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Abstract

We show that the sectional capacity of an adelic subset of a projective variety ov
a number field is a quasi-canonical limit of arithmetic top self-intersection number:
and we establish the functorial properties of extremal plurisubharmonic Green’s fun
tions. We also present a conjecture that the sectional capacity should be a top s¢
intersection number in an appropriate adelic arithmetic intersection theory.
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0. Introduction
In this paper we establish a formula for the sectional capacity of an adelic set in ter
of arithmetic intersection theory. An adelic set is a subset of the adelic points of a pr
jective variety over a number field. The sectional capacity of such a set is an arithme
measure of its size relative to an ample divisor. The sectional capacity generalizes
classical logarithmic capacity to an adelic setting on varieties of arbitrary dimensio
Our main theorem asserts that the sectional capacity is a limit of top self-interse
numbers of metrized fractional line bundles in Gillet-S8siktheory. These line bun-
dles are supported on a canonical sequence of models determined by the no
chimedean components of the set, with metrics given by smoothings of extren
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plurisubharmonic Green’s functions attached to the archimedean components of
set. The main theorem gives the first explicit relation between capacity theory al
arithmetic intersection theory in dimensiods> 2; the connection is made via ex-
tremal plurisubharmonic Green’s functions and H. Gillet and C. &sw@rithmetic
amplitude theorem.

The result above is the strongest one we can formulate within GilleeSdhle-
ory. However, we expect that the sectional capacity should be given exactly by a t
self-intersection number of an adelic metrized line bundle with singular metrics, i
an appropriate adelic intersection theory. The conjecture and the nature of the des
intersection theory are discussed in the final section of the paper.

We now introduce the three objects involved in the main theorem.

The sectional capacity

Let K be a number field, and 1&€/K be a smooth, connected, projective variety. Let
D be an ample, effectivel -rational Cartier divisor orX, and for each place of K,

let E, ¢ X(C,) be a nonempty set, disjoint from the supportfind stable under
the group G&l(C,/K,) of continuous automorphisms @f,/K,. (C, denotes the
completion of the algebraic closure Kf,.) Dehomogenizing ab, identify sections

of 0'x(nD) with functions inK (X):

I'(nD) = H(X, x(nD)) = { f € K(X) : div(f) +nD > 0}.
For eactv, K, @« I'(nD) € K, (X). For f € K,(X), define

Iflle, = sup (I f@l)-
zeE,
In this generality it is possible thitf |, = oo. However, we are dealing only with
sets and functions for whichf ||g, is always finite.
For eacn > 0, put#(E,,nD) = {f € K, ®« I'(nD) : || f|lg, < 1}. Let Ak
be the adle ring ofK. Write E = [ [, E,, and put

#(E.,nD) = (Ak ®« I'(nD)) N[ [ A(E,. nD),

the “ball of adelic sections with sup norm at most 1 at each place.” Lgt belany
Haar measure oAk ®k I'(nD). ViewingI'(nD) as a lattice i\ ®k I'(nD), write
covoly (nD) for the volume of a fundamental domain fgkx ®x I'(nD)) /T'(nD).
Write log(x) for In(x). The ratio voh (#(IE, nD))/ covoly (nD) is independent of the
choice of Haar measure. T. Chinburd) defined the sectional capaci§; (E, D) by

—log (S, (E, D)) = n"—>moo (dn;j)! log (vols(#(E, nD))/ covoly (nD)),  (0.1)
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provided the limit exists. Theorem C a3, p. 8] asserts that under the following con-

ditions, which we call thetandard hypothesgS, (E, D) exists and is finite (possibly

zero):

(1) eachE, is nonempty and stable under &, /K,);

(2) eachE, is bounded away from supp)(C,) under thev-adic metric induced
by the given projective embedding &f;, and for all but finitely manyw, E,
and suppD)(C,) reduce to disjoint setgnodv).

The extremal Green’s function

For each archimedean placeof K, put X, = K, ®«k X, and viewX,(C) as a
complex manifold. LetE, € X,(C) be a compact set, disjoint from sugp) (C).
Identifying sectionsf € K, ®k HO(X, &x(nD)) with functionsf (z) € K,(X,), we
define the extremal Green'’s function Bf relative toD by

1
Gz E,,D)=sup  sup (—|og(|f(z)|)) (0.2)
n>1 feK,®@xI'(nD)
I fllg, <1

for z € Y,(C) = X,(C)\ suppD)(C). In the definition, the outer “sup” can be re-
placed by “limsup” or by “lim” sincef € K, ®k I'(nD) implies fN € K, ®k
I'(NnD).

It is not always true thaG(z; E,, D) is finite forz ¢ E,. Recall that a com-
pact setE C X, (C) is calledpluripolar if for eachx € E there is a plurisubharmonic
functiong(z) defined in a neighborhodd of x, suchthat) NE C {z: ¢(2) = —o0}.
We prove thatG(z; E,, D) is finite onY,(C) if and only if E, is not pluripolar by
showing that it coincides witld (z; E,, D), the “Siciak extremal function” or “ex-
tremal plurisubharmonic function of minimal growth aloBy’ which has been ex-
tensively studied in the theory of plurisubharmonic functions (see, €.9., [[34],
[35], [40]). Moreover, we show thaG(z; E,, D) is a Weil function forD, so it in-
duces a metric o, (D).

Arithmetic intersection numbers

By a generically smooth arithmetic varietywe mean an equidimensional projective
schemeX, flat and proper over Spég), with smooth generic fibr = X ®z Q.
Write d = dim(X); sod + 1 = dim(%X). Let Div(X) denote the group of Cartier
divisors onX.

Definition 0.1

A fractional Cartier divisoron X is an element of) ®7 Div (%), that is, a symbol
2 = (1/n)2’', where 0< n € Z andZ'’ is a Cartier divisor ork. The associated frac-
tional line bundle? = 0x(2) gives well-defined line bundleg®"™M = ¢x(MZ’)
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on X for all integersm. We call2 ample if 2’ is ample. A metrid] [} on.Z is spec-
ified by giving a metric{ }®" on the associated complex line bundi®" @7 C =
Ox(c)(Z¢), whereX(C) is the complex analytic space associated fandZ. is the
divisor 2’ ®7 C on X(C). We say thaf |} is smooth and Hermitian if }®" is, and we
define the first Chern form df |} to be I/n times that of{ }®". Given a line bundle
L on X, we say thatZ inducesL if L®" extends taZx(2’) on X.

Definition 0.2

A metrized fractional line bundles a triple (X, ., {| |) consisting of a generically
smooth arithmetic variet§t, a fractional line bundleZ on X, and a metrid| |} on.Z
invariant under complex conjugation.

We need Gillet and Soéls arithmetic amplitude theorem (se®]), strengthened
using their arithmetic Riemann-Roch theorem for generically smooth arithmetic vat
eties (seel9)).

Let (%X,.2,{ |) be an ample metrized fractional line bundle such thdtis
a smooth Hermitian metric with positive first Chern form, invariant under comple;
conjugation. WriteX = X ®z Q andL = . ®z Q. Suppose thatZ®" is an
ample metrized line bundle ok. For allm > 0, define the sup norm ||syp for
s e HO(X, L®"™) (and fors € R ®g HO(X, L®"™) by

Isllsup=sup ({sCOE"™).
xeX(C)

Let Bsup(n, m) be the unit ball inR ®q HO(X, L®"™) relative to || sup (Note
that R ®p HO(X,L®"™) = @, K, ® HOX, LE"M), and Bsyy(n, m) =
Dyjoo Bu(N. M), where B,(n,m) is the unit ball in K, ®« HO(X,L®"™) =
HO(X,, L®"M) relative to the restriction] |l,.sup Of || llsupto X, = K, ®k X.)

Let vol,, be any Haar measure on the real vector sfa@y HO(X, L®"™). Then
HO(x, #®"™) forms aZ-lattice inR ®g HO(X, L®"M). Let

covobe (HO(X, .2%") := vols (R ®g HO(X, LE"M)/HO(X, 2®"™))

be the volume of a fundamental domain for this lattice.

Given a metrized fractional line bundle= (X, .Z, {| |}), the intersection number
(X, 2, { H9t1is defined as follows. Lt (L) € 6T—|1(3€) be its first arithmetic Chern
class, and lef : X — Spe¢Z) be the structure morphism. Then

(X, 2, | D3 = f,(eu(D)HHY) e CH'(Speez)) = R, (0.3)

where the isomorphism takég), 1) € él\-ll(Spea;Z)) toAr/2 — log(dega)).
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THEOREMO.1 (Gillet, Soué; M. Gromov)
Let X be a generically smooth arithmetic variety. With the assumptions and notatic
above,

X, 2, hitt

. (d+ 1)! nm
= lim_ e log (VOlos (Bsupn, m))/ covol, (HO(X, £€"™))). (0.4)

This form of the arithmetic amplitude theorem (Th. 0.1) can be extracted from th
discussion in]4, p. 888] using 15, Th. 8].

Outline

The paper is divided into four sections. The first contains the main theorem expre:
ing the sectional capacity as a limit of top self-intersection numbers of metrized fra
tional line bundles. The second establishes properties of Green'’s fu@tmit, D)
needed for the first part. The third derives functoriality propertieS @ E, D), and

the fourth gives the conjectural exact formula and discusses evidence for it.

1. The main theorem
Our main theorem is as follows.

THEOREM 1.1

Let K be a number field, and let/X be a smooth, connected, projective variety
of dimension d. Let an adelic sét = [], E, and an effective, ample, K-rational
divisor D on X satisfying the standard hypotheses be given. Assume, {fiatl3) >

0, and assume that each archimedeay i& compact and not pluripolar. Put |=

Ox (D). Then there is a canonical sequence of mod&ls}; .., determined by
the nonarchimedean part d, and a natural sequence of ample metrized fractional
line bundles(Xn, %, { }n) inducing L on X, where th¢ |}, are smooth positive
metrics given by smoothings of Green’s functiong;,&,, D) of the archimedean
components oE, such that

—log (S, (E, D)) = lim (Xn. Zh. { )9+t (1.1)
More precisely, for each & 1, let

S ={f er(nD): sup(|f(x)|,) < 1for each nonarchimedean},
xeE,
and let «[S,] denote the graded -algebra generated in degrekeby S,. Then
Xn = Proj(Ok [S1]), and. % is a fractional line bundle induced by L 6, for which
L®" extends t@’x,, (1). The metrid] [}, is obtained by smoothing the Green’s function
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of an appropriate enlargement of the archimedean componeifit, @onstructed in
the theorem. The enlargements have the property that their Green’s functions &
continuous and their capacities approach the capacity of the original set. Such
sequence of enlargements and smoothings is not unique, but any such sequence ¢
by the construction in the theorem yields metfjds, for which (1.1) holds.

In the statement of the main theorem, we expect that the hypotBgsisnpluripolar
is redundant, and it should follow from the fact tfgt(E, D) > O (see the remark
following Lemma2.3).

The proof of the main theorem uses results about extremal Green’s functio
proved in Section 2, together with Gillet-Séid arithmetic amplitude theorem and
approximation theorems for the sectional capacity establisheg]nl{lote that al-
though the limits ©.1) and (.4) are similar in form, they have different origins. In
the capacity case, the metric underlying the sup norm (the fibral nfetfie, (x) on
O'x (D) for which the canonical sectidhof &'x (D) satisfie|1}g, (x) = 1if x € E,,
and zero otherwise) is not even continuous from fibre to fibre, while in the interse
tion theory case it i$">°. Furthermore, the capacity case concerns only the generi
fibre X/Q, whereas the intersection theory case involves a mdd&pecZ).

The proof depends on two key observations. The first is that for each archimede
v, the unit ball(E,, nD) Cc K, ® I'(nD) for

Iflle, = sup(If @)

zeE,

coincides with the unit balBg, (n) for the sup nornj| f ||, with respect to the sin-
gular but smoothable metric afix (n D) associated to Green'’s functi@(z; E,, D):

| f(2)]
f = su ’
Iflle, ZEX((F:)U) (exfan(Z; E., D)))

The second is that for each if ($,)™ denotes the degrea component ofOk [S],
then for all sufficiently largen the set(S,)™ can be recovered a3%(x, &x (m)) for
the modelX,, = Proj(Ok [S]).

We need the following lemma. In the lemma, and in many other places i
the paper, vql denotes an arbitrary Haar measure Knp ®x I'(nD). Given mea-
surable subset®,, 8> c K, ®k I'(nD) with finite, nonzero measure, the ratio
vol, (%1)/ vol, (%) is a generalized index, independent of the choice of Haar mee
sure.

LEMMA 1.2

LetE and D satisfy the hypotheses of Theoref) and fix an archimedean plaaeof
K. Then for eacls > 0, there is a set K(¢) containing E, which is compact, stable
underGaF(C,/K,), bounded away froraupg D), and such that
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(1) for all sufficiently large n,

lim sup% log (vol,(#(E,, nmD))/ vol,(#(E,(¢),nmD))) < &;

m—

(2) G(z; E,(g), D) is continuous.

Proof

SinceS, (E, D) > 0, 4(E,, nD) is a bounded, convex subsetlf ®x I'(nD) for
eachn > 0. LetC be a constant such that diniC" (n D)) < Cn%, and let#(E,, nD)™
denote the convex hull iK, ®k I'(nm D) generated byn-fold products of elements
of Z(E,,nD). By [33, Th. 15.1], for each sufficiently large, and all sufficiently
largem (depending om),

log (vol,(#(E,, nmD))/ vol,(B(E,, nD)™) < 3 - (nm)d+L, (1.2)

Fix such ann, and letn > 1 be such thaC - log(n) < &/3. Then the set4y =
n~"%(E,, nD) satisfies

log (vol,(#(E,,nD)™)/ vol,((%o)™)) = dimk (I'(hmD)) log(n"™)

< % - (nmyd+1 (1.3)
for eachm. As % is contained in the interior o8(E,, n D), there exist finitely many
functionshy, ..., hy in Z(E,, nD) such that% is contained in the interior of the
convex hull ofhy, ..., hy. For sufficiently smalll > 1, % is also contained in the
interior of the convex hull ohy/T, ..., hym/T. Fixsuchal.For1< R < T, put

Evr={ze X,(©) : i@ <R,....lhm@| < R}.

