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Abstract We generalize the classical Robin formula to higher dimensions.
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Secondary 31B15 - 31C10

The purpose of this note is to give a formula for the Fekete-Leja transfinite
diameter on CV, generalizing the classical Robin formula

doo(E) = e VP

for the usual transfinite diameter. We will disengage this from a formula for the
sectional capacity proved in arithmetic intersection theory ([5], Theorem 1.1,
p- 233).

First recall the definition of the Fekete-Leja transfinite diameter for a com-
pact set E ¢ CVN (see [1,16]). Consider the set of monomials zX = z]f1 ~-~z5{VN
in the polynomial ring C[z] = C[zy,...,zn]. Let ['(n) C C[z] be the space
of polynomials of total degree at most n, and let K(n) = {(k € ZN : k; >
0,k1 + --- 4+ kny < n} be the index set for the monomial basis of I'(n). Put
gn = #(Km) = ("}1).

Fixing n, take ¢, independent vector variables z; = (z;1,...,2zin) € CV,
i=1,...,qn. Let ky,..., kg, be the indices in C(n). The Vandermonde deter-
minant

k.
On(z1,.--,2g,) = det(zi])zj’?:1
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730 R. Rumely

is a homogeneous polynomial in the z;; of total degree T), = N - (”Ntﬁ) For each
n, put
du(E) = max_ |Qn(z1,. ., 2g,)|" "

LZgn €

The Fekete-Leja transfinite diameter is defined by
doo(E) = lim dy(E);
n—0o0

the existence of the limit is due to Zaharjuta [16].

Henceforth, assume that d.(E) > 0. This is equivalent to E being non-plu-
ripolar [10].

For f e Clz1,...,zn] write ||fllg = sup,cg |f(z)|. The Green’s function
G*(z,E) is the upper semicontinuous regularization of the Siciak extremal
function

1
G(z,E) :== lim max —log(|f(z)]) .
n—00 fel(n) N
Iflle<1

Since Eis not pluripolar, G*(z, E) is finite for all z € CN andis plurisubharmonic

[9,10,17]. Write dd = 5~ 99 and let

T

w = dd°QG*(z,E)) (1)

be the associated positive (1, 1)-current. (The factor 2 is needed for compatibil-
ity with the Poincaré-Lelong formula.)

Let Zy,...,Zn be homogeneous coordinates on PN(C). For k = 0,...,N
write Hj for the hyperplane {Z; = 0} and let AkN = PN(C)\Hy be the cor-
responding affine patch. Identify CV with AON c PN(C) via the embedding
(Z1s--nzN) = (L izp ootz I |zl = (2> + - + 1zv1®)/2, then
|G*(z, E) — max(0,log(||z|)| is uniformly bounded on CV (for boundedness
from above, see [9], Corollary 5.2.2, p. 193; for boundedness from below, note
that since E is compact, it is contained in a ball B(0,R) = {z € CV : ||z| < R} for
some large R, so G*(z,E) > G*(z,B(0,R)) = max(0,log(||z||/R))). It follows
that for each 1 < k < N the function g (z, E) defined on Af{\’ \Hy by

8k(z, E) = G*(z,E) —log(zx|)

extends uniquely to a plurisubharmonic function on ALV . If k= 0, write
g0(z, E) = G*(z, E). Since log(|Z;/Z;)) is pluriharmonic on AEV N A]N, the cur-
rents wy = dd°(2gx(z, E)) cohere to give a positive (1,1)-current on PN (C)
extending w. We will denote it by w as well.

Let o* = @ A -+ A @ be the k-fold exterior product of  with itself (for the

existence of X, see [3], Theorem 2.1), and put »® = 1. Write Y} for the space
HyN---N Hy_q and let Uy = Y \Hy, so Ux(C) = CN—*. Define the iterated
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Robin formula 731

Robin constant by

_ 1 Y
VE) =52 / gr(z. E) o™ F

=1y

1 _
=5 / g1z, E) ™! )
Zy=0,Z1#0

+ / gz, E) ™72
Zy=21=0,Z,#0

+ 4 gn(0:---:0:1),E)

Note that when N = 1, the sum consists of a single term and reduces to the usual
Robin constant, since oo = (0 : 1) € P1(C), and g{ (00, E) = lim,_, oo G*(z, E) —
log(|z]) = V/(E).

