

is lower semicontinuous atq. There is a one-to-one correspondence between func-
tions f ∈ PSHc

+(D) and functionsf ′
∈ PSHc

+(D
′), given by f ′

:= f − log(|h|).
Furthermore,f ≤ b on E if and only if f ′

≤ b′. Thus forz /∈ supp(D ∪ D′),

8b(z; E, D)− log
(
|h(z)|

)
= 8b′(z; E, D′).

Since 1/h(z) is a local equation forD at q, 8b(z; E, D) is lower semicontinuous at
q in the sense of Weil functions.

COROLLARY 2.10
Let E ⊂ Y be compact, and let b: E → R be continuous. If8b(z; E, D) is continu-
ous (as a function on Y ) at each point of E, then it is a continuous plurisubharmonic
Weil function on X relative to D, and

8b(z; E, D) = 8?b(z; E, D).
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Proof
By Lemma2.3, we can assume, without loss, thatE is not pluripolar. By Theorem
2.4, 8?b(z; E, D) is a plurisubharmonic Weil function onX. In particular, it is upper
semicontinuous onY (and onX, in the sense of Weil functions).

Because of our hypothesis, for eachx ∈ E,

8?b(x; E, D) := lim sup
z→x

8b(z; E, D) = 8b(x; E, D) ≤ b(x);

by Theorem2.4,8?b(z; E, D) belongs to PSH+(D). Thus8?b(z; E, D) is a competi-
tor in the sup defining8b(z; E, D). Hence8?b(z; E, D) ≤ 8b(z; E, D). The reverse
inequality is trivial, so8?b(z; E, D) = 8b(z; E, D).

By Corollary 2.9, 8b(z; E, D) is lower semicontinuous onY (and onX, as a
Weil function). Combining these shows that8b(z; E, D) is continuous onY and
continuous onX as a Weil function.

We also note the following fact for motivation in the nonarchimedean case.

COROLLARY 2.11
If f ∈ PSHc

+(D), then for anyε > 0, there are an m∈ N and f1, . . . , ft ∈

H0(X,OX(mD)) such that for all z∈ Y ,

0 ≤ f (z)− max
1≤ j ≤t

( 1

m
log

(
| f j (z)|

))
≤ ε.

Moreover, the natural extension of f(z)− max1≤ j ≤t
(
(1/m) log(| f j (z)|)

)
to X satis-

fies these inequalities for all z∈ supp(D).

Proof
If, instead of requiring that the conclusion holds for allz ∈ Y, we ask only that it hold
on a compact subsetK ⊂ Y, then the first assertion is [40, Lem. 5.2]. For a compact
setK meeting supp(D) but contained in an affine subset ofX, the extension to Weil
functions follows by an argument like that in Theorem2.4.

The full result follows from this sinceX is compact, and we can cover it by a
finite number of open sets with compact closure, contained in affine subsets.

Next, we give geometric conditions that imply the hypotheses of Corollary2.10.

PROPOSITION2.12
Suppose that E is compact and nonempty, and suppose that there exist sections
f1, . . . , fM ∈ H0(X,OX(nD)) such that

E =
{
z ∈ Y : | f j (z)| ≤ 1 for j = 1 . . . ,M

}
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(necessarily M≥ dim(X)). For each sufficiently small R> 1, if

ER =
{
z ∈ Y : | f j (z)| ≤ R for j = 1, . . . ,M

}
,

then8(z; ER, D) is a continuous Weil function and8b(z; ER, D) is a continuous
Weil function for any continuous b: ER → R.

If E is the closure of its interior, the same assertions hold for8(z; E, D) and
8b(z; E, D).

Proof
By Corollary2.10, it suffices to show that8b(z; ER, D) is continuous onER for each
sufficiently smallR. After replacingD with an appropriate multiple of itself, and the
f j (z) with powers of themselves, we can assume thatD is very ample andn = 1.

After embeddingX in PN via the sections ofH0(X,OX(D)), we can assume
that D is the hyperplane sectionz0 = 0. Let g1, . . . , gN be the remaining coordinate
functions, dehomogenized atz0. Without loss, we can assume that eachgi has been
scaled so that‖gi ‖E ≤ 1/2. Then

F = ( f1, . . . , fM , g1, . . . , gN)

defines an embeddingY ↪→ CM+N for which

E =
{
z ∈ Y : | f j (z)| ≤ 1, |gi | ≤ 1

}
.

The proof of [40, Th. 3.16] now shows that for all sufficiently smallR > 1, ER is
“locally L-regular” at eachz ∈ ER. In outline, the argument is as follows:
(1) for sufficiently smallR> 1, ER is the closure of its interiorE0

R;
(2) for suchR, trivially, 8?(z; ER, D) = 0 on E0

R;
(3) by the Łojasiewicz selection lemma for analytic curves (see [20]), for any

boundary pointz0 of ER there is an analytic curveγ : [0,1] → Y such that
γ (0) = z0 and, for allt ∈ (0,1], γ (t) is in E0

R;
(4) for small enoughδ > 0, the function f (t) = 8?(γ (t); ER, D) extends to a

subharmonic function on the discD(0, δ) with f (0) = 8?(z0; ER, D);
(5) because the interval[0,1] is not “thin” at zero (see, e.g., [18, Th. 2.7.2]), it

follows that limt→0+ f (t) = f (0) and hence

8?(z0, ER; D) = f (0) = lim
t→0+

f (t) = 0.

Thus 0= 8?(z0; ER, D) ≥ 8(z0; ER, D) ≥ 0, and so8(z; ER, D) is continuous at
z0. Just as in [40, Th. 3.16], it follows thatER is locally L-regular atz0.

Using the localL-regularity for allz ∈ E, [40, Th. 4.2] now tells us that for any
continuousb : ER → R the function8b(z; ER, D) is continuous. IfE is the closure
of its interior, the same arguments apply to8b(z; E, D).
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Smoothing
When8b(z; Ev, D) is continuous, it can be smoothed to aC ∞ plurisubharmonic
Weil function. For the convenience of the reader, we give the proof below, although
the referee has pointed out that this is already known from the work of V. Maillot [21,
Th. 4.6.1].

THEOREM 2.13
Let X be a smooth, projective complex manifold, and let D be an ample effective
divisor on X. Suppose that f: X\ supp(D) → R is a continuous plurisubharmonic
Weil function for D. Then for anyε > 0, there is aC ∞, strongly plurisubharmonic
Weil function g for D such that|g − f |(z) < ε (in the sense of Weil functions) for all
z ∈ X.

Proof
The proof consists of two steps. The first achieves strong plurisubharmonicity, and
the second gets smoothness.

The first step is trivial. We claim that there is a continuous, strongly plurisubhar-
monic Weil functionh for D such that|h− f |(z) < ε/2 for all z ∈ X. Indeed, ifW(z)
is the strong Weil exhaustion function forD given by (2.3), then for any 0< δ < 1,

h(z) = (1 − δ) f (z)+ δ · W(z)

is strongly plurisubharmonic; while ifδ is small enough, then|h − f |(z) = δ · | f −

W|(z) is uniformly small.
Replace f by h. The second step is an application of a lemma of R. Richberg

[27, Satz 4.1], which says that a continuous, strongly plurisubharmonic function on
Cd can be smoothed on any compact subset of a given open set, while remaining
unchanged outside the open set. Recall thatV b U means that the closureV of V is
compact and contained inU .

LEMMA 2.14 (Richberg)
Let A be an analytic set in a region� ⊆ Cd, and let F be a continuous, strongly
plurisubharmonic function on A. Let B be a(possibly empty) open subset of A such
that ϕ is C ∞ on a neighborhood ofB. Then, for given open subsets V⊂ U ⊆

A with φ 6= V b U, and for a givenε > 0, there exists a continuous, strongly
plurisubharmonic functioñF on A with the following properties:
(1) F̃ |A\U = F |A\U ,
(2) F ≤ F̃ ≤ F + ε on U,
(3) F̃ is C ∞ on a neighborhood ofB ∪ V .
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Using this, we can complete the proof of Theorem2.13. Compare [27, Satz 4.2]; here,
instead of smoothing an “honest” function, we are smoothing a Weil function.

Take a finite open cover{A1, . . . , Ar } of X such that eachAk is isomorphic to
an open setA′

k ⊂ Cd through a biholomorphic mapτk : Ak → Cd, whered =

dim(X); using this isomorphism, identifyAk with a subset ofCd. On Ak, let D be
defined by the holomorphic functionϕk. In addition, choose open setsV1, . . . ,Vr and
U1, . . . ,Ur such that eachVk b Uk b Ak for eachk, and such that{V1, . . . ,Vr } is
also an open cover ofX.

Put f0 = f . We inductively construct a sequence of Weil functionsf1, . . . , fr
for D such that for eachk = 1, . . . , r,
(1) fk|X\Uk = fk−1|X\Uk ;
(2) 0 ≤ fk − fk−1 ≤ ε/r for all z ∈ X (in the sense of Weil functions);
(3) fk is a continuous, strongly plurisubharmonic Weil function that isC ∞ (in the

sense of Weil functions) on a neighborhood ofV1 ∪ · · · ∪ Vk.
Assuming thatfk−1 has been constructed, we definefk as follows. By the def-

inition of a continuous, strongly plurisubharmonic Weil function, there is a continu-
ous, strongly plurisubharmonic functionFk on Ak such thatFk = fk−1 + log(|ϕk|)

on Ak\ supp(D). Put Bk = (V1 ∪ · · · ∪ Vk−1) ∩ Uk. By induction,Fk is C ∞ on a
neighborhood ofBk. Applying Richberg’s lemma, we obtain a continuous, strongly
plurisubharmonic functionF̃k on Ak which is C ∞ on a neighborhood ofBk ∪ Vk,
coincides withFk on Ak\Uk, and satisfies 0≤ F̃(z) − F(z) ≤ ε/2r for all z ∈ Ak.
Put

fk =

{
F̃k − log(|ϕk|) on Ak,

fk−1 on X\Ak.

It is easy to see thatfk satisfies (a), (b), and (c) above. Takingg = fr , we obtain the
theorem.