Then E, € E,R; E, r is stable under G&C,/K,) and bounded away from
suppD); andhy/T, ..., hm/T € %,(Ey r,nD). By (1.2) and (L.3), for all suffi-
ciently largem,

2¢
log (vol,(#(Ey, nm D)/ vol,(#(Ey r,nD)™) < = - (am**,
So E, g satisfies (1) in the lemma. Propositigri2shows that for small enougR >

1, G(z E, R, D) is continuous. Hence we can takg(e) = E, r for an appropriate
R. O

Proof of Theoreni..1, assuming the results of Section 2
After replacingD by N D for a suitableN, we can assume, without loss, tHatis



236 CHINBURG, LAU, and RUMELY

very ample. ViewingR ®q I'(nD) as the archimedean componenfgf ®k I'(nD),
and regarding’(nD) as embedded iAx ®k I'(nD) along the diagonal, put

S = {f eTr(D): f € (R@gT(MD)) x [] ,@(Ev,nD)}.
v finite

As S,(E,D) > 0, our standard hypotheses imply that each nonarchimedez
HB(E,, nD) is compact and open, andht, .. ., hy is aK-basis forT"(n D), then for
all but finitely manyv, %(E,, nD) is the “trivial set"@ O,h; (see B3, formula (4)]
for the result over a field where a monic basis exists, and¥®é&drmula (22)] for the
descent tK). It follows that S, is a finitely generate@®g -module. Furthermore, by
the weak approximation theorel§; is dense inB(E,, nD) for eachv. Let Ok [S]
be the grade® -algebra generated in degree 18y and putX, = Proj(Ox [S]).
As L®" extends to the line bundl€x, (1) on X,, by definition there is a fractional
line bundle., on X, which induced. on X.

Fix a sequence of numbetg > 0 with lim,_..en = 0 and a sequence of
numbers), > 1 with limp_, o nn = 1.

For each archimedean Lemmal.2 shows that there are sefs , := E,(en)
containingE, such that for each,
(1) limsup,_ o (1/(nm%t1) log (voly(B(E,, nmD))/ vol,(#(E, n, nmD)))

< &n;

(2) G(z E,n, D) is continuous.
Write X, = C, xk X. SinceG(z; E, i, D) is continuous, Corollarg.6and Theorem
2.18provide a smoothing, n of G(z; E, n, D) such that

|9v,n(2) — G(Z; Ey n, D)| < log(nn)

and such thag, » induces a metric oh, = C, ®k L on X, (C), with positive first
Chern form, given orX, (C)\ supa D) by

@l
exp(gu,n(2)’

If K, = R, theng, n can be taken to be stable under complex conjugation. To
gether, the metric§ [ig, , determine a metri¢ [|n on L over X(C), stable under
complex conjugation. We claim that the sequence of fractional metrized line bundl
(%Xn, %4, { In) has the properties in the theorem.

Write (S,)™ for the degreen component ofOk [$,]. SinceOg is a Nagata ring,
for eachn and all sufficiently largen (depending om),

Ifhg.n(@ =

HO(Xn, Z2"™) = ()M (1.4)

(see [L6, p. 123]). For each nonarchimedean write Z(E,, nD)™ for the O,-
submodule ofK, ®k I'(hnmD) generated bym-fold products of elements of
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%(E,,nD). BecauseB, (E,, nD) is closed ands, is dense iB, (E,, nD), for each
ma
%(Evv n D)m = Ov ®OK (S‘\)m (15)

From (L.4) and (L.5) we conclude that for all sufficiently larga (depending om),

HOGn, 2™ = T(mD) N (R@g MmD) x [ #(E,.nD)"), (1.6)

v finite

where we view both sets on the right-hand side as subsdig @k I'(nm D).
Fix ¢ > 0. By [33, Th. 15.6(B)], for all sufficiently largen and all sufficiently
largem (depending om), if vol 4 is any Haar measure otk ®k I'(nm D), then

Iog(voIA (%(E,an))/volA(H%(Ev,an) x 1—[ %(Ev,nD)m))

v|oo v finite

<& (nmd*L, .7

(As formulated in B3], Theorem 15.6(B) concerns the quantity
log (voIA (#(E,nmD))/voly (H%’(Ev, nD)m)>;
v

since4(E,nmD) = [[, Z(E,,nmD) and#(E,,nD)™ c #(E,, nmD) for each
archimedeaw, Theorem 15.6(B) implies (1.7).)

For each archimedean and eacm andm, the metric{ [}, , determines a metric
on L™ which we denote by }g"™. Put

By, ,(nm) = {f € K, @ T(MmD):  sup {fg" <1}.
' zeXy(Cy) "

Green’s functionG(z; E, n, D) determines another metr[p|}‘§::‘ on L®"M given

by { f}&""(2) = |f(2)|/ exnmG(Z; E, n, D). Let || |, , be the associated sup

norm. Pri)r]positioriz.l6shows that the unit balB(E,, nm D) for the norm| | g, and
the unit ball%g, ,(nm) for || ||, coincide:

H(E,,nmD) = %’Gv’n(nm).
This and the fact thdg, n(z) — G(z; E, n, D)| < log(z,) for all zimply

"By, ,(NM) € B(E, n,nMD) < 1" Ay, ,(NM).

Let vol, be any Haar measure df, ®k I'(nD). If C is a constant such that
dim((L®"™)) < C - (nm)9, we conclude that

| log (vol, (#(Ey,n, nmD))/ vol,(Zg, ,(nm))) | < Clog(nn) - (nm)d+1.
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On the other hand, by the constructionif ,, for all sufficiently largem,
| log (vol,(B(E,, nmD))/ vol,(Z(Eyn, nMmD)))| < en - (nm)*.

Consequently, for all sufficiently largeand all sufficiently largen (depending on
andn),

|log (vol,(#(E,, nmD))/ vol, (&g, ,(nm))| < & - (nm)d+1, (1.8)
By (1.7), (1.8), and Lemmal.2, if we put

Ba(nm) = [ | Zg,,(nm) x [ B(E,.nD)"

v]oo v finite

and ifr is the number of archimedean placed<fthen for all sufficiently large and
all sufficiently largem (depending only om),

|log (vola(B(E, nmD))/ vols (Za(nm))| < (r +1) - e - (nm)d+L, (1.9)

Using the strong approximation theorem and standard isomorphisms of gro
theory, it is easy to see that iT is a fundamental domain foR ®q
r(nmD))/HO(Xpn, Z2"™), thenT x [] A (E,,nD)™ is a fundamental domain
for (Axk ®« I'(nmD))/ T'(nmD).

Formula (..9) holds for any choice of the Haar measurevdf we put voly, =
[ 1, vol, where the nonarchimedean local Haar measures are normalized so that e
vol,(%(E,,nD)™) = 1, and if we regard vgl = [],,,, vol, as a Haar measure on
R ®g I'(nm D), then we have

v finite

v|oo

covoly (nmD) = vol, (T x 1_[ B(E,, nD)m)
v finite

= VOl (T) = coVOby (HO(Xn, £2"M)).

Moreover,[],., #g, ,(NM) = Zsug(n, M) in the sense of Theorem 1. Thus (L.9)
can be reformulated as

|log (vola(#(E, nmD))/ covoly (nm D))
— log (VOls (Zsup(n, M)/ covoke (H2(Xn, Z2"™))| < (r + De - (nm)®+1.
(1.10)
Now by the existence of the sectional capacity (2 Th. C]), for eacm,

im (d+ 1)!

A e log (vols (#(E, nmD))/ covoly (nm D)) = —log (S, (E, D)).
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On the other hand, by Gillet-Sai$ arithmetic amplitude theorem,

d+ 1)

m— 00 W Iog (V0|oo(<@sup(n, m))/ COVO'oo(HO(%n’ fn®nm)))

= (Xn, %, I B
Hence, for all sufficiently large, (1.10 gives
| —log (S, (E, D)) — (Xn, %, { B)* ™ = @+ D!-(r +1) - e.
Sincee is arbitrary,

—log (S, (E. D)) = lim (¥n, Zn, { hn)**™. (1.11)
O

RemarkThe key fact underlying the main theorem is the fact that the sectional c:
pacity exists under very weak hypotheses. If the &gtare such thaG(z; E,, D) is
continuous for each archimedeait can be shown that the convergence of the met-
rics{ [}n is uniform; and in that case, the existence of the limit on the right-hand sid
of (1.11) is equivalento the existence of the sectional capacity. However, in genera
G(z E,, D) is not continuous, and thg, , converge pointwise but not uniformly to
G(z E,, D). In this case, the main theorem goes beyond what can be shown usi
the methods of uniform convergence used4f]]

Examples
We conclude this section with two examples illustrating the kinds of models the
Theoreml.1 produces.

Our first example concerns placesvhereE, is the “trivial set” consisting of
all z e X(C,) which specialize to points not in su@dp) (modv). Recall that an ef-
fective relative Cartier divisor on a scherig SpecA) is an effective Cartier divisor
whose local equations define a subscheme flat over(3pec

PROPOSITIONL.3

Let v (resp., S be a nonarchimedean pladgeesp., a finite set of nonarchimedean
places of K. Suppose that A is either,@r the localization @ of Ok at the primes
in S. LetXa/ SpecA) be a normal model of X whose closed fibres d&veecA) are
reduced. Suppose that D extends to an ample effective relative Cartier dixzjison

X a. Suppose further that for each finite plaweof K corresponding to a closed point
of SpecA), E, is trivial with respect taX,, = X ® o Oy and Z,, = Za ®a Oy, in
the sense that k consists of the set of all points of(&,,) which do not specialize
to a point on the closed fibre &f,, belonging to the reduction supZ,,). Then for
all sufficiently large nProj(Ok [Sh]) ®oy A is isomorphic tdX a.
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Proof

We give the proof only whe = O,, as the global case is similar. Wri#&, = 2o, .
Leti : X, — Pg‘u be the projective embedding associatedZo The argu-

ment of [L6, Exer. 11.5.14] shows that for all sufficiently large integés the map

F(ng, Opm(N)) — I'(Xy, Ox,(N2Z,)) is surjective. Thus for all sufficiently large

n, the gradec{)v—algebraRf,n) generated by (X,, Ox,(n%,)) in degree 1 defines
the projective scheme P(cﬁif,n)) which is the image of, under the composition
ofi : X, — PG with then-tuple embedding oPf — ]P’g; for an appropriaten’.
Hence ProGR,S”)) is isomorphic taX,, and to prove the proposition, it suffices to show
O,[S] = RY"™. For this, it is enough to prove tha#(E,, nD) = I'(X,, Ox, (N%,))
foralln > 0.

If f e I'(Xy, Ox,(nZy)), then f is regular off2,. Sincez € E, implies that
the Zariski closure ot is disjoint from 2,, we conclude thatf (z)|, < 1,sof €
AB(E,,nD).

SinceI'(Xy, Ox,(n%,)) is a finitely generated,-module, it now suffices to
show that whem, is a uniformizer ofO, andnv—lf isnotinI"(X,, Ox,(n%,)), then
nv_lf is not in8(E,, nD). In other words, we must show that there existsa E,
for which |7'cv_1 f(2)|, > 1. Because the special fibre &f, has been assumed to be
reduced, anah2, is a very ample effective relative Cartier divisor, the hypothesis
n,jlf ¢ I'(%X,, Ox,(n%,)) implies thatf is a unit in the local ring of the generic
point of some irreducible componeift of the special fibre oft,. Thus there is a
smooth pointx of T such thatf is a unit in the local ringOx, x. Again, using the
fact that the special fibre o€, is reduced, we see that, — SpecO,) is smooth
in a neighborhood ok. The local lifting property for smooth morphisms (c23 p.
30]) implies there is a poirt € X, (C,) which specializes to a point of special fibre
of X, which is defined over the algebraic closure of the residue fieldarid which
lies abovex. Hencez € E, because does not lie orD. Sincef is a unit ofOx, x,
we also havef (z)|, = 1, so;rv_lf is not in%(E,, nD). By our earlier remarks, this
completes the proof. O

Our second example concerns the particular vardéty= P1/Q. Fix a coordi-
nate functionz, and let{Up, U1} be the covering ofX given by the affine sets
Up = PI\{z = o0} andU; = P1\{z = 0}. Let D be the Cartier divisor defined
by the pairgUp, 1) and(U1, 1/2) so that supfD) = (o0).

Fix a nonarchimedean plaeeof K = Q, and letq = g, be the rational prime
underlyingv. Identifying P1(C,) with C, U {oo} by means of the coordinate func-
tion z, take E, = Zq, the ring ofg-adic integers. We consider the local component
Xn,v/ SpedZq) of the model produced by our construction. Identifyiig ® I"(n D)



CAPACITY THEORY AND ARITHMETIC INTERSECTION THEORY 241

with the space of polynomials i@q[z] of degree less than or equalripwrite

v={feQq®TnD): sup(|f(l) < 1}.

X€Zq

If Oy[Sh,v] is the gradedZq-algebra generated in degree 1 8y,, thenX,, =

Proj(Oy[S.v])-
Itis well known that &q4-basis for§, , is given by the binomial polynomials

z 1 k1
k(2 = (k) = ﬂ)(z_ 0)

fork =0, ..., n. The Lagrange interpolation polynomials
n-1
z—/¢
hnk(2) = O<k=n-1
n,k( ) 3 k _ E’ P P )
04k

also belong tdS, ,; indeed,hnk(2) = gk(2) - (=1)"*1g,_k_1(z — k — 1). Con-
versely, eachf € §,, of degree less than or equal to— 1 can be written as
f(2) = Y p_s f(K) - hnk(2), wheref (k) € Zq by hypothesis. Thus anothg&g-basis
for &,y is given byhn 0(2), ..., hnn—1(2), On(2).
Note that for eaclk,
on(2 z—k z—k
k@ ~ (—pnk-In(" 3 e g

wherem(k) = ord, (n(”;l)) anduy is a unit inZq. Thus, dehomogenizing ah(2)
and at each of thby, (2) in turn, we find thatt,, , is covered by the affine schemes

m(0) m(n—1)
Spec(Zq[j_o,..., zi (n—l)])

z—k z—k qMO© z—R g
SpeC(Zq[qm(k)’ qnl z—0"" gm0 z—(n— 1)])
fork=0,...,n—1.
Using this, one can work out the structureXf , for any givenn. Whenn = g™,
it is particularly simple. In that casen(k) = ordy (n(”;l)) = m for eachk. Put

Yk = q™/(z — k). Then for eachk # ¢,

and

m

YeYe = % (Y — Ye) = Uk e - gDy — ),
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whereuy ¢ is a unitinZq and ord (k — £) < m. It follows that

m(0) m(n—1)
Spec{Ze[ ;5 7on7 1)

= SpedZq[Yo. - - - » Yn-11/(Yk¥e = Ui,eq™ O 0* 0 (yi — yp))ize)

has reduced special fibre SEg[Yo. ..., Yn—11/(YkYe = O)k¢) consisting of the

n = g™ coordinate axes. The special fibre of each of the other coordinate patch
consists of a single line, corresponding to the local coordinate fungtioa (z —
k)/q™ on the ball{z € C, : |z— klq < 1/q™}. Each of these glues onto one of the
coordinate axes above, wiyk = 1. Thus the special fibre 6fqm , consists ofy™
Iines]P’l/IFq, meeting as a divisor with normal crossings at a common pint

2. Extremal Green’s functions

In this section we study the archimedean Green’s funct®(g E,, D). We show
that if E, is not pluripolar, therG(z; E,, D) is finite and defines a Weil function for
D and hence an associated metricadn(D). We prove thakE, can be approximated
by sets with continuous Green'’s functions, anGif; E,, D) is continuous, then the
associated metric can be smoothed t&&-positive metric withine of the original
metric, for anys > 0.

