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Harmonic Analysis on Metrized Graphs

Matt Baker and Robert Rumely

Abstract. This paper studies the Laplacian operator on a metrized graph, and its spectral theory.

1 Introduction

A metrized graph I' is a finite connected graph equipped with a distinguished para-
metrization of each of its edges. (A more rigorous definition can be found in §2). In
particular, I is a one-dimensional manifold except at finitely many “branch points”,
where it looks locally like an n-pointed star. A metrized graph should be thought of as
an analytic object, not just a combinatorial one. In particular, there are a Laplacian
operator A on I and corresponding “Green’s functions” used to invert it. In this
paper, we will study the spectral theory of the Laplacian on a metrized graph.

While metrized graphs occur in fields as diverse as chemistry, physics, and mathe-
matical biology, our motivation comes from arithmetic geometry. The eigenfunction
decomposition of the Arakelov-Green’s function on a Riemann surface

(1.1) gu(x,y) = Z)\ifn(x)m
n=1 """

plays an important role in Arakelov theory. For example, it is the key ingredient used
by Faltings and Elkies to give lower bounds for g, (x, y)-discriminant sums (see [La,
§VI, Theorem 5.1]). Estimates for these sums can then be used to prove the effectivity
of certain Arakelov divisors on an arithmetic surface (see [La, §V, Theorem 4.1]).

Metrized graphs were introduced as a nonarchimedean analogue of a Riemann
surface in [Ru, CR, Zh]. The Laplacian on a metrized graph and the kernel of inte-
gration that inverts it, the Arakelov-Green’s function g, (x, ) associated to a measure
w1 on I', were studied in [CR, Zh]. Those papers made it natural to ask if there is
an eigenfunction decomposition of g, (x, y) analogous to (1.1) on a metrized graph,
keeping in mind that for applications to nonarchimedean Arakelov theory, it is neces-
sary to allow p to be a singular measure. This paper therefore addresses the question
“What are the eigenfunctions of the Laplacian on a metrized graph I relative to an
arbitrary bounded, signed measure ;2"
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Initially, we discovered decompositions of g, (x, y) for certain special examples by
ad hoc means (see §1.8 below). This paper is the outcome of our attempt to under-
stand those examples. For an arbitrary measure 1 of total mass one on I', we obtain
an eigenfunction expansion converging uniformly to g, (x, y). We give three charac-
terizations of eigenfunctions and study their properties. We give an algorithm which
computes the eigenvalues in certain cases, and report some examples for interesting
measures and graphs found by students in a Research Experience for Undergraduates
(REU) held at the University of Georgia in summer 2003. As applications of the gen-
eral theory, we prove the positivity of an “energy pairing” on the space of measures of
total mass 0, we obtain Elkies-type bounds for g, (x, y)-discriminant sums generaliz-
ing those found for the circle graph in [HS], and we show that @ = dx is the unique
measure of total mass one for which the integral operator associated to g,(x, y) has
minimal trace. We also raise several questions for future investigation.

In the course of writing this paper, and from the referee’s report, we learned
of an extensive mathematical literature concerning spectral analysis and differen-
tial equations on metrized graphs, which are also known in the literature as “net-
works”, “metric graphs”, and “quantum graphs”. In particular we note the papers
of J. P. Roth [Ro], C. Cattaneo [Ca], S. Nicaise [N1, N2], J. von Below [Bel, Be2],
F. A. Mehmeti [AM1]-[AM3], B. Gaveau, M. Okada, and T. Okada [GO], T. Okada
[Ok], M. Solomyak [So], and L. Friedlander [Fr, Fr2]. These works all define the
Laplacian somewhat differently than we have done in the present paper. Typically,
they deal with Laplacians of functions f satisfying certain natural boundary con-
ditions at the nodes (vertices) which make the “discrete part” of the Laplacian (as
defined in the present paper) equal to zero. They then study (in our terminology) the
spectral theory of the graph relative to the measure ;4 = dx. The results in the papers
cited above, while perhaps not entirely superseding ours in the case © = dx, go much
further in a number of directions. In particular, most of these papers treat infinite
networks, whereas we have restricted our attention to finite ones. So to a large ex-
tent, it is the emphasis on eigenfunctions with respect to general measures p (of total
mass one) which is new in this paper. We have included Section 14 below partly to
illustrate why one might be interested in the theory for measures other than dx. The
spectral theory of more general measures is at least partly treated in [AM2], but we
are unable to draw a precise comparison because the terminology and definitions are
so different.

For more discussion of the relationship between these works and the present pa-
per, see §1.9 below.

We now give an overview of the contents of this paper. First, we will recall the
notions of Laplacian operators on I given in [CR, Zh].

The Laplacian on the Space CPA(T")

Let CPA(I") be the space of continuous, piecewise affine complex-valued functions
onI.

For each point p € T', consider the set Vec(p) of “formal unit vectors ¥ emanating
from p”. (A rigorous definition is given in §2). The cardinality of Vec(p) is just
the “valence” of p (which is equal to 2 for all but finitely many points p € I'). If
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v € Vec(p), we define the directional derivative dy f(p) of f at p (in the direction V)

to be .
t —
dsf(p) = lim L2+ = f(P),
t—0*t t

For f € CPA(I"), we define the Laplacian Af of f to be the discrete measure
Af =— ZPEF o,(f)dp, where o,,(f) is the sum of the slopes of f in all directions
pointing away from p. More precisely, o,(f) = ZVGVec(p) dyf(p). (Here §, is the
discrete probability measure on I' with the property that fr f(x)0,(x) = f(p) forall
fecm).)

This is essentially the definition of the Laplacian Acgr given by Chinburg and
Rumely in [CR], except that our Laplacian is the negative of theirs. We also remark
that the definition of A on CPA(T") is closely related to the classical definition of the
Laplacian matrix for a finite weighted graph (see [BF] for details).

1.2 The Laplacian on the Zhang Space

Following Zhang [Zh], one can define the Laplacian on a more general class of func-
tions than CPA(I"). The resulting operator combines aspects of the “discrete” Lapla-
cian from the previous section and the “continuous” Laplacian — f’/(x)dx on R.

We define the Zhang space Zh(I") to be the set of all continuous functions f: I' —
C such that f is piecewise €? and f”/(x) € L'(T). (In general, when we say that f is
piecewise C¥, we mean that there is a finite set of points X; C T' such that I'\ X is
a finite union of open intervals, and the restriction of f to each of those intervals is
()

For f € Zh(I'), we define A f to be the complex Borel measure on I' given by

A =—f@dx = (Y dif ),

PEXy vVeVec(p)

where if x = p + tV € I\ X[, we set f/(x) = d*/dt* f(p + t¥).

If f € CPA(I') C Zh(I"), then clearly the two definitions of the Laplacian which
we have given agree with each other.

Let (, ) denote the L* inner product on Zh(I'), i.e, (f,g) = [ f(x)g(x) dx. The
following result shows that the Laplacian on Zh(I") is “self-adjoint”, and justifies the
choice of sign in the definition of A.

Proposition 1.1  Forevery f,g € Zh(D), [LgdAf = [ fdAg = (f',¢).

Proof This formula is given in Zhang [Zh, proof of Lemma a.4] and is a simple
consequence of integration by parts. We repeat the proof for the convenience of the
reader.

Since f,g € Zh(I'), there is a vertex set X for I such that I'\X consists of
a finite union of open intervals, f’/(x) and g’’(x) are continuous on I'\X, and
f"(x),g"(x) € LX(T'). In particular f’ and g’ are continuous on I'\X. Using that
f"'(x) and g’’(x) belong to L'(T") one sees that f’ and g’ have boundary limits on
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each of the open segments making up I'\ X, and these limits coincide with the direc-
tional derivatives at those points.

Identifying I'\ X with a union of open intervals (a;,b;), i = 1,...,N, and iden-
tifying the directional derivatives at the points in X with one-sided derivatives at the
endpoints, we find by integration by parts that

N
(f:&)pir = Z / fx)g"(x) dx + f(bi)g'(bi) — f(ai)g'(ai) )

N
Z/ f'x)g’ (x)dx—/f(x)g (x) dx. -

It follows that the Laplacian has total mass 0:

Corollary 1.2 For any f € Zh(D'), we have [. Af = 0.
Proof [ Af= [ 1dAf= [.fdAl=0. [ |

This generalizes the fact (see [CR, Corollary 2.9]) that if f € CPA(I') and Af =
> i Cidg, then ) ¢; = 0.

1.3 The Dirichlet Inner Product and Eigenfunctions of the Laplacian

Motivated by Proposition 1.1, we define the Dirichlet inner product on Zh(I') by
(f,&pir = / f(x)g’ (x) dx.
r

We define a corresponding Dirichlet seminorm by || f||3.. = (f, f)pir-

Note that || f||pir > 0 for all f € Zh(T"), with equality if and only if f is constant.
Thus || - ||pir is indeed a seminorm on Zh(T"). To obtain an honest norm, let  be a
real-valued signed Borel measure on I" with (') = 1 and |u|(T") < oo, and define
Zh, () = {f € Zh(D) : [;. fdpu = 0}. Then for f € Zh,(T'), || f|lpir = 0 if and only
if f =0, 1i.e, || - ||pir defines a norm on Zh,,(T").

Let Dir,(I') denote the Hilbert space completion of Zh,(I") with respect to the
Dirichlet norm. By Corollary 3.3 below, Dir,(I') can be naturally identified with a
subspace of €(I"), the space of continuous complex-valued functions on I'.

We define a nonzero function f € Zh,(I") to be an eigenfunction of the Laplacian,
(with respect to ) if there exists A € C such that

/ S dAS) = A / G f ) d
T

or equivalently (f, g)pir = A(f, g), for all g € Dir,,(T").
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It is important to note that we only test this identity for g in the space Dir,(I), so
in particular the eigenvalues and eigenfunctions depend on the choice of p.

The condition (f, g)pir = A(f, g) makes sense for f, g € Dir,(I") as well, so there
is a natural extension to Dir,(I") of the notion of an eigenfunction of the Laplacian.
(It is irrelevant whether we require g to be in Zh,,(I') or Dir,(I").) Later we will see
that the space Zh,(I") is not always large enough to contain a complete orthonormal
set of eigenfunctions, and we will describe a space which does.

Setting f = g in the definition of an eigenfunction, it is easy to see that the eigen-
values of the Laplacian on Zh,(I') (or Dir,(I")) are real and positive.

Example 1.1  Suppose j1 = %50 + %(51 on ' = [0,1]. We will see later (Proposi-
tion 15.1) that every eigenfunction of the Laplacian on Dir,(I) is piecewise C°°. It
follows that f is an eigenfunction of A with respect to p if and only if there exists
A € R such that

1 1
(Fr@)on = /(D) — F/(0)g(0) / /(0700 dx = A / FO0g0) dx
0 0

forallg € Zh,(I').
As g(0) = —g(1) for all g € Zh,,(I'), this simplifies to

L) + £1(0)] — / (000 dx = A / (02 dx.
0 0

It is not hard to show that this identity holds for all g € Zh,,(I") ifand only if f'(0) =
—f'(1) and f"(x) = —Af(x). As f € Zh,(I"), we must also have f(0) = —f(1).
These conditions yield the eigenfunctions a, cos(nmx), b, sin(nmx) for all odd inte-
gers n > 1, and corresponding eigenvalues n*7? (each occuring with multiplicity 2),
again for n > 1 odd.

Example 1.2 Suppose p = dx is Lebesgue measure on I' = [0, 1]. It is shown
in Example 16.1 that eigenfunctions of the Laplacian in Dir,(I") satisfy f''(x) =
—Af(x) with the boundary conditions f’(0) = f’(1) = 0. These conditions yield

the eigenfunctions a,, cos(nmx) forn = 1,2, 3, ..., with eigenvalues \, = n?r>.

Comparing Examples 1.1 and 1.2 illustrates the fact that the eigenfunctions and
eigenvalues depend not only on I', but on the choice of x.

In §3, we will discuss how the classical Rayleigh—Ritz method can be used to obtain
the following result:

Theorem 1.3  Each eigenvalue A of A on Dir,(I') occurs with finite multiplicity. If
we write the eigenvalues as 0 < Ay < A\, < --- (with corresponding eigenfunctions
fi, fas - .., normalized so that || f,|l» = 1), then lim, o0 Ay = o0 and {f,} forms a
basis for the Hilbert space Dir,,(I").
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It follows that each f € Dir,(I") has a generalized Fourier expansion

(12) =Y cufu
n=1

We will see later that the series in (1.2) converges uniformly to f. However, the
techniques of §3 are not strong enough to prove even pointwise convergence.

To establish stronger convergence results, we study eigenfunctions of the Laplacian
via an integral operator ¢, which (in a suitable sense) is inverse to the Laplacian on
Dir,,. Working with integral operators, rather than differential operators, is a well-
known method for improving convergence.

1.4 The General Measure-Valued Laplacian

An important observation is that the Laplacian exists as a measure-valued operator
on a larger space than Zh(I"). In §4, we will define a space BDV(I') C C(I") which is
in a precise sense the largest space of continuous functions f for which A f exists as
a complex Borel measure. (The abbreviation BDV stands for “bounded differential
variation”. We refer to §4 for the definition of BDV(I") and of A f for f € BDV(I").)
We also define BDV ,(I') = {f € BDV(T') : [. fdu = 0}.

Consideration of the measure-valued Laplacian on BDV(I") is important for our
integral operator approach to the spectral theory of A, and the space BDV(I") plays
arole in our theory similar to that of a Sobolev space in classical analysis.