Metrics attached to Green’s functions
If D is a Cartier divisor defined by a family{(Uα, ϕα)}, then to give a metric on
OX(D) is the same as giving a family of functionsρα : Uα → R>0 such that

ρα = |ϕαβ | · ρβ onUα ∩ Uβ . (2.10)

The corresponding metric{| |} onOX(D) has the property that for anyz ∈ X, and any
meromorphic section3 = {λα} of OX(D) which is defined and nonzero atz,

{|3|}(z) :=
|λα(z)|

ρα(z)
if z ∈ Uα.

We say that{| |} is continuous (resp.,C ∞) if eachρα is continuous (resp.,C ∞).
The following result is well known.
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PROPOSITION2.15
There is a natural correspondence between Weil functions on X\ supp(D) relative to
D and metrics onOX(D). This correspondence preserves the properties of continuity
and of beingC ∞.

Proof
If {| |} is a metric onOX(D), we can define a Weil functionf relative toD by

f (z) = − log
(
{|1|}(z)

)
onUα.

For this f we haveγα = log(ρα) onUα.
Conversely, iff is a Weil function relative toD, with log(|ϕα|) = γα onUα, then{

f + log(|ϕα|) = γα onUα,

f + log(|ϕβ |) = γβ onUβ

yields log(|ϕαβ |) = log(|ϕα|)− log(|ϕβ |) = γα − γβ onUα ∩ Uβ , so that

eγα = |ϕαβ | · eγβ .

Thusρα = eγα defines a metric{| |} f onOX(D), such that for a section3 = {λα},

{|3|} f (z) =
|λα(z)|

eγα(z)
onUα.

Note that for the canonical meromorphic section1 we have

{|1|} f (z) = elog(|ϕα(z)|)−γα(z) = e− f (z)

on X\ supp(D). Clearly, this correspondence between metrics and Weil functions pre-
serves the properties of being continuous orC ∞.

If a metric{| |} on OX(D) is induced by the family{ρα}, then the first Chern class of
the metric is the(1,1)-form ddc logρα on X, in the sense of distributions. By (2.10),
this form is well defined on the whole ofX. We say that the metric is nonnegative
(resp., positive) if its first Chern class is nonnegative (resp., positive) (cf. [19]).

In particular, the metric is induced by a plurisubharmonic (resp., strongly
plurisubharmonic) Weil function if and only if its first Chern class is nonnegative
(resp., positive).

Assume thatE is not pluripolar. SinceG(z; E, D) is a Weil function relative to
D, we can define a metric{| |}

⊗n
G onOX(nD):

{|1|}
⊗n
G (z) =

1

exp(nG(z; E, D))
.
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PROPOSITION2.16
Put

B(E,nD) :=
{

f ∈ H0(X,OX(nD)) : | f (z)| ≤ 1 for all z ∈ E
}
,

BG(n) :=
{

f ∈ H0(X,OX(nD)) : {| f (z)|}⊗n
G ≤ 1 for all z ∈ X

}
.

Then B(E,nD) = BG(n).

Proof
If f ∈ BG(n), then{| f |}G(z) ≤ 1 for all z ∈ X. In particular, sinceG(z; E, D) = 0
on E,

| f (z)| =
| f (z)|

exp(nG(z; E, D))
≤ 1

for all z ∈ E. Thus f ∈ B(E,nD), which showsBG(n) ⊆ B(E,nD). On the
other hand, ifBG(n) 6= B(E,nD), take anyg ∈ B(E,nD)\BG(n). Then‖g‖E ≤ 1
and there existsw ∈ X such that{|g|}

⊗n
G (w) > 1. Since the metric{| |}

⊗n
G is upper

semicontinuous, we can assumew ∈ Y. Sinceg is a competitor in the sup defining
G(z; E, D), necessarilyG(w; E, D) ≥ (1/n) log(|g(w)|). This implies

1 ≥
|g(w)|

exp(nG(w; E, D))
= {|g|}

⊗mn
G (w) > 1,

a contradiction. So we must haveBG(n) = B(E,nD).

Lastly, we introduce a measure for the distance between metrics onOX(D). Given
metrics{| |}1 and{| |}2, note that for eachz ∈ X the expression{| |}1(z)/{| |}2(z) makes
sense: if3 is a meromorphic section ofOX(D) with nonzero value atz, then one can
define

{| |}1(z)

{| |}2(z)
=

{|3|}1(z)

{|3|}2(z)

since the right-hand side is independent of the choice of3. We define the distance
between{| |}1 and{| |}2 to be

δ({| |}1, {| |}2) = sup
z∈X

(∣∣∣ log
(
{| |}1(z)

{| |}2(z)

)∣∣∣) .
It is easily checked thatδ({| |}1, {| |}2) is symmetric, transitive, and nonnegative, and it
is zero if and only if{| |}1 = {| |}2. Thusδ is a distance function on the set of metrics
onOX(D).

LEMMA 2.17
Let f and g be continuous or plurisubharmonic Weil functions on X relative to D,
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with associated metrics{| |} f and{| |}g onOX(D). Then

{| |} f (z)

{| |}g(z)
= e(g− f )(z)

relative to the natural extension of f− g, so

δ({| |}1, {| |}2) = sup
z∈X

|( f − g)(z)|.

Proof
Let f + log(|ϕα|) = γα, g+ log(|ϕα|) = τα onUα\ supp(D). Theng− f = τα −γα,
and for a local sectionλα onUα,

{|λα|} f (z) =
|λα(z)|

eγα(z)
, {|λα|}g(z) =

|λα(z)|

eτα(z)
.

Thus
{| |} f (z)

{| |}g(z)
= eτα(z)−γα(z) = e(g− f )(z).

We can now give the main approximation theorem for metrics defined by Green’s
functions.

THEOREM 2.18
Let X be a smooth, projective complex manifold, let D be an effective, ample Cartier
divisor on X, and let E⊂ X\ supp(D) be a compact set that is not pluripolar. Assume
that G(z; E, D) is a continuous Weil function for D, and let{| |}G be the metric on
OX(D) induced by G(z; E, D). Then for anyε > 0, there is a smooth, positive metric
{| |}g onOX(D) such that

δ({| |}g, {| |}G) < ε.

If X and D are induced by varieties defined overR, and E is stable under complex
conjugation, then we can require the metric{| |}g to be stable under complex conjuga-
tion as well.

Proof
The first part follows immediately from Theorem2.13and Corollary2.6. The asser-
tion concerning stability under complex conjugation is trivial, by symmetrization.

3. Functoriality properties of Green’s functions
In this section we establish the behavior of the extremal Green’s function under pull-
backs by finite surjective morphisms and by products.
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THEOREM 3.1 (Pullback formula)
Let Z and X be smooth, projective complex manifolds of the same dimension d. As-
sume that D is an effective ample divisor on X, E⊂ X\ supp(D) is compact and not
pluripolar, andπ : Z → X is a finite, surjective morphism. Then

G
(
π(w); E, D

)
= G

(
w;π−1(E), π∗(D)

)
.

To prove Theorem3.1, we need a lemma. GivenN ∈ N, let sk(ζ1, . . . , ζN) be thekth
elementary symmetric function inζ1, . . . , ζN .

LEMMA 3.2
The mapSym : CN

→ CN given by

Sym(ζ1, . . . , ζN) =
(
s1(ζ1, . . . , ζN), . . . , sN(ζ1, . . . , ζN)

)
is finite and hence proper. In particular,Sym−1({(w1, . . . , wN) : |w j | ≤ 1}) is com-
pact, so there is a constant B< ∞ such that

Sym−1 (
{(w1, . . . , wN) : |w j | ≤ 1}

)
⊆

{
(ζ1, . . . , ζN) : |ζ j | ≤ B

}
.

Proof
Eachζi is a root ofzN

+
∑N

k=1(−1)ksk(ζ1, . . . , ζN)zN−k
= 0.

Proof of Theorem3.1
By Proposition I.4.4 of R. Hartshorne [16], π∗(D) is ample onZ. First, we claim that
G(π(w); E, D) ≤ G(w;π−1(E), π∗(D)).

If f ∈ H0(X,OX(nD)) satisfies‖ f ‖E ≤ 1, then

f ◦ π = π∗( f ) ∈ H0(Z,OZ(nπ
∗(D))

)
with ‖π∗( f )‖π−1(E) = ‖ f ‖E ≤ 1, so

1

n
log

(
| f (π(w))|

)
=

1

n
log

(
|π∗( f )(w)|

)
≤ G

(
w,π−1(E), π∗(D)

)
.

Taking the sup over suchf ’s yields the inequality.
Next, we claim thatG(w;π−1(E), π∗(D)) ≤ G(π(w); E, D).
Let U = {Ui } be an affine open cover ofX, and suppose thatD is represented

by ϕi on Ui . Put Vi = π−1(Ui ); thenV = {Vi } is an open cover ofZ, and onVi ,
π∗(D) is represented byψi := π∗(ϕi ) = ϕi ◦ π . SinceUi is affine andπ is finite,Vi

is also affine. By [16, Lem. III.4.1], we can compute cohomology groups as theČech
groups:

H0(X,OX(nD)
)

= Ȟ0(U ,OX(nD)
)
,

H0(Z,OZ(nπ
∗(D))

)
= Ȟ0(V ,OZ(nπ

∗(D))
)
.
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Suppose thatg ∈ H0
(
Z,OZ(nπ∗(D))

)
is such that‖g‖π−1(E) ≤ 1. We can

assume thatg is represented bygi ∈ O(Vi ) with gi = ψn
i g on Vi ; consequently,

g =
gi

ψn
i

=
g j

ψn
j

on Vi ∩ Vj . (3.1)

Write N = deg(π), and for eachz ∈ X, let π−1(z) = {w1, . . . , wN}, counting
multiplicities. OnUi , for 1 ≤ k ≤ N, put

S(k)i (z) = sk
(
gi (w1), . . . , gi (wN)

)
.

We readily see thatS(k)i (z) ∈ O(Ui ), noting thatπ is a covering map outside the
branch locus and using the Riemann extension theorem. Ifz ∈ Ui ∩ U j , then using
(3.1) and the fact thatψi = ϕi ◦ π , one finds that

S(k)i (z)

ϕnk
i (z)

=
S(k)j (z)

ϕnk
j (z)

.

Thus{S(k)i } is a global section ofOX(nkD), and it corresponds to a global meromor-
phic functionG(k) with

G(k)
=

S(k)i

ϕnk
i

onUi .