Our plan is to identifyG(z; E,, D) with the “plurisubharmonic extremal function
®(z; Ey, D) of minimal growth alongD,” which has been extensively studied in
analysis. The key results are known for plurisubharmonic functions on Stein spac
and the only novelty in our approach consists in carrying them over in an arithmet
context to Weil functions.

To simplify notation, in this section we drop the subschiptand we letX =
X, (C) be a smooth connected projective complex manif@ildan effective, ample
Cartier divisor onX, andE C X\ suppD) a compact subset. We writé for the
affine subseX\ supp D).

Plurisubharmonic functions
Recall the following definitions and facts.
(A) Given an open séfl € CN, a functionv : U — [—o0, 00) is calledplurisub-

harmonic(cf. [18, p. 62], [L9, Th. 3]) if

(1) wv(2) is not identically—oo on any connected componentldf

2) v(2) is upper semicontinuous (i.e., limsup, v(x) = v(z) for eachz € W,
or, equivalentlyp—1([—o0c, a)) is open for eacla € R);

(3) foranya, b e CN, the functiond : C — [—o0, 00) given byd (i) = v(3+1b)
is either subharmonic, or identicallyoco, on each component gk € C :
3+ rbe Ul
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(Recall thatu(z) : C — [—o0, 00) is subharmonic if it is upper semicontinuous, is
not identically—oo, and has the integral average property

1 (= i0
U(Z)SZ/O uiz+rev)deo

for eachz € C and each sufficiently small > 0.)
(B) If v € ¥%(U), thenv is plurisubharmonic if and only if
i 9%y

dd®v = — =
2 i 0Zj 02

dzj A dz (2.1)

is positive semidefinite. Even wheng €2, if v(z) is plurisubharmonic, thedd®v is
a positive semidefinitél, 1)-current with measure coefficients (sé&,[p. 110]).

(C) Let 7 (U) be the space of test functions, that is, the spac€®Btfunctions
onU with compact support. A plurisubharmonic functio(z) onU < CN is called
strongly plurisubharmonid for eachw € 7 (U) there is a@p > 0 such that for all
t € R with |t| < tp the functionv(z) + tw(2) is plurisubharmonic (se€f, Def.

2)). If v € €2, thenu(2) is strongly plurisubharmonic if and only id°v is positive
definite.

(D) Let X be a complex analytic space, and l&tC X be an open subset. A
functionv : U — [—o0, 00) is called plurisubharmonic if, for each € U and
each analytic embeddiny : V — CN of a sufficiently small neighborhood of
a, there is a plurisubharmonic functidhon a neighborhood of h(a) such that
v(2) coincides withv(h(z)) onV (see B0, Déf. 1.1]). Similarly,v is called strongly
plurisubharmonic it can be taken to be strongly plurisubharmonic. A basic theoren
of J. Fornaess and R. Narasimhag][asserts that an upper semicontinuous function
v : U — [—o00,00) is plurisubharmonic if and only if for each holomorpHic:
D(0, 1) — U the functionv(h(z)) is either subharmonic or is identicallyoco.

Weil functions
The divisor D can be described by giving a finite open coverji,} of X and a
family {¢,} of meromorphic functions ofU, } such that otJ, NUg, ¢up == @ /¢ €
0> (Ug N'Ug). Fix such a family{(U,, ¢ )}. For the associated line bundig (D),
the transition function old, NUg is ¢ug, and the canonical meromorphic sectidr
is given by{(Uq, ¢a)}.

A function f : Y = X\ supgD) — R is called aweil functionrelative toD if
on eachJ, there exists a bounded functigg : U, — R so that

f +109(l¢«l) = Ve (2.2)
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on U,\ supa D). Note that eachy, is defined on the entire séi,, not just on
Uy \ supp D). We call a Weil functionf continuous, or upper or lower semicontinu-
ous, org*°, or plurisubharmonic, or strongly plurisubharmonic, if there exjs for

f with these properties. It is clear thatfif and f2 are Weil functions relative to the
divisorsD1 andD», then f1 + f» is a Weil function relative td1 + D».

LEMMA 2.1

If a Weil function f relative to D is continuous or plurisubharmonic, then this
with these properties are uniquely determined. If f and g are Weil functions relativ
to D, then f—g is bounded on XsuppD); moreover, if f is continuous or plurisub-
harmonic and g is continuous or plurisubharmonic, there is a canonical extension
f — g from X\ supp D) to all of X, which is continuougesp.,%*) if f and g are.

Proof
The boundedness df — g follows from the compactness of.

Suppose thaf + log(|gy|) = Yy« On U\ supaD). If f is continuous, the re-
quirement of continuity uniquely determines thgon U, ; so does the requirement
of plurisubharmonicity (se€elB, Cor. 2.9.8]).

Now suppose thad is another Weil function relative tB, with g + log(|gy|) =
7, on U, \ supp D). If f andg are continuous or plurisubharmonic, we can extend
f —gto X by putting(f — 9)(2) = y,(2) — 1,(2) onU,. This extension is well
defined because aiJ, N Up)\ supa D) we have

Yo — VB = log(|§0aﬂ|) =Ty — T8,

so the uniqueness of thg andz, implies thaty, — 7, = yg — 7 onU, NUg. The
extension is clearl’™ if f andg are. O

In the future, if f andg are continuous or plurisubharmonic, whenever we wiiteg
we understand this to mean the natural extensiok given by Lemma2. 1.

PROPOSITION2.2
If D is an ample, effective divisor on X, then there exist&’q, strongly plurisubhar-
monic Weil function Wz) relative to D.

Proof
Without loss, we can assume tHatis very ample, withX < P" and D defined by
Zo = 0. Then we can take

24 ... 2
W(zp:---:2y) =log (\/|ZO| +|20|2+ Ll ) (2.3)
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onY. A standard computation (se&q, p. 87]) shows thad d®W(2) is positive definite
onY, and it is positive definite in the sense of Weil functions on alKof O

Note that ifD is ample andV(z) is any¢° Weil function for D, then for anyr € R
the set
{ze X:W(2) <r} (2.4)

is a compact subset of = X\ suppg D), andY is the union of these sets for all A
functionW(z) satisfying these conditions is called exhaustion functiofor Y.

A function with the properties in Propositich2 is called astrong Weil exhaus-
tion functionrelative toD.

Suppose thab is an ample, effective divisor oK, and suppose that/(z) is a
strong Weil exhaustion function relative . Let us introduce the following classes
of functions:

PSHD) = {plurisubharmonicf : X\ supgD) -> R :
for someC, f(2) < W(2) + C for all z},
PSH, (D) = {plurisubharmonicf : X\ supgD) — R :
f is a Weil function relative t(D},
PSH (D) = {f : X\ supgD) — R : f is a continuous
plurisubharmonic Weil function relative ID}.

Trivially, PSHj(D) C PSH. (D). Also, PSH.(D) c PSHD) sinceW(z) is a Weil
function relative toD, and any two such functions have bounded difference. For thi
same reason, these families depend onlypoand not on the choice &V (2).

Loosely, PSHD) is the family of plurisubharmonic functions with order of
growth no greater thai/(z) asz approaches supp), and PSH (D) is the family
of plurisubharmonic functions such thit(z) — W(z)| is bounded orY. PSH,_ (D)
is the family of such functions that are continuous ¥rand such that, for each
g € suppD), if gq(2) is a local equation foD at g, then in a sufficiently small
neighborhoodJ of g there is an extension(z) of f (z) + log(l¢q(2)|) which is con-
tinuous and plurisubharmonic dh.

The extremal functio®(z; E, D)
Definition 2.1
Let E C Y be compact and nonempty. Define the extremal function

®(z; E, D) =sup{f(2: f e PSH andf|g <0}.
More generally, for any functioh : E — R, put

®y(z; E, D) =sup{f(2): f e PSHD), andf|e < b}.
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Recall that for any functiofr : Y — R U {—oc}, theupper semicontinuous regular-
ization F* of F is

F*(2) := limsupF(x).

X—>Z

Plurisubharmonic functions are by definition upper semicontinuous. The extrem
function ®p(z; E, D) is not, in general, plurisubharmonic, buthfis bounded and
E is not pluripolar, therd} (z; E, D) is locally bounded and plurisubharmonic ¥n
(see f0, Th. 4.2]). Furthermore, under these hypothedggz; E, D) coincides with
®y(z; E, D) outside a pluripolar set. (This is a consequence of a general fact due
E. Bedford and B. Taylor4, Th. 7.1] about so-called negligible sets; alternately, see
[18, p. 166, and Th. 4.7.6].)

LEMMA 2.3

The following properties of a compact setdEX\ supg D) are equivalent:

0] E is pluripolar;

(i)  there exists some e PSHD) with v|g = —o0;

(i) ®*(z E, D) = o0;

(iv)  for some g € X\ supaD), ®*(zp; E, D) = o0;

(v)  forsome bounded bE — R and 3 € X\ supgD), ®}(20; E, D) = oo.

Proof

The equivalence of (i), (ii), and (iii) is shown id{, Th. 3.9]. The equivalence of (ii)
and (iv) follows from B0, Lem. 3.10]. The equivalence of (iv) and (v) follows from
the fact that for each boundéd E — R, we haved*(zp, E, D) = oo if and only if
®}(20; E, D) = oo. O

Remark Another condition can almost certainly be added to this equivalence, name
that E is pluripolar if and only if its local sectional capaci§ (E, D) (introduced in
[33, Sec. 14]) is zero. This is known to be true whén= P", D = H,, as noted in
[32, p. 535].

We next show that ib : E — R is continuous, therbp(z; E, D) is not only a
function onX\ supa D) but is in fact a Weil function relative t®.

THEOREM2.4

If E is not pluripolar, and b: E — R is continuous, then

0] ®p(z; E, D) is a plurisubharmonic Weil function relative to D; in particular,
®p(z; E, D) € PSH, (D);
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(ii) on Y\E, ®}(z E, D) satisfies the complex Monge-A@ng equation

(dd°®}(z E, D)) =0,

where d = dim(X). This holds, in the sense of Weil functions, on all of
X\E: For each q € suppD), if ¢q(2) is a local equation for D at g,
then in a sufficiently small neighborhood of g, the natural extengi@) of

@} (z E, D) + log(l¢q(2)]) satisfiesdd®y (2))4 = 0.

Proof

In [40, Th. 4.2] it is shown that wheh is continuous®}(z; E, D) is plurisubhar-
monic onY with dd°®}(z E, D) = 0 on Y\E. Moreover, if W(z) is a strong
Weil exhaustion function foD, then®}(z; E, D) — W(2) is bounded orY. Thus
@t (z; E, D) € 2744 (D).

To see thatb(z; E, D) is plurisubharmonic on supp) in the sense of Weil
functions, suppose < supgD), and letgq(z) be a local equation foD in
a neighborhoodJ of g. By construction,®j(z; E, D) — W(2) is bounded on
U, and W(2) + log(lgq(2)]) is bounded near. Both are plurisubharmonic on
U\ sup D). By a general fact about plurisubharmonic functions, the natural exter
sion of @} (z; E, D) + log(leq(2)]) to U given by

y(@) = limsup ®{(x; E, D) + log (1gq(¥)1)
x¢supfa D)

is plurisubharmonic (sed g, Th. 2.9.22]).

Lastly, we show thatddy(z))¥ = 0 nearq. Without loss, we can assume
that D is very ample. Choost(z) € K(X)* so thatD’ := D — div(h) is ef-
fective,q ¢ suppD’), andE N supaD’) = ¢. Now consider the situation above
relative toD’, with b’ := b + log(Jh(2)|) on E. By the definitions, one sees that
@ (z; E, D) = ®y(z, E, D) + log(lh(2)]). Using what has been shown above, we
conclude thatld®®y (z, E, D)@ = 0 onY'\E, whereY’ = X\ supgD’). Transfer-
ring back, we conclude thatldy ()¢ = 0 in a neighborhood . O

Identification of®(z; E, D) and G(z; E, D)
We now show that Green’s functioB(z; E, D), defined in (.2), coincides with
®(z;, E, D). WhenE is not pluripolar, it follows thatG(z; E, D) is a plurisubhar-
monic Weil function onX; in particular, it is finite onY = X\ suppg D), and for each
g € supp D), if ¢q(2) is a local equation fob atq, thenG(z; E, D) + log(|¢q(2)])
extends to a function plurisubharmonic along

The fact thatG(z; E, D) coincides with®(z; E, D) on'Y is a simple conse-
guence of 40, Th. 5.1].



248 CHINBURG, LAU, and RUMELY

PROPOSITION2.5 (A. Zériahi)

Suppose that Y is embeddedGA' for some m; let A(Y) be the vector space of
functions on Y given by polynomials @{x, ..., xm] of total degree less than or
equal to n. Then for each compact&Y andeach z Y,

1
®(z, E,D)=sup sup =log(|f(2)]).
n>1 f?ﬁn(Yl)
Iflle<

Recall that

1
G(z; E, D) =sup sup (— log (| f(z)|)>. (2.5)
nzlfefli(nDl) n
Iflle<

COROLLARY 2.6
For any compact EC Y,

G(z; E,D) = ®(z E, D).

Proof

For each integeN > 1, if f € I'(nD), then fN e I'(NnD). It follows that the
outer sup in 2.5 can be taken oven that are multiples oN, soG(z; E, ND) =
NG(z; E, ND). Similarly, h € PSHD) if and only if N - h € PSHN D), so
®(z; E,ND) = N®(z E, D).

Thus we can assume, without loss, tBeis very ample. After embedding in an
appropriaté®™ using the sections dfi%(X, ¢x (D)), we can assume that is cut out
by the hyperplaney = 0. For sufficiently largen, HO(X, &x(nD)) coincides with
HOP™, gpm(n))|x (see [L6, p. 126]). Dehomogenizing ab, this says thaF (nD) =
An(Y). O

COROLLARY 2.7
If E is not pluripolar, then G(z; E, D) is finite on Y and is a plurisubharmonic Well
function for D on X.