1.5 The j-Function and the Arakelov-Green'’s Function g,

In [CR] (see also [BF]), a kernel j¢(x, y) giving a fundamental solution of the Lapla-
cian is defined and studied as a function of x, y,( € I'. For fixed ¢ and y it has the
following physical interpretation: when I" is viewed as a resistive electric circuit with
terminals at ( and y, with the resistance in each edge given by its length, then j (x, y)
is the voltage difference between x and ¢, when unit current enters at y and exits at {
(with reference voltage 0 at ¢). For fixed y and ¢, the function j¢(x, y) is in CPA(T")
as a function of x and satisfies the differential equation

(1.3) Ax(fe(x, y)) = 0y(x) = 6¢(x)

(see [CR, (2), p.13]; recall that our A = —Acp).
As before, let p be a real-valued signed Borel measure of total mass 1 on I'. We
define the Arakelov-Green’s function g, (x, y) associated to 1 to be

gp,(xay) = \/ij(xa )/) dM(C) _C/L

where C, = [, jc(x, y) du(Q)du(x)dp(y).
One can characterize g,(x, y) as the unique function on I' x I" such that

(i)  gu(x,y) is an element of BDV,(I") as a function of both x and y.
(i) For fixed y, g, satisfies the identity A,g, (x, y) = d,(x) — p(x).
(i) [ p 8u(x, ¥) dp(x)du(y) = 0.
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1.6 The Integral Transform ¢, (x, y)

For f € L*(I), define ¢,(f) = [;g.(x, »)f(y) dy. We will see that ¢,,: L*(T") —
BDV,,(T') and that A(p,(f)) = f(x)dx — ([, f(x) dx)p. In particular, if [.gdu =0
then

/g(T)A(cpﬂ(f)) = /(@f(x)dx.
r r

We will see that the operator ¢, : L*(T') — L*(T") is compact and self-adjoint, and
then an application of the spectral theorem will yield the following.

Theorem 1.4  The map ¢, has countably many eigenvalues o, each of which is real
and occurs with finite multiplicity. The nonzero eigenvalues can be ordered so that
log| > |ap| > -+ and lim;_,o || = 0. Each eigenfunction corresponding to a
nonzero eigenvalue belongs to BDV ,(T'); L*(T') has an orthonormal basis consisting of
eigenfunctions of ., and each eigenfunction corresponding to a nonzero eigenvalue be-
longs to BDV ,(I').

We will also see that a nonzero function f € Dir,(I') is an eigenfunction for A on
Dir,(I') with eigenvalue A if and only if it is an eigenfunction of ¢, with eigenvalue
a=1/\

This gives us an alternative way to understand the spectral theory of the Laplacian.
In particular, it will allow us to prove that the generalized Fourier series expansion in
(1.2) converges uniformly on I for every f € Dir,(I").

1.7 Eigenfunction Expansion of g, (x, y)

The integral operator approach will also enable us to prove the following result con-
cerning the eigenfunction expansion for g, (x, y).

Proposition 1.5  Let the f, be as in the statement of Theorem 1.3. Then the series

ST W converges uniformly to g, (x, y) forall x, y € I".

n=1

Proposition 1.5 can be used to prove the following results, which are closely re-
lated to results in [BR] and served as part of the motivation for this paper. For the
statement of Theorem 1.6, let Meas(I") denote the space of all bounded signed Borel
measures on I

Theorem 1.6  Among all v € Meas(I') with v(I') = 1, p is the unique measure
minimizing the energy integral

(1.4) I,(v) = // gu(x, y) dv(x)dv(y).

I'xT’
Proposition 1.7  There exists a constant C > 0 such that if N > 2 and xy,...,xN €
T, then

! 3 C
NIN—1) 8ulxis %)) = — -
i#]
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We remark that Theorem 1.6 is motivated by classical results from potential the-
ory, and Proposition 1.7 specializes to [HS, Lemma 2.1] when I' is a circle.

In the latter part of the paper, we will study the regularity and boundedness of
the eigenfunctions, and give an algorithm to compute them for a useful class of mea-

sures .

1.8 Examples of Eigenfunction Expansions

Here are some examples of eigenfunction expansions for g, (x, y).
1. I'=1[0,1], p = dx.

F+i(l—y)P -t ifx<y
1

ulx,y) =
' 1 =xP+3y? =1 ifx>y
B cos(nmx) cos(nmy)
o Z 202 :
n>1
2. T =1[0,1], = 360 + 301.
1 1
gl y) = =5k =yl

cos(nmx) cos(nmy)  sin(nmx) sin(nmy)
+ .
> e )
n>1odd
3. T =[0,1], u = dy.

. sin(22%) sin(“5%)
gu(x,y) = min{x, y} = 8 ;dd —ap

4. T'=R/Z, p = dx.

1 , 1 1
gu(x,y) = Elx—yl - Elx—y\ t

cos(2mnx) cos(2mny)  sin(2mnx) sin(2mwny)
> * )

N 4min? 4m2n?
n>1
5.7 =R/Z, p = 6.
x(1—y) ifx<y,
gu(x,y) = e 7
y(1—x) ifx>y,

_, Z sin(nmx) sin(mry).

min?

n>1
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1.9 Related Work

The term “metrized graph” was introduced by the second author [Ru], and was fur-
ther developed by Chinburg and Rumely [CR] and by Zhang [Zh]. In those papers,
metrized graphs are seen to arise naturally from considerations in arithmetic geom-
etry, and the function g, (x, y) is related to certain pairings which occur in Arakelov
theory and arithmetic capacity theory. The present paper was originally motivated by
the study of reduction graphs and Berkovich spaces associated with algebraic curves,
with an eye toward proving general adelic equidistribution theorems for points of
small canonical height (see [BR]). It has been further developed [RB] to yield a de-
tailed study of the Laplacian on the Berkovich projective line over a complete and
algebraically closed nonarchimedean field.

It seems clear, however, that the theory developed in the present work should have
applications beyond its origins in arithmetic geometry. There is already a vast liter-
ature concerning objects which are more or less the same as metrized graphs. Other
names one encounters for these objects include networks, metric graphs, and quan-
tum graphs. We are not expert enough to survey the entire literature and comment
on its relation to the present paper, so out of necessity we will restrict our comments
to a few specific related works. Metrized graphs have applications to the physical
sciences; for example, Nicaise’s papers [N1, N2] are written in the context of mathe-
matical biology, and deal with the spread of potential along the dendrites of a neuron.
Kuchment’s survey paper [Ku], on the other hand, is motivated by considerations in
quantum physics. And the results from [AM1]-[AM3] and [Bel, Be2] have applica-
tions to various aspects of physics and electrical and mechanical engineering.

There is a well-developed mathematical theory dealing with differential equa-
tions and spectral problems on metrized graphs. We note especially the following
works. J. P. Roth solved the heat equation on a metrized graph [Ro], and used
this to show the existence of nonisomorphic isospectral metrized graphs (“Can you
hear the shape of a graph?”). J. von Below studied the characteristic equation as-
sociated to the eigenvalue problem for heat transmission on a metrized graph, and
in the case corresponding to our y = dx, gave a precise description of the eigen-
values and their multiplicities [Bel, p. 320]. He also studied very general prob-
lems of Sturm-Liouville type on graphs [Be2]. He showed they have discrete eigen-
spectra and that the eigenfunctions yield uniformly convergent series expansions of
well-behaved functions. E. Ali Mehmeti studied nonlinear wave equations on CW-
complexes of arbitrary dimension, together with boundary conditions coming from
higher-dimensional analogues of Kirckhoff’s laws [AM2]. By casting the theory in
abstract functional-analytic form, he obtained very general results about asymp-
totics of eigenvalues. L. Friedlander showed that for a “generic” metrized graph, all
eigenvalues of the Laplacian (relative to the measure y = dx) have multiplicity one
[Fr], and he gave a sharp lower bound for the dx-eigenvalues of the Laplacian on a
metrized graph [Fr2].

We should also mention here the recent book by Favre and Jonsson [FJ]. They de-
velop a detailed theory of Laplacians on (not necessarily finite) metrized trees which
is closely related to our approach in the special case where the graph is both finite
and a tree.
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Finally, we would like to point out that the present paper is more or less self-
contained, and uses less sophisticated tools from analysis than most of the papers
cited above. In particular, we make no use of the theory of Sobolev spaces (which
are omnipresent in the literature on networks and quantum graphs), although their
introduction would probably shorten some of the proofs here. For the reader seeking
an even less technical introduction to the Laplacian on a metrized graph, a leisurely
survey can be found in [BF].

2 Metrized Graphs

2.1

Definition of a Metrized Graph

We begin by giving a rigorous definition of a metrized graph, following [Zh]. We
will then explain how this definition relates to the intuitive definition given in the
introduction.

Definition 2.1 A metrized graph T is a compact, connected metric space such that
for each p € T, there exist a radius r, > 0 and an integer n, > 1 such that p has a
neighborhood V', (r,) isometric to the star-shaped set

S(ny,1p) ={z€C:z= 127/ for some 0 < t < rp and some k € 7},

equipped with the path metric.

There is a close connection between metrized graphs and finite weighted graphs. A
finite weighted graph G is a connected, weighted combinatorial graph equipped with
a collection V = {vy,...,v,} of vertices, E = {ey, ..., e,} of edges,and W = {w;;}
of nonnegative weights (1 < i, j < n) satisfying:

* Ifw;; = 0, then there is no edge connecting v; and v;.

e Ifw;; > 0, then there is a unique edge e connecting v; and v;.
* wij = wj; foralli, j.

e w;; = 0foralli.

We let w(ex) denote the weight of edge ek, and define the length of e to be L(ex) =
1/w(ex).

There is a natural partial ordering on the collection of finite weighted graphs,
where G’ < Gif we can refine G to G’ by a sequence of length-preserving (as opposed
to weight-preserving) subdivisions.

We write G ~ G’ if there exists a finite weighted graph G’/ with G’ < G and
G” < G, i.e, if G and G’ have a common subdivision. It is easy to see that this
defines an equivalence relation on the collection of finite weighted graphs.

Lemma 2.2 There is a bijective correspondence between metrized graphs and equiva-
lence classes of finite weighted graphs.

Proof Suppose first that I' is a metric space satisfying Definition 2.1. By compact-
ness, it can be covered by a finite number of neighborhoods V,(r,). Hence there
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are only finitely many points p € I' for which n, # 2. We will call this collection
of points, or any finite set of points in I' containing it, a vertex set for I'. Let V be
a nonempty vertex set for I. Then I'\V has finitely many connected components.
Each of these can be covered by a finite number of open intervals (if p is a vertex,
then V,(r,)\{p} is isometric to a set composed of 1, disjoint open intervals), and
so is isometric to an open interval (0, L;). The closure of such a component in I is
an edge; it will be isometric to either a segment or a loop. After adjoining finitely
many points to V, we can assume that each edge has 2 distinct boundary points, and
hence is isometric to a closed interval. The resulting set of vertices and edges defines
a finite weighted graph G with weights given by w(ex) = 1/L;. It is easy to see that
the equivalence class of G is independent of all choices made.

Conversely, given an equivalence class of finite weighted graphs, let G be a repre-
sentative of this class. We define a corresponding metrized graph I' as follows. The
points of I' are just the points of G, where each edge of G is considered as a line
segment of length L;. It is clear from the definition of equivalence that this set is
independent of the choice of G.

Choose a parametrization ¥;: [a;, b;] — e; of each edge e; of G by a line segment
of length L;, and let the “chart” ¢;: ¢, — [a;, b;] be the inverse to the parametrization
;. We will call a function : [a, b] — TI' a piecewise isometric path if there is a finite
partitiona = ¢y < ¢ < --- < ¢y = b such that for each j = 1,...,m there is an
edge e;(j) such that y([cj_1,¢;]) C ej), and ;) o ¥(t) has constant derivative £1
on [cj_1, ;). For any two points p,q € T, put

d(p,q) = inf b — al,
(p q) ~:[a,b] —T ‘ |
y(a)=p,y(b)=q

where the infimum is taken over all piecewise isometric paths from p to g. It is easy to
see that d(p, q) is independent of the choice of parametrizations, that d(p, q) defines
a metric on I', and that for each p there is an r, > 0 such that for any g € I' with
d(p,q) < r, there is a unique shortest piecewise isometric path from p to q. If p
belongs to the vertex set of G, let 11, be the valence of G at p (the number of edges of
G incident to p). Otherwise, let #, = 2. Then the neighborhood V,(r,) = {g € T":
d(p,q) < rp} is isometric to the star S(r,, n,) C C. [ |

Henceforth, given a metrized graph I', we will frequently choose without com-
ment a corresponding finite weighted graph G as in Lemma 2.2, together with dis-
tinguished parametrizations of the edges of G. The reader will easily verify that all
important definitions below (including the definitions of directional derivatives and
the Laplacian) are independent of these implicit choices.

By an “isometric path” in I', we will mean a one-to-one piecewise isometric path.
Since I' is connected, it is easy to see that for all x, y € I' there exists an isometric
path from x to y. We will say that an isometric path v: [0,L] — I" emanates from
p, and ends at g, if y(0) = p and v(L) = q. If p € T, there are n, distinguished
isometric paths v; emanating from p such that any other isometric path emanating
from p has an initial segment which factors through an initial segment of one of
the distinguished paths. We will formally introduce 1, “unit vectors” ¥; to describe
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these paths, and write p + tV; for +;(t). By abuse of language, we will refer to the
distinguished paths v;(t) = p + t¥; as “edges emanating from p”. If f: I' — Cisa
function, and ¥ = ¥; a unit vector at p, then we will define the “(one-sided) derivative

—»

of f in the direction ¥ ” to be

f(p+1tv) — f(p)

dsf(p) = lim t

provided the limit exists as a finite number. Write Vec(p) for the collection of direc-
tions emanating from p.

3 Eigenfunctions via Comparison of Dirichlet and L* Norms

In this section, we discuss a “Rayleigh—Ritz”-type method for constructing eigen-
functions of the Laplacian. The method is motivated by a classical procedure for
solving the Laplace—Dirichlet eigenvalue problem (see [PE, Ch. 4]).

Recall that the L? inner product for f,g € L*(T) is

(f.8) = (frg)e = / ()50 dx,

with associated norm || - ||, = (f, f)/2.

Let y be a real-valued signed Borel measure on I" with p(I") = 1 and |u|(T") < oo.
Recall from §1.3 that Zh(I") denotes the space of all continuous functions f: I' — C
such that f is piecewise C* and '/ € L'(I'), and that

Zh,(I) = {f € Zh(T) : /Ffdu — o}.

Also, Dir,(I') denotes the completion of Zh,,(I") with respect to the Dirichlet norm
I llpir> and Li(F) denotes the completion of Zh,,(T") with respect to the L*-norm.

Lemma 3.1 Forall f € Zh,(T'), we have the estimates || f]|cc < o)z - |pl() -
|| fllpir» and the Poincaré Inequality || f||; < £(T)-|u|(T)- || fl|pir, where £(T) = [ dx
is the total length of T.