Put C = 2N . Since‖g‖π−1(E) ≤ 1, ‖G(k)
‖E ≤

(
N
k

)
< C for 1 ≤ k ≤ N.

Consequently, by the extremal property ofG(z; E, D), for eachk we have

1

nk
log

(∣∣∣G(k)(z)

C

∣∣∣) ≤ G(z; E, D),

which can be reformulated as∣∣∣sk

( gi (w1)

C1/kϕn
i (z)exp(nG(z; E, D))

, . . . ,
gi (wN)

C1/kϕn
i (z)exp(nG(z; E, D))

)∣∣∣ ≤ 1

for 1 ≤ k ≤ N. Sinceϕi (z) = ψi (w j ) for each j , we can apply Lemma3.2 and
conclude that for eachw ∈ Z\ supp(π∗(D)),∣∣∣ g(w)

C1/k exp(nG(π(w); E, D))

∣∣∣ ≤ B.

Transposing terms, taking logarithms, and dividing byn, we get

1

n
log

(
|g(w)|

)
≤ G

(
π(w); E, D

)
+

1

n
log(BC1/k). (3.2)
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However, for eachM ∈ N, we have gM
∈ H0(Z,OZ(nMπ∗(D))) and

‖gM
‖π−1(E) ≤ 1. Replacingn by nM andg by gM in (3.2) and then lettingM → ∞

gives
1

n
log

(
|g(w)|

)
≤ G

(
π(w); E, D

)
.

Finally, taking the sup over all functions(1/n) log(|g(w)|) yields

G
(
w;π−1(E), π∗(D)

)
≤ G

(
π(w); E, D

)
.

THEOREM 3.3 (Product formula)
Let X1 and X2 be smooth, projective complex manifolds, let D1 on X1 and D2 on X2

be ample effective divisors, and let Ei ⊂ Xi \ supp(Di ) be compact and not pluripolar,
for i = 1,2. Put X = X1 × X2, let πi : X → Xi be the projection, set D=
π∗

1 (D1) + π∗

2 (D2), and take E= E1 × E2. For z ∈ X\ supp(D), write z = (z1, z2)

where zi ∈ Xi \ supp(Di ). Then

G(z; E, D) = G(z1; E1, D1)+ G(z2; E2, D2). (3.3)

Proof
It is well known that in this context,D is ample.

In proving the theorem, we use the equality of Green’s functions and the plurisub-
harmonic extremal functions, and we work with the latter. For simplicity of notation,
write 8(z) for the function on the right-hand side of (3.3). We want to show that
8(z) = 8(z; E, D).

Let us first assume that8(z1; E1, D1) and 8(z2; E2, D2) are continuous
plurisubharmonic Weil functions relative toD1 andD2, respectively. This means that
8(z) is continuous as well. Under this assumption, it is clear that8(z) ≤ 8(z; E, D)
because8(z) ∈ PSH(D) and8|E ≤ 0. To prove the reverse inequality, we need the
following version of the maximum principle for plurisubharmonic functions, due to
Bedford and Taylor. Writedi = dim(Xi ), and putd = dim(X) = d1 + d2.

LEMMA 3.4
If � b X\ supp(D), and u,v are continuous plurisubharmonic functions on�, with
(ddcu)d = 0 and u≥ v on ∂�, then u≥ v on�.

Proof
See [4, Cor. 4.5] or [40, Th. 1.9].

By Theorem2.4, in the complement ofEi , each8(zi ; Ei , Di ) satisfies the complex
Monge-Amp̀ere equation (

ddc8(zi ; Ei , Di )
)di

= 0.
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It follows from this and the binomial expansion that(
ddc8(z; E, D)

)d
= 0

in the complement ofE.
Suppose thatf ∈ PSHc

+(D) satisfiesf |E ≤ 0. Since8(z) is a Weil function for
D, there is a constantC > 0 such that

f (z) ≤ 8(z)+ C (3.4)

for all z ∈ Y = X\ supp(D). Givenr > 0, put Br := {z ∈ Y : 8(z) < r }. By (3.4),
for any ε > 0 there is anr0 = r0(ε) > 0 such thatE ⊂ Br0 and, for anyz with
8(z) ≥ r0,

f (z) ≤ (1 + ε)8(z). (3.5)

Fix r > r0, and take� = Br \E. By assumption,f (z) ≤ 0 = (1+ ε)8(z) on E,
and by (3.5), f (z) ≤ (1 + ε)8(z) on ∂Br . We have already seen that(ddc8)d = 0
in the complement ofE. Hence, by Theorem3.4, f (z) ≤ (1 + ε)8(z) in �.

Since
⋃

r>r0
Br = Y, andε > 0 is arbitrary, it follows thatf ≤ 8(z) for all

z ∈ Y. Taking the supremum over allf ∈ PSHc
+(D), we obtain8(z; E, D) ≤ 8(z).

Thus the theorem is proved when the8(zi ; Ei , Di ) are continuous.
The general case follows from [18, Cor. 5.1.5] and the following simple property.

SupposeF =
⋂

∞

k=1 Fk, where{Fk}k is a decreasing sequence of compact sets inY.
Then

8(z; F, D) = sup
k>0

8(z; Fk, D).

This property follows immediately from the definition (cf. [18, Cor. 5.1.2]).

4. Adelic intersection theory and capacity theory
Let X be a smooth, connected projective variety of dimensiond over a number field
K . In this section we discuss the problem of developing an adelic arithmetic intersec-
tion theory along the lines of Gillet and Soulé’s work. One goal of such a theory is
to compute sectional capacities via analytic methods at all places, without having to
take limits of intersections as in Theorem1.1.

The model we have in mind is the theory developed by R. Rumely in [31] when
d = 1, that is, whenX is a curve. Here we outline some properties that a generaliza-
tion of [31] to arbitrary dimension should have. This generalization is far from being
realized. We, however, discuss an example whend = 2 in which the formal properties
we require for an adelic intersection pairing lead to the correct value for the sectional
capacity of a particular set.

The desired adelic intersection theory should be analytic in character and rich
enough that not only “smooth” Green’s functions but also certain types of singular
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Green’s functions are permitted. Divisorial objects of the theory should be pairs con-
sisting of aK -rational divisorD on the varietyX, and a family of Green’s functions
for all placesv of K :

D = (D, {Gv}v∈MK ). (4.1)

Here, for eachv, the “v-adic Green’s function”

Gv : X(Cv)\ supp(D) → R

should be a Weil function forD, stable under Galc(Cv/Kv).
We propose that the Weil functions allowed should be those that are linear com-

binations of “v-adic plurisubharmonic functions.” In the archimedean case,v-adic
plurisubharmonic functions are just the classical plurisubharmonic functions. In the
nonarchimedean case the space ofv-adic plurisubharmonic functions should be the
smallest class containing functions of the form

Gv(z) = max
1≤i ≤n

(
log(|gi (z)|v)

)
(4.2)

with eachgi (z) ∈ Cv(X), and which is stable under the operations satisfied by ar-
chimedean plurisubharmonic functions: taking positive linear combinations, taking
the sup of finitely many functions, taking uniform limits, taking limits of arbitrary
decreasing sequences which do not identically approach−∞, and taking the upper
semicontinuous regularization of the sup of a family locally bounded from above (see
[18, p. 69]).

SuchGv(z) should satisfy an analogue of the Poincaré-Lelong formula

ddcGv = ωGv − δD,

whereωGv is a “(1,1)-current with positive measure coefficients” andδD is the Dirac
current, integration overD(Cv). There should also be an exterior product for the
ωv. In the archimedean case, theddc-operator and exterior product are those given
by Bedford and Taylor [4]. In the nonarchimedean case, the corresponding theory is
purely conjectural. However, we offer the following speculations about how it might
be obtained.

Previous investigations by various authors (see [7], [17], [31], [41], [42], [43])
suggest that the spaces of “forms” and “currents” should be related to intersection
theory and should be limits of spaces of functionals attached to the tower of all mod-
els of Xv. In our analytic context, probably the theory ofv-adic plurisubharmonic
functions should first be developed in the setting of rigid analytic geometry, for affi-
noid domains. Limits should be taken over the tower of all analytic reductions of
the space, and objects attached to a given analytic reduction should be considered
“smooth.” Perhaps V. Berkovich’s formulation of rigid geometry (see [5]), in which
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the underlying spaces are compact, may be useful. The Berkovich space attached to
an irreducible affinoid algebraA/Cv is the set of all bounded multiplicative semi-
norms onA. It is a path-connected, compact Hausdorff space in which the Tate space
max(A) is dense. The Berkovich space associated to an arbitrary rigid analytic space
is constructed by gluing affinoid ones. LetXan

v be the rigid analytic space attached
to Xv. In addition to points coming fromXan

v (Cv), the Berkovich space associated to
Xan
v has a point corresponding to each irreducible component of the special fibre of

each analytic reduction ofXan
v .

If dim(X) = d, andG(z) is v-adic plurisubharmonic on a subdomain ofXan
v ,

it seems plausible that(ddc(G))d should be a nonnegative measure on the corre-
sponding Berkovich space. Let us call a functionG = Gv of the form (4.2) “good”
if the gi have no common zeros and for eachx there are at mostd + 1 functions
gi (z) for which |gi (x)|v is maximal. Suppose thatG(z) is good, and suppose that
|g1(z)|v, . . . , |gd+1(z)|v are maximal at somex. If g1(z) − gd+1(z), . . . , gd(z) −

gd+1(z) havek common zeros in the set where|g1(z)|v = · · · = |gd+1(z)|v is maxi-
mal, it seems likely that(ddc(G))d should assign weightd! · k to that set.

We expect each plurisubharmonic functionH(z) to have a “generic value” on the
set of points reducing to each component of the special fibre of each analytic reduction
of Xan

v . (By this, we mean a valueλ such that for eachε > 0, “almost all” the values
of H(z) on points reducing to that component should satisfy|H(z)− λ| < ε.) If U is
affinoid of dimensiond, andH,G1, . . . ,Gd arev-adic plurisubharmonic functions,
there should be an “integral”∫

U
H(z)ddcG1 ∧ · · · ∧ ddcGd

which is a weighted average of the generic values ofH(z). The integral is expected
to be multilinear (not alternating) inG1, . . . ,Gd sinceddcGk should be analogous to
a (1,1)-form. Note that if an appropriate multilinear integral could be constructed, it
could be used to define the “ddc” operator; namely, ifG is plurisubharmonic onU ,
thenddcG should be the functional that for each 1-dimensionalW ⊂ U takes each
plurisubharmonicH on W to

∫
W(Cv) H ddcG|W.