Proof
This follows from Theoren2.4 and Corollary?2.6. O

Continuity

For the proof of Theorem.1, we need to smootfs(z; E, D) = ®(z E, D). The
first step is to find conditions under whieh(z; E, D) is continuous. We show that
®(z E, D) is continuous as a Weil function oX if and only if it is continuous
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as a function ork, and then we give geometric conditions Brwhich assure that
®(z; E, D) is continuous orE.
As usual, identifyH%(X, &x (n D)) with

{f € K(X):div(f)+nD > 0}.

We claim that for any continuous: E — R, the sup definingbp(z; E, D) can be
taken over the class PSKD).

LEMMA 2.8

Let E Cc Y be compact and nonempty, and let E — R be continuous. Suppose
f € PSHD) and f|[g < b. Then for any ge Y with f(q) > —oo, and anys > 0O,
there exists g PSH. (D) such that g < b and gq) > f(q) —«.

Proof

Without loss of generality, we can assumme> 0; otherwise, subtract ipfg b(z)
from b and f. After replacingD (andb and f) with an appropriate multiple, we can
assume thab is very ample. We can also assume tRas projectively embedded via
the sections oU’x (D) and thatW(z) is the strong Weil exhaustion function defined
by (2.3).

After these reductions, the result is essentially given 4y Lem. 4.1]. That
lemma produces a functiogy which is continuous and plurisubharmonic ¥rand
such thatigo(z) — W(2)| is uniformly bounded orY, with go|g < b andgp(q) >
f(q) — e/2. By definition, such a function belongs to PStD).

However,go need not a priori belong to PS;(ID) becausay(z) — W(2) may
not have a continuous extension to s(pp. To remedy this, we use the following
device. For anyR € R, write BR = {z € Y : W(2) < R}. LetC be a constant such
that|go(2) — W(2)| < C onY. ChooseRy > 0 large enough thaj € Bg,, and let
0 <é < lbesuchthat < ¢/(2(Ry+C)). Fix Ry > Rywith Ry > (1—8)C + §Ro,
and takeR, > Rj large enough thaR— R; > (1—-68)(R+C) for all R > Ry. Define

9(2) = max((1 - 8)go(2), W(2) — Ry). (2.6)

By constructiong(z) is continuous and plurisubharmonic ¥nForz € Bg,,

(1-8go(2 = (1—-68)(W(@ - C)
=W(2) — (1-5)C —3§(W(®)
>W(2) - [(1-6)C +§Ro] = W(2) — Ry, (2.7)
s0g(z) coincides with(1 — §)go(z) on Bg,. Forz ¢ Bg,, we haveW(z) > Ry, and

SO
(1-8go(2 < (1—-58)(W(@ +C) =W(@ — Ry (2.8)
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Thusg(z) coincides withW(z) — Ry on Y\ Bg,. Together, £.6), (2.7), and ¢.8) show
thatg € PSH; (D). Using the fact thagio(q) < W(q) + C < Ry + C, we also have

g@) — f(a) = go(a) — f(@) — - go(@)
>~ -3 (Ro+0) = —=.

It follows from Lemma?2.8that

®p(z; E, D) =sup{f(2): f e PSH (D), and f|g < b}. (2.9)

COROLLARY 2.9
Let E ¢ Y be compact and nonempty. Then for each continuousth — R,
®p(z; E, D) is lower semicontinuous as a Weil function on X.

Proof

Itis clear from @.9) that®p(z; E, D) is lower semicontinuous o¥. Its lower semi-
continuity on suppD) as a Weil function follows by an argument like the one in
the proof of Theoren?.4. Without loss, we can assume thHatis very ample. Fix

g € suppD). Chooseh(z) € K(X)* so thatD’ := D + div(h) is effective,

g ¢ suppD’), andE NsupgD’) = ¢. PutY’ := X\ suppD’) andb’ := b —log(|h|)
onE. Then

Py (z, E, D) =sup{f(2): f e 27#5(D), flg <b}

is lower semicontinuous af. There is a one-to-one correspondence between func
tions f € PSH;_ (D) and functionsf’ € PSH,(D’), given by f' := f — log(|h|).
Furthermore,f < bonE ifand only if f’ < b’. Thus forz ¢ supgD U D),

®p(z E, D) - log (|h(2)]) = ¢y (z E. D).

Since Y h(z) is a local equation fob atq, ®p(z; E, D) is lower semicontinuous at
g in the sense of Weil functions. O

COROLLARY 2.10

Let E C Y be compact, and letbE — R be continuous. Ify(z; E, D) is continu-
ous (as a function on Y) at each point of E, then it is a continuous plurisubharmon
Weil function on X relative to D, and

®p(z; E, D) = ®4(z E, D).
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Proof
By LemmaZ2.3, we can assume, without loss, tHatis not pluripolar. By Theorem
2.4, dy(z; E, D) is a plurisubharmonic Weil function oX. In particular, it is upper
semicontinuous olY (and onX, in the sense of Weil functions).

Because of our hypothesis, for eacle E,

oy (x; E, D) :=Ilimsup®p(z; E, D) = Pp(x; E, D) < b(x);
Z—>X

by Theoren?.4, & (z; E, D) belongs to PSH(D). Thus®y(z; E, D) is a competi-
tor in the sup definingpy(z; E, D). Henced;(z; E, D) < ®p(z; E, D). The reverse
inequality is trivial, sod(z; E, D) = ®p(z E, D).

By Corollary 2.9, ®p(z; E, D) is lower semicontinuous ol (and onX, as a
Weil function). Combining these shows thét(z; E, D) is continuous ony and
continuous ornX as a Weil function. 0

We also note the following fact for motivation in the nonarchimedean case.

COROLLARY 2.11
If f e PSI—EL(D), then for anye > O, there are an me N and f,..., fi €
HO(X, &x(mD)) such that for all ze Y,

1
0= {2~ max (Zlog(I; D)) <.

Moreover, the natural extension of ) — max;<j < ((1/m) log(] f; (z)|)) to X satis-
fies these inequalities for all sup D).

Proof
If, instead of requiring that the conclusion holds fora# Y, we ask only that it hold
on a compact subsét C Y, then the first assertion ig¢(), Lem. 5.2]. For a compact
setK meeting sup@D) but contained in an affine subset Xf the extension to Weil
functions follows by an argument like that in Theorérd.

The full result follows from this sinceX is compact, and we can cover it by a
finite number of open sets with compact closure, contained in affine subsets.c

Next, we give geometric conditions that imply the hypotheses of Coralldry

PROPOSITION2.12
Suppose that E is compact and nonempty, and suppose that there exist sect
f1,..., fm € HO(X, &x(nD)) such that

E={zeY:|fj@| <1forj=1..., M}



252 CHINBURG, LAU, and RUMELY

(necessarily M> dim(X)). For each sufficiently small B 1, if
Er={zeY:|fj@| <Rforj=1...,M},

then®(z; Eg, D) is a continuous Weil function and,(z; Er, D) is a continuous
Weil function for any continuous bEr — R.

If E is the closure of its interior, the same assertions holdddqr; E, D) and
®y(z; E, D).

Proof

By Corollary2.10 it suffices to show thaby(z; ER, D) is continuous orkEg for each
sufficiently smallR. After replacingD with an appropriate multiple of itself, and the
fj (2) with powers of themselves, we can assume [hé very ample ane = 1.

After embeddingX in PN via the sections oH%(X, &x (D)), we can assume
that D is the hyperplane sectiap = 0. Letg;s, ..., gn be the remaining coordinate
functions, dehomogenized z3. Without loss, we can assume that eaglinas been
scaled so thatgj||le < 1/2. Then

F:(fl,, vaglavgN)
defines an embedding < CM+N for which
E={zeY:|fi@l<1lgl =<1}

The proof of B0, Th. 3.16] now shows that for all sufficiently sma®l > 1, Eg is

“locally L-regular” at eaclz € Er. In outline, the argument is as follows:

(1) for sufficiently smallR > 1, Eg is the closure of its interioE2;

(2) for suchR, trivially, ®*(z; Egr, D) = 0on E%;

(3) by the Lojasiewicz selection lemma for analytic curves (s&#)] for any
boundary pointzg of ERr there is an analytic curve : [0, 1] — Y such that
y(0) = z9 and, for allt € (0, 1], y(t) is in ES;

(4)  for small enoughs > 0, the functionf (t) = ®*(y(t); Er, D) extends to a
subharmonic function on the dig2(0, §) with f (0) = ®*(zp; Egr, D);

(5)  because the intervg0, 1] is not “thin” at zero (see, e.g.18, Th. 2.7.2]), it
follows that lim_, o+ f (t) = f(0) and hence

®*(z0, Er: D) = f(0) = lim f(t) = 0.
t—0t

Thus 0= ®*(z9; ER, D) > ®(zp; ER, D) > 0, and so®(z; ER, D) is continuous at
Zp. Just as in40, Th. 3.16], it follows thatER is locally L-regular atzg.

Using the localL-regularity for allz € E, [40, Th. 4.2] now tells us that for any
continuousb : Egr — R the function®y(z; Eg, D) is continuous. IfE is the closure
of its interior, the same arguments applydg(z; E, D). O
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Smoothing

When ®,(z; E,, D) is continuous, it can be smoothed to&° plurisubharmonic
Weil function. For the convenience of the reader, we give the proof below, althoug
the referee has pointed out that this is already known from the work of V. Mailipt
Th. 4.6.1].

THEOREM2.13

Let X be a smooth, projective complex manifold, and let D be an ample effecti
divisor on X. Suppose that :f X\ supgD) — R is a continuous plurisubharmonic
Weil function for D. Then for any > 0, there is a&*°, strongly plurisubharmonic
Weil function g for D such thgg — f|(2) < ¢ (in the sense of Weil functionior all

ze X.

Proof
The proof consists of two steps. The first achieves strong plurisubharmonicity, a
the second gets smoothness.

The first step is trivial. We claim that there is a continuous, strongly plurisubhal
monic Weil functionh for D such thath— f|(z) < ¢/2forallz € X. Indeed, ifW(2)
is the strong Weil exhaustion function f@r given by ¢.3), then forany 0< § < 1,

h2)=1-8)f@ +8- W@

is strongly plurisubharmonic; while & is small enough, thefh — f|(z) =6 - |f —
W]|(2) is uniformly small.

Replacef by h. The second step is an application of a lemma of R. Richbert
[27, Satz 4.1], which says that a continuous, strongly plurisubharmonic function c
€9 can be smoothed on any compact subset of a given open set, while remain
unchanged outside the open set. Recall Yhat U means that the closulé of V is
compact and contained (.

LEMMA 2.14 (Richberg)

Let A be an analytic set in a regio? € C9, and let F be a continuous, strongly
plurisubharmonic function on A. Let B be(@ossibly emptyopen subset of A such
that ¢ is > on a neighborhood oB. Then, for given open subsets ¥ U <

A with¢ # V € U, and for a givene > 0, there exists a continuous, strongly
plurisubharmonic functior on A with the following properties:

(1) |E|A\U~: Flau.

(2) F<F<F+e¢o0nU,

(8)  Fis%™ on a neighborhood 0B U V.
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Using this, we can complete the proof of Theor2m3 Compare 27, Satz 4.2]; here,
instead of smoothing an “honest” function, we are smoothing a Weil function.

Take a finite open coverAg, ..., Ac} of X such that each\ is isomorphic to
an open se#\, C €9 through a biholomorphic map : Ax — C9, whered =
dim(X); using this isomorphism, identifA, with a subset ofc9. On Ay, let D be
defined by the holomorphic functias. In addition, choose open séts, ..., V; and
Ui, ..., U; such that eacWy € Uy €@ Ak for eachk, and such thatVvy, ..., Vi }is
also an open cover of.

Put fo = f. We inductively construct a sequence of Weil functidis. .., f;
for D suchthatforeack =1, ...,r,

1) fxwue = feetlxue

(2) 0< fx— fke1 <g/r forall ze X (in the sense of Weil functions);

3) fk is a continuous, strongly plurisubharmonic Weil function th&'®s (in the
sense of Weil functions) on a neighborhoodfu - - - U Vk.

Assuming thatfx_; has been constructed, we defifieas follows. By the def-
inition of a continuous, strongly plurisubharmonic Weil function, there is a continu
ous, strongly plurisubharmonic functidfx on Ay such thatFy = fx_1 + log(Jek|)
on Ax\ supa D). PutBx = (V1 U --- U Vk_1) N Uk. By induction, F¢ is > on a
neighborhood oBy. Applying Richberg’s lemma, we obtain a continuous, strongly
plurisubharmonic functiorFk on Ax which is©> on a neighborhood oBy U V,
coincides withFx on A\Uk, and satisfies G< F(z)— F(2) < g/2r forall z e Ax.
Put
F — log(lek)  on Ay,

fk =
fr_1 on X\Ak

It is easy to see thaty satisfies (a), (b), and (c) above. Takigg= f,, we obtain the
theorem. O

Metrics attached to Green'’s functions
If D is a Cartier divisor defined by a family(U,, ¢4)}, then to give a metric on
Ox (D) is the same as giving a family of functiopg : U, — R.g such that

Pa = l@apl - pg ONUgy N Ug. (2.10)

The corresponding metri|} on &'x (D) has the property that for argye X, and any
meromorphic sectiol = {A,} of &'x (D) which is defined and nonzero at

A (2)]
Pa(2)

We say thaf |} is continuous (resp%’™) if eachp, is continuous (resp%’*°).
The following result is well known.

Al =

if ze U,.
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PROPOSITION2.15

There is a natural correspondence between Weil functions \psug D) relative to

D and metrics orv'x (D). This correspondence preserves the properties of continuit
and of beings™.

Proof
If { |} is a metric ono’x (D), we can define a Weil functiom relative toD by

f(z) = —log({1}(2)) onUL,.

For this f we havey, = log(py) onU,.
Conversely, iff is a Weil function relative td, with log(|¢y|) = y» 0nUg, then

f +109(l¢al) = va ONUg,
f+ |Og(|§0/3|) =yg ON Ulg

yields log(|gapl) = l0g(l¢a|) — l0g(l@s]) = v« — v ONUyx NUg, so that
e = |Papl - e,
Thusp, = €’ defines a metrid |} ; on &'x (D), such that for a section = {A,},

1Aa (2)]

1Ah @ = =23

onU,.

Note that for the canonical meromorphic sectiowe have

11+ (2 = 109(l¢e D1 (2 _ o= (@)

on X\ supp D). Clearly, this correspondence between metrics and Weil functions pr
serves the properties of being continuous6t. O

If a metric{ |} on O'x (D) is induced by the familyp,}, then the first Chern class of
the metric is th&1, 1)-form dd®log o, on X, in the sense of distributions. Bf.(L0),
this form is well defined on the whole of. We say that the metric is nonnegative
(resp., positive) if its first Chern class is nonnegative (resp., positive)1@). [

In particular, the metric is induced by a plurisubharmonic (resp., strongl
plurisubharmonic) Weil function if and only if its first Chern class is nonnegative
(resp., positive).