In particular, there exist constants Coo,C, > 0 (depending only on p and I") such

that || fllcc < Coo |l fllpir and || fl2 < Ca|l fllpic for all f € Zhy,(T').

Proof Fixapointxy € I, let x € T" be another point, and let -y be an isometric path
from x; to x.

Since f is continuous and piecewise €', it follows from the fundamental theorem
of calculus that f(x) — f(x) = f7 f'(t) dt, so that

F(0) — flxo)| < / F(0)] dt < /F F(0)] dt < 60)2) o
Y
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by the Cauchy—Schwarz inequality. Since f € Zh,(I') we have fr f(x)du(x) =0, so
Jo (f&x) = f(x0)) du(x) = —f(xo), and

o)l = | /F (f@) = fl) dp)| < /F [FG) = fx0) ]| )
< D)2l £l

This holds for each xo € T, 50 || f||oo < €(I)2 |2 (D)]| f]| pir and

12 = / FG)Pax < 62|l (D212
as desired. [ |

Corollary 3.2 A sequence in Zh,(I') which is Cauchy with respect to the Dirichlet
norm is also Cauchy with respect to the L*-norm. In particular, there is a natural inclu-
sion map Dir,(T) € L;.(T).

Corollary 3.3  We can uniquely identify Dir,,(I') with a linear subspace of C(I") con-
taining Zh,,(T") in such a way that for each f € Dir,(I'), || f|lcc < Coollfl|pir- Under
this identification, each f € Dir, (L") satisfies fr f(x)du(x) = 0.

Proof Take f € Dir,(I'). Let fi, f5,... € Zh,(I') be a sequence of functions with
Ilf = fallpir — 0. Then for each € > 0, there is an N such that for all n,m > N,
[ fu = fonllpir < e

By Lemma 3.1, || f, — fulloo < Coollfs — fullDir» S0 the functions f, converge
uniformly to a function F(x). Since each f,(x) is continuous, F(x) is continuous.
Furthermore, [;. F(x) dju(x) = 0 since ;. fu(x) du(x) = 0 for each n.

Itis easy to see that F(x) is independent of the sequence { f, } in Zh,,(I") converging
to f. (If {h,} is another such sequence, apply the argument above to the sequence
fi,hi, fa, ha, .. ..) Inparticular, F(x) = 0if f = 0in Dir,(I"). Thus, there is a natural
injection ¢,,: Dir,(I") — C(I'). We use this to identify f with F(x) = ¢,(f).

We claim that ||F||cc < Cool|fllpir- Indeed, if {f,,} is a sequence of functions in
Zh,(I') converging to f, then

[Flloc = lim || fullo < lim Coo|lfullpir = Cooll fl|mir-
n—oo n—oo

Under the identification of f with ¢,(f), functions in Zh,,(I") are taken to them-
selves, since f € Zh,,(T") is the limit of the constant sequence {f, f, f,... }.
We leave the uniqueness assertion to the reader. ]

Henceforth we will identify elements of Dir,(I') with continuous functions as
in Corollary 3.3. Since Zh,(I") is dense in Dir,(I"), we easily deduce the following
stronger version of Lemma 3.1.
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Corollary 3.4  If f € Dir, ('), then || f|loc < Coollfllpir and || fll2 < Ca|| fl|pir-

The next lemma will be used in the proof of Lemma 3.6. For the statement, recall
that a sequence {f,} in a Hilbert space H converges weakly to f € H if (f,,¢) —
(f,g) forallg € H.

Lemma 3.5 Suppose f, € Zh,(I') and f, — 0 weakly in Dir,(I'). Then for every
subset S of I isometric to a closed interval, we have [ f,/(x) dx — 0.

Proof Assume that S is parametrized by the segment [a,b]. Then by the funda-
mental theorem of calculus and the defining relation A, jc(x, y) = 0,(x) — 6. (x) for
je(x, y), we have

/fn’(x) dx = f,(b) — f,(a)
N
= /an(x) d(éb(x) - 6u(x))

_ / o) d( Ay jalx, b))
r

= [ i (Gt b)) d

where the last equality follows from Proposition 1.1.
Since j4(x,b) + ¢, € Zh,(I") for some constant ¢, € R, the hypothesis of weak
convergence now gives us what we want. [ |

Remark When I' contains a cycle, there need not be a function gs in Zh,,(I") whose
derivative is the characteristic function of S. When such a function gs exists, however,
one can argue more simply that

/fn'(x)dx:/fn’(x)gsl(x)dx—>/0dx:0.
s r r

The following lemma is analogous to Rellich’s theorem in classical analysis:

Lemma 3.6 If f, — f weakly in Dir, (") and the sequence || f, | pir is bounded, then
fu — f strongly in Li(F). In particular, || full2 — || fll2-

Proof Chooseasequence g, of functions in Zh,,(I") such that ||g,— f,||pir — 0. If we
can prove the lemma for the sequence g,,, then the corresponding result for f, follows
easily using Corollary 3.4. We may therefore assume, without loss of generality, that
each fn S Zhy(r)

We want to show that [, |f(x) — f(x)[*dx — 0. By Lebesgue’s dominated con-
vergence theorem, it is enough to show that f, — f pointwise, and that there exists
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M > 0 such that | f,(x)| < M forall x € T',n > 1. The latter assertion is clear from
Lemma 3.1, since the Dirichlet norms of the f,’s are assumed to be bounded. So it
remains to prove that f, converges pointwise to f.

Let h, = f, — f. As in the proof of Lemma 3.1, fix a pointxy € I', letx € T,
and choose an isometric path v from x; to x. Then by the fundamental theorem of
calculus, we have h,(x) = h,(xg) + f7 h! () dt for all n.

As h, — 0 weakly in Dir, (I"), we see by Lemma 3.5 that

) = oG = | [ Bigerde| =0,
y

so that h,,(x) — h,(xy) — 0 asn — oo.
On the other hand, since the functions h,(x) are uniformly bounded on T, it fol-
lows by Lebesgue’s dominated convergence theorem that

ﬁ%m—mmmwﬂao

As fr h,(x) du(x) = 0, this shows that h,,(xy) — 0 as n — oo as desired. [ |
We now define what it means to be an eigenfunction of the Laplacian on Dir,,(I").

Definition 3.7 A nonzero function f is an eigenfunction for A acting on Dir,, (") if
there exists a constant A € C (the eigenvalue) such that for all g € Dir,(I")

(3.1) <f’g>Dir:)‘<f7g>'

It is clear (setting g = f) that every eigenvalue of A is real and positive, and we
will write A = 42 > 0.

Theorem 3.8
(i)  Each eigenvalue A of A on Dir, (") is nonzero and occurs with finite multiplicity.
If we write the eigenvalues as 0 < Ay < A\, < - -+ (with corresponding eigenfunc-

tions fi, fo,...), thenlim, ., A, = o0.
(ii)  Suppose the eigenfunctions f, are normalized so that || f,||» = 1. Then {f,} forms
a basis for Dir,,(I'), and an orthonormal basis for Li(F).

We will not give a proof of Theorem 3.8, since the ideas involved are well known
(see [PE, Ch. 4], [Ku]). However, it seems worthwhile to at least point out that the
“Rayleigh—Ritz” approach to proving Theorem 3.8 is based on the following useful
characterization of the leading eigenvalue A;.

Theorem 3.9 Let S, = {f € Dir, (D) : || f||» = 1} be the L* unit sphere in Dir,,(T'),
let v = infres, || f||pir and let Xy = ~i. Then X, is the smallest eigenvalue of A on
Dir,, ().
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The key ingredient needed to prove Theorem 3.9 along the lines of [PE, Ch. 4] is
the estimate found in Lemma 3.6.

Before moving on, it may be useful to note how eigenvalues and eigenfunctions
behave under scaling in the underlying graph. If I is a metrized graph, and 0 < 8 €
IR, we can define a new metrized graph I'(3) whose underlying point set is the same
as I, but in which all distances are multiplied by 5. Write d(x, y) for the metricon I,
and ds(x, y) for the metric on I'(3). There is a natural isomorphism o4: I'(5) — T’
such that for all x, y € I'(8), dg(x, y) = B - d(os(x), 05(y)). If it is a measure on I,
then pg = p1 0 03 is a measure on I'(3).

Proposition 3.10  Let I be a metrized graph, and let 1 be a real signed Borel measure
on I of total mass 1. Take 3 > 0. Then there is a one-to-one correspondence between
the eigenvalues A, of A on Dir,(I") and the eigenvalues X\, (3) of A on Dir, (I'(3)),
given by

1
3
Furthermore, f € Dir, (') is an eigenfunction for A with eigenvalue X if and only if
f oo € Dir,,(I'(B)) is an eigenfunction for A with eigenvalue %/\

/\n(ﬁ) = )‘n-

Proof This follows immediately from the definitions, if one notes that the Dirichlet
and L? pairings on I" and I'(3) are related by

1
(foop,goas)pinr() = 7 (f, &) irm),

(foop goos)awp) =B (f 8w,

as follows from the chain rule and the change of variables formula. ]

4 The Classes D(I") and BDV(T")

Let D(I") be the class of all functions on I whose one-sided derivatives exist every-
where, i.e, D) = {f: T — C : dyf(p) exists for each p € T'and ¥ € Vec(p)}.
It is easy to see that each f € D(I) is continuous.

Let A be the Boolean algebra of subsets of I' generated by the connected open sets.
Each S € A is a finite disjoint union of sets isometric to open, half-open, or closed
intervals (we consider isolated points to be degenerate closed intervals); conversely,
all such sets belong to A. Define the set b(S) of boundary points of S to be the
collection of points belonging to the closures of both S and I'\ S. It is easy to see that
each S € A has only finitely many boundary points. Note that under this definition,
ifI" =1[0,1]and S = [0, %], for example, then the left endpoint 0 is not a boundary
point of S.

For each p € b(S), let In(p, S) be the set of “inward-directed unit vectors at p”:
the set of all ¥ € Vec(p) for which p + ¢¥ belongs to S for all sufficiently small ¢+ > 0.
Let Out(p, S) = Vec(p)\ In(p, S) be the collection of “outward-directed unit vectors
at p”. If p is an isolated point of S, then In(p, S) = @ and Out(p, S) = Vec(p).
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If f € D(I'), then we can define a finitely additive set function m on A by re-
quiring that foreach S € A

miS) =Y > dif(p—>, D df(p).

beb(S) vEIn(b,S) beb(S) v€Out(b,S)
b¢S bes

Thus, for an open set S € A,

mes) = 303 def(p),

beb(S) ¥EIn(b,S)

for a closed set S € A,

mp(S) = — > > dif(p),

beb(S) v€Out(b,S)

and for a set S = {p} consisting of a single point,

mi({p}) =— > dif(p).

Ve Vec(p)

The finite additivity is clear if one notes that each S € A can be written as a finite
disjoint union of open intervals and points, and that for each boundary point p of S,
the set In(p, S) coincides with Out(p, T'\S).

Note that m (&) = mg(I') = 0, since by our definition, both the empty set and
the entire graph I" have no boundary points. It follows for any S € A

mf(F\S) = —Mf(S).

If fi, , € Dand ¢y, c; € C, then it is easy to see that the set function corresponding
tocifi + 18 e fie,f, = 1My, + g,

We will say that a function f € D(I) is of “bounded differential variation”, and
write f € BDV(I'), if there is a constant B > 0 such that for any countable collection
F of pairwise disjoint sets in A,

> |mg(8)| < B.

SieF
It is easy to see that BDV(I") is a C-linear subspace of D(I").

Proposition 4.1  Let I be a metrized graph.

(i) If f € BDV(I'), then there are only countably many points p; € I for which
me(pi) # 0, and Y, |mg(p;)| converges.

(ii)  In the definition of BDV(L') one can restrict to families of pairwise disjoint con-
nected open sets, or connected closed sets. More precisely, a function f € D(T)
belongs to BDV(L) if and only if either
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(a) thereis a constant By such that for any countable family F of pairwise disjoint
connected open sets V; € A,

> mp(v)| < By

V,eF
Vi connected, open

(b) or there is a constant B, such that for any countable family F of pairwise
disjoint connected closed sets E; € A,

> |my(E)| < B,

EcF
E; connected, closed
Proof For (i), note that for each 0 < n € Z there can be at most nB = B/(1/n)
points p € I" with [mg({p})| > 1/n, so there are at most countably many points
with m,({p}) # 0. Moreover,

> Jmp({phl < B.

pel
mp({p})#0

For (ii), note that if f € BDV(I") then (ii)(a)and (b) hold trivially. Conversely,
first suppose (ii)(a) holds. We begin by showing that there are only countably many
points p € I for which m(p) # 0, and that

(4.1) > Imi({ppl < 2B
m({p})#0

To see this, suppose that for some 0 < n € 7, there were more than 2xnB; points
p with |m,({p})| > 1/n. Then either there would be more than #B; points with
m,({p}) > 1/n, or more than nB, points with m,({p}) < —1/n. Suppose for exam-
ple that py, ..., p, satisfy m,({p;}) < —1/n, wherer > nB,. PutK = {p1,...,p: }»
and let V1, ...,V be the connected components of I'\K. Then

By < —(ms({p1}) +---+me({p,})) = —ms(K)
= mf(vl U---u Vs) = mv(vl) tot mv(vs)
< |mp(V)|[+ -+ |ms(V,)| < By.

Hence there can be only countably many points p; with m¢({p;}) # 0, and (4.1)
holds.

Now let J be any countable collection of pairwise disjoint sets S; € A. Each S; can
be decomposed as a finite disjoint union of connected open sets and sets consisting
of isolated points, and if §; = Vi3 U --- UV, U{pa} U---U{pis}issucha
decomposition, then

D Imp(SHI <> mp(Vip| + > [mp({pa})| < 3By

S,eF ij ik
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It follows that f € BDV(T').

Next suppose that (ii)(b) holds; we will show that (ii)(a) holds as well. Consider
a countable collection F of pairwise disjoint connected open sets V;. Decompose
F = 3, UT_, where V; € J, if and only if ms(V;) > 0, and V; € F_ if and
only if mg(V;) < 0. Relabel the sets so that F, = {V,,V3,Vs,...}. For each n,
put K, = T\(V; UV3U - UVy,y;) and decompose K,, as a finite disjoint union of
connected closed sets Ey, . . ., E,. Then

> mp(Vain) = mp(T\K,) = |mg(K,)| <Y |ms(E})| < B,.

i=0 j=1

Letting n — oo we see that Zviefﬂ mg(V;) < B,. Similarly Zv,e:r, |mg(Vi)| < By,
S0 ZV,EIT |m¢ (V)| < 2B,, and we are done. [ |

We now come to the main result of this section.