For the purposes of capacity theory, it would be sufficient to construct
a (d + 1)-fold intersection product, or height pairing. The intersection prod-
uct should satisfy a moving lemma for adelic principal divisorŝdiv( f ) =(

div( f ), {− logv(| f (z)|v)}v∈MK

)
:〈

D1 + d̂iv( f1), . . . ,Dd+1 + d̂iv( fd+1)
〉
= 〈D1, . . . ,Dd+1〉. (4.3)

When the underlying algebraic divisors are effective and meet properly, the intersec-
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tion product should also have a decomposition into local terms:

〈D1, . . . ,Dd+1〉 =

∑
v

〈D1, . . . ,Dd+1〉v log(qv), (4.4)

where〈D1, . . . ,Dd+1〉v is defined by a formula analogous to the one in Gillet-Soulé’s
theory; ifDi = (Di , {Gv,i }v∈MK ) andddcGv,i = ωv,i − δDi , then

〈D1, . . . ,Dd+1〉v =

d+1∑
k=1

∫
(D1·...· Dk−1)(Cv)

Gv,k ωv,k+1 ∧ · · · ∧ ωv,d+1

=

∫
X(Cv)

Gv,1ωv,2 ∧ · · · ∧ ωv,d+1

+

∫
D1(Cv)

Gv,2ωv,3 ∧ · · · ∧ ωv,d+1

+ · · · + Gv,d+1(D1 · . . . · Dd). (4.5)

We propose the following normalization for the terms in (4.3), (4.4), and (4.5). For ar-
chimedeanv, letqv = e1/2 if Kv ∼= R, and letqv = e if Kv ∼= C. For nonarchimedean
v, let qv be the order of the residue fieldkv = Ov/πvOv. Write logv(x) for the loga-
rithm to the baseqv. Let |x|v be the canonical absolute value onKv given by the mod-
ulus of additive Haar measure. Also, write|x|v for the unique extension of this abso-
lute value toCv. For archimedeanv, | |v = | | if Kv ∼= R, while | |v = | |

2 if Kv ∼= C.
In either case, iff (z) is a rational function, then logv(| f (z)|v) = log(| f (z)|2), as
required for the Poincaré-Lelong formuladdc logv(| f (z)|v) + δdiv( f ) = 0, while the
factor log(qv) in (4.4) corresponds to the 1/2 in Gillet-Souĺe’s isomorphism (0.3). For
nonzeroκ ∈ K , the product formula reads∑

v∈MK

logv(|κ|v) log(qv) = 0.

Suppose that there exists an adelic intersection theory along the lines suggested
above. Because of the stability properties ofv-adic plurisubharmonic functions (and
the identity min(x, y) = x+y−max(x, y)), for eachv the classical Weil distributions

Gv(z) = min
1≤i ≤m

max
1≤ j ≤n

(
logv(|gi j (z)|v)

)
, (4.6)

wheregi j (z) ∈ Cv(X), are among the Green’s functions allowed; so is the upper semi-
continuous regularizationG?(z; Ev, D) of Green’s functionG(z; Ev, D) attached to
a setEv ⊂ Xv(Cv) and ample divisorD:

G(z; Ev, D) = sup
n≥1

sup
f ∈Kv⊗K0(nD)

‖ f ‖Ev≤1

(1

n
logv(| f (z)|v)

)
. (4.7)
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In the archimedean case we have seen that ifEv is not pluripolar, thenG(z; Ev, D) is
finite for all z ∈ X(Cv)\ supp(D) and is a Weil function forD. For nonarchimedean
v, we expect this to hold if and only if the local sectional capacitySγ (Ev, D)v intro-
duced in [33, Sec. 14] is positive.

We now come to our main reason for desiring such a theory. LetD be an effective,
ample,K -rational divisor onX, and letE =

∏
v Ev be an adelic set such thatE and

D satisfy the standard hypotheses stated in the introduction, andSγ (E, D) > 0. Then

D =
(
D, {G?(z; Ev, D)}v∈MK

)
(4.8)

is an arithmetic divisor in the theory.

CONJECTURE4.1
For an adelic intersection theory with the formal properties described above, and for
the divisor (4.8),

− log
(
Sγ (E, D)

)
= Dd+1. (4.9)

The philosophy behind the conjecture is that just as in classical electrostatics, each
Ev should determine a “field,” its Green’s functionG(z; Ev, D), which represents its
potential-theoretic size. A functionf ∈ Kv ⊗K 0(nD) which contributes to Green’s
function should contribute asymptotically to the volume measured by the sectional
capacity, and conversely. Theorem1.1 suggests that arithmetic intersection theory
gives the right way to extract the capacity from the field.

For curves, the conjecture is true; formula (4.9) is the final assertion in [31] for
the adelic intersection pairing constructed there. Note that in the theory developed in
[31], the setsEv considered need not have continuous Green’s functions. A crucial
point is that theupper semicontinuous(subharmonic) Green’s functionsG?(z; Ev, D)
must be used in order for the pairing to respect linear equivalence (see [31, p. 342]).

In higher dimensions, an adelic intersection theory sufficient for the needs of
capacity theory remains to be developed. In some cases, though, one can propose
natural interpretations of the terms in (4.5) which lead to correct values for sectional
capacities, as in the example in Section (A). In Section (B) we discuss work on adelic
intersection theory by other authors.

(A) A numerical example inP1
× P1

Let K = Q, and takeX = P1
× P1. Let D be a Cartier divisor with associated Weil

divisor r1H1 + r2H2, where 0< r1, r2 ∈ Z andHi = π−1
i (∞) for i = 1,2, so that

OX(D) ∼= OX(r1, r2). PutY = X\ supp(D) ∼= A1
× A1. Fixing coordinate functions
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on the two copies ofA1, we haveY(Cv) ∼= Cv × Cv for eachv. Let

E =

∏
v

Ev

be as follows. At the archimedean place, fix 1≤ p < ∞, and letE∞ be theL p unit
ball in C × C,

E∞ =
{
(u, w) ∈ C × C : |u|

p
+ |w|

p
≤ 1

}
.

For each nonarchimedeanv, write Ôv for the ring of integers ofCv, and letq = qv
be the rational prime underlyingv. Fix disjoint finite setsS1, S2 of nonarchimedean
places, and for eachv ∈ S1, let Ev = Zq × Zq. For eachv ∈ S2, let Ev = qmv1 Ôv ×

qmv2 Ôv, wheremv1,mv2 ∈ Z. Finally, for eachv /∈ S1∪S2∪{∞}, let Ev = Ôv× Ôv.

PROPOSITION4.2
For all 0< r1, r2 ∈ Z,

− log
(
Sγ (E, D)

)
=

1

p

(
(r1 + r2)

3 log(r1 + r2)− r 2
1r2 − r1r 2

2

− (r 3
1 + 3r 2

1r2) log(r1)− (r 3
2 + 3r1r 2

2) log(r2)
)

+

∑
v∈S1

(3r 2
1r2 + 3r1r 2

2)
1

qv − 1
log(qv)

+

∑
v∈S2

(3mv1 · r 2
1r2 + 3mv2 · r1r 2

2) log(qv). (4.10)

The proof, which is purely computational, is given in the appendix. In the appendix we
also determine Green’s functionsG(z; Ev, D) for all v. We then computeD3 for the
divisorD = (D, {G?(z; Ev, D)}v∈MK ) using the heuristics for an adelic intersection
theory proposed above. The result is the same quantity (4.10) as in Proposition4.2,
verifying Conjecture4.1 in this case:

− log
(
Sγ (E, D)

)
= D3. (4.11)

Remark.For curves, the main theorem of [30] asserts that ifD = r1(ζ1) + · · · +

rm(ζm), then− log(Sγ (E, D)) is a quadratic form inr1, . . . , rm whose matrix is the
“Green’s matrix” in Cantor’s capacity theory (see [29]). In higher dimensions, it had
been thought that− log(Sγ (E, D)) might be a homogeneous form of degreed + 1 in
the coefficients of the components ofD. Proposition4.2shows that this is not always
the case. In terms of Conjecture4.1, the reason for the breakdown is nonlinearity of
G(z; Ev, D) in the divisorD, for dimensionsd ≥ 2 (see formula (A.9)).
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Remark.In the appendix, after choosing appropriate divisorsD1, D2, D3 lin-
early equivalent toD , we representD3 as a sum of local intersection terms∑
v〈D1,D2,D3〉v log(qv).

The referee has pointed out that whenS1 = S2 = φ in the example above, so that all
the nonarchimedeanEv are trivial, the equality

− log
(
Sγ (E, D)

)
= 〈D1,D2,D3〉∞ log(q∞) (4.12)

can be derived from general principles. This yields (4.11), provided one assumes that
each nonarchimedean local intersection index〈D1,D2,D3〉v is zero, as follows from
the heuristics in the appendix whenEv is trivial. More generally, (4.12) holds for any
E =

∏
v Ev for which all the nonarchimedeanEv are trivial, providedG(z; E∞, D)

is continuous (andE andD satisfy the standard hypotheses).
This comes out as follows. LetX = P1

× P1/Spec(OK ), let D be the natu-
ral extension ofD to X, and letL = OX(D). For our setE∞, Green’s function
G(z; E∞, D) is continuous. (This can be seen by direct computation, as in the ap-
pendix, or by applying the argument in the proof of Proposition2.12.) By Theo-
rem 2.18 (or by Maillot [21, Th. 4.6.1]), the metric{| |} on L (C) associated to
G(z; E∞, D) can be uniformly approximated by a sequence of smooth, positive
metrics {| |}n. Hence the metrized line bundleL is “admissible” in the sense of
Zhang [43]. Zhang’s formalism extending the arithmetic Hilbert-Samuel formula to

such bundles yields the equality− log(Sγ (E, D)) = L
3
. On the other hand, Mail-

lot’s extension of Gillet-Soulé’s intersection pairing to the generalized Chow groups

ĈH
∗

int(X) enables us to computeL
3
. Unwinding the definitions in [21, Sec. 5.5.2] for

the choice of sections used in the appendix and comparing the result with (4.5) gives

L
3

= 〈D1,D2,D3〉∞ log(q∞).