Assume that is not pluripolar. Sincés(z; E, D) is a Weil function relative to
D, we can define a metrit |}‘§n on 0x(nD):

1
expinG(z; E, D))’

114&"(2) =
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PROPOSITION2.16
Put

B(E.nD) := {f € HY(X, 0x(nD)) : |f ()| < 1forallze E},
Ba(n) :={f ¢ HO(X, Ox(nD)) : {f@}&" < 1forallze X}.

Then BE, nD) = Bg(n).

Proof
If f € Bg(n),then{fl}c(2) < 1forallze X. In particular, sincé&(z; E, D) =0
onE,

| f @) -
exp(nG(z; E, D)) —
forall z € E. Thus f € B(E, nD), which showsBg(n) € B(E,nD). On the
other hand, iBg(n) # B(E, nD), take anyg € B(E, nD)\Bg(n). Then|ig|le <1
and there exista € X such that{|g|}§”(w) > 1. Since the metrid |}§n is upper
semicontinuous, we can assumec Y. Sinceg is a competitor in the sup defining
G(z E, D), necessariG(w; E, D) > (1/n) log(|g(w)|). This implies

If(2)| =

19(w)| _ ®mn
> eXANG(w: E. D)) — lgkg™ (w) > 1,
a contradiction. So we must ha®g (n) = B(E, nD). 0

Lastly, we introduce a measure for the distance between metriegxgD). Given
metrics{ [}1 and{ [}2, note that for eacla € X the expressiofj [}1(2)/{ [}2(z) makes
sense: ifA is a meromorphic section @fx (D) with nonzero value a, then one can

define

@ AN

{2 (Al
since the right-hand side is independent of the choica .ofVe define the distance
between| }; and{ [} to be

5({ 1 bo) = suxp(\ log (g Eig)() .

It is easily checked thalt({ }1, { [}2) is symmetric, transitive, and nonnegative, and it
is zero if and only if{] }1 = { [}l2. Thusé is a distance function on the set of metrics
on Ox (D).

LEMMA 2.17
Let f and g be continuous or plurisubharmonic Weil functions on X relative to D
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with associated metricl |} + and{ [}g on Ox (D). Then

1@ _ o-ne
@

relative to the natural extension of £ g, so

§({ b1, { b2 = SU)I?I(f -9

Proof

Let f +109(|¢el) = Ve, 9+ 109(l@|) = T ONUy\ supa D). Theng — f = 1, — ¥4,
and for a local sectiohr, onU,,

Ao Ao
el (@) = | eyféi', 1halg(@ = |era((§))|'
Thus
1@ _ r@-n@ _ go-H@ O
i@

We can now give the main approximation theorem for metrics defined by Green
functions.

THEOREM?2.18

Let X be a smooth, projective complex manifold, let D be an effective, ample Carti
divisoron X, and let EC X\ sup D) be a compact set that is not pluripolar. Assume
that G(z; E, D) is a continuous Weil function for D, and I¢t}c be the metric on
Ox (D) induced by Gz; E, D). Then for any > 0, there is a smooth, positive metric
{ Ig on &x (D) such that

5({ Bo. {l he) <.

If X and D are induced by varieties defined olerand E is stable under complex
conjugation, then we can require the metfi¢q to be stable under complex conjuga-
tion as well.

Proof
The first part follows immediately from Theoreml3and Corollary2.6. The asser-
tion concerning stability under complex conjugation is trivial, by symmetrizatian.

3. Functoriality properties of Green’s functions
In this section we establish the behavior of the extremal Green’s function under pu
backs by finite surjective morphisms and by products.
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THEOREM 3.1 (Pullback formula)

Let Z and X be smooth, projective complex manifolds of the same dimension d.
sume that D is an effective ample divisor on XCEX\ supgD) is compact and not
pluripolar, andz : Z — X is a finite, surjective morphism. Then

G(n(w); E, D) = G(w; n_l(E),n*(D)).

To prove Theoren3.1, we need a lemma. GiveM € N, lets(¢1, ..., ¢n) be thekth
elementary symmetric function in, .. ., ¢n.

LEMMA 3.2
The mapSym: CN — CN given by
Syn’({la AR ] ;N) =S (sl(c:L’ AR é‘N)? AR SN({l’ AR CN))
is finite and hence proper. In particulaBym *({(w1, ..., wn) : lwj| < 1}) is com-
pact, so there is a constant B oo such that

Sym ! ({(wg, ..., wn) : lwjl <1}) S {1, ... ¢n) 1 1gj] < B

Proof
Eachg; is aroot ofzN + YN (=D)*sc(¢1, ..., en)ZV K = 0. o

Proof of Theoren3.1
By Proposition 1.4.4 of R. Hartshorné@], =*(D) is ample onZ. First, we claim that
G(m(w); E, D) < G(w; 7~ }(E), 7*(D)).

If f e HOX, Ox(nD)) satisfieg| f | < 1, then

forx =n*(f) e HY(Z, 0z(nn*(D)))

with |7 ()l ;-1 = I flle < 1, s0

1 1
~log (If (r(w)l) = =log (I7* () (w)l) < G(w, 7~ H(E), 7*(D)).

Taking the sup over such’s yields the inequality.

Next, we claim thaG(w; 7 ~1(E), 7*(D)) < G(n(w); E, D).

Let % = {U;} be an affine open cover of, and suppose thdd is represented
by ¢i onUj. PutV; = 77 1(U;); theny = {Vi} is an open cover oZ, and onV;,
7*(D) is represented by; := 7*(¢i) = ¢ o . SinceV; is affine andr is finite, V
is also affine. By 16, Lem. I1.4.1], we can compute cohomology groups asGeeh
groups:

HO(X, &x(nD)) = Ho(%, 6x(nD)),
HO(Z, 0z(nn*(D))) = H(¥, 6z(nn*(D))).
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Suppose thay € H(Z, 6z(n7*(D))) is such that|gl,-1g < 1. We can
assume thag is represented by, € 0(V;i) with g = ¥"g onV;; consequently,

9 _9 onVi NVj. (3.2)

g = =
y oyl
Write N = degx), and for eactr € X, letw~1(z) = {wx, ..., wn}, counting
multiplicities. OnU;, for 1 < k < N, put
@ = s(@ (W), ... gi(wn)).

We readily see thaﬁ(k) (20 € O(;), noting thatrr is a covering map outside the
branch locus and using the Riemann extension theoremelt); N Uj, then using
(3.1 and the fact that/j = ¢;j o r, one finds that

S(k) (2) S}k) (2)
o2 @)

Thus{s(k)} is a global section o&’x (nk D), and it corresponds to a global meromor-
phic functionG® with

(K)
cH® = S'—nk onu;.
@i

PutC = 2N. Since||gll,-1g < 1, IG¥ e < (¥) < Cforl <k < N.

Consequently, by the extremal property®(z; E, D), for eachk we have

1 G®(z)
H(Iog() D <G(z E, D),
which can be reformulated as
i (w1) i (wN)
‘3‘<Cl/kgoi”(z) expinG(z; E, D))" """ CVke(2) expinG(z; E, D)))‘ =1

for 1 < k < N. Sincegj(z) = ¥j(wj) for eachj, we can apply Lemm&.2 and
conclude that for eacly € Z\ supgz*(D)),

‘ 9(w) <B
ClkexpinG(w(w); E, D)) —

Transposing terms, taking logarithms, and dividinglhye get

%Iog(|g(w)|) < G(n(w); E, D) + % log(BCYX). (3.2)
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However, for eachM € N, we havegM e HY%Z, 6z(nMzx*(D))) and
gV 1) < 1. Replacingy by nM andg by gM in (3.2 and then lettingM — oo
gives

1
log(lgw)l) = G(r(w); E, D).
Finally, taking the sup over all functior{¢/n) log(]g(w)|) yields
G(w; 7 YE), n*(D)) < G(rr(w); E, D). O

THEOREM 3.3 (Product formula)

Let X7 and X be smooth, projective complex manifolds, lgtdx X; and D, on X;
be ample effective divisors, and lgt E X\ supp D;) be compact and not pluripolar,
fori = 1,2. Put X = X3 x Xp, letwj : X — X be the projection, set D=
77 (D1) + 75(D2), and take E= E; x Ep. For z € X\ supa D), write z= (z1, 22)
where 7 € Xj\ supD;j). Then

G(z; E, D) = G(z1; E1, D1) + G(z2; E2, D2). (3.3)

Proof
It is well known that in this contextD is ample.

In proving the theorem, we use the equality of Green’s functions and the plurisu
harmonic extremal functions, and we work with the latter. For simplicity of notation
write ®(z) for the function on the right-hand side o3.¢). We want to show that
&(z) = d(z; E, D).

Let us first assume tha®(zi; E1, D1) and ®(z; Eo, D) are continuous
plurisubharmonic Weil functions relative @, and D2, respectively. This means that
®(2) is continuous as well. Under this assumption, itis cleardh@) < ®(z; E, D)
becauseab(z) € PSHD) and®|g < 0. To prove the reverse inequality, we need the
following version of the maximum principle for plurisubharmonic functions, due to
Bedford and Taylor. Writel, = dim(X;), and putd = dim(X) = d; + d».

LEMMA 3.4
If @ € X\ supaD), and u,v are continuous plurisubharmonic functions @nwith
(dd°u)@ = 0and u> v on a2, then u> v on 2.

Proof
See §i, Cor. 4.5] or B0, Th. 1.9]. O

By Theorem2.4, in the complement oE;, each®(z; E;j, D;) satisfies the complex
Monge-Ampere equation

(ddCCD(Zi; E;, Di))di =0.
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It follows from this and the binomial expansion that
(dd°@(z E, D))" =0

in the complement oE.
Suppose thaf € PSI—&(D) satisfiesf |g < 0. Since®(z) is a Weil function for
D, there is a constai@ > 0 such that

f(z2 <®(@+C (3.4)

forallz e Y = X\ supgD). Givenr > 0, putB; :={ze€ Y : ®(2) <r}. By (3.9,
for anye > O there is arrg = ro(¢) > 0 such thatE C By, and, for anyz with
®(2) = ro,

f(20 < (1+e)d(2). (3.5)

Fixr > ro, and take? = B, \E. By assumptionf (z) < 0= (1+¢)®(2) onE,
and by 8.5, f(2) < (1+ &)®(z) on 3B,. We have already seen thatd®®)d = 0
in the complement oE. Hence, by Theorer.4, f(z2) < (14 ¢)®(2) in Q.

Sincel ., B = Y, ande > 0O is arbitrary, it follows thatf < @(2) for all
z € Y. Taking the supremum over all € PSI—&(D), we obtain®(z; E, D) < ®(2).
Thus the theorem is proved when tié€z; ; E;j, D;) are continuous.

The general case follows from, Cor. 5.1.5] and the following simple property.
Suppose- = (=, Fk, where{Fy}k is a decreasing sequence of compact se¥ in
Then

®(z;, F, D) = supd(z; F, D).
k>0

This property follows immediately from the definition (ci.g, Cor. 5.1.2]). O

4. Adelic intersection theory and capacity theory
Let X be a smooth, connected projective variety of dimensi@mver a number field
K. In this section we discuss the problem of developing an adelic arithmetic interse
tion theory along the lines of Gillet and Séid work. One goal of such a theory is
to compute sectional capacities via analytic methods at all places, without having
take limits of intersections as in Theoreni.

The model we have in mind is the theory developed by R. RumelgihWhen
d = 1, that is, wherX is a curve. Here we outline some properties that a generalize
tion of [31] to arbitrary dimension should have. This generalization is far from being
realized. We, however, discuss an example wdhen?2 in which the formal properties
we require for an adelic intersection pairing lead to the correct value for the sectior
capacity of a particular set.

The desired adelic intersection theory should be analytic in character and ri
enough that not only “smooth” Green’s functions but also certain types of singul:
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Green'’s functions are permitted. Divisorial objects of the theory should be pairs co
sisting of aK -rational divisorD on the varietyX, and a family of Green’s functions
for all placesv of K:

9 = (D: {Gv}ve//K)~ (4-1)

Here, for each, the “v-adic Green'’s function”
Gy : X(Cy)\suppgD) - R

should be a Weil function foD, stable under G&C, /K,).

We propose that the Weil functions allowed should be those that are linear cot
binations of ‘v-adic plurisubharmonic functions.” In the archimedean casadic
plurisubharmonic functions are just the classical plurisubharmonic functions. In tt
nonarchimedean case the space-@idic plurisubharmonic functions should be the
smallest class containing functions of the form

Gy(2) = max (log(lgi @)1v)) (4.2)

with eachg; (z) € C,(X), and which is stable under the operations satisfied by ar
chimedean plurisubharmonic functions: taking positive linear combinations, takir
the sup of finitely many functions, taking uniform limits, taking limits of arbitrary
decreasing sequences which do not identically appreagh and taking the upper
semicontinuous regularization of the sup of a family locally bounded from above (s¢
[18, p. 69)).

SuchG,(2) should satisfy an analogue of the Poiresaelong formula

dd’G, = wG, — 0D,

wherewg, is a “(1, 1)-current with positive measure coefficients” atlis the Dirac
current, integration ovebD(C,). There should also be an exterior product for the
wy. In the archimedean case, tHe®-operator and exterior product are those given
by Bedford and Taylor4]. In the nonarchimedean case, the corresponding theory i
purely conjectural. However, we offer the following speculations about how it migh
be obtained.

Previous investigations by various authors (s8e[[L7], [31], [41], [42], [43])
suggest that the spaces of “forms” and “currents” should be related to intersecti
theory and should be limits of spaces of functionals attached to the tower of all mo
els of X,. In our analytic context, probably the theory wfadic plurisubharmonic
functions should first be developed in the setting of rigid analytic geometry, for affi
noid domains. Limits should be taken over the tower of all analytic reductions c
the space, and objects attached to a given analytic reduction should be conside
“smooth.” Perhaps V. Berkovich’s formulation of rigid geometry (s&@, [in which
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the underlying spaces are compact, may be useful. The Berkovich space attache
an irreducible affinoid algebréa/C, is the set of all bounded multiplicative semi-
norms onA. It is a path-connected, compact Hausdorff space in which the Tate spa
max(A) is dense. The Berkovich space associated to an arbitrary rigid analytic spe
is constructed by gluing affinoid ones. LEf" be the rigid analytic space attached
to X,. In addition to points coming fronX3"(C,), the Berkovich space associated to
Xa" has a point corresponding to each irreducible component of the special fibre
each analytic reduction o£2".