Theorem 4.2 If f € BDV(L'), then the finitely additive set function my extends to a
bounded complex measure m, with total mass 0, on the o-algebra of Borel sets of I.

Proof We begin with a reduction. It suffices to show that the restriction of m; to
each edge ¢; extends to a Baire measure on e;. Identifying e; with its parametrizing
interval, we can assume without loss of generality that I" = [a, b] is a closed interval
and that f: [a,b] — Cisin BDV({a, b]).

We next decompose ¢ into an atomic and an atomless part.

Let {p1, p2, ... } bethe pointsin [a, b] for which m¢({p;}) # 0. For brevity, write
ci = mg({pi}); by hypothesis, ) . |ci| converges. Define g: R — Cby

1
g(t) = —Ezci\f—PiL

and let my = 3 7, ¢;0,(x) be the Borel measure giving the point mass ¢; to each p;.
By a direct computation, one checks that for each x € R, both one-sided deriva-
tives g/ (x) exist, with

g’_(x):%(z:q—z:q), gi(x):%(Zci—Zci).
x<pi x> p; x<pi X>pi

For any closed subinterval [c, d] C [a, b],

mg(lc,d]) =g/ () —gl(d) = Y a=micd)).

c<pi<d

In particular, the set function m, has precisely the same point masses as my. Sim-
ilar computations apply to open and half-open intervals. Thus the measure m; ex-
tends 1.
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Replacing f(t) by h(t) = f(t) — g(t), we are reduced to the situation where
h € BDV([a, b]) has no point masses. This means that for each p € (a,b), 0 =
mp({p}) = h’_(p) — hi(p), or in other words that h’(p) exists. By hypothesis, both
h’(a) and h’ (b) exist, so h(t) is differentiable on [a, b]. The fact that h € BDV([a, b])
means that h’(t) is of bounded total variation.

We claim that 4’ (f) is continuous on [a, b]. Suppose it were discontinous at some
point p. By Rudin [Rud, p. 109], the existence of h’(¢) for all ¢+ means that h’'(t)
cannot have a jump discontinuity, so the discontinuity must be due to oscillation.
(Rudin states the result for real-valued functions; apply it to the real and imaginary
parts of h(t) separately.) Hence there would be an £ > 0, and a sequence of points
t1,t, ..., either monotonically increasing or monotonically decreasing to p, such
that |h'(¢;) — h'(ti+1)| > € for each i. Assume for convenience that the ¢; are mono-
tonically increasing. Considering the intervals [t;, t,], [t3, 4], . . . , we see that

o0
Z |mp([t2i—1, t2i])| = o0,
im1

contradicting the fact that h € BDV({a, b]).
Fora <t < b, let T(t) be the cumulative total variation function of h'(¢): letting
Q vary over all finite partitionsa = gy < q1 < --- < g = t of [a, ],

T(t) = sgpz W (q;) — h'(qj-1)].

j=1

Then T: [a,b] — R is monotone increasing, and is continuous since h’(t) is con-
tinuous. By Royden [Roy, Proposition 12, p. 301], there is a unique bounded Borel
measure v on [a, b] such that v((c,d]) = T(d) — T(c) for each half-open interval
(c,d] C [a,b]. Since T(t) is continuous, v has no point masses.

Next put

Ti(t) = T(t) — Re(h' (1)), T(t) = T(t) — Im(h'(1)) .

Then T(t) and T,(t) are also monotone increasing and continuous, so by the same
proposition there are bounded Borel measures vy, v, on [a, b] such that for each
half-open interval (¢, d] C [a, b],

v(e,d]) = Tv(d) — Tu(c),  nl(c,d]) = Ta(d) — Ta(c).

As before, 1) and v, have no point masses.
Now define the complex Borel measure mj;, = (v, —v)+(v, —v)i. By construction,
my; has finite total mass. For any half-open interval (¢, d] C [a, b],

my ((c,d]) = h'(c) — h'(d) = my((c, d]).

Since the measures v, v;, and v, have no point masses, m; ([c,d]) = mj((c,d)) =

my;([c,d)) = mj ((c,d]). Thus m} extends the finitely additive set function my,.
Finally, adding the measures m; extending m, and m;j; extending m;, we obtain the
desired measure m? = my +m extending m. Since m(I") = 0, also m}(F) = 0.
|
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5 Laplacians

In this paper, for a function f € BDV(I') we define the Laplacian A(f) to be the
measure given by Theorem 4.2

A(f) = mj.
Sometimes we will need to apply the Laplacian to a function of several variables,
fixing all but one of them. In this case we write A,(f(x, y)) for the Laplacian of the
function F, (x) = f(x, y).

We will now show that the Laplacian on BDV(I") agrees (up to sign) with the
Laplacians defined by Chinburg and Rumely [CR] and Zhang [Zh] on their more
restricted classes of functions. If Acg denotes the Chinburg—Rumely Laplacian on
the space CPA(I") of continuous, piecewise affine functions on I, then it is easy to
verify that if f € CPA(I'), then f € BDV(I') and Acr(f) = —A(f).

Recall that the Zhang space Zh(I") is the set of all continuous functions f: I' — C
such that

(i) there is a finite set of points Xy C I such that I"\ Xy is a finite union of open
intervals, the restriction of f to each of those intervals is ©?, and
(i) f"(x) € LY(T).

Here we write f/(x) for ;—;f(p +tV),ifx = p+ ¥ e I'\X;.
Lemma 5.1  The space Zh(I") is a subset of BDV(T").

Proof We first prove that the directional derivatives dyf(p) exist for each p € Xy
and each ¥ € Vec(p). Fixsuch a p and #, and let t; be small enough that p+t¥ € '\ X
forallt € (0, ty). By abuse of notation, we will write f(t) for f(p+tV). By hypothesis,
f € €2((0,6)). By the mean value theorem, d; f(p) exists if and only if lim, o+ f'(t)
exists (in which case the two are equal). Givene > 0,let 0 < § < ty be small enough
that f(od) |[f"'(¢)| dt < &; this is possible since f'* € L'(T). Then forall t;,, € (0,6),

(5.1) |f'(t2) — f'(1)] S/zlf”(t)ldt<s,

which proves that lim, ¢+ f/(¢) = dy f(p) exists.
Equation (5.1) also implies (in the notation of §4) that for every countable family
F of pairwise disjoint connected closed sets E; € A, we have

Z |m(E;)| < Z ime({p})| +/P|f”(t)|dt < 00,

EecF pEXf

so that f € BDV(I") as desired. [ |

For f € Zh(I"), Zhang [Zh, Appendix] defined the Laplacian Az, to be the mea-

sure
M) = =f"@dc = 3 (D0 dif () p(0).

PEXy VEVec(p)
We will now see that for f € Zh(I"), A(f) = Az (f).
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Proposition 5.2

(1) Iff € Zh(T), then Az (f) = A(f).

(ii)) If f € BDV(I') and A(f) has the form A(f) = g(x)dx + Zp,-ex Cp,0p, (x) for
a piecewise continuous function g € L'(T') and a finite set X, then f € Zh(T).
Furthermore, let Xg be a finite set of points containing X, a vertex set for I, and
the finitely many points where g(x) is not continuous; put ¢, = 0 for each p €
X \{p1,--s pm}. Then f"(x) = —g(x) for each x € T\X,, f'(x) is continuous
on the closure of each segment of '\ X, (interpreting f'(x) as a one-sided derivative
at each endpoint), and A,(f) = —c, for each p € X,.

Proof (i) Suppose f € Zh(I'). We have A(f)({p}) = Az(f)({p}) for each
p € Xy. To show that A(f) = Agy(f) it suffices to show that A(f)((c,d)) =
Azn(f)((c, d)) for each open interval (c, d) contained in an edge of I'\ X¢. But

d
A(f)((e,;d)) = my((c,d)) = f'(c) — f'(d) = —/ f"(x) dx = Azn((c, d)).

(ii) Now suppose f € BDV(I'), and A(f) has the given form. Consider an
edge in I'\X, and identify it with an interval (a, b) by means of the distinguished
parametrization. For each x € (a, b), we have A(f)(x) = 0, so f'(x) exists. If h > 0
is sufficiently small, then

x+h
Pt h) = /0 = A (xx + b)) = — / g1) dr,

while if h < 0, then

X

x+h
Feth) = F1) = A ([x + hyx) = / oty di = / o(t) dr.

x+h
Hence
1 1 x+h
ey e SR = %) 1 o
£100) = lim T2 i (o e ar) = —g(x).
The assertion that A,(f) = —c,, for each p € X, is clear. [ |
Corollary 5.3

(i) Iff €e BDV(') and A(f) = ZLI ci0p, is a discrete measure, then f € CPA(L).
(ii) If f € BDV(I') and A(f) = 0, then f(x) = C is constant.

Proof (i) Since A(f) is discrete, it follows by Proposition 5.2 that f(x) € Zh(I")
and A(f) = Az(f). Fixing a vertex set X for I" containing {p;, ..., px}, we see
that f/(x) = 0 on T\ X, so f(x) is affine on each segment of I'\ X, which means that
f € CPA(I).

(i) If A(f) = 0, then by part (i), f € CPA(I"). Suppose f(x) were not constant,
and put M = maxyer f(x). Let Ty = {x € T : f(x) = M} and let xy be a boundary
point of T'g. Since f € CPA(T"), one sees easily that A(f)({x0}) > 0. This contradicts
A(f) =0. [ ]
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6 The Kernels j:(x, y) and g,(x, y)

In [CR], there is a detailed study of a “harmonic kernel” function j¢(x, y) having
the following properties (see [CR, Lemma 2.10], [Zh, Appendix], or the expository
article [BF]):

(i) Itisjointly continuous as a function of three variables.
(ii) It is non-negative, with j-(¢,y) = jc(x,{) = O0forallx, y,{ € I'.
(iii) It is symmetric in x and y: for fixed ¢, jc(x, y) = jc(y,%).
(iv) For fixed ¢ and y, the function j¢ ,(x) = j¢(x, y) is in CPA(T") and satisfies the
Laplacian equation A,(j¢(x, y)) = 6,(x) — d¢(x).

For any real-valued signed Borel measure p on I" with 4(T") = 1 and |u|(T) <
00, put ju(x,y) = [ jc(x,y)du(C). Clearly j,(x,y) is symmetric, and is jointly
continuous in x and y. It has the following properties which are less obvious.

Proposition 6.1

(i)  Thereis a constant c,(I') such that for each y € T, fr Ju(x, y) dp(x) = ¢, (I).

(ii) Foreach y € I, the function F,(x) = j,(x, y) belongs to the space BDV(L'), and
satisfies Ay (F)) = 6,(x) — p.

Proof For (i) see [CR, Lemma 2.16, p. 21].

For (ii), fix y and note that the existence of the directional derivatives dyF, (x) fol-
lows from [CR, Lemma 2.13, p. 19]. Hence F, € D(I"). Also, noting that j,(y,x) =0
for all x, it follows that for the measure w = p — d,(x) of total mass 0, we have
Jw(%, ) = ju(x, y) for all x. Then, [CR, Lemma 2.14, p. 20] tells us that for any sub-
set D C I which is a finite union of closed intervals, the finitely additive set function
mp, satisfies mg, (D) = —w(D) = (0,(x) — p)(D) (again recall that A = —Acg). For
any countable collection F of pairwise disjoint sets D; of the type above, it follows
that

> lmp, (D) <> wl(Di) < [w|(D),
i=1

i=1 =

so by Proposition 4.1, F, € BDV(I'). The measure A(F,) = m;iy attached to F), is
determined by its values on closed intervals, so it coincides with §,(x) — p. ]

We now define a kernel g, (x, y) which will play a key role in the rest of the paper:
&%, y) = julx, y) — ¢u(T).

It follows from Proposition 6.1 that g, (x, y) continuous, symmetric, and for each y

(6.1) A&mﬁmm:o
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7 The Operator ¢,

Convention For the rest of this paper, 1 will denote a real, signed Borel measure
with p(T") = 1 and |p|(T) < co.

For any complex Borel measure v on I' with |v|(T') < oo, define the integral
transform ¢, (v)(x) = fr gu(x, y) dv(y). Write

BDV,,(I") = {f € BDV(I) : /Ff(x) d(x) = 0}.

Proposition 7.1  The function F(x) = ¢, (v)(x) belongs to BDV ,(I'), and satisfies
A(F) =v —v()u.

Proof First note the following identity: for each p € T, je(x,y) = je(x,p) —
Jy(x, p) +j,(C, p). To see this, fix ¢, y and p; put H(x) = jc(x, y), h(x) = jc(x, p) —
jy(x,p). Then Ay(H) = Ax(h) = §,(x) — ¢(x), so by [CR, Lemma 2.6, p. 11]
H(x) — h(x) is a constant C. To evaluate C, take x = (; using j¢ (¢, ) = jc((,p) =0
we obtain C = j, (¢, p).

Inserting this into the definition of ¢, ('), we find

Flx) = / 2.(x, y) du()
I

= A(/r{fc(xvp) — jyx, p) + 3y (¢, p)} dp(Q) — cﬂ(r)) dv(y)
=v([)julx, p) — julx,p) +Cp,

where C,, is a constant. Hence Proposition 6.1(ii) shows that F € BDV(I') and
A(F) =v —v()p.
Finally, the fact that F € BDV ,(I) follows from Fubini’s theorem:

/F F(x) dpx) = /F ( /F §.x.9) du()) dv(y) = 0. .

8 Eigenfunctions of ¢, in L*(T")

Given a Borel measurable function f: I' — G, write ||f||1, || f]l2> and || ]| for
its L', L? and sup norms. Write L!(I"), L*(T") for the spaces of L', L? functions on
I" relative to the measure dx. It follows from the Cauchy-Schwarz inequality that
L*(T) c LY(T"). Write (f,¢) = [, f(x)g(x) dx for the inner product on L*(T").

Given f € L*(T"), let v be the bounded Borel measure f(x)dx, and define

oulf) =) = /Fgu(x,y)f(y)dy-
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By Proposition 7.1, ¢, (f) € BDV,,(I').