(B) Other works
The following papers may bear on the development of an adelic intersection theory
sufficient for the needs of capacity theory.

For curves, E. Kani [17] has developed a nonarchimedean potential theory in
the context of rigid analysis. He constructs a finitely additive theory of integration
of “generic values” of real-valued functions on affinoid spaces, and he interprets
measures on the boolean algebra generated by rational subdomains as analogous to
1-forms. (We would consider them(1,1)-forms.) He creates a dictionary between
objects in potential theory and intersection theory, interpreting Green’s functions
and harmonic measures in terms of heights and intersection pairings. He associates
a “potential theory” to each analytic reduction of an affinoid space, establishes an
energy-minimization principle, and solves the corresponding Dirichlet and Neumann
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problems. However, his theory concerns only “smooth” objects in the context of the
present paper, and it does not consider passage to a limit over all analytic reductions.

First for curves, and then for varieties of arbitrary dimension, Zhang [41], [42],
[43] has constructed an adelic intersection theory. He works in the context of metrized
line bundles and shows that if a sequence of metrics converge uniformly, then the asso-
ciated intersection numbers also converge. In this way, he is able to define intersection
numbers for metrized line bundles with continuous, but not necessarilyC ∞, metrics
at archimedean places and with uniform limits of “algebraic” metrics at finite places.
Zhang gives a number of striking applications, including a Riemann-Roch theorem in
the case of curves, and a Nakai-Moishezon theorem. However, his theory is not ade-
quate for capacity theory, as the metrics associated to extremal Green’s functions are
not in general uniform limits but rather arise from upper semicontinuous envelopes of
the Green’s functions which Zhang considers.

For varieties of arbitrary dimension, S. Bloch, Gillet, and Soulé [7] have devel-
oped a nonarchimedean Arakelov theory, using intersection theory and taking limits
over the tower of all models of the variety. Their theory is conditional on resolution of
singularities for models, but under that hypothesis, it establishes a complete dictionary
between objects in differential geometry and intersection theory. In particular, for each
p with 0 ≤ p ≤ dim(X), they define analogues of the four groups: “closed(p, p)-
forms,” “(p, p)-forms modulo the image of∂ and∂,” “closed (p, p)-currents,” and
“(p, p)-currents modulo the image of∂ and∂.” These groups are identified with ap-
propriate direct and inverse limits of the Chow cycle groups and operational Chow
groups. They define addc-operator, which corresponds to a pushforward from the
special fibre to the general fibre, followed by Poincaré duality, then a pullback from
the general fibre to the special fibre. They show that these groups fit into natural ex-
act sequences analogous to the ones that occur in the archimedean case. However,
in addition to being conditional, their theory defines only Green’s functions associ-
ated to “smooth”(p, p)-forms: those arising from a single model. Green’s functions
G(z; Ev, D) are not in general smooth in this sense.

For curves, J.-B. Bost [8] has developed an extension of Arakelov theory which
incorporates singular Green’s functions at archimedean places. Bost’s main purpose
was to prove an arithmetic analogue of the Lefschetz theorem for projective sur-
faces. To do so, he needed to embed objects from classical potential theory, including
Green’s functions and equilibrium potentials, into Arakelov theory. He introduces the
class of “L2

1-Green’s functions” (roughly, the class of generalized functionsg(z) on
a Riemann surface for which, locally,g(z) = ϕ − log(| f (z)|2), where f (z) is mero-
morphic and whereϕ and the current∂ϕ areL2). This class is somewhat broader than
the class of Green’s functions considered in [31], and it has good functoriality prop-
erties under pullbacks and pushforwards by finite maps. Bost extends Gillet-Soulé’s
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∗-product to such Green’s functions, studies the resulting intersection pairing, and
proves an analogue of the Hodge index theorem for it.

More recently, P. Autissier [3] has further developed Bost’s theory using ideas
from probabilistic potential theory and has proved analogues of Moishezon’s crite-
rion, the arithmetic amplitude theorem, the Szpiro-Ullmo-Zhang small points theo-
rem, and Y. Bilu’s equidistribution theorem.

For varieties of arbitrary dimension, Maillot [21] has developed an extension of
Gillet-Souĺe’s arithmetic intersection theory in whichcontinuousplurisubharmonic
Green’s functions are admitted. Making use of the work of Bedford, Taylor, and J.-
P. Demailly, he constructs the theory of cycles corresponding to Zhang’s “integrable”
metrized line bundles. He then shows that Gillet-Soulé’s intersection product extends
to the arithmetic Chow groups of integrable cycleŝCH

∗

int(X)⊗ Q, in particular, con-

structing a height pairing for elements of̂CH
1
int(X)⊗ Q.

Any attack on Conjecture4.1 must deal with the problem of relating volumes
of balls of adelic sections with intersection indices, and it probably involves two
steps: first, developing an adelic intersection theory incorporatingv-adic plurisub-
harmonic functions; and second, showing that the same asymptotics are obtained for
the volumes of the unit adelic balls for the metrics associated to Green’s functions
G(z; Ev, D) andG?(z; Ev, D). In this connection we mention the work of A. Abbes
and T. Bouche [2], which provides an “elementary” proof of the arithmetic Hilbert-
Samuel theorem (Gillet-Soulé’s Theorem0.1in the introduction) relating volumes of
balls of archimedean sections to Gillet-Soulé’s arithmetic intersection numbers. We
also note the work of Rumely, C. Lau, and R. Varley [33] on the existence of the sec-
tional capacity, which introduces the so-called monic basis as a tool for normalizing
volumes of spaces of adelic sections in a coherent way, in order to deduce asymptotics
for volumes of balls.

Recently, A. Werner [39] has found an interpretation of nonarchimedean intersec-
tion indices for linear spaces inPn in terms of combinatorial data from the Bruhat-Tits
building associated to PGL(n + 1). It is interesting to see how far her result can be
generalized although it seems not as directly related to the present problem as the pre-
ceding works, it opens an analytic approach to nonarchimedean intersection theory.

Finally, one can ask about potential applications of an intersection theory of the
kind proposed here. For example, we could cite almost any of the applications of
Arakelov theory from the past two decades; but we refer the reader specifically to the
beautiful papers of Zhang, Bilu, E. Ullmo, and L. Szpiro on small points (see [6],
[36], [37], [43]), and the expositions by Abbes in [1] and Zhang in [45]. We note the
work of Bost on the arithmetic Lefschetz theorem (see [8]), and the work of Autissier
[3]. We also note the Fekete-Szegö theorem on curves (see [29]) and the existence
theorem for algebraic integer points as developed by L. Moret-Bailly and others (see



270 CHINBURG, LAU, and RUMELY

[12], [22], [24], [25], [28]). Lastly, we note the possibility of an adelic Nevanlinna
theory along the lines of P. Vojta’s program (see [38]).

A. Appendix: Computation of the numerical example

Proof of Proposition4.2
Introduce homogeneous coordinates(u0 : u1, w0 : w1) on P1

× P1. The monomials
uk0

0 uk1
1 w

`0
0 w

`1
1 with k0+k1 = nr1, `0+`1 = nr2 form aK -basis forH0(X,OX(nD)).

Such monomials for alln give a basis for the graded algebra

R =

∑
n≥0

H0(X,OX(nD)
)
,

which is closed under multiplication. Moreover, this basis carries a natural order (the
lexicographic order, graded by the degree) compatible with multiplication. In this
setting, the methods of [32] and [33] show that the sectional capacitySγ (E, D) can
be decomposed as a product oflocal sectional capacities,

Sγ (E, D) =

∏
v

Sγ (Ev, D)v,

where theSγ (Ev, D)v depend on the choice of the multiplicative ordered basis. For
eachv, the local sectional capacity is defined as follows. Let volv be the canonical
Haar measure onKv for which volv(Ov) = 1 for finitev, and let volv be the Lebesgue
measure onKv ∼= R for v = ∞. Using the monomial basis, we can identifyKv ⊗K

H0(X,OX(nD)) with K (nr1+1)(nr2+1)
v . By transport of structure, we obtain a Haar

measure onKv ⊗K H0(X,OX(nD)), also denoted volv. Then

− log
(
Sγ (Ev, D)v

)
= lim

n→∞

(d + 1)!

nd+1
log

(
volv(B(Ev,nD))

)
, (A.1)

where the limit on the right-hand side exists by arguments similar to those in [32].
After dehomogenizing atu0, w0, a basis forH0(X,OX(nD)) is given by the

monomialsukw` with 0 ≤ k ≤ nr1, 0 ≤ ` ≤ nr2. Forv /∈ S1 ∪ S2 ∪ {∞}, we have
Ev = Ôv × Ôv, and it is easy to see that

B(Ev,nD) =

⊕
0≤k≤nr1
0≤`≤nr2

Ov ukw`

for eachn. Thus volv(B(Ev,nD)) = 1 for eachn. By (A.1), Sγ (Ev, D)v = 1 for
eachv /∈ S1 ∪ S2 ∪ {∞}. Consequently,

− log
(
Sγ (E, D)

)
=

∑
v∈S1∪S2∪{∞}

− logv
(
Sγ (Ev, D)v

)
log(qv).
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The local capacity in the nonarchimedean compact case
Fix v ∈ S1, and writeq = qv. ThenEv = Zq × Zq. For each integerk ≥ 0, letgk(z)
denote the binomial polynomial

(z
k

)
. As noted previously, these polynomials form a

Zq-basis for the set of polynomialsf ∈ Qq[z] satisfying‖ f ‖Zq ≤ 1.
We claim that for eachn, the polynomials

g j (u)gk(w) ∈ Qq[u, w], 0 ≤ j ≤ r1n, 0 ≤ k ≤ r2n,

form aZq-basis forB(Ev,nD). Clearly, they belong toB(Ev,nD) and form a basis
for H0(X,OX(nD)) over Qq. Suppose thath(u, w) =

∑
c jkg j (u)gk(w) satisfies

‖h‖Ev ≤ 1. Takingu = 0 and noting thatg0(0) = 1 while g j (0) = 0 for all j ≥ 1,
it follows that ‖

∑
k c0kgk(w)‖Zq ≤ 1. By the one-variable case,c0k ∈ Zq for all

k. Subtracting
∑

k c0kgk(w) from h(u, w), we can assume thatc0k = 0 for all k.
Inductively, suppose thatc`k = 0 for all ` < i and allk. Takingu = i and using the
fact thatgi (i ) = 1 while g j (i ) = 0 for all j > i , we see that‖

∑
k cikgk(w)‖Zq ≤ 1.