If dim(X) = d, andG(2) is v-adic plurisubharmonic on a subdomain X§",
it seems plausible thatdd®(G))d should be a nonnegative measure on the corre
sponding Berkovich space. Let us call a functén= G, of the form @.2) “good”
if the g have no common zeros and for eactthere are at modd + 1 functions
g (2) for which |g; (X)],, is maximal. Suppose th&(z) is good, and suppose that
101D v, - - -, |9d+1(2)|, are maximal at some. If 91(2) — gd+1(2), ..., 9d(2) —
Od+1(2) havek common zeros in the set wheli®@ (2)|, = - - - = |9g+1(2) ], IS maxi-
mal, it seems likely thatdd®(G))9 should assign weighd! - k to that set.

We expect each plurisubharmonic functidriz) to have a “generic value” on the
set of points reducing to each component of the special fibre of each analytic reduct
of Xa". (By this, we mean a value such that for each > 0, “almost all” the values
of H(2) on points reducing to that component should satisfyz) — A| < ¢.) If U is
affinoid of dimensiord, andH, Gy, ..., Gy arev-adic plurisubharmonic functions,
there should be an “integral”

/ H(Zz)dd°G1 A --- Add°Gyq
U

which is a weighted average of the generic valuesi¢f). The integral is expected
to be multilinear (not alternating) i81, . . ., Gq sincedd°Gg should be analogous to
a (1, 1)-form. Note that if an appropriate multilinear integral could be constructed, i
could be used to define theld®” operator; namely, ifG is plurisubharmonic ot
thendd®G should be the functional that for each 1-dimensiohalc U takes each
plurisubharmonidd on'W to fw«cv) H dd°G|w.

For the purposes of capacity theory, it would be sufficient to construc
a (d + 1)-fold intersection product, or height pairing. The intersection prod-
uct should satisfy a moving lemma for adelic principal divisafs(f) =

(div(f), {=log, (| f (D] }vemy):
(21 +div(f1), ..., Zay1+ dV(fa11) = (21, ..., Zaya). (4.3)

When the underlying algebraic divisors are effective and meet properly, the interse
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tion product should also have a decomposition into local terms:

(D1, Dar1) = ) (D, - Dd+1)v 10G(@), (4.4)
v
where(2, ..., Z4+1)v is defined by a formula analogous to the one in Gillet-8tul
theory; if 7 = (Di, {Gy,i}ye.r) anddd°G, i = w,j — 8p;, then

d+1

(@11 ey -@d+1)v =S Z/ Gv,k Wy k+1 Ao A Wy d+1
ke1 Y (D1 Dr—1)(Cy)

=/ Gu1wy2 A Awydsl
X(Cy)

+/ Gp2wy3 A Awydyl
Dl((cv)
+ -4 Gv’d+l(D1'...' Dd) (45)

We propose the following normalization for the terms4r3, (4.4), and ¢.5). For ar-
chimedean), letq, = e2if K, = R, and lefg, = eif K, = C. For nonarchimedean
v, letq, be the order of the residue fielg = O, /m, O,. Write log, (x) for the loga-
rithm to the base,. Let|x|, be the canonical absolute value kp given by the mod-
ulus of additive Haar measure. Also, wrijtd, for the unique extension of this abso-
lute value taC,. For archimedean, | |, = | | if K, = R, while| |, = | |?if K, = C.

In either case, iff (z) is a rational function, then lqg| f (2)|,) = log(| f(2)]2), as
required for the PoincérLelong formuladd®log, (| f (2)|,) + Sdiv(f) = O, while the
factor logqy,) in (4.4) corresponds to the/2 in Gillet-Souk’s isomorphism(.3). For
nonzerac € K, the product formula reads

> log, (I« l,) log(g,) = O.
UE,%/K

Suppose that there exists an adelic intersection theory along the lines sugges
above. Because of the stability propertieeddic plurisubharmonic functions (and
the identity mir{x, y) = x+y—max(X, y)), for eachv the classical Weil distributions

Gy(2 = min max (log,(Igij (2)v)), (4.6)

I<i<ml<j<n
wheregj (z) € C,(X), are among the Green’s functions allowed,; so is the upper sem
continuous regularizatioB*(z; E,, D) of Green'’s functiorG(z; E,, D) attached to
a setkE, c X,(C,) and ample divisoD:

1
G(z, E,, D) = sup sup (— log, (| f (z)|v)). 4.7)
nzlfngﬁgKF(lnD) n
Iflleg, <
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In the archimedean case we have seen thaj§ i not pluripolar, therG(z; E,, D) is
finite for all z € X(C,)\ supa D) and is a Weil function foD. For nonarchimedean
v, we expect this to hold if and only if the local sectional capa8ityE,, D), intro-
duced in B3, Sec. 14] is positive.

We now come to our main reason for desiring such a theonyDLst an effective,
ample,K -rational divisor onX, and letE = [, E, be an adelic set such thatand
D satisfy the standard hypotheses stated in the introductioraitl D) > 0. Then

2 = (D, {G*(z; Ev, D)}ve.a) (4.8)

is an arithmetic divisor in the theory.

CONJECTURE4.1
For an adelic intersection theory with the formal properties described above, and fc
the divisor ¢.9),

—log (S, (E, D)) = 291, (4.9)

The philosophy behind the conjecture is that just as in classical electrostatics, e:
E, should determine a “field,” its Green’s functi®(z; E,, D), which represents its
potential-theoretic size. A functioh € K, ®k I'(nhD) which contributes to Green’s
function should contribute asymptotically to the volume measured by the section
capacity, and conversely. Theorell suggests that arithmetic intersection theory
gives the right way to extract the capacity from the field.

For curves, the conjecture is true; formutaq) is the final assertion in3[] for
the adelic intersection pairing constructed there. Note that in the theory developec
[31], the setsE, considered need not have continuous Green’s functions. A cruci
point is that theupper semicontinuoysubharmonic) Green'’s functio®*(z; E,, D)
must be used in order for the pairing to respect linear equivalence3sge [342]).

In higher dimensions, an adelic intersection theory sufficient for the needs
capacity theory remains to be developed. In some cases, though, one can proy
natural interpretations of the terms ih.%) which lead to correct values for sectional
capacities, as in the example in Section (A). In Section (B) we discuss work on ade
intersection theory by other authors.

(A) A numerical example iB! x P!

Let K = Q, and takeX = P! x PL. Let D be a Cartier divisor with associated Weil
divisorriHy +ro2Ho, where O< rq,r2 € Z andH; = ni_l(oo) fori = 1, 2, so that
Ox(D) = Ox(r1, ). PutY = X\ suppD) = Al x AL Fixing coordinate functions
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on the two copies oA!, we haveY (C,) = C, x C, for eachv. Let
E=]]E
v

be as follows. At the archimedean place, fix1p < oo, and letE., be theL P unit
ballinC x C,
Ew ={WU,w) e CxC:ulP+wP =<1}

For each nonarchimedeanwrite O, for the ring of integers of,, and letq = g,
be the rational prime underlying Fix disjoint finite setsS;, $ of nonarchimedean
places, and for eache Sy, letE, = Zq x Zq. Foreachy € S, letE, = qmllo X
qmlzov, wherem,1, m,2 € Z. Finally, foreachy ¢ SUSU{oo}, letE, = O X O

PROPOSITION4.2
Forall0<rq,r2 € Z,

1
—log (Sy(]E, D)) = —p((rl + r2)3 log(ry +r2) — r12r2 — r1r§

— 3432y Iog(rl) — (r3 +3r1rd) log(ra))

i Z(3r ra + 3r1r2) Iog(qv)
vES

+ )" (@my1 - rira + 3myz - 11r2) log(ay). (4.10)
VES

The proof, which is purely computational, is given in the appendix. In the appendix w
also determine Green'’s functio®(z; E,, D) for all v. We then compute?® for the
divisor 2 = (D, {G*(z; Ey, D)},e.) Using the heuristics for an adelic intersection
theory proposed above. The result is the same quadtity)(as in Propositiont.2,
verifying Conjecturet.1in this case:

—log (S, (E, D)) = 2°. (4.11)

RemarkFor curves, the main theorem d( asserts that iD = r1(¢1) + --- +
'm(¢m), then—log(S, (E, D)) is a quadratic form imy, ..., rmn whose matrix is the
“Green’s matrix” in Cantor’s capacity theory (se&]). In higher dimensions, it had
been thought that log(S, (E, D)) might be a homogeneous form of degree 1 in
the coefficients of the componentsBf Propositiont.2 shows that this is not always
the case. In terms of Conjectudel, the reason for the breakdown is nonlinearity of
G(z; Ey, D) in the divisorD, for dimensiongl > 2 (see formula (A.9)).
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Remarkin the appendix, after choosing appropriate divissts, 25, 23 lin-
early equivalent toZ, we representz® as a sum of local intersection terms

Y (D1, D2, D3)y 100(Q).

The referee has pointed out that wHan= S = ¢ in the example above, so that all
the nonarchimedeal, are trivial, the equality

—1log (S (E, D)) = (%1, 22, 73)c0 109(0o) (4.12)

can be derived from general principles. This yields. (), provided one assumes that
each nonarchimedean local intersection ingex, 2», 3), is zero, as follows from
the heuristics in the appendix whé& is trivial. More generally,4{.12) holds for any
E = [, E, for which all the nonarchimedeés, are trivial, provided5(z; Ex, D)
is continuous (andl and D satisfy the standard hypotheses).

This comes out as follows. Let = P! x P/ SpecOk), let 2 be the natu-
ral extension ofD to X, and let.Z = 0x(2). For our setE.,, Green’s function
G(z;, E~, D) is continuous. (This can be seen by direct computation, as in the a
pendix, or by applying the argument in the proof of Propositioh2) By Theo-
rem 2.18 (or by Maillot [21, Th. 4.6.1]), the metrid| |} on .#(C) associated to
G(z; Ex, D) can be uniformly approximated by a sequence of smooth, positiv
metrics { [}n. Hence the metrized line bundle’ is “admissible” in the sense of
Zhang R3]. Zhang's formalism extending the arithmetic Hilbert-Samuel formula to
such bundles yields the equalitylog(S, (E, D)) = Z°. On the other hand, Mail-
lot's extension of Gillet-So@'s intersection pairing to the generalized Chow groups
cﬁ{;t(ae) enables us to compu@s. Unwinding the definitions in]1, Sec. 5.5.2] for
the choice of sections used in the appendix and comparing the resultvityives

—3

(B) Other works
The following papers may bear on the development of an adelic intersection thec
sufficient for the needs of capacity theory.

For curves, E. KaniJ7] has developed a nonarchimedean potential theory ir
the context of rigid analysis. He constructs a finitely additive theory of integratiol
of “generic values” of real-valued functions on affinoid spaces, and he interpre
measures on the boolean algebra generated by rational subdomains as analogo
1-forms. (We would consider theiti, 1)-forms.) He creates a dictionary between
objects in potential theory and intersection theory, interpreting Green’s functior
and harmonic measures in terms of heights and intersection pairings. He associ
a “potential theory” to each analytic reduction of an affinoid space, establishes
energy-minimization principle, and solves the corresponding Dirichlet and Neumat
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problems. However, his theory concerns only “smooth” objects in the context of tf
present paper, and it does not consider passage to a limit over all analytic reductio

First for curves, and then for varieties of arbitrary dimension, Zhdigy [47],

[43] has constructed an adelic intersection theory. He works in the context of metriz
line bundles and shows that if a sequence of metrics converge uniformly, then the as
ciated intersection numbers also converge. In this way, he is able to define intersect
numbers for metrized line bundles with continuous, but not necessétilymetrics

at archimedean places and with uniform limits of “algebraic” metrics at finite place:
Zhang gives a number of striking applications, including a Riemann-Roch theorem
the case of curves, and a Nakai-Moishezon theorem. However, his theory is not a
guate for capacity theory, as the metrics associated to extremal Green’s functions
not in general uniform limits but rather arise from upper semicontinuous envelopes
the Green'’s functions which Zhang considers.

For varieties of arbitrary dimension, S. Bloch, Gillet, and £du] have devel-
oped a nonarchimedean Arakelov theory, using intersection theory and taking lim
over the tower of all models of the variety. Their theory is conditional on resolution ¢
singularities for models, but under that hypothesis, it establishes a complete diction:
between objects in differential geometry and intersection theory. In particular, for ea
p with 0 < p < dim(X), they define analogues of the four groups: “clospdp)-
forms,” “(p, p)-forms modulo the image df andd,” “closed (p, p)-currents,” and
“(p, p)-currents modulo the image 6fandd.” These groups are identified with ap-
propriate direct and inverse limits of the Chow cycle groups and operational Cho
groups. They define ddt-operator, which corresponds to a pushforward from the
special fibre to the general fibre, followed by Poiricduality, then a pullback from
the general fibre to the special fibre. They show that these groups fit into natural ¢
act sequences analogous to the ones that occur in the archimedean case. How
in addition to being conditional, their theory defines only Green'’s functions assoc
ated to “smooth’(p, p)-forms: those arising from a single model. Green'’s functions
G(z; E,, D) are not in general smooth in this sense.

For curves, J.-B. BosH] has developed an extension of Arakelov theory which
incorporates singular Green’s functions at archimedean places. Bost’s main purp
was to prove an arithmetic analogue of the Lefschetz theorem for projective st
faces. To do so, he needed to embed objects from classical potential theory, includ
Green’s functions and equilibrium potentials, into Arakelov theory. He introduces tt
class of ‘Lf-Green’s functions” (roughly, the class of generalized functig(s on
a Riemann surface for which, locallg(z) = ¢ — log(| f (2)|%), where f (2) is mero-
morphic and where and the currendy areL?). This class is somewhat broader than
the class of Green’s functions considered3d][ and it has good functoriality prop-
erties under pullbacks and pushforwards by finite maps. Bost extends Gillé&t'sSoul
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x-product to such Green’s functions, studies the resulting intersection pairing, a
proves an analogue of the Hodge index theorem for it.

More recently, P. Autissier3] has further developed Bost's theory using ideas
from probabilistic potential theory and has proved analogues of Moishezon'’s crit
rion, the arithmetic amplitude theorem, the Szpiro-Ullmo-Zhang small points thec
rem, and Y. Bilu’s equidistribution theorem.

For varieties of arbitrary dimension, Maillo2]] has developed an extension of
Gillet-Souk’s arithmetic intersection theory in whictontinuousplurisubharmonic
Green’s functions are admitted. Making use of the work of Bedford, Taylor, and J
P. Demailly, he constructs the theory of cycles corresponding to Zhang's “integrabl
metrized line bundles. He then shows that Gillet-8@uintersection product extends
to the arithmetic Chow groups of integrable cyo@i\d;t(X) ® Q, in particular, con-
structing a height pairing for elementséﬁﬁ,t(X) ® Q.