Equip BDV,,(T") with the L? norm, and view it as a subspace of L*(T"). Write L, (T")
for the L? completion of BDV,, ().

For the next proposition, recall that a sequence v, of measures on a compact space

X converges weakly to a measure v if [ fdv, — [ f dv for all continuous functions
f: X—R

Proposition 8.1  Suppose vy, 15, Vs, . .. is a bounded sequence of complex Borel mea-
sures on I' which converge weakly to a Borel measure v. Then the functions ¢, (v;)
converge uniformly to ¢, (v) on I.

Proof First, note that v, being a weak limit of bounded measures, must be bounded.
Write F;(x) = ¢, (v;) and F(x) = ¢, (v). For each x, g,,(x, y) is a continuous function
of y. Hence, by the definition of weak convergence, the functions F;(x) converge
pointwise to F(x).

We claim that the convergence is uniform. Fix € > 0, and let d(x, y) be the
metric on the graph I'. Since g, (x, y) is continuous and I' is compact, g,(x, y) is
uniformly continuous. Hence there is a 6 > 0 such that for any x;,x, € I satisfy-
ing d(x1,x,) <0, [gu(x1,y) — g.(x2,y)] < eforall y € T. Write B,(6) = {z €
' : d(x,z) < d}. Since I' is compact, it can be covered by finitely many balls
B(xj,0), j = 1,...,m. Let N be large enough so that |F;(x;) — F(x;)| < ¢ for all
j=1,...,mandalli > N. Then for each x € I', and each i > N, if x; is such that
d(x,xj) < 6 then |F;(x) — F(x)| < |Fi(x) — F;(xj)| +|F;(xj) — F(x;)| + |F(x;) — F(x)|.
But |Fi(x) — Fi(x;)| < fr lg.(x, ) — gu(xj, )| dvi|(y) < [vi](T)e, and similarly
|F(x) — F(x;)| < |v|(I")e. Hence |Fi(x) — F(x)| < (sup; |v4|(T) + [v|(T') + 1)e. [ |

Proposition 8.2 The operator ¢,,: L*(T') — L*(T") is compact and self-adjoint, and
maps L*(T) into BDV ,(T").

Proof Since p is real, g, (x, y) is real-valued and symmetric, so ¢, is self-adjoint.

It remains to show that ¢, is compact. Let fi, fo,... € L*(I') be a sequence of
functions with bounded L? norm. By the Cauchy-Schwarz inequality, the L' norms
of the f; are also bounded, so the sequence of measures f;(x) dx is bounded and has
a subsequence converging weakly to a bounded measure v on I'. After passing to this
subsequence we can assume it is the entire sequence { f;}. By Proposition 8.1, the
functions ¢, (f;) converge uniformly to ¢, (), which belongs to BDV,(I"). Clearly
they converge to ¢, () under the L? norm as well. ]

Definition 8.3 A nonzero function f € L*(T) is an eigenfunction for ¢, with
eigenvalue a, if p,(f) = a - f.

Applying well-known results from spectral theory, we have
Theorem 8.4  The map ¢, has countably many eigenvalues c;, each of which is real

and occurs with finite multiplicity. The nonzero eigenvalues can be ordered so that
lag] > |ap| > -+ and lim; . |a;| = 0. Each eigenfunction corresponding to a
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nonzero eigenvalue belongs to BDV,,(T). Finally, the space L*(T') has an orthonormal
basis consisting of eigenfunctions of ©,,.

Proof All the assertions are contained in the spectral theorem for compact hermi-
tian operators [La, p. 165], together with [La, Theorem 10, p. 208] and [La, Theo-
rem 11, p. 210]. ]

We now investigate the eigenfunctions of ¢, with eigenvalue 0, that is, the kernel
of ¢, in L*(T"). We begin by reformulating Proposition 7.1 in the present context.

Lemma 8.5 Foreach f € L*(T"),

Alpu(f) = fodx— /F F0dx) .

Proposition 8.6  If i = g(x)dx for a real-valued function g(x) € L*(I') with
Jr8(x)dx = 1, then Ker(p,,) = C - g(x) and the L*-closure of ©,(BDV ,(I")) (and
ofwM(Lz(F))) is C -g(x)L. Otherwise, Ker(p,) = {0} and the L*-closure of the image
isall of L*(T).

In either case, Ker(y,) N BDV,,(T') = {0}.

Proof Suppose0 # f € L*(I') belongs to Ker(¢,,). By Lemma 8.5,

0= Adligu(f) = flxdx — ( / FQdx) .
T

Write Cy = [, f(x) dx. Since f # 0, the equation above shows that Cy # 0. Hence
1= (1/Cy)f(x)dx = g(x)dx, with g € L*(I") and [.g(x)dx = 1,and f € C- g(x).
Conversely if i has this form, then

(@) () = /F ¢.(x, 7)g(y) dy = /F g%, ) du(y) = 0

by formula (6.1) and the symmetry of g, (x, y).

When g = g(x)dx, if g(x) ¢ BDV(I'), then clearly Ker(¢,) N BDV,(T") = {0}. If
g(x) € BDV(T'), then since g(x) is real-valued, [.g(x)du(x) = [, g(x)*dx > 0, so
g(x) ¢ BDV,,(D).

The assertions about the L*-closure of the image of ¢, follow from our description
of the kernel and from Theorem 8.4. |

9 Eigenfunctions from the Point of View of Laplacians

In this section we will give an integro-differential characterization of eigenfunctions
of .

Proposition 9.1 A function 0 # f € BDV(I') is an eigenfunction of ¢, with nonzero
eigenvalue if and only if
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@) Jp fx)du(x) = 0and

(ii) for some constants A\,C € C, A(f) = A (f(x)dx — Cp).
If (1) and (ii) hold, then necessarily A € R and C = fr f(x) dx, with o, (f) = % - f.

Remark In Theorem 10.3 below, we will see that in fact A > 0.

Proof If0 # f € BDV(I') is an eigenfunction of ¢, with nonzero eigenvalue a,

then ,(f) = af,s00 = [, (f)(x)du(x) = « - [, f(x)du(x) so f € BDV, ().
By Lemma 8.5

AP == M) = — - (fx)dx — Cop)

where Cy = [, f(x) dx.
Conversely, if (i) holds, then f € BDV,(I'), and if (ii) also holds, then by
Lemma 8.5,

0.1) A1) = =A- ([ fwdx=c) -

By Theorem 4.2,

92) 0= /F dAO,(f) — )

:/\~(/Ff(x)dx—C) -/qu:)\-</rf(x)dx—c).

By (9.1) we have A(Ap,(f)—f)) = 0, so Corollary 5.3 shows Ay, (f)— f isa constant
function. Since f and ¢,(f) both belong to BDV ,(I'), we conclude Ap,(f) = f.
Here f # 0 by hypothesis, so A # 0. It follows that f is an eigenvalue of ¢, with
nonzero eigenvalue &« = 1/A. By Theorem 8.4, « and hence ) are real. Since A # 0,
equation (9.2) gives C = . f(x) dx. [ ]

Definition 9.2 A nonzero function f € BDV(I") will be called an eigenfunction of
A in BDV,(I) if it satisfies conditions (i) and (ii) in Proposition 9.1

10 Positivity and the Dirichlet Semi-Norm

In this section we will show that the nonzero eigenvalues of ¢,, are positive. This
is intimately connected with the positivity of the Dirichlet semi-norm on BDV ,(I'),
which we also investigate.

On the space Zh(I") the Dirichlet inner product { f, ¢)pir is given by the equivalent
formulas

(10.1) <f,g>Dir:/Ff'(x)mdxz/Ff(x)d@:/rmdﬁ(fl
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We have seen that Zh(I') C BDV(I"). We claim that for all f,¢ € BDV(I')
(102) [ rwdsig = [gGan.

To see this, take f,g € BDV(I") and write v = A(f) and w = A(g). Then
v(I') = w(I') = 0. For any real Borel measure . on I, the function f,(x) := ¢, (v) =
fr g.(x, y) dv(y) belongs to BDV,(I'). By Proposition 7.1, A(f,) = v. Hence

A(f — fu) = 0, which means that f = f, + C for some constant C. Thus for
any g € BDV(I),

/F f) TR = /F () do(y) = / /F ) ATy

In light of this we define the Dirichlet pairing on BDV(I") x BDV(I") by

(10.3) (f g0 = / F0) AR = / S A ()
I I
(10.4) - / /F g5 ) AMNWTERD).

Note that if f(x) and g(x) are replaced by f(x) + C and g(x) + D for constants C
and D, the value of (f, ¢)pi; remains unchanged, since A(C) = A(D) = 0. Finally,
observe that the choice of i in (10.4) is arbitrary, since it does not occur in (10.3). In
particular (taking it = 6 (x)), the kernel g, (x, y) in (10.4) can be replaced by j(x, y)
for any point (.

We will now show that (f, ¢)pir defines a semi-norm on BDV(I") whose kernel
consists of precisely the constant functions. For this, we will need some preliminary
lemmas. The first is well known.

Lemma 10.1 Let X,Y be compact Hausdorff topological spaces, and let p; (resp., v;)
be a bounded sequence of signed Borel measures on X (resp., Y ). If p; converges weakly
to  on X and v; converges weakly to v on'Y, then p; X v; converges weakly to . X v on
XxY.

Proof By hypothesis, there exist M, N > 0 such that |g;|(T") < M and |;(T')| < N
for all i. According to the Stone—Weierstrass theorem, the set

s={Y afixg(niaeR fieCX).geem)

is dense in C(X x Y), and it follows easily from the hypotheses of weak convergence
that

/ Fd(u; x v;) — Fd(u x v)
XxXY XXY

forall F € S. Now suppose F € C(X x Y) is arbitrary, and let ¢ > 0. Since S is dense,
we may choose H(x, y) € S so that the difference G(x, y) = F(x, y) —H(x, y) satisfies
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|G|l < €. Since | x v| < |p| x |v| (which follows from the Hahn decomposition
theorem), we obtain

‘/Gd(ui X ;) — /Gd(,u X u)‘ < 2MN||Glloc < 2MN - €.
This gives what we want. ]

Lemma 10.2  Suppose f,g € BDV(I') and that fi, f,,... and g1, 8, ... are se-
quences of functions in BDV(I') such that

1) JAOID), |AQ|T), and the sequences | A(f;)|(T') and | A(g;)|(T") are bounded;
(i) A(f1),A(f2),. .. converges weakly to A(f);

(iii) A(g1), A(g2), . . . converges weakly to A(g).

Then lim; _ oo { f;, &) vir = (f, &) Dir-

Proof Write v = A(f), w = A(g), v; = A(f;), and w; = A(g;). By Lemma 10.1,
the sequence of measures v; X w; converges weaklyto v x wonI' x I.
Hence

lim (£, g:)oi = lim / / 2, ) dvi() T ()
1— 00 1— 00 FXF

:// gu(x, y) dv(x)dw(y) = (f, &) Dir- u
I'xT’

We now come to the main result of this section.

Theorem 10.3

(i) For each f € BDV(T') the Dirichlet pairing satisfies (f, f)pir > 0, with
(f, fipir = 0if and only if f(x) = C is constant. Thus (f,¢)pir is a semi-norm on
BDV(I") with kernel C - 1, and its restriction to BDV (") is a norm.

(ii) The nonzero eigenvalues o of p,, are positive, and for each f € L*(T),

<‘Pu(f)7 f)=o.

Proof Let f € BDV(I') be arbitrary, and put v = A(f). It is easy to construct a
sequence of discrete measures vy, 1, . . . which converge weakly to v, with v;(I') = 0
and |v;|(T") < |v|(T) for each i. (Choose a sequence of numbers 1, — 0. For each i,
subdivide I" into finitely many segments ¢;; with length at most #;. For each i, j,
choose a point p;; € e;j, and put v; = Zj V(eij)ép,}.(x).)

Put f; = ¢, (v;) for each i. Then A(f;) = v; and f; € CPA(I") C Zh(I). It follows
that (f;, fi)pir = [ | f/(x)|* dx > 0 for each i. By Lemma 10.2,

(fs fvie = il_iglo<ﬁv fi)pir > 0.

Thus, at least (f, f)pj is non-negative. We will use this to show that the eigenval-
ues of A in BDV ,(I') are positive. Suppose 0 # f € BDV,(I') is an eigenfunction of
,, with eigenvalue «. By Proposition 8.6, o # 0.



254

M. Baker and R. Rumely

Since ¢, (f) = a-f, Lemma 8.5 shows that a-A(f) = A(p,(f)) = f(x)dx—Cy-p
where Cy = f f(x) dx. Recalling that « is real, and using that f f(x)du(x) = 0, we
have

0< (f, foi = /F () AN

= [ F02 T = Lf S

Since (f, )12 > 0, we must have o > 0.

It follows from this that (¢, (f), f);z > 0 forall f € L*(T).

We can now show the positivity of (f, f)pj-

Since the Dirichlet pairing is positive semi-definite on BDV(I'), it follows from
the Cauchy-Schwarz inequality that if (f, f)p; = 0, then (f,g)pir = O forall g €
BDV(I), i.e., fF@dA(f)(x) = 0 forall g € BDV(I"). But then A(f) = 0, so that
f is constant by Corollary 5.3. In particular, (f, g)pir is positive definite on BDV,,(I").

|

Application: Positivity of the Energy Pairing

Let Meas(I") be the space of bounded Borel measures on I', and let Measy(I") be the
subspace consisting of measures with v(I') = 0. For v,w € Meas(I'), define the
“p-energy pairing”

(v,w), = // gu(x, ) dv(x)dw(y).
I'xI'

Note that if v,w € Measy(T"), then the energy pairing (v, w) := (v,w), is indepen-
dent of p. Indeed, let f,g € BDV(I") be functions with v = A(f), w = A(g); such
functions exist by Proposition 7.1. By (10.4), (v,w), = (f, &) pir» which is indepen-
dent of .

Theorem 10.4

(i)  The energy pairing (v,w) is positive definite on Measy(I").

(ii)  For each yu, the p-energy pairing (v, w) , is positive semi-definite on Meas(I"), with
kernel Cp.

(iii) Amongallv € Meas(I") with v(I') = 1, u is the unique measure which minimizes
the energy integral

L) = / / g5, ) dv() T,
I'xI’

Proof Fix u. Given v,w € Measo(I'), put f = ¢,(v) and g = ¢, (w). As noted
above, (v,w) = (v,w), = (f,&)pir- By Theorem 10.3, (v, w) is positive definite.