As before, it follows thatcik ∈ Zq for all k. Subtracting
∑

k cikgi (u)gk(w) from
h(u, w), we can continue the induction.

From this it follows, as in [32, Lem. 2.5], that

volv
(
B(Ev,nD)

)
=

nr1∏
j =0

nr2∏
k=0

∣∣∣ 1

j !k!

∣∣∣
v
.

Thus

logv
(

volv(B(Ev,nD))
)

= (n + 1)r1

nr2∑
k=0

ordq(k!)+ (n + 1)r2

nr1∑
j =0

ordq( j !)

=
n3

6
(3r 2

1r2 + 3r1r 2
2)

1

qv − 1
+ Or1,r2

(
n2 log(n)

)
,

and so

− logv
(
Sγ (Ev, D)v

)
= (3r 2

1r2 + 3r2r 2
2)

1

qv − 1
.

The local capacity in the nonarchimedean noncompact case
For each nonarchimedeanv /∈ S1, writing q = qv, we haveEv = qmv1 Ôv × qmv2 Ôv
for certain integersmv1,mv2. (Takemv1 = mv2 = 0 if v /∈ S1 ∪ S2.) It is easy to see
that

B(Ev,nD) =

⊕
0≤k≤nr1
0≤`≤nr2

Ov ·

( u

qmv1

)k( w

qmv2

)`
=

⊕
0≤k≤nr1
0≤`≤nr2

( 1

qkmv1+`mv2

)
Ov · ukw`.
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Hence volv(B(Ev,nD)) =
∏

k,` qkmv1+`mv2 and

− logv
(
Sγ (Ev, D)v

)
= lim

n→∞

( 3!

n3

∑
0≤k≤nr1
0≤`≤nr2

kmv1 + `mv2

)

= 3mv1 · r 2
1r2 + 3mv2 · r1r 2

2 .

The local capacity in the archimedean case
We now computeSγ (E∞, D)∞. To do so, we first determine lower and upper bounds
for vol∞(B(E∞,nD)). Upon passage to the limit asn → ∞, these bounds yield
the same expression for− log(Sγ (E∞, D)∞), which can be interpreted as a limit of
Riemann sums for a certain integral.

Recall that a setE ⊂ C × C is calledfully circled if (ei θu,eiϕw) ∈ E for all
(u, w) ∈ E andθ, ϕ ∈ R. SinceE∞ is fully circled, for each monomialukw` the
maximum value of|ukw`| on E∞ is taken on for nonnegative realu, w. By calculus,
if k, ` > 0, this maximum value is( kk``

(k + `)k+`

)1/p
. (A.2)

Otherwise, the maximum is 1, and for convenience we interpret (A.2) as 1 ifk = 0 or
` = 0.

To obtain a lower bound for vol∞(B(Ev,nD)), note that if h(u, w) =∑
0≤k≤nr1
0≤`≤nr2

ak`ukw` ∈ R ⊗Q H0(X,OX(nD)) with

|ak`| ≤
1

(n + 1)2r1r2

( (k + `)k+`

kk``

)1/p

for eachk, `, then‖h(u, w)‖E∞
≤ 1. Consequently,

vol∞
(
B(E∞,nD)∞

)
≥

∏
0≤k≤nr1
0≤`≤nr2

1

(n + 1)2r1r2

( (k + `)k+`

kk``

)1/p
.

For an upper bound, suppose thath(u, w) as above satisfies‖h‖E∞
≤ 1. For each

R1, R2 > 0 with Rp
1 + Rp

2 = 1, Cauchy’s formula gives

|ak`| =

∣∣∣( 1

2π i

)2
∫

C(0,R1)

∫
C(0,R2)

h(u, w)

uk+1w`+1
du dw

∣∣∣ ≤
1

Rk
1 R`2

.

Letting Rk
1 R`2 approach its maximum, (A.2) shows that

|ak`| ≤

( (k + `)k+`

kk``

)1/p
.
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Hence

vol∞
(
B(E∞,nD)

)
≤

∏
0≤k≤r1n
0≤`≤r2n

2
( (k + `)k+`

kk``

)1/p
.

Combining these bounds yields

− log
(
Sγ (E, D)∞

)
= lim

n→∞

3!

n3
log

(
vol∞(B(E∞,nD))

)
= lim

n→∞

6

p

∑
0<k≤nr1
0<`≤nr2

((k

n
+
`

n

)
log

(k

n
+
`

n

)
−

k

n
log

(k

n

)
−
`

n
log

( `
n

))
·

1

n2

=
6

p

∫ r1

0

∫ r2

0
(x + y) log(x + y)− x log(x)− y log(y)dx dy

=
1

p

(
(r1 + r2)

3 log(r1 + r2)− r 2
1r2 − r1r 2

2

− (r 3
1 + 3r 2

1r2) log(r1)− (r 3
2 + 3r1r 2

2) log(r2)
)
. (A.3)

This proves Proposition4.2.

Determination of the extremal Green’s functions
For (x, y) ∈ R2, put

|(x, y)|D =

{
max

(
|x|

r1
,

|y|

r2

)
if (x, y) 6= (0,0),

1 if (x, y) = (0,0),

and forh(u, w) ∈ K [u, w], put

degD

(
h(u, w)

)
=

∣∣( degu(h(u, w)),degw(h(u, w))
)∣∣

D.

Thus, forn ≥ 1, h(u, w) ∈ H0(X,OX(nD)) if and only if degD(h) ≤ n, and for a
nonconstant monomialukw`, degD(u

kw`) = |(k, `)|D = max(k/r1, `/r2).
The leastn ≥ 1 for which h(u, w) occurs inKv ⊗K H0(X,OX(nD)) is n =

ddegD(h)e, and degD(h
N) = N degD(h) is an integer for someN, so

G
(
(u, w); Ev, D

)
:= sup

n≥1
sup

h∈Kv⊗K0(nD)
‖h‖Ev≤1

(1

n
logv

(
|h(u, w)|v

))

= sup
‖h‖Ev≤1

( 1

degD(h)
logv

(
|h(u, w)|v

))
. (A.4)
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Green’s function in the nonarchimedean compact case
Fix v ∈ S1, and write q = qv. Then Ev = Zq × Zq. As before, write
gk(z) =

(z
k

)
. In the one-dimensional case, Green’s functionG(z; Zq, (∞)) =

supn≥1 sup0≤k≤n(1/n) logv(|gk(z)|v) of the setZq ⊂ P1(Cv) is given by

G
(
z; Zq, (∞)

)
=

1

q − 1
−

∫
Zq

− logv(|z − x|v)dµq(x)

=

{
0 if z ∈ Zq,

1
q−1 + logv(|z|v) if |z|v > 1,

for z ∈ Cv, whereµq is the additive Haar measure onZq with µq(Zq) = 1 (see [29,
p. 354]).

We have already seen that for eachn, the polynomialsg j (u)gk(w) for 0 ≤ j ≤

nr1, 0 ≤ k ≤ nr2 form aZq-basis forB(Ev,nD). By the ultrametric inequality, it
follows that

G
(
(u, w); Ev, D

)
= sup

n≥1
sup

h∈Kv⊗K0(nD)
‖h‖Ev≤1

(1

n
logv

(
|h(u, w)|v

))

= sup
n≥1

(
sup

0≤ j ≤nr1

1

n
logv

(
|g j (u)|v

)
+ sup

0≤k≤nr2

1

n
logv

(
|gk(u)|v

))
= r1G

(
u; Zq, (∞)

)
+ r2G

(
w; Zq, (∞)

)
.

Green’s function in the nonarchimedean noncompact case
For each nonarchimedeanv /∈ S1, again writingq = qv, formula (A.4) gives

G
(
(u, w), Ev, D

)
= r1 max

(
0, logv(|u/q

mv1|v)
)
+ r2 max

(
0, logv(|w/q

mv2|v)
)
. (A.5)

This is because for a polynomialh(u, w) =
∑

0≤k≤nr1
0≤`≤nr2

ak`(u/qmv1)k(w/qmv2)` ∈

Kv ⊗K H0(X,OX(nD)) we have‖h(u, w)‖Ev ≤ 1 if and only if eachak` ∈ Ov. By
the ultrametric inequality,|h(u, w)|v ≤ max0≤k≤nr1

0≤`≤nr2

|(u/qmv1)k(w/qmv2)`|v, and so

1

degD(h)
logv

(
|h(u, w)|v

)
≤ r1 max

(
0, logv(|u/q

mv1|v)
)
+ r2 max

(
0, logv(|w/q

mv2|v)
)
. (A.6)

Moreover, for(u, w) ∈ Ev, equality is achieved in (A.6) whenh(u, w) = 1; for u ∈

qmv1 Ôv, w /∈ qmv2 Ôv, it is achieved whenh(u, w) = (w/qmv2)nr2; for u /∈ qmv1 Ôv,
w ∈ qmv2 Ôv, it is achieved whenh(u, w) = (u/qmv1)nr1; and for u /∈ qmv1 Ôv,
w /∈ qmv2 Ôv, it is achieved whenh(u, w) = (u/qmv1)nr1(w/qmv2)nr2.
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Green’s function in the archimedean case
In the archimedean case, to computeG(z; E∞, D) we begin with a proposition mod-
eled on [35, Prop. 5.4] which gives the extremal Green’s function of any fully circled
set. Put

ME(u, w) = sup
k,`≥0

((
|ukw`|

‖ukw`‖E

)1/|(k,`)|D
)
.

PROPOSITIONA.1
If E ⊂ C2 is a fully circled set, and if D= r1H1 + r2H2 as above, then

G
(
(u, w); E, D

)
= log∞

(
ME(u, w)

)
= sup

k,`≥0

1

|(k, `)|D
log∞

(
|ukw`|

‖ukw`‖E

)
.