Any attack on Conjecturé.1 must deal with the problem of relating volumes
of balls of adelic sections with intersection indices, and it probably involves twi
steps: first, developing an adelic intersection theory incorporatiadic plurisub-
harmonic functions; and second, showing that the same asymptotics are obtained
the volumes of the unit adelic balls for the metrics associated to Green'’s functiol
G(z; E,, D) andG*(z; E,, D). In this connection we mention the work of A. Abbes
and T. Bouche], which provides an “elementary” proof of the arithmetic Hilbert-
Samuel theorem (Gillet-Sogik Theoren®.1in the introduction) relating volumes of
balls of archimedean sections to Gillet-S&slarithmetic intersection numbers. We
also note the work of Rumely, C. Lau, and R. Varl&g][on the existence of the sec-
tional capacity, which introduces the so-called monic basis as a tool for normalizir
volumes of spaces of adelic sections in a coherent way, in order to deduce asympto
for volumes of balls.

Recently, A. Werner39] has found an interpretation of nonarchimedean intersec
tion indices for linear spacesif' in terms of combinatorial data from the Bruhat-Tits
building associated to PGh + 1). It is interesting to see how far her result can be
generalized although it seems not as directly related to the present problem as the
ceding works, it opens an analytic approach to nonarchimedean intersection theor

Finally, one can ask about potential applications of an intersection theory of tt
kind proposed here. For example, we could cite almost any of the applications
Arakelov theory from the past two decades; but we refer the reader specifically to t
beautiful papers of Zhang, Bilu, E. Ullmo, and L. Szpiro on small points (6ge [
[36], [37], [43]), and the expositions by Abbes ifij[and Zhang in 45]. We note the
work of Bost on the arithmetic Lefschetz theorem (@& pnd the work of Autissier
[3]. We also note the Fekete-Szetheorem on curves (se2d) and the existence
theorem for algebraic integer points as developed by L. Moret-Bailly and others (s
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[12], [22], [24], [29], [28]). Lastly, we note the possibility of an adelic Nevanlinna
theory along the lines of P. Vojta’s program (s&€]].

A. Appendix: Computation of the numerical example

Proof of Propositiont.2
Introduce homogeneous coordinatas : u1, wo : w1) onP! x P, The monomials
ugou'ilwéowil with ko+ki1 = nrq, £o+¢1 = nr, form aK -basis forHO(X, &x(nD)).

Such monomials for alh give a basis for the graded algebra

R=> HX,ox(nD)),

n>0

which is closed under multiplication. Moreover, this basis carries a natural order (tt
lexicographic order, graded by the degree) compatible with multiplication. In thi
setting, the methods o8] and [33] show that the sectional capaci§ (E, D) can

be decomposed as a productafal sectional capacities,

S/ (E, D) =[[ S/ (Ev. D)y,

where theS, (E,, D), depend on the choice of the multiplicative ordered basis. Fo
eachv, the local sectional capacity is defined as follows. Let,\mé the canonical
Haar measure oK, for which vol,(O,) = 1 for finite v, and let vo} be the Lebesgue
measure oK, = R for v = co. Using the monomial basis, we can identy ®x
HO(X, Ox (nD)) with K" FTVM2+D "By transport of structure, we obtain a Haar
measure ok, @« HO(X, &x(nD)), also denoted vgl Then

_(d+ 1)
—log (S, (Ey, D)) = lim_ (nd%l) log (vol,(#(E,, nD))), (A.1)

where the limit on the right-hand side exists by arguments similar to tho&&jin [
After dehomogenizing atlp, wo, a basis forH%(X, &x(nD)) is given by the

monomialsukw! with 0 < k < nry, 0 < £ < nry. Forv ¢ S U S U {0}, we have
E, = O, x O,, and it is easy to see that

#(E,.nD)= P O, ukw?

0<k<nry
0<¢<nr;y

for eachn. Thus vo|(#(E,, nD)) = 1 for eachn. By (A.1), S,(E,, D), = 1 for
eachv ¢ § U S U {co}. Consequently,

—log(S,(E. D))= > —log, (S, (E,, D),)log(gy).
veESUSU{oo}
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The local capacity in the nonarchimedean compact case
Fix v € §, and writeq = ¢,. ThenE, = Zq x Zq. For each integek > 0, letgx(2)
denote the binomial polynomigf). As noted previously, these polynomials form a
Zq-basis for the set of polynomials € Qq[2] satisfying|| f |z, < 1.

We claim that for each, the polynomials

gj(Wok(w) € Qqglu, w], 0<j<rin, 0<k<ron,

form aZq-basis forZ(E,, nD). Clearly, they belong te#(E,, nD) and form a basis
for HO(X, 0x(nD)) over Qq- Suppose thah(u, w) = > cjkgj(Wok(w) satisfies
Ihllg, < 1. Takingu = 0 and noting thago(0) = 1 while gj(0) = O forall j > 1,
it follows that || >, CokOk(w)llzg < 1. By the one-variable caseg € Zq for all
k. Subtracting) ) CokOk(w) from h(u, w), we can assume thatx = O for all k.
Inductively, suppose thatx = O for all ¢ < i and allk. Takingu = i and using the
fact thatg; (i) = 1 whilegj(i) = Oforall j > i, we see thal ), CikOk(w)llzq < 1.
As before, it follows thatix € Zq for all k. Subtracting) " Gikgi (W)gk(w) from
h(u, w), we can continue the induction.

From this it follows, as in32, Lem. 2.5], that

nriy nro

1
vol, (B(E,,nD)) =[] ‘W E
j=0k=0
Thus
nrp nry
log, (vol,(Z(E,,nD))) = (n+ Dr1 Y _ordy(k!) + N+ Dra Y ordy(j)
k=0 j=0
n® > 2 2
= €(3r1r2 + 3r1r2)qv — + Ory.r,(n"log(n)),
and so

—log, (S, (Ey, D)y) = (3rérp + 3rar?)

qv_l.

The local capacity in the nonarchimedean noncompact case

For each nonarchimedean¢ S;, writing q = @,, we haveE, = q™10, x q™20,
for certain integersn,1, my2. (Takem,1 = my2 =0if v ¢ § U ) Itis easy to see
that

1

#E,nD) = D Ov‘(ﬁﬂqzﬂz)e: D (gm0 v,

O<k<nry O<k=<nry
o<¢e<nry 0<¢<nry
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Hence vo} (#(E,, nD)) =[], gkm1+tmi2 gng

—log, (S/(Ey, D)y) = lim_ ( > kma +gmv2>

O<k<nrq
O<é=<nry

=3m,1 - r2rp +3myp - rors.

The local capacity in the archimedean case

We now computeS, (Ex, D). To do so, we first determine lower and upper bounds
for volo (Z(E~, ND)). Upon passage to the limit as — oo, these bounds yield
the same expression ferlog(S, (Ex, D)), Which can be interpreted as a limit of
Riemann sums for a certain integral.

Recall that a seE ¢ C x C is calledfully circled if (€%u, €%w) e E for all
(u,w) € E andd, ¢ € R. SinceEq is fully circled, for each monomiaikw¢ the
maximum value ofukw¢| on E is taken on for nonnegative rea) w. By calculus,
if k, £ > 0, this maximum value is

( kke¢ )1/p
(k + £)k+t
Otherwise, the maximum is 1, and for convenience we intergré) @s 1 ifk = 0 or
¢=0.

To obtain a lower bound for vi(#(E,, nD)), note that if h(u,w) =
ZOSkgnrl akﬁukwe € R ®Q HO(X, ﬁx (n D)) W|th

(A.2)

0<¢<nry
1 (k+ 0)kTE\1/p
lake| < > ( v )
(N 4+ D)4ryro kke
for eachk, ¢, then|lh(u, w)||g,, < 1. Consequently,
1 (k 4+ 0K+t 1/p
o (#(Ex,ND)x) =[] 5 — .
0<k=nry n+121 rlrz( kK¢ )
o<e<nry

For an upper bound, suppose thdt, w) as above satisfiefh|g,, < 1. For each
Ry, R> > 0 with Rlp + R2p =1, Cauchy’s formula gives

lake| = / f hw, w) g, g | < 1
ol = w| < ——.
27TI C(0,Ry) JC(O,Ry) Uk+1we+l Rl:f Rg

Letting R¥R¢ approach its maximumA(2) shows that
R

k + e)kH)l/p

|ake| = ( AL
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Hence

K+2 k+¢ 1/p
VOloo (B(Ewe.nD)) =[] 2(%)
O<k=<rin
0<t=<rzn

Combining these bounds yields

—log(S, (E. D))
= iim_ 109 (VOloe (#(Exc, ND))

S (R R RO

O<k=<nrg
O<t<nry

6 r ro
=5 /0 . (X +y) log(x +y) — xlog(x) — ylog(y) dx dy
1
= E((rl +r2)%log(ry 4 r) — réry —rqr?
— (r$ + 3rfra) log(ry) — (r3 + 3r1rd) log(ra)). (A.3)

This proves Propositiof.2. O

Determination of the extremal Green’s functions
For (x, y) € R?, put

ax(, ) if (x,y) # (0,0),

(X, Y)Ip = {l if (x,y) = (0, 0),

and forh(u, w) € K[u, w], put

degs (h(u, w)) = |(deg,(h(u, w)), deg, (h(u, w)))| -

Thus, forn > 1, h(u, w) € H9(X, &x(nD)) if and only if degy(h) < n, and for a
nonconstant monomialkw?’, deg, (Uw®) = |(k, £)|p = max(k/r1, £/r2).

The leastn > 1 for which h(u, w) occurs inK, ®x HO(X, Ox(nD)) isn =
[degy(h)], and deg,(hN) = N deg, (h) is an integer for somél, so

1
G((u,w); E,, D) :==sup  sup (— log, (Ih(u, w)|v))
n>1 heKFﬁ)KI‘(lnD) n
[hilg, <

1
- log. (Ihu, w)l,)). A4
”hﬁ';'zl(deg;(h) og, (Ih(u, w)| )) (A4
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Green’s function in the nonarchimedean compact case

Fix v € &, and writeq = q,. Then E, = Zq x Zq. As before, write
(@ = (f). In the one-dimensional case, Green’s functiGiz; Zq, (00)) =
SURy=1 SURy<k<n(1/M) Iogv(|gk(z)|v) of the setZq C P1(C,) is given by

G(z Zg, (00)) =

Q

—/ —log, (1z — X|y) dpug(X)
Zq

if ze Zyq,
1 +log,(1zl,) if |z, > 1,

for z € C,, wherepq is the additive Haar measure @g with 1q(Zq) = 1 (see P9,
p. 354]).

We have already seen that for eachthe polynomialgyj (u)gk(w) for 0 < j <
nry, 0 < k < nrp form aZq-basis for#Z(E,, nD). By the ultrametric inequality, it
follows that

1
G((u,w): B, D) =sup sup (= log, (Ih(u, w)l,))
nzlheKﬁﬁz)KF(lnD) n
[lhilg, <

1 1
=sup(_sup log, (IgiWl,)+ sup = log, (Igk(w)l,))
n>1 ijfnrln ngfnrzn

= r1G(u; Zq, (00)) + 126G (w; Zg, (00)).

Green'’s function in the nonarchimedean noncompact case
For each nonarchimedear¢ S, again writingq = q,, formula (A.4) gives

G((u, w), Ey, D)
= rymax(0, log, (Ju/q™*},)) + r2max(0, log, (|w/q™2|,)). (A.5)

This is because for a polynomialu, w) = ) o<k<nr, ae (u/g™1)K(w/qM2)t e
0<¢<nry

K, ®Kk HO(X, Ox(nD)) we havellh(u, w)|g, < 1if and only if eachay, € O,. By

the ultrametric inequalityth(u, w)|, < Max<k<nr, |(U/q™HK(w/q™2)¢|,, and so
0<¢<nry

1
deg () log, (Ih(u, w)|,)

< rymax(0, log, (lu/q™,)) + ra max(0, log, (jw/q™2[,)). (A.6)

Moreover, for(u, w) € E,, equality is achieved inA.6) whenh(u, w) = 1; foru €
q™10,, w ¢ q™20,, it is achieved wheim(u, w) = (w/q™2)""2; for u ¢ qM™10,),
w e q™20,, it is achieved whem(u, w) = (u/g™)"1; and foru ¢ q™10,,
w ¢ qmv26v, it is achieved wheh(u, w) = (u/qm™)" (w/qM2)""2,



CAPACITY THEORY AND ARITHMETIC INTERSECTION THEORY 275

Green'’s function in the archimedean case

In the archimedean case, to compGt&; E.,, D) we begin with a proposition mod-
eled on B5, Prop. 5.4] which gives the extremal Green'’s function of any fully circled
set. Put

JuKw?| )1/|<k,e>|o)

%E(u, U)) = Sup ((m

k,£>0

PROPOSITIONA.1
If E c C2is a fully circled set, and if D= r1H1 + roH> as above, then

|ukw€| )

1
G((u, w); E, D) = log,, (.#E(u, w)) = sup 102, (”ukaHE

k=0 |(K, O)|p

Proof
It is trivial that log,, (.#ZE (U, w)) < G((u, w); E, D). For the inequality in the other
direction, suppose that

h(u, w) = Zakg ukwt e Clu, w]
k.t

satisfieg/h||g < 1. Without loss, we can assume tidt, w) is nonconstant.
Taking (Ry, Ry) € E NR2; so thatR¥RS = [ukw’||g, and using Cauchy’s
formula and the fact thée is fully circled, we see that

2r 2 h(R€f, Rye?2 o .
lawe| = #\/O /O (Ry 2€)  Riei® Ryiei? doy do,
1 1

lerlei (k+1)61 R§+1ei (£+1)6,

< =
= Rkpt Kypllle
RERY — [lukwi|e
Consequently,

ukw’|

h(u, w)| < E —_—

WLl = lukwt ||
|(k,£)|p <degy (h)

< (degy (hyr1 + 1) (degs (hyrz + 1).e (u, w)®®™.