Since [;- gu(x, y) dp(y) = 0 for each x, clearly I, (1) = 0 and (w, p),, = (p,w) =
0 for each w € Meas(I"). Since Meas(I') = Measy(I") + Cp, it follows that (v, w),, is
positive semidefinite on Meas(I") with kernel Cp.
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Now let v be any measure with v(I") = 1. Then v — p € Measy(I'), so
L) = (v,v)y = (u+ W —p), p+ @ — @)y,
=L(w) + (v — p,v — pwhu > I(n) = 0,
with equality if and only if v = p. ]

11 The Space Dir,(I") Revisited

In this section we will use the fact that || f||pir is a norm on BDV,(I") to show that
BDV,,(I') is a subspace of Dir,,(I'). This is a key step towards relating the notions of
eigenfunctions in Theorem 3.8 and Theorem 8.4.

Recall that Zh(I") is the space of continuous functions f: I' — (€ which are
piecewise C2, with f''(x) € L'(T'). Let V(I') be the space of continuous func-
tions f: I' — C such that f is piecewise C! and f’ € L*(T"). It easy check that
Zh(T') c V(I'). For f,g € V(I'), we define

(11D (f )i = [ @G

r
It is easy to see that for f € V(I'), (f, f)pir = 0 if and only if f(x) is a constant
function.

Given a real Borel measure y of total mass 1, put
VD) ={fev): /f(x) du(x) = 0}.

Then the restriction of (f, g)pir to V,(I') is an inner product.

The space Zh(I") is contained in BDV(I") and V(I'), and both of these spaces
are contained in C(I'), though neither is contained in the other. Putting this an-
other way, there is a natural extension of {f, g)pi; on Zh(T') to each of BDV(T") and
V(I"), and their restrictions to BDV,,(I') and V,(I") induce norms which coincide on
Zh,(I"). Note that CPA,(I"), the space of continuous, piecewise affine functions with
fr f(x)dp(x) = 0, is a subset of Zh,(I'). We will now see that both BDV ,(I") and
V,.(I') are contained in Dir,, (I'), the completion of Zh,,(I") under the Dirichlet norm.

Proposition 11.1  Under the Dirichlet norm || f||pir = (f, f>]13/if,
(i) CPA,(I) is dense in BDV ,(I),
(ii) CPA,(I) is densein V,(I).

Before giving the proof, we need the following lemma.

Lemma 11.2 Fix A,B € C, and let [a,b] be a closed interval. Let H be the set of
continuous functions f: [a,b] — C such that f(a) = A, f(b) = B, f is differentiable
on (a,b), and f'(x) € L*([a,b]). Let h(x) € H be the unique affine function with
h(a) = A, h(b) = B. Then for each f € H,

b b
/|f’(x)|2dx2/ |f'(x) — h'(x)|* dx.
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Proof PutC = (B— A)/(b — a). Then h’(x) = C for all x. For each f € H,

b b
(11.2) / F/ORTG) dx — / F(x)C dx = (F(b) — f(@)-C
=(B—-AC = (b—a)C|* €R.

In particular

b
(11.3) / h' (x)h'(x) dx = (b — a)|C|*.

a

Fix f € 3. Using (11.2) and (11.3), we see that
b b
/ F () — W ()2 = / (F'() = W) T —G0) d

b
- / O dx — (b — a)|CP2.
Since (b — a)|C|*> > 0, the lemma follows. ]

Proof of Proposition 11.1 (i) Put v = A(f), so

f=u) and (f flom = / / ¢, 7) (T,

Let v, 13, ... be a bounded sequence of discrete measures of total mass zero which
converge weakly to v. Put f, = ¢, (v,). Then f, € CPA,(T"), and (f — fu, f — fu)Dir
converges to 0 by Lemma 10.1, since the measures v, X v, ¥ X vy, and v, X v converge
weaklytor x vonT x T.

(ii) Take f € V,(I'), and fixe > 0. Let X C I be the finite set of points where
f'(x) is not defined. After enlarging X, we can assume that it contains a vertex set
forT'. Foreach p € Xandd > 0,let N(p,6) = {z € T : d(p,z) < J} be the
d-neighborhood of p under the canonical metric on I'.

Since f’ € L*(T"), thereisa §; > 0 such that

/ 1(x) f'(x) dx < e.
U

xEX N(x,61)

Put U = J,cx N(x,61), and put K = I'\U. Then K is compact. Since f'(x) is
continuous on K, it is uniformly continuous. Let 0 < §, < ¢; be small enough that
If'(x) — f'(y)] < Veforallx,y € Kwithd(x,y) < 6. LetY = {y1,...,ym} CK
be a finite set such that for each x € K, there is some y; € Y with d(x, y;) < J,. After
enlarging Y we can assume it contains all the boundary points of K.

The set X U Y partitions I into a finite union of segments. Let F: I' — C be the
unique continuous function such that F(z) = f(z) for each z € X U Y, and which is
affineon T\(X UY).
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Let (a,b) be one of the segments in T'\(X UY). If (a,b) C K, then necessarily
d(a,b) < §,. For each x € (a,b) we have F'(x) = (f(b) — f(a))/(b — a). On the
other hand, by the mean value theorem there is a point x, € (a,b) with f’(xy) =
(f(b) — f(a))/(b — a). Since x,xy € [a,b] it follows that d(x,x,) < 0,. Hence,
|f'(x) — F'(x)] = |f'(x) — f'(x0)] < v/2. It follows that

b
/ If'(x) — F'(x)|*dx < (b — a)e.

On the other hand, if (a, b) C U, then by Lemma 11.2

b b
/|f’(x)—F'(x)|2dx§/ |/ (x)|* dx.

Summing over all intervals (a, b), we see that

/|f’(x)—F’(x)\2dx:/|f’(x)—F’(x)\2dx+/ |f'(x) — F'(x)|* dx
T K U
<I)+1)-¢

where ((I") is the total length of T".
Here F(x) need not lie in CPA,,(I'), but F,,(x) = F(x) — ﬁ fr F(x) dx does, and
(f = Fu, f — Fu)oir = (f — F, f — F)pir. Since € is arbitrary, the proposition follows.
|

Recall that Dir,,(T") is the completion of Zh,(I") under || - ||pir, with norm || - || pir
extending the Dirichlet norm on Zh,(I'). By Proposition 11.1, both BDV,(I') and
Vu(I') are dense subspaces of Dir,(I'). In particular, Dir,(I') can be defined as the
completion of any of the spaces CPA,(I'), V,(I'), Zh,(I"), or BDV,(I') under the
Dirichlet norm.

Recall from Lemma 3.1 that there is a constant C, such that for each f € Zh,(I"),
I flloo < Coo:ll flIDir- As shown in Corollary 3.3, this implies that the abstract Hilbert
space Dir,(I") can be identified with a space of continuous functions on I'.

Corollary 11.3 ~ We can uniquely identify BDV ,(I') and V,(I') with subspaces of
Dir,, ('), where the latter is regarded as a subset of C(I') via the embedding defined
in Corollary 3.3.

Proof We must show that each g € BDV (") (resp., V,(I')) is taken to itself under
the embedding ¢,,: Dir,(I') — C(I") defined in the proof of Corollary 3.3.

If g € BDV,(I'), let v = A(g), so g = ¢,(v). Let v1,15,... be a bounded
sequence of discrete measures of total mass zero converging weakly to v.

By Proposition 8.1 the functions g,(x) = ¢, (v,) converge uniformly to g(x).
Moreover, each g, belongs to CPA,(I') C Dir,(I'). By Corollary 3.3 1,(g:) = gn»
and by Lemma 3.1 the g, form a Cauchy sequence under || - |- By definition, the
image G = ¢,(g) is the limit of this Cauchy sequence. Hence G = g.
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Examination of the proof of Lemma 3.1 shows that the conclusions of that Lemma
hold for V,(I') as well as for Zh,,(I"). Hence the fact that ¢,,(g) = g forallg € V,(I")
follows by the proof of Corollary 3.3. ]

Let py and i, be real, signed Borel measures on I' with 41 (I") = po(I') = 1. There
is a canonical projection 7y ,: Dir, (I') — Dir,, (I'), defined by

Tia(f) = fx) /F F60) dp ().

It is easy to check that m,; = 71'1_21

Proposition 11.4  ,, is an isometry from Dir,, (I') onto Dir,,(I') relative to the
Dirichlet norms on those spaces, which takes V,, (I') to V., (I'), CPA,, (') to CPA,,, (I),
and BDV,, (I') to BDV,, (I").

Proof Since 7, ; simply translates each function by a constant, it is clear that it takes
V,, (I) to V,,,(I'), CPA,, (T') to CPA,,,(I'), and BDV,, (I') to BDV,,,(I'). Since the
Dirichlet pairings on V(I') and BDV(I") are invariant under translation by constants,
we have

(11.4) (m12(), m2(f))oir = (f, &) pir

forall f,g € V,,(I') and all f,g € BDV,, (I'). These spaces are dense in Dir,, (I'), so
(11.4) holds for all f, g € Dir,, (I'). This shows that 7, , is an injective isometry from
Dir,, (I') into Dir,, (I'). The surjectivity follows by considering the inverse map ;.

|

This simple proposition has two interesting consequences. First, if {F,} is a com-
plete orthonormal basis for Dir,,, (I') given by eigenfunctions of A in Dir,,, (I'), then
{m1,(F,)} is a complete orthonormal basis for Dir,,, (I'). Note however that the func-
tions 7, 5(F,) are in general not eigenfunctions of A in Dir, (I'). Furthermore, al-
though the F, are mutually orthogonal relative to the L? inner product ( , ), the pro-
jected functions 7 »(F,) are not in general orthogonal relative to (,) even though
they remain orthogonal relative to {, )pjr.

Second, if we define the “Dirichlet space” Dir(I") by

Dir(I") = Dir,, (I ® C- 1,

then Dir(I") contains the spaces Dir,,, (I') for all 4, and in particular is independent
of u;. It appears to be an important space to study.
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12 Equivalence between Notions of Eigenfunctions

We will now show that the eigenfunctions of A in Dir,(I') constructed in Theo-
rem 3.8 coincide with the eigenfunctions of ¢, given by Theorem 8.4.

This equivalence provides new information: it implies that the eigenfunctions of
A in Dir,(I') are “smooth enough” to belong to BDV,(I'), and that the eigenfunc-
tions of ,,, which are known to provide a Hilbert space basis for Li(F), also form a
basis for Dir, (I").

Theorem 12.1  Given a nonzero function f € L*(T), the following are equivalent:

(i)  f is an eigenfunction of A in Dir,,(I') with eigenvalue X\ > 0 (Definition 3.7),
(i)  f is an eigenfunction of @, with eigenvalue o = 1/X > 0 (Definition 8.3),
(iii) f is an eigenfunction of A in BDV ,(I") with eigenvalue A > 0 (Definition 9.2).

Proof We know that (ii) < (iii) by Proposition 9.1, so it suffices to show that
(i) < (ii).

(ii) = (i). Suppose first that 0 # f is an eigenfunction of ¢, with eigenvalue
o # 0. By Theorem 8.4, f € BDV,(I'). Theorem 10.3 shows that o > 0. By Lemma
8.5,

(12.1) o A = Alg() = feds— ( /F £ dx)

To see that f is an eigenfunction of A in Dir,,(I") with eigenvalue 1/, we must show
that (f,g)pir = +(f,g) 1 for each g € Dir,(I"). Since Zh,(T') is dense in Dir,(I"),
we can assume that ¢ € Zh,(I"). By (12.1),

o [ = [ ( [ fwa) - ( [ @dnw).

Here g(x) € Zh,(I') and p is real, so@ € Zh,(I') and frg(—x)du(x) = 0. Thus

(fghon = [ AN = [ gfw b= (.
r @ Jr @

(i) = (ii). Conversely, suppose that 0 # f is an eigenfunction of A in Dir,(I")
with eigenvalue A. By Theorem 3.8, necessarily A > 0. Let g1, g, ... be an orthonor-
mal basis for L*(I") consisting of eigenfunctions of ¢, as given by Theorem 8.4. We
can expand f = Y ¢,g, in L*(T). Since [ f(x) dp = 0, Proposition 8.6 shows that
for each n with ¢, # 0 the corresponding eigenfunction g, has a nonzero eigenvalue
vy, and Theorem 8.4 says that g, belongs to BDV ,(I').

Since BDV,(I') C Dir,(I'), for each such g, we have

(f8m)ic = Mf, @)z = X - .

On the other hand, g, is an eigenfunction of A with eigenvalue 1/, and «, is real
by Theorem 8.4, so

(g = (o P = — g =~

1
Qay ay,

<gn7 f>L2

ay
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Thus, the only eigenfunctions g, for which ¢, # 0 are ones satisfying 1/a,, = .
Theorem 8.4 says that there are only finitely many such n, so

f= > cugu€BDV,(D).
1/ay=\

Since each g, is an eigenfunction of ¢, with eigenvalue o, = 1/, so is f. ]
Corollary 12.2  Each eigenfunction of A in Dir,(I') belongs to BDV,,(I").

Corollary 12.3  The eigenfunctions of y,, in BDV ,(I') contain a complete orthonor-
mal basis for Dir,,(T'). More precisely, let { f,} be a complete L*-orthonormal basis of
eigenfunctions for p, in BDV,,(T), and put F, = f,/\/As. Then {F,} is a complete
orthonormal basis for Dir,(I").

13 The Eigenfunction Expansion of g,(x, y), and Applications

Let {f,} be a basis for BDV,(I") consisting of eigenfunctions of A, normalized so
that || f, ||, = 1 for each n.

We now consider the expansion of g,(x, y) in terms of the eigenfunctions {f, }.
Foreach y € T, put G, (x) = g,(x, y). In L*(T"), we can write G, (x) = >_ | a, fu(x),
with

a, = (Gy(x), fulx)) = /Fgﬂ(x, P fu(x) dx = @, (fu)(y) = )\ifn(}/)~

Thus

o o 52 BTG
n=1 n

where for each y the series converges to g, (x, ) in L*(T").

Proposition 13.1 ~ The series » - | M converges uniformly to g,(x, y) for all
x,yel.