Proof
It is trivial that log∞(ME(u, w)) ≤ G((u, w); E, D). For the inequality in the other
direction, suppose that

h(u, w) =

∑
k,`

ak` ukw` ∈ C[u, w]

satisfies‖h‖E ≤ 1. Without loss, we can assume thath(u, w) is nonconstant.
Taking (R1, R2) ∈ E ∩ R2

≥0 so thatRk
1 R`2 = ‖ukw`‖E, and using Cauchy’s

formula and the fact thatE is fully circled, we see that

|ak`| =
1

(2π)2

∣∣∣ ∫ 2π

0

∫ 2π

0

h(R1ei θ1, R2ei θ2)

Rk+1
1 ei (k+1)θ1 R`+1

2 ei (`+1)θ2
R1iei θ1 R2iei θ2 dθ1 dθ2

∣∣∣
≤

1

Rk
1 R`2

=
1

‖ukw`‖E
.

Consequently,

|h(u, w)| ≤

∑
|(k,`)|D≤degD(h)

|ukw`|

‖ukw`‖E

≤
(

degD(h)r1 + 1
)(

degD(h)r2 + 1
)
ME(u, w)

degD(h).

This yields

1

degD(h)
log∞

(
|h(u, w)|

)
≤ log∞

(
ME(u, w)

)
+ O

( log(degD(h))

degD(h)

)
.

Replacingh(u, w) by a powerh(u, w)N and lettingN → ∞ gives

1

degD(h)
log∞

(
|h(u, w)|

)
≤ log∞

(
ME(u, w)

)
.
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Now specialize to the case

E = E∞ =
{
(u, w) ∈ C2

: |u|
p

+ |w|
p

≤ 1
}
.

Earlier we saw that

‖ukw`‖E∞
=

( kk``

(k + `)k+`

)1/p
.

For (u, w) ∈ E∞, we haveG((u, w); E∞, D) = 0 as 1∈ Kv ⊗K H0(X,OX(nD))
for all n. To determineG((u, w); E∞, D) for (u, w) /∈ E∞, first note that by homo-
geneity, ifx = |u|, y = |w|, thenME∞

(u, w) = ME∞
(x, y). So, for fixedx, y ≥ 0

with xp
+ yp > 1, we want the value of

log∞

(
ME∞

(x, y)
)

= max

(
0, max
(k,`)6=(0,0)

1

|(k, `)|D
log∞

(∣∣∣( (k + `)k+`

kk``

)1/p
xky`

∣∣∣))
. (A.7)

For any 0< t ∈ R, the right-hand side is unchanged when(k, `) is replaced by
(tk, t`), and it is continuous on the set{

(κ, λ) ∈ R2
: κ, λ ≥ 0, |(κ, λ)|D = 1

}
. (A.8)

Thus we can take the inner max in (A.7) over the set (A.8). Recall that log∞ is the
logarithm to the basee1/2 sinceK∞

∼= R, so log∞(x) = 2 log(x). Put

f (κ) =
2

p

(
(κ + r2) log(κ + r2)− κ log(κ)− r2 log(r2)

)
+ 2κ log(x)+ 2r2 log(y),

g(λ) =
2

p

(
(r1 + λ) log(r1 + λ)− r1 log(r1)− λ log(λ)

)
+ 2r1 log(x)+ 2λ log(y).

Since|(κ, λ)|D = 1 means max(κ/r1, λ/r2) = 1, we find that

G
(
(u, w); E∞, D

)
= max

(
0, max

0≤κ≤r1

f (κ), max
0≤λ≤r2

g(λ)
)
.

The two expressions on the right-hand side are similar in form. The unique point
where f ′(κ) = 0 occurs atκ0 = r2xp/(1 − xp), and this belongs to the interval
0 ≤ κ ≤ r1 if and only if

0 ≤ x ≤

( r1

r1 + r2

)1/p
.

From this, one sees that if 0≤ x ≤ (r1/(r1 + r2))
1/p, then the maximum off (κ) for

0 ≤ κ ≤ r1 is

f (κ0) = 2r2 log(y)−
2r2

p
log(1 − xp),
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while if x > (r1/(r1 + r2))
1/p, the maximum is

f (r1) = 2r1 log(x)+ 2r2 log(y)

+
2

p

(
(r1 + r2) log(r1 + r2)− r1 log(r1)− r2 log(r2)

)
.

Similar formulas hold forg(λ). PartitionC2
\E∞ into three regions:

region I:
{
(u, w) ∈ C2

: |u| ≤
( r1

r1+r2

)1/p
, |u|

p
+ |w|

p > 1
}
,

region II:
{
(u, w) ∈ C2

: |w| ≤
( r2

r1+r2

)1/p
, |u|

p
+ |w|

p > 1
}
,

region III:
{
(u, w) ∈ C2

: |u| >
( r1

r1+r2

)1/p and|w| >
( r2

r1+r2

)1/p}
.

ThenG((u, w); E∞, D) is given by

0 on E∞,

2r2 log(|w|)−
2r2
p log(1 − |u|

p) on region I,

2r1 log(|u|)−
2r1
p log(1 − |w|

p) on region II,

2r1 log(|u|)+ 2r2 log(|w|)

+
2
p

[
(r1 + r2) log(r1 + r2)− r1 log(r1)− r2 log(r2)

]
on region III.

(A.9)

By routine but tedious computations, one finds that
(1) G((u, w); E∞, D) is continuous everywhere, and it isC 1 except on∂E∞;
(2) writing u = rei θ andw = ρeiϕ ,

ddcG
(
(u, w); E∞, D

)
= 0 on the interior ofE∞,

ddcG
(
(u, w); E∞, D

)
= r2

p
2π

r p−1

(1−r p)2
dr ∧ dθ on region I,

ddcG
(
(u, w); E∞, D

)
= r1

p
2π

ρ p−1

(1−ρ p)2
dρ ∧ dϕ on region II,

ddcG
(
(u, w); E∞, D

)
= 0 on region III;

(A.10)
(3) ddcG((u, w); E∞, D) has no residues except on∂E∞; on ∂E∞, the residue

is given by the 1-formdcG((u, w); E∞, D), computed using the expression
from region I (resp., region II) in (A).

Computation of the (conjectural) intersection product
Associate to the setE and the divisorD = r1H1 + r2H2 the generalized arithmetic
divisor

D =
〈
D, {G((u, w); Ev, D)}v∈MK

〉
.
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(
Note that eachG((u, w); Ev, D) is continuous, so hereG?((u, w); Ev, D) =

G((u, w); Ev, D).
)

Assuming that there is an intersection theory for such objects
which extends Gillet-Soulé’s theory, which respects linear equivalence by principal
arithmetic divisorŝdiv( f ) =

(
div( f ), {− logv(| f (z)|v)}v∈MK

)
, and which has a de-

composition into local terms as in (4.4) and (4.5), we formally compute the self-
intersection numberD3. Put

D1 =
〈
D1, {Gv1}v∈MK

〉
:= D,

D2 =
〈
D2, {Gv2}v∈MK

〉
:= D + r1 d̂iv(u − 1)+ r2 d̂iv(w − 1),

D3 =
〈
D3, {Gv3}v∈MK

〉
:= D + r1 d̂iv(u)+ r2 d̂iv(w),

in which D1 = r1(u = ∞) + r2(w = ∞), D2 = r1(u = 1) + r2(w = 1), D3 =

r1(u = 0)+ r2(w = 0), and

Gv1 = G
(
(u, w); Ev, D

)
,

Gv2 = G
(
(u, w); Ev, D

)
− r1 logv(|u − 1|v)− r2 logv(|w − 1|v),

Gv3 = G
(
(u, w); Ev, D

)
− r1 logv(|u|v)− r2 logv(|w|v). (A.11)

SinceD1, D2, and D3 meet transversely, withD1 · D2 · D3 = 0, according to
(4.5) we expect

D3
= 〈D1,D2,D3〉 =

∑
v

〈D1,D2,D3〉v log(qv).

If ddcGvi = ωvi − δDi , then each local intersection term is given by

〈D1,D2,D3〉v = Gv3(D1 · D2)+

∫
D1(Cv)

Gv2ωv3 +

∫
X(Cv)

Gv1ωv2 ∧ωv3, (A.12)

whereD1 · D2 = r1r2(1,∞)+ r1r2(∞,1).

The intersection product in the nonarchimedean compact case
For nonarchimedeanv ∈ S1, writing q = qv, Green’s functions are given by

Gv1(u, v) = r1G
(
u; Zq, (∞)

)
+ r2G

(
w; Zq, (∞)

)
,

Gv2(u, v) = r1
(
G(u; Zq, (∞))− logv(|u − 1|v)

)
+ r2

(
G(w; Zq, (∞))− logv(|w − 1|v)

)
,

Gv3(u, v) = r1
(
G(u; Zq, (∞))− logv(|u|v)

)
+ r2

(
G(w; Zq, (∞))− logv(|w|v)

)
.

The first term in the local intersection product〈D1,D2,D3〉v is

Gv3(D1 · D2) = r1r2Gv3
(
(1,∞)

)
+ r1r2Gv3

(
(∞,1)

)
= r1r2

(
r1

1

qv − 1
+ r2

1

qv − 1

)
. (A.13)
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The (conjectural) second term is∫
D1(Cv)

Gv2ωv3 = r1

∫
{u=∞}

Gv2ωv3 + r2

∫
{w=∞}

Gv2ωv3.