This yields

1 |Og(de€b(h)))
degs (h) degy (h)

Replacingh(u, w) by a power(u, w)N and lettingN — oo gives

log,, (Ih(u, w)|) < log,, (.#&(u, w))+O<

1
des ™ log,, (Ih(u, w)|) < logy, (A& (u, w)). o
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Now specialize to the case
E=Eow={Uw) eC?:|uP+wP=<1}
Earlier we saw that
(ke ( A >1/p
w =\
o = K+ o)k

For (u, w) € Es, We haveG((u, w); Es, D) = 0 as 1€ K, @k HO(X, &x(nD))
for all n. To determineG((u, w); Ex, D) for (u, w) ¢ E, first note that by homo-
geneity, ifx = |ul, y = |w|, then.Zg_ (u, w) = .#e_ (X, Y). So, for fixedx,y > 0
with xP + yP > 1, we want the value of

logy, (#e.. (%, Y))

k k+¢
= max<0, o max ﬁ log., (’(%)upxkyeb). (A7)

For any 0 < t € R, the right-hand side is unchanged whgn¢) is replaced by
(tk, t£), and it is continuous on the set

[, 1) eR?: 4,4 > 0, |k, M)|p = 1}. (A.8)
Thus we can take the inner max iA.{) over the set4.8). Recall that log, is the
logarithm to the base'/? sinceK, = R, so log,, (x) = 2log(x). Put
2
f(k) = 5((K +r2) log(x +r2) — k log(x) — r2log(r2))
+ 2k log(x) + 2r2log(y),
2
g = 5((r1 + A)log(ry + A) —r1log(ry) — Alog())
+ 2rplog(x) + 2a log(y).
Since|(k, A)|p = 1 means mafk /r1, A/r2) = 1, we find that

G((u, w); Ex, D) = max(0, max f(k), max g()).
O<k<ri 0<i<ry
The two expressions on the right-hand side are similar in form. The unigue poi
where f’(k) = 0 occurs atcg = roxP/(1 — xP), and this belongs to the interval
0 <« <rqifand only if

O§X<< ry )l/p.

ri+re
From this, one sees that if9 x < (r1/(r1 + r2))¥P, then the maximum of (x) for
O0<k <rqis

f (ko) = 2r2log(y) — szz log(1 — xP),



CAPACITY THEORY AND ARITHMETIC INTERSECTION THEORY 277

while if x > (r1/(r1 +r2))Y/P, the maximum is

f(r1) = 2r1log(x) + 2rzlog(y)

2
+ —p((r1 +r2)log(rs +ra) —rilog(ry) —r2log(ra)).

Similar formulas hold fog(1). PartitionC?\ E, into three regions:

regionl:  {(u,w) € C?: |u| < (rlrjrz)l/p, lulP + |w|P > 1},
region I1:  {(u, w) € C?: |w| < (525) 7", 1P+ w|P > 1},

. 1 1
region 1l {(u, w) € C2: Ju| > () /P and|w| > (%) Py

ThenG((u, w); Ex, D) is given by

0 OnE.o,
2rslog(Jw|) — szz log(1 — ulP) on region I,
2rq1log(ju}) — ZLpl log(1 — |w|P) on region Il,

2ry log(ul) + 2rz2log(jwl)
+%[(r1 +r2)log(rs +r2) —rilog(ry) —r2log(r)]  on region Ill.

(A.9)

By routine but tedious computations, one finds that
(1) G((u, w); Es, D) is continuous everywhere, and it4&" except ord Eqo;
(2) writingu =re'? andw = pe'?,

dd°G((u, w); Eso, D on the interior ofE,

dd°G((u, w); Es, D) = rzz” (1 rp i

( ) =

( D) = dr Ade  onregion |,
dd°G((u, w); Ex, D) = r12,, (1 pp>2 do Adg onregion I,

( ) =

dd°G((u, w); Eso, D on region Ilt
(A.10)
(3) dd°G((u, w); E, D) has no residues except 6iE,; on d Es, the residue
is given by the 1-formd®G((u, w); Eo, D), computed using the expression

from region | (resp., region II) inX).

Computation of the (conjectural) intersection product
Associate to the séi and the divisoiD = r1H1 + raoHs the generalized arithmetic
divisor

2 = (D, {G((U, w); Ey, D)}ue.si )
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(Note that eachG((u, w); E,, D) is continuous, so her&*((u, w); E,, D) =
G((u, w); Ey, D).) Assuming that there is an intersection theory for such object:
which extends Gillet-Soéls theory, which respects linear equivalence by principal
arithmetic divisorgliv(f) = (div(f), {—10g, (| f (2)»)}ve. ), and which has a de-
composition into local terms as irt.¢) and ¢@.5), we formally compute the self-
intersection numbe®3. Put

21 = (D1, {Guihvei) = 2,
P2 = D2, {Gu2hve.sic) = 7 +r1dv(u — D) + radiv(w — 1),
73 = (D3, (Guslve.s) = 7 + 11 div(u) + rzdiv(w),
inwhichDy =r1(Uu=00) +r2(w =00), D2 =r1(u=1) +r(w = 1), D3 =
ri(u=0)+ra(w = 0), and
Gu1 = G((u, w); Ey, D),
Guz = G((u, w); Ey, D) —r1log,(lu - 1f,) —rzlog, (jw — 1],),
Gy3 = G((u, w); Ey, D) —r1log,(|ul,) —rzlog, (lwly). (A.11)
Since D1, D2, and D3 meet transversely, witlD; - D2 - D3 = 0, according to
(4.5) we expect

D = (D, D2, P3) = )_{1, D2, P3)y 109(@y).

v

If dd°G,i = w,i — 8p;, then each local intersection term is given by

(P21, D2, P3)» = Gy3(D1- D) +/D

whereD1 - Do =rira(1, 00) +rara(co, 1).

G2 w3+ / Gu1 w2 A w3, (A12)
1(Cy) X(Cy)

The intersection product in the nonarchimedean compact case
For nonarchimedean € S, writing g = q,, Green’s functions are given by

Gy1(U, v) = r1G(U; Zg, (00)) + r2G(w; Zg, (0)),
Gy2(u, v) = r1(G(U; Zg, (00)) — log, (lu — 1],))
+r2(G(w; Zg, (00)) — log, (jw — 1],)),
Gy3(u, v) = r1(G(U; Zg, (00)) — log, (ul,))
+r2(G(w; Zg, (00)) — log, (|wly)).
The first term in the local intersection prodyéty, -, Z3), is

Gy3(D1 - D2) =r1r2Gy3((1, 00)) + rir2Gya((oo, 1))

1 1
=) . A.13
rlr2<r1qv—l+r2qu—1> ( )
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The (conjectural) second term is

/ Gowy3 = fl/ G2 w3 + F2/ G2 wy3.
D1(Cy) {u=c0} {w=00}

The theory in B1] tells us that ifduq(2) is the additive Haar measure @y with
total mass 1, themw,3|{u—oc; Should berzdiug(w) onZq, andw,3|iw=ccy Should be
ridugq(u) onZgq. (These are the only reasonable possibilities in light of the translatio
invariance ofZq). HereG,2((co, w)) =r1(1/(qy, — 1)) —r2 Iogq(|w —1lg)), so

1
flf G2 wy3 = flfzf r —rzlogy(lw — 1|g) dug(w)
{u=o00} Zg G —1

U

1 1
2 2
réro +rqr . A.14
L 0y —1 zqv -1 ( )

Similarly,

1
rg/ G2 w3 =r2rp +rqr3 (A.15)
{w=o00} v — 1

QU - l.
Finally, we expect thab,> A w,3 should be &1r; - dpug(u) dug(w), where, as before,
duq(2) is the additive Haar measure @i with uq(Zq) = 1. SinceG,1(u, w) = 0
onZqg x Zq, We expect that

/ Gur w2 A wyz =0, (A.16)
X(Cy)

though at present we must take this as a definition in our case. Thus, sumiiify (
(A.14), (A.15), and (\.16), we expect that for eache S,

1
(D1, D2, D3), 109(qy) = (3rrp + 3r1r§)q—1 log(qy)- (A.17)
-

The intersection product in the nonarchimedean noncompact case
By formulas @.5) and (A.11), for eachv ¢ S U oo,

Gy1(u, v) = rymax(0, log, (|uly) + mMy1) + ramax(0, log, (lwly) + my2),
Gy2(u, v) = ri(max@, log, (Jul,) + my1) — log, (Ju — 1|,))

+r2(max0, log, (Jw|,) + My2) — log, (jw — 1},)),
Gy3(U, v) = r1(maxo, log, (|ul,) + my1) — log,(Jul,))

+r2(max0, log, (lwly) + My2) — log, (jwly)).

(If uorwvis oo, these are to be understood as appropriate limits.) As before, wril
g = q, for the prime underlying.
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The firstterm in A.12) is

Gu3(D1 - D2) = r1raGy3((1, 00)) + rir2Gya((oo, 1))
= r1ra(rsmax0, my1) + ramyz) + rira(romax0, my) + rimyp)

= r2ro(max0, my1) + my2) + rir(my1 + max0, my2)). (A.18)

The second term inY.12) is

/ Gowyz = f1/ G2 wy3z + fzf G2 wy3.
D1(Cy) {u=o00} {w=o0}

Based on our discussion concerning adelic intersection theory, we expetd be
a“(1, D-form” radua(u) + roduz(w), wheredu(u) assigns mass 1 ™1 ﬁv and
du2(w) assigns mass 1 qi“v26v. Thus we should have

/ Guawes = 11 /  Gy2(00, w) T2 dua(w)
D1(Cy) qmM20,

+rs /  Gua(u, 00) r1dpua U,
qmulov

The integrals on the right-hand side are expected to pick out the “generic valu
of G,2(u, w) on the sets in question. The value Gf,2(co, w) is rim,; for all

w € qmvzﬁv if my > 0, and it isrimy,; + romy for all w € qmv26v with
lw—1], = |q™2],, if my2 < 0. Thus the generic value &,2(co, w) for w € quZCA),,

is r1my1 + romin(0, my2). Similarly, the generic value d&,2(u, oo) ongq™:? ﬁv is

r, min(0, my1) 4+ ramy2. Hence we expect that

/ Gu2wy3 = r2r2(my1 + Min(0, my1)) + rar3(min(0, my2) + my2). (A.19)
D1(Cy)

This equality can at present be taken only to be a definition in this case, as we hz
not made an independent definition of the integrals occurring in it.
Finally, we expect that

/ Guyrwp2 Awyz3 =0 (A.20)
X(Cy)

sinceG,1 vanishes orE,, regardless of what interpretation is givendg A w,3.

(Based on our discussion of adelic intersection theory, we expecbthat w,2 =

wy3 and thatw,2 A wy3 = wy1 A wy1 Should assign masd 2riro to the sete, =

gm1 0, x gmv2 6U.) However, at present this equality can only be taken as a definitior
Summing £.18), (A.19), and (.20), we expect that

(1, D, Z3)v10Q(Qy) = 1215 - (2My1 + Max©, my1) + min(0, my1)) log(qy)
+r1rZ - (2my2 + max(©0, m,2) + min(0, m,2)) log(cy)
= (3my1 - r2rp +3myz - rar?) log(qy). (A.21)



CAPACITY THEORY AND ARITHMETIC INTERSECTION THEORY 281

Note that {A.21) is zero for all nonarchimedean¢ S U $.

It may be worth noting that%1, %», 3), 10g(q,) can be evaluated with dif-
ferent orderings of the;. When this is done fok%s, 22, 21), log(q,), the term
fx«cv) Gu3wy2 A wy1 IS NONzero, and to obtair\(21), it is necessary to assume that
wy2 A wy1 givesE, the mass 2 ryro indicated above.

The intersection product in the archimedean case
In the archimedean case, formulas k.1, G2, and G.3 are given by 4) and
(A.11). We havedd°G i = wa — 8p; for eachi, wherewy is as in (A.10) andép,
is the Dirac current supported di. We now evaluate each of the terms appearing
on the right-hand side of\(12) for (21, Z2, 73)00 109(0se). SiNCeqe, = €2, this is
(1/2)(21, D2, 3) o-

For the first term, we havB1 - D2 = r1r2((1, o0)) +r1ra((oco, 1)). Since(l, oo)
and(oco, 1) belong to the closure of region Ill, formul&a) gives

1 1
1
=:5«n+w2kw01+r2—41bmn)—rﬂoan.

Thus
1
EGoo3(Dl' D7)
2 2, 2 5
= Erlrg(rl +r2)log(ry +r2) — —prlrzlog(rl) — Erlr2 log(rz). (A.22)

The second term in the local intersection product is

1 1 1
E/ Goo2 dwso = Erl/ Goo2 oo + ErZ/ Goo2 0o
D1(C) {u=o00} {w=00}

Consider the first integral. The hyperplaite= oo} does not intersedf, or the tube
ul < (ry/(rp+ rz))¥/P; it does meet the tubpy| < (r2/(r1 +r2))YP, and on that
tube (writingw = p€'?), by (A.10),

rip pP!

_AAC : _ 1F _
weo = dd (G((u, w); Eoo, D)) = o P2 do A do.

Similarly, (A) shows thatG2(co, w) is given by

. u
lim <2r1 log (W) — 2rylog(ju — 1)) — 2rz log(jlw — 1))

u—o00

= —2Lpl log(1— pP) — 2ralog(jw — 1)).
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Writing R = (rz/(r1 +r2))Y/P,

1 rq pri pP~t
2r1/{u_oo} Sz rl/|w|5R< p 0927 3 G ppp 1 99
pn
2

pP~t
—[’1/ < (rzlog(|w —1|)) de/\d(ﬂ

27
// log(1 — pp)( p)zdsodp

1 pP-1
— - | v _ 1 L—— P
pflfzfo <27r/0 og(|p€ I)d<p) a2

The second integral evaluates to zero by the mean value theorem for harmonic fu
tions, while the first is

R p—1 3 ,1-RP
3 p rl/ 1
=—r log(l— pP dp = log(t) = dt
1/0 9t =p )(1—pp)2 P pJ1 g()tz

1
- E((ri°> +r2rp)log(r +r2) —r2rp — (13 +r2rp) log(ry)). (A.23)

Similarly, (1/2)r2 /{w:oo} Goo2 W €Valuates to

1
p((r +r1rd)log(ry +r2) —rary — (r3 +rar3) log(rz)). (A.24)

The third term in the local intersection productig?2) f]P’lx]P’l Gool Woo Ao BY
formulas @.10), we see thab., Awse = 0 except ord E.. HoweverGyo1(u, w) =0
on E,, so this term vanishes.

Conjecturally, the total intersection product should be the sum 67, (A.21),
(A.22), (A.23), and (\.24):

2% = %((rl +r12)%log(ry +r2) —rfry —rar3

—(r3+3r?ry) Iog(rl) — (r3 +3r1r2) log(r))

ol Z(3r ro +3r1r2) Iog(qv)
vES

+ ) @My - rira + 3myy - rar) log(gy). (A.25)
VES

This is the same as the formula ferlog(S, (E, D)) in Proposition4.2, and we see
that @.9) holds, subject to the assumptions ih.14), (A.15), (A.16), (A.19), and
(A.20).
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