Proof This follows from a classical theorem of Mercer (see [RN, p. 245]). Mercer’s
theorem asserts that if K is a compact measure space and A(x, y) is a continuous
symmetric kernel for which the corresponding integral operator A: L*(K) — L*(K)
is positive (that is, (Af, f) > 0 for all f € L*(K)), then the L* eigenfunction ex-
pansion of A(x, y) converges uniformly to A(x, y). The proof in [RN] is given when
K = [a, b] is a closed interval, but the argument is general.

In our case g,(x, y) is continuous, real-valued, and symmetric, and the integral
operator ¢, is positive by Theorem 10.3. ]

Several important facts follow from this.
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Corollary13.2 3~ ° 1/\, = [, gu(x,x) dx < c0.

Proof By Proposition 13.1 > f,(x)f.(x)/\, converges uniformly to g, (x,x)
on T Since (f,, f,) = 1 for each n,

Corollary 13.3  g,(x,x) > 0 for all x € I'. Indeed, g,(x,x) > 0 for all x unless
1 = Ox, (x) for some xo, in which case g,,(x,x) > 0 for all x # xo.

Proof It follows from g,(x,x) = > 2, fu(x) fu(x)/A, that g,(x,x) > 0 for all x.
If g,(x0,%) = 0 for some xj, then f,(x9) = 0 for all n. But then g,(xo,y) =

> on fa(x0) fa(y) /Ay = 0 for all y, which means that 0 = A, (g,(x0, ¥)) = 05, (y) —
w(y). Thus 1t = 6, (y). If there were another point x; with g,(x;,x) = 0, then
0y (y) = p = 0y, (), 50 X1 = Xo. ]

Corollary 13.4 Y7, |fu(x) fu(y)/An| converges uniformly for all x, y.

Proof Note that

12 & =
=) filx) fu(x) /s = gu(x,%)

for each x, and the convergence is uniform for all x € I'. Hence, for any € > 0 there
isan N such that >~
By the Cauchy—Schwarz inequality,

S @R/ < (3

n=1

5|2
| <e

fuly) |2\ 12
)

(%) 12\ V2 /&
wl

converges. Another application of Cauchy—Schwarz gives

(o]

ST A@LG) /Al <e,

n=N

so the convergence is uniform. [ ]

Corollary 13.5  With the eigenfunctions normalized so that || f,||, = 1 for all n, we
have || fulloo = 0(v/Ay) asn — oc.

Proof As in the proof of Corollary 13.4, for any ¢ > 0 there is an N so that

> |{‘/(;i)|2 < ¢ for all x. Hence for each n > N, || fulloo < VE - VA ]
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Let { fu }1<n<oo be an L*-orthonormal basis for BDV,,(T") consisting of eigenfunc-
tions for A. We will now show that the L*-expansion of each F € Dir,(T') in terms
of the f, converges uniformly to F(x) on L.

Suppose F € Dir,(I'). If 4 = g(x)dx for some g € L*(T"), then by Proposition 8.6
the eigenfunctions f, form an orthonormal basis for

(Co)* = {f € IAD) : /Ff(x)g(T)dx - o}.

Since F € C(T') and [, F(x) du(x) = 0, we have F € (Cg)™*. If 11 is not of this form,
then the f, form an orthonormal basis for L*(T").
In either case we can expand F(x) = >~ ¢, fu(x) in L*(T).

Corollary 13.6  For each F € Dir,,(T), the series > - | ¢, fu(x) converges uniformly
to F(x) onT.

Proof Let )\, be the eigenvalue corresponding to f,, and put F,(x) = f,(x)/v A,
so (F,, Fy)pir = 1. Since the F, are eigenfunctions of A belonging to BDV,(I") by
Corollary 12.3 and Theorem 12.1, they are mutually orthogonal under (, )pj.

By assumption, we have

F(x) =Y cuful®) = > v/ AutuFulx)

n

in L*(T"). By Parseval’s inequality in Dir,(I'),
2
(13.2) D Vel < (EF)o,
n
By Corollary 13.4, the series

SR =D ) fule) /Al

converges uniformly on I'.  Hence, for each ¢ > 0, there is an N such that
> usn [Fa(x)[* < e. By (13.2) and the Cauchy-Schwarz inequality,

S lenfu®)] < (FEFypi)'/? - Ve

n>N

forallx e I.

Thus the series ), ¢, f,(x) converges uniformly and absolutely to a function
G(x) € C(I"). Since F(x) and G(x) are continuous, and F = G in L*(I"), it follows
that F(x) = G(x). [ |

We can use Proposition 13.1 and Corollary 13.6 to give another proof of Theo-
rem 10.4(ii), the energy minimization principle, as follows.
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Proof of Theorem 10.4(ii) Let v be a bounded measure of total mass 1. Define the
n-th Fourier coefficient of v to be ¢, = [}, fu(x) dv(x).

By Corollary 13.6, the linear space spanned by the functions {f,} (which lie in
BDV,(I'), and in particular have f fudp = 0) is dense in Dir,(I'). Together with
fo = 1, the f, span a dense subspace of Dir(I"), which itself is dense in C(I"). By the
Riesz representation theorem, it follows that 4 = v ifand only if ¢, = 0 forall n > 1.
By uniform convergence, we find that

[ s narwmii = [[ (X A@E0/A) dxdt
n>1
=3[ fwavo) ([ FoI@0)

n>1

- Z |Cn|2/>\n > 0,

n>1
with equality if and only if ¢, = 0 for all n > 1, as desired. |

Application: Lower Bounds for g, (x, y)-Discriminant Sums

From the uniform convergence of the expansion (13.1), we obtain Elkies-type lower
bounds for discriminant sums formed using g,,(x, y). Such sums occur naturally in
arithmetic geometry (see for example [HS, Lemma 2.1], in which I is a circle).

Proposition 13.7 There exists a constant C = C(I', p) > 0 such that for all N > 2
andallx,,...,xy € I'. Then

1 C
NN 1) 2 ) = g
i#]

Proof PutM = sup, . g,(x,x). Then

Zg/L(xiaxj) - Z Z fn(xi)fn(xj)/An

i#]j i#j n
N ) N
D DI CINVEN D SRS
n  i=1 i=1
> _MNa

which yields the desired conclusion. ]
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14 The Canonical Measure and the tau Constant

In this section we discuss some properties of a “canonical measure” discovered by
Chinburg and Rumely. This will not only provide us with a nice application of the en-
ergy pairing, it will also illustrate why it is useful to allow general measures 4 (rather
than just multiples of dx, for example) when discussing eigenvalues of the Laplacian.

For x,y € T', we denote by r(x, y) the “effective resistance” between x and y,
where I is considered as a resistive electric circuit as in §1.5. Equivalently, we have
r(x, y) = jx(y, y)(= jy(x,x)).

For example, if ' = [0, 1], then r(x, ) is simply |x — y|. Referring back to §1.8,
note that —1|x — y| differs by a constant factor of } from the Arakelov-Green’s func-
tion g, (x, ) for the measure ;1 = %50 + %51.

This observation generalizes to arbitrary metrized graphs as follows (see [CR,
Theorem 2.11], [BF]):

Theorem 14.1

1. The probability measure fican = Ay (37(x,y)) +6,(x) is independent of y € T.

2. [bcan is the unique measure y of total mass 1 on I' for which g,(x, x) is a constant
independent of x.

3. Thereis a constant T(I') € R such that g, (x,y) = —%r(x, y) +7(D).

We call pican the canonical measure on T, and we call 7(I") the tau constant of T.
In [CR, Theorem 2.11], the following explicit formula is given:

1 dx
(14.1) llean = Z (1-— Evalence(p))(Sp(x) + Z Lo+ R’

vertices p edges e

where L(e) is the length of edge e and R(e) is the effective resistance between the
endpoints of e in the graph T"\ e, when the graph is regarded as an electric circuit with
resistances equal to the edge lengths. In particular, i, has a point mass of negative
weight at each branch point p, so it is a positive measure only if I' is a segment or a
loop.

The following result is an immediate consequence of Theorem 10.4.

Corollary 14.2  The canonical measure is the unique measure v of total mass 1 on I’
maximizing the integral

(14.2) // r(x, y) dv(x)dv(y).
I'xTI’

One can therefore think of the canonical measure as being like an “equilibrium
measure” on I' (in the sense of capacity theory), and of 7(I') as the corresponding
“capacity” of I" (with respect to the potential kernel %r(x7 ¥)). Note, however, that
ftcan, unlike equilibrium measures in capacity theory, is not necessarily a positive
measure.
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It can also be shown using Theorem 10.4(i) that there is a unique probability mea-
sure maximizing (14.2) over all positive measures v of total mass 1. However, we do
not know an explicit formula for this measure analogous to (14.1).

The next result follows immediately from Corollary 13.2.

Corollary 14.3  If{(I") denotes the total length of T, then
— 1
o) -r(I) = —
() - 7() Z:; "

where the \,,’s are the eigenvalues of the Laplacian with respect to the canonical measure,
i.e., the eigenvalues of A on Dir,, (I'). In particular, if ¢(I') = 1, then T(I") is the trace
of the operator @, .

Especially, 7(I') > 0. Another description of 7(I"), which shows this directly, is as
follows.

Lemma 14.4  For any fixed y € I, we have

1 0 2
T(I) = Z/F(ar(x,y)) dx.

Proof Fix y € I, and set f(x) = ir(x,y). Since [ g..(x, ) dpcn(x) = 0, we
have 7(I") = f f(x) dpican(x). Substituting pican = 9,(x) + Ay f(x) and noting that
f(y) = 0, we obtain

() = /f(x)Af(x) = (f, fHvir = /(f’(x))zdx. u

Using Lemma 14.4, it is not hard to see that if we multiply all lengths on I’
by a positive constant 3 (obtaining a graph I'(3) of total length 5 - ¢(I')), then
7(T(B)) = B - 7(T). Thus it is natural to consider the ratio 7(I")/¢(T"), which is
scale-independent.

One can show using Lemma 14.4 that for a metrized graph I" with # edges,

1 1
(14.3) Ie,t0) = (1) < 4L,

with equality in the upper bound if and only if I' is a tree. The lower bound is not
sharp.

Experience shows that it is hard to construct graphs of total length 1 and small
tau constant. The smallest known example was found by Phil Zeyliger, with 7(I") =
.021532. We therefore pose the following conjecture.

Conjecture 14.5  There is a universal constant C > 0 such that for all metrized
graphs T, 7(I') > C - £(T").

We remark that by Corollary 14.3, a universal positive lower bound for 7(I') over
all metrized graphs of length 1 would be implied by a universal upper bound for
A1, the smallest nonzero eigenvalue of the Laplacian with respect to the canonical
measure, on such graphs.
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Application: The Operator ¢, Has Minimal Trace

Given a measure /. on I of total mass 1, the trace of the operator ¢, is

=1
o) = [ guxnde=3" -
r n=1 """

where the ), are the eigenvalues of A on Dir,(I'). We can compare the traces for
different measures using the energy pairing (see Theorem 10.4):

Proposition 14.6  Let i1, i1, € Meas(I") be measures of total mass 1. Then

(14.4) Tr(py,) = Tr(py,) — (dx, dx),, + (dx — p1, dx — ).

Proof We first claim that

(14.5) 8 (%, ) = 8y (%, ) — Gy, (1) (%) — By, () () + (s 1) -

Indeed, it follows from Proposition 7.1 that the Laplacian with respect to x of both
sides of (14.5) is 0, — j41, so the two sides differ by a constant depending only on x. By
symmetry, the left- and right-hand sides of (14.5) also differ by a constant depending
only on y. Thus (14.5) is true up to an additive constant. Integrating both sides with
respect to dy; (x)dpy (y) shows that the constant is zero, proving the claim.

Setting x = y in (14.5) and integrating both sides with respect to dx now gives
Tr(pp,) = Tr(wu,) — 2{(dx, 1), + (1, 1) 4o> which is equivalent to (14.4). [ |

Suppose I has total length 1. Setting 14 = p and p, = dx in Proposition 14.6, we
find that of all measures 1 on I', the dx measure is the one for which ¢, has minimal
trace:

Corollary 14.7 If{(I') = 1 and » € Meas(I") has total mass 1, then
Tr((P;L) = TI'((de) + <dx — M, dx — M) Z Tr(@dx);
with equality if and only if p = dx.

Proof By Theorem 10.4 {dx — p,dx — u) > 0, with equality if and only if u = dx.
|

Since Tr(pg4y) is minimal, it is useful to have a formula for it.

Corollary 14.8  If (') = 1, then Tr(pax) = 3 [[r.  7(x, y) dxdy .
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Proof Taking yt; = dx and p; = pican in Proposition 14.6 gives

(146) Tr(@dx) = Tr(@/tcan) - <dx? dx>,“'can'

Here Tr(y,,,,) = 7(I') by Corollary 14.3, while by the definition of (dx, dx),,, and
Theorem 14.1(iii),

(14.7) (dx, dx) ., = // L (2, ¥) dxdy = // (') — 1r(x,y) dxdy.
I'xT I'xT 2
Combining (14.6) and (14.7) gives the result. [ |

In contrast with Conjecture 14.5, which asserts that Tr(p,, ) > C > 0 for all
graphs of total length 1, Tr(,y) can be arbitrarily small. For example, if I' = B, is
the “banana graph” with two vertices connected by n edges of length 1/#, then using
Corollary 14.8 one computes that

n+2
T =",
r(‘pdx) 1212

15 Regularity and Boundedness

In this section, we will study the smoothness and boundedness of eigenfunctions.

Proposition 15.1  Suppose p has the form p = g(x)dx + Zfil ci0p, (x) where g(x) is
piecewise continuous and belongs to L'(T"). Assume that X = {p1, ..., pn} contains a
vertex set for I', as well as all points where g(x) is discontinuous. Then each eigenfunction
of A in BDV,(T") belongs to Zh(T"). If g(x) is €™ on I'\X, then each eigenfunction is
C"™*2 on T'\X, and satisfies the differential equation

af B
) + Af(x) = ACgq(x),

Proof If0 # f € BDV,(I') is an eigenfunction of A with eigenvalue A, then by
Proposition 9.1,

N
(15.1)  A(f) = A- (fdx — Cp) = A(f(x) — Cg(x)dx — CA Y 68, (x)
i=1
with C = [}, f(x) dx.
Here f(x) is continuous, so A(f(x) — Cg(x)) is continuous on I'\ X, and belongs
to L'(I"). By Proposition 5.2, f € Zh(T") and

A = A(f) = = f"@dx =3 ( D def () oy,

p veVec(p)

Comparing this with (15.1), we see that A(f) has no point masses except at points of
X, and that on each subinterval of T\ X, f’/(x) = A(Cg(x) — f(x)). Differentiating
this inductively shows that on each such subinterval, f(x) has continuous derivatives
up to order m + 2. Furthermore, f(x) satisfies the differential equation f'/(x) +
Af(x) = ACg(x). [ |
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Under somewhat stronger hypotheses, the eigenfunctions are uniformly bounded.