The theory in [31] tells us that ifdµq(z) is the additive Haar measure onZq with
total mass 1, thenωv3|{u=∞} should ber2dµq(w) on Zq, andωv3|{w=∞} should be
r1dµq(u) onZq. (These are the only reasonable possibilities in light of the translation
invariance ofZq). HereGv2((∞, w)) = r1(1/(qv − 1))− r2 logq(|w − 1|q)), so

r1

∫
{u=∞}

Gv2ωv3 = r1r2

∫
Zq

r1
1

qv − 1
− r2 logq(|w − 1|q)dµq(w)

= r 2
1r2

1

qv − 1
+ r1r 2

2
1

qv − 1
. (A.14)

Similarly,

r2

∫
{w=∞}

Gv2ωv3 = r 2
1r2

1

qv − 1
+ r1r 2

2
1

qv − 1
. (A.15)

Finally, we expect thatωv2∧ωv3 should be 2!r1r2 ·dµq(u)dµq(w), where, as before,
dµq(z) is the additive Haar measure onZq with µq(Zq) = 1. SinceGv1(u, w) = 0
onZq × Zq, we expect that∫

X(Cv)
Gv1ωv2 ∧ ωv3 = 0, (A.16)

though at present we must take this as a definition in our case. Thus, summing (A.13),
(A.14), (A.15), and (A.16), we expect that for eachv ∈ S1,

〈D1,D2,D3〉v log(qv) = (3r 2
1r2 + 3r1r 2

2)
1

qv − 1
log(qv). (A.17)

The intersection product in the nonarchimedean noncompact case
By formulas (A.5) and (A.11), for eachv /∈ S1 ∪ ∞,

Gv1(u, v) = r1 max
(
0, logv(|u|v)+ mv1

)
+ r2 max

(
0, logv(|w|v)+ mv2

)
,

Gv2(u, v) = r1
(

max(0, logv(|u|v)+ mv1)− logv(|u − 1|v)
)

+ r2
(

max(0, logv(|w|v)+ mv2)− logv(|w − 1|v)
)
,

Gv3(u, v) = r1
(

max(0, logv(|u|v)+ mv1)− logv(|u|v)
)

+ r2
(

max(0, logv(|w|v)+ mv2)− logv(|w|v)
)
.

(If u or v is ∞, these are to be understood as appropriate limits.) As before, write
q = qv for the prime underlyingv.
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The first term in (A.12) is

Gv3(D1 · D2) = r1r2Gv3
(
(1,∞)

)
+ r1r2Gv3

(
(∞,1)

)
= r1r2

(
r1 max(0,mv1)+ r2mv1

)
+ r1r2

(
r2 max(0,mv2)+ r1mv2

)
= r 2

1r2
(

max(0,mv1)+ mv2
)
+ r1r 2

2

(
mv1 + max(0,mv2)

)
. (A.18)

The second term in (A.12) is∫
D1(Cv)

Gv2ωv3 = r1

∫
{u=∞}

Gv2ωv3 + r2

∫
{w=∞}

Gv2ωv3.

Based on our discussion concerning adelic intersection theory, we expectωv3 to be
a “(1,1)-form” r1dµ1(u)+ r2dµ2(w), wheredµ1(u) assigns mass 1 toqmv1 Ôv and
dµ2(w) assigns mass 1 toqmv2 Ôv. Thus we should have∫

D1(Cv)
Gv2ωv3 = r1

∫
qmv2 Ôv

Gv2(∞, w) r2 dµ2(w)

+ r2

∫
qmv1 Ôv

Gv2(u,∞) r1 dµ1(u).

The integrals on the right-hand side are expected to pick out the “generic value”
of Gv2(u, w) on the sets in question. The value ofGv2(∞, w) is r1mv1 for all
w ∈ qmv2 Ôv if mv2 > 0, and it is r1mv1 + r2mv2 for all w ∈ qmv2 Ôv with
|w−1|v = |qmv2|v, if mv2 ≤ 0. Thus the generic value ofGv2(∞, w) forw ∈ qmv2 Ôv
is r1mv1 + r2 min(0,mv2). Similarly, the generic value ofGv2(u,∞) on qmv1 Ôv is
r1 min(0,mv1)+ r2mv2. Hence we expect that∫

D1(Cv)
Gv2ωv3 = r 2

1r2
(
mv1 + min(0,mv1)

)
+ r1r 2

2

(
min(0,mv2)+ mv2

)
. (A.19)

This equality can at present be taken only to be a definition in this case, as we have
not made an independent definition of the integrals occurring in it.

Finally, we expect that ∫
X(Cv)

Gv1ωv2 ∧ ωv3 = 0 (A.20)

sinceGv1 vanishes onEv, regardless of what interpretation is given toωv2 ∧ ωv3.
(Based on our discussion of adelic intersection theory, we expect thatωv1 = ωv2 =

ωv3 and thatωv2 ∧ ωv3 = ωv1 ∧ ωv1 should assign mass 2! · r1r2 to the setEv =

qmv1 Ôv×qmv2 Ôv.) However, at present this equality can only be taken as a definition.
Summing (A.18), (A.19), and (A.20), we expect that

〈D1,D2,D3〉v log(qv) = r 2
1r2 ·

(
2mv1 + max(0,mv1)+ min(0,mv1)

)
log(qv)

+ r1r 2
2 ·

(
2mv2 + max(0,mv2)+ min(0,mv2)

)
log(qv)

= (3mv1 · r 2
1r2 + 3mv2 · r1r 2

2) log(qv). (A.21)
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Note that (A.21) is zero for all nonarchimedeanv /∈ S1 ∪ S2.
It may be worth noting that〈D1,D2,D3〉v log(qv) can be evaluated with dif-

ferent orderings of theDi . When this is done for〈D3,D2,D1〉v log(qv), the term∫
X(Cv) Gv3ωv2 ∧ ωv1 is nonzero, and to obtain (A.21), it is necessary to assume that
ωv2 ∧ ωv1 givesEv the mass 2! · r1r2 indicated above.

The intersection product in the archimedean case
In the archimedean case, formulas forG∞1, G∞2, andG∞3 are given by (A) and
(A.11). We haveddcG∞i = ω∞ − δDi for eachi , whereω∞ is as in (A.10) andδDi

is the Dirac current supported onDi . We now evaluate each of the terms appearing
on the right-hand side of (A.12) for 〈D1,D2,D3〉∞ log(q∞). Sinceq∞ = e1/2, this is
(1/2)〈D1,D2,D3〉∞.

For the first term, we haveD1 · D2 = r1r2((1,∞))+ r1r2((∞,1)). Since(1,∞)

and(∞,1) belong to the closure of region III, formula (A) gives

1

2
G∞3

(
(1,∞)

)
=

1

2
G∞3

(
(∞,1)

)
=

1

p

(
(r1 + r2) log(r1 + r2)− r1 log(r1)− r2 log(r2)

)
.

Thus

1

2
G∞3(D1 · D2)

=
2

p
r1r2(r1 + r2) log(r1 + r2)−

2

p
r 2
1r2 log(r1)−

2

p
r1r 2

2 log(r2). (A.22)

The second term in the local intersection product is

1

2

∫
D1(C)

G∞2 dω∞ =
1

2
r1

∫
{u=∞}

G∞2ω∞ +
1

2
r2

∫
{w=∞}

G∞2ω∞.

Consider the first integral. The hyperplane{u = ∞} does not intersectE∞ or the tube
|u| ≤ (r1/(r1 + r2))

1/p; it does meet the tube|w| ≤ (r2/(r1 + r2))
1/p, and on that

tube (writingw = ρeiϕ), by (A.10),

ω∞ = ddc(G((u, w); E∞, D)
)

=
r1p

2π

ρ p−1

(1 − ρ p)2
dρ ∧ dϕ.

Similarly, (A) shows thatG∞2(∞, w) is given by

lim
u→∞

(
2r1 log

(
|u|

(1 − |w|p)1/p

)
− 2r1 log(|u − 1|)− 2r2 log(|w − 1)

)
= −

2r1

p
log(1 − ρ p)− 2r2 log(|w − 1|).
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Writing R = (r2/(r1 + r2))
1/p,

1

2
r1

∫
{u=∞}

G∞2ω∞ = −r1

∫
|w|≤R

(r1

p
log(1 − ρ p)

) pr1

2π

ρ p−1

(1 − ρ p)2
dρ ∧ dϕ

− r1

∫
|w|≤R

(
r2 log(|w − 1|)

) pr1

2π

ρ p−1

(1 − ρ p)2
dρ ∧ dϕ

= −
r 3
1

2π

∫ R

0

∫ 2π

0
log(1 − ρ p)

ρ p−1

(1 − ρ p)2
dϕ dρ

− pr2
1r2

∫ R

0

( 1

2π

∫ 2π

0
log(|ρeiϕ

− 1|)dϕ
) ρ p−1

(1 − ρ p)2
dρ.

The second integral evaluates to zero by the mean value theorem for harmonic func-
tions, while the first is

= −r 3
1

∫ R

0
log(1 − ρ p)

ρ p−1

(1 − ρ p)2
dρ =

r 3
1

p

∫ 1−Rp

1
log(t)

1

t2
dt

=
1

p

(
(r 3

1 + r 2
1r2) log(r1 + r2)− r 2

1r2 − (r 3
1 + r 2

1r2) log(r1)
)
. (A.23)

Similarly, (1/2)r2
∫
{w=∞}

G∞2ω∞ evaluates to

1

p

(
(r 3

2 + r1r 2
2) log(r1 + r2)− r1r 2

2 − (r 3
2 + r1r 2

2) log(r2)
)
. (A.24)

The third term in the local intersection product is(1/2)
∫

P1×P1 G∞1ω∞∧ω∞. By
formulas (A.10), we see thatω∞∧ω∞ = 0 except on∂E∞. However,G∞1(u, w) = 0
on E∞, so this term vanishes.

Conjecturally, the total intersection product should be the sum of (A.17), (A.21),
(A.22), (A.23), and (A.24):

D3
=

1

p

(
(r1 + r2)

3 log(r1 + r2)− r 2
1r2 − r1r 2

2

− (r 3
1 + 3r 2

1r2) log(r1)− (r 3
2 + 3r1r 2

2) log(r2)
)

+

∑
v∈S1

(3r 2
1r2 + 3r1r 2

2)
1

qv − 1
log(qv)

+

∑
v∈S2

(3mv1 · r 2
1r2 + 3mv2 · r1r 2

2) log(qv). (A.25)

This is the same as the formula for− log(Sγ (E, D)) in Proposition4.2, and we see
that (4.9) holds, subject to the assumptions in (A.14), (A.15), (A.16), (A.19), and
(A.20).
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307(1988), 887 – 890.MR 90a:14028232, 233

[15] , An arithmetic Riemann-Roch theorem, Invent. Math.110(1992), 473 – 543.
MR 94f:14019 232, 233

[16] R. HARTSHORNE, Algebraic Geometry, Grad. Texts in Math.52, Springer, New York,
1977.MR 57:3116 236, 240, 248, 258

[17] E. KANI, “Potential theory on curves” inThéorie des nombres (Quebec, 1987), de
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