Proposition 15.2  Suppose i = g(x)dx + Zil ci0p, (x), where g(x) is piecewise et
on T and g'(x) € LY(T'). Let {fy}i1<n<oo e the eigenfunctions of A in BDV ,(T),
normalized so that || f,||, = 1 for each n. Then there is a constant B such that || f,]| o <
B for all n.

Proof Write X = {py,..., pn}. After enlarging X, we can assume that X contains
a vertex set for T, as well as all points where g’ (x) fails to exist. Then I'\ X is a finite
union of open segments; let their closures be denoted ey, ..., e,. Without loss of
generality, assume e, is isometrically parametrized by [0, L,], and identify it with that
interval.

Let f = f, be an eigenfunction of A in BDV ,(I"), normalized so that || f||, = 1.
Let A = ), be the corresponding eigenvalue. By Proposition 9.1, f € Zh(I") and on
each segment ey it satisfies the differential equation

& f

where C = Cy = [ f(x)dx. Lety > 0 be such that 4> = A, and write f; for the

restriction of f to e;.
By the method of variation of parameters (see [Si, p. 92]),

fi(x) = A" + Bee "+ C - by o(x)

for certain constants Ay, By € C, where

. X —it t ‘ X it "
hoo(x) = A ’x/ e gy )\e—m/ ere® o,
Xy —21’)/ X —21’}/
for some fixed x; € e,. Integrating by parts gives

() = g(0) — glo) + 3 / ) dt — 5 / /(1) dt.

X¢ Xy

Here g(x) is bounded since g’(x) € L'(I"), and for the same reason the last two terms
are also bounded, independent of v and ¢. Hence the ., ¢(x) are uniformly bounded.
Let M be such that |k, ;(x)| < M, forall 4, v, and x.

Note that C = Cy is bounded, independent of y: indeed

1= [ fwa] < flh < Dl = can
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Now we will use the fact that || f||, = 1 to bound the A; and B,. Write (f, f); =
J,, f(@)f(x) dx. Then

m

(15.3) 1=(f,f)= Z

=1

S (1AL + BPLe +CP o)
=1

2iyx

+2Re( A, ) +2Re(AC (™ (1))

+2Re(BCle ™ I (0)0)) -
The fourth term is O(JA¢By|/), and by the Cauchy—Schwarz inequality, for suffi-
ciently large it is bounded by 1(|A¢|*L¢ + |B¢|*L¢). The fifth term is bounded by

2|A¢| - ¢(T')MLy, and the sixth term is bounded by 2|By| - ¢(T')ML,.
Suppose that for some ¢ we have max(|A¢|, |B¢|) > 12¢(T')M. Then

1
5(|A4|2Lg + [Be|*Ly) > 4 max(|A¢|,|B|) - c(T)ML,
> [2Re(AC(e"™, hy ¢(x)) ()| + |2 Re(BiC (e, by (%)) )]

If v is large enough that

207X __ 1

— 1
2Re( AB; ) < 30APL o+ IBIL),

then (15.3) shows that $(|A/?L; + [B¢|’L;) < 1, from which it follows that

max(|As|, |Be|) < 4/3/Le. Thus for all sufficiently large v and all 4,
|A1/| |Bp| < max(12¢(I")M, 3/L1/

It follows that || f|| o is uniformly bounded for all sufficiently large n, say n > ny.
Trivially || f,||cc < o0 for each n < ng, and the proposition follows. [ |

16 Examples

In this section, we will explain how the theory developed above can be used to com-
pute eigenvalues and eigenfunctions in certain cases, and we will illustrate this with
several examples. When i = dx, the method we are about to describe is well known
(see [Bel, N1]).

Throughout this section, we suppose that 1 has the same form as in Proposition
15.1:

N
p=g)dx + Y cidp,(x),

i=1
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where g(x) is piecewise continuous and belongs to L' (T'). Let X, C T' be a finite set
containing a vertex set for I, all points where g(x) is not continuous, and all points
where 1 has a nonzero point mass. Then I'\ X, is a finite union of open segments.
Let their closures in I' be denoted e/, for £ = 1, ..., m. Without loss of generality,
assume ey is isometrically parametrized by [ay, b/], and identify it with that interval.
For each p € X,, let v(p) be the valence of I" at p, that is, the number of segments e,
with p as an endpoint.

If f is an eigenfunction of A in BDV ,(I"), then by Proposition 15.1, f belongs to
Zh(I") and satisfies the differential equation

2
(16.1) %+/\f(x) = ACg(x)

on each e;. Necessarily A\ > 0; write A\ = 2. Suppose that for each e, we are able
to find a particular solution h, ((x) to d’f /dx*> + M\ f(x) = Ag(x). Then the general
solution to (16.1) has the form f;(x) = Age"* +Bje™"* +Ch, ¢(x) for some constants
Ay, By.

Proposition 9.1 shows that for a collection of solutions { fy(x)}1</<m to be the
restriction of an eigenfunction f(x), it is necessary and sufficient that

{A1,...,Au,By,...,By,C}

satisfy the following system of linear equations:

(i) Foreach p € X,, there are v(p) — 1 “continuity” conditions, each of the form
fi(ai) = fi(q;), where ¢; is a fixed edge containing p, e; runs over the remaining
edges containing p, and g; (or similarly g;) is the endpoint a; or b; of ¢; = [a;, b;]
corresponding to p.

(ii) For each p € X,, there is one “derivative” condition, corresponding to the
fact that Az, (f) and —ACp must have the same point mass at p. This condition
reads ), +£/(qi) = AC - ¢, where the sum runs over the edges ¢; containing p, g; is
the endpoint of e; corresponding to p, the sign & is + if g; = g; and — if ¢; = b;, and
¢p = p({p}).

(iii) There is a global “integral” condition coming from the fact that f belongs to
BDV,,(T): [, f(x)du(x) = 0.

Each condition gives a homogeneous linear equation in the Ay, By and C, whose
coefficients depend on 7. Thereare 1+ 3 X, v(p) such equations; since each edge
has two endpoints, > pEX, v(p) = 2m. Hence the number of equations is the same
as the number of variables, 2m + 1. For an eigenfunction to exist, it is necessary and
sufficient that this system of equations should have a nontrivial solution.

Let M(~y) be the (2m + 1) x (2m + 1) matrix of coefficients. It follows that A = ~?
is an eigenvalue of A in BDV,(I') if and only if v > 0 satisfies the characteristic
equation

(16.2) det(M()) = 0.
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In all examples known to the authors, the multiplicity of v as a root coincides with
the dimension of the nullspace of M(~y), which is the multiplicity of the correspond-
ing eigenvalue.!

Example 16.1 Let I be the segment [0, 1], and take p = dx.

In this case, the eigenvalues are \, = n?7? forn = 1,2,3,... and the eigen-
functions (normalized to have L?-norm 1) are f,(x) = V2 cos(nmx). One can show
that

IF+i1—y)? -1 ifx<y
gulx,y) = .
A =x?+3y =1 ifx>y

and the eigenfunction expansion in Proposition 13.1 reads

. cos(nmx) cos(nmy)
8ulx,y) =2 Z ) :
n=1

We have

ZiiiLi 1 (xx)dxfl
)\n - 7T2n2 - 0 g’“’ ’ - 6

n=1

Example 16.2 LetT = [0, 1], and take y = o (x).
In this case, the eigenvalues are A\, = "ZIZ
ing normalized eigenfunctions are f,(x) = v/2sin( Zx) .

One can show that g, (x, ) = min(x, y), and its eigenfunction expansion is

forn=1,3,5,... and the correspond-

gulx,y) =8 Z sin(nmx) Sin(]’lﬂ')/).

n2m?
n>1
n odd

The trace of ¢, is

1 4 ! 1
Z)\—n = Z ) _/o gu(x,x) dx = 3

n>1
nodd

Note that the upper bound (14.3) for the trace need not hold since p # fican.

Example 16.3 LetI' = [0, 1], and take pu = 18,(x) + 16, (x). This is the “canonical
measure” for I, as defined in §14.

By a calculation similar to that in Examples 16.1 and 16.2, we see that the eigen-
values are \, = n’m? forn = 1,3,5,... and the eigenspace corresponding to each
eigenvalue is two-dimensional; a normalized basis is given by

fn+(x) _ einﬂ'x’ fni(x) _ efimrx.

Tt might be possible to explain this observation using the results of [Bel], which we learned about
from the referee.




272

M. Baker and R. Rumely

One can show that g, (x, y) = ; — 3|x — y| and its eigenfunction expansion is

1
4
einﬂxeinw}/

gﬂ(x, y) = Z W

The tau constant 7(I") is
1 2 ! 1
Fvie E e _/0 (%, %) dx = e

Here I is a tree, and the upper bound for 7(I") in (14.3) is achieved.

Example 16.4 LetI’ = [0, 1], and take ;1 = do(x) + d;(x) — dx.

This example illustrates phenomena which occur with more complicated mea-
sures. We have g(x) = —1. It will be convenient to write the general solution to
(16.1) as f(x) = A cos(yx) + Bsin(yx) — C. The derivative conditions say

£(0) = By =~°C,
f'(1) = —Aysin(y) + By cos(y) = —7°C,

and the integral condition says

—C=0.

A(l + cos(vy) + @) + B(sin(’y) + %)

One has det(M(7)) = 2+>(1 + cos(7y)) — 37 sin(y).

It is easy to show that for each odd integer 2k — 1 > 0, there are two solutions to
M(v) = O near (2k — 1) one of these, which we will denote by y,x_1, is slightly less
than (2k — 1)7; the other is v = (2k — 1)m. The first six eigenvalues \, = ~2 are

A =2 2.854280792, A, = w22 9.869604401, \; = 82.77313456,
Ay = 9% =2 88.82643963, s = 240.7215434, \¢ = 257> = 246.7401101.

The normalized eigenfunctions corresponding to the eigenvalues Ay, = 72 are

fues) =eucs(eos(2(x- 7)) - S on(3))

for an appropriate constant ¢y;_1, and the normalized eigenfunctions corresponding
to the eigenvalues Ay, = (2k — 1)?72 are fo(x) = v/2 cos((2k — 1)7x).
One has

7 1 1 ) 1 1
Bler) = g = gkl gl (0= 3) (r-3),

and the trace of ¢, is

1 ! 1
Z)\—n :/0 (%, %) dx = 3
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Example 16.5 Let I" be a circle of length L, and take y = %dx to be the canonical
measure on I,

This is the setting of classical Fourier analysis, and our formalism leads to the
familiar Fourier expansion of a periodic function.

In this case, the eigenvalues are \, = 4n’7%/L? forn = 1,2,3,... ; each eigen-
space is two-dimensional, with normalized basis

1 ; 1 ,
fnJr(x) _ 762771nx/L’ fn7 (x) _ 7672771nx/L.

VL VL
One has g, (x, y) = 5:|x — y[> — [x — y| + & and its eigenfunction expansion is

( ) eZWiHX/LeZTrin}//L
gH X)) = T A2-2/7
por 4n’m? /L

We have ,

1 r? L L
Z)\— :ZW :/0 g,,,(x,X)dXZ 12

n n#0

and 7(I") = %

During summer 2003, the authors led an REU on metrized graphs at the Univer-
sity of Georgia. The student participants were Maxim Arap, Jake Boggan, Rommel
Cortez, Crystal Gordan, Kevin Mills, Kinsey Rowe, and Phil Zeyliger. Among other
things, the students wrote a MAPLE package implementing the above algorithm, and
used it to investigate numerical examples, some of which are given in the following
table. In this table, each graph has total length 1, with edges of equal length. The
graph’s name is followed by its tau constant, and then by the two smallest eigenvalues
for the measures ;1 = dx and t = pcan. The multiplicity of each eigenvalue is given
in parentheses.

Name 7(I) )\l,dx )\Z,dx )\l,can )\2,can

Ks3 .0442 199.86(4) 799.44(5) | 105.63(1) 199.86(4)
K .0460 332.51(4) 986.96(5) 47.62(1) 332.51(4)
Petersen .0353 340.93(5) | 1190.79(4) | 107.14(1) 340.93(5)
Tetrahedron .0521 131.42(3) 355.31(2) | 102.75(1) 131.42(3)
Cube .0396 218.20(3) 525.67(3) | 106.66(1) 218.20(3)
Octahedron .0434 355.31(3) 631.65(2) 47.73(1) 355.31(3)
Dodecahedron | .0264 479.25(3) | 1363.73(5) | 107.78(1) 479.25(3)
Icosahedron .0399 | 1103.20(3) | 2826.48(5) 33.31(1) | 1103.20(3)

Here K3 3 denotes the complete bipartite graph on 6 vertices, K5 denotes the com-
plete graph on 5 vertices, and “Petersen” denotes the well-known Petersen graph,
which is a 3-regular graph on 10 vertices. The other graph names are hopefully
self-explanatory. For more data, together with some of the MAPLE routines used
to calculate them, see www.math.uga.edu/~mbaker/REU/REU.html.
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In all examples known to us, A can has multiplicity 1. For the graphs in the table,
A1dx coincides with A, ... Factoring the characteristic equation for the correspond-
ing eigenvalue problems shows that in fact for these graphs, all eigenvalues for dx
are eigenvalues for pic,n, with multiplicities differing by at most 1 (tican has infinitely
many other eigenvalues as well). The graphs in the table are highly symmetric: all
their edges have equal weight under the canonical measure, and all their vertices have
the same valence. For more general graphs, it seems that some but not all eigenval-
ues for dx are eigenvalues for fic,,. It would be interesting to understand the reasons
for this. It would also be very interesting to understand the geometric/combinatorial
significance of the the eigenvalues of the canonical measure.
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