Theorem 1 If E c CN is compact and not pluripolar, then
doo(E) = e~V B, 3)

Before giving the proof we will need some facts from arithmetic intersection
theory. Let K be a number field, and let Ok be the ring of integers of K. Let
X /K be a smooth, connected projective variety of dimension N; write K (X) for
the field of K-rational functions on X.

The sectional capacity S, (E, D) is a measure of size for an adelic set E on
X relative to an ample divisor D. It was first proposed by Chinburg [4], and
its existence was shown in [14], using methods from [16]. The name ‘sectional
capacity’ refers to asymptotics of volumes of spaces of sections of Ox(nD) as
n— oo.

Let D be an effective, ample K-rational Cartier divisor on X.

For each place v of K, let K, be the completion of K at v, and let C, be
the minimal complete algebraically closed field containing K,. Let |x|, be the
absolute value on C, extending the canonical absolute value on K, given by
the modulus of additive Haar measure. Without loss, we can assume that X is
embedded in PM for a suitable M. There is a natural distance function d, (x, y)
on PM(C,): the chordal metric associated to the Fubini-Study metric, if v is
archimedean; the v-adic spherical metric, if v is nonarchimendean (see [12],
Sect. 1.1).

For each v, let E, C X(C,) be a nonempty set, and write E = [], E,; we
will call E an adelic set. We will assume that the E, and D satisfy the following
‘Standard Hypotheses’:
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1. Each E, is bounded away from supp(D)(C,) under d,(x,y) and is stable
under the group of continuous automorphisms Gal®(C,/K,).

2. For all but finitely many v, E, and supp(D)(C,) specialize to disjoint sets
(mod v); equivalently, for all but finitely many v, d,,(x,y) = 1 forall x € E,
and all y € supp(D)(C,).

Note that if v is archimedean and K, = R, then Gal°(C,/K,) = {1,7} where ©
is complex conjugation; if K, = C, then Gal‘(C,/K,) is trivial.

For each integer n > 0, put '(nD) = H(X,0x(nD)), a finite dimensional
vector space over K. Dehomogenizing at D, identify I'(nD) with {f € K(X) :
div(f) + nD > 0}. For each v, consider the space of K,-rational functions on
X with polar divisor at most nD, I',(nD) = K, @x '(nD) = {f € K,(X) :
div(f) + nD > 0}. For f € Ky (X), write ||f| g, = sup,cg, [f(x)|, and let

F(Ey,nD) = {f eTy(nD): |fllg, =1}

Let Ky = {(xy) € [[, Ky : |xv|y < 1for all but finitely many v} be the adele
ring of K. Identitying Ky ®k I'(nD) with a subset of ([[, K,) ®«x I'(nD) =
[, (K, ®k I'(nD)), introduce the ‘adelic unit ball’

F(E,nD) = (Kp ®k T'(nD)) ) (H }'(EV,nD)).

Fix an additive Haar measure voly on K. By transport of structure using a
K-basis for I'(nD), vol, induces a Haar measure on Ky ®x I'(nD). The Product
Formula shows this measure is independent of the choice of basis; it too will be
denoted voly. The sectional capacity S, (E, D) is defined by

N+ 1!
—log(Sy (E,D)) = lim (NL)volA(f(E,nD))
n—oo pN+l1
(see [14], pp. 23-24). The limit is independent of the choice of Haar measure
on K. Its existence is part of Rumely et al. ([14], Theorem C, p. 8).

We will now discuss Arakelov theory. Let X be a model of X: an integral
projective scheme of Krull dimension N + 1, flat and proper over Spec(Ok),
whose generic fibre is K-isomorphic to X.

Put X¢ = X xg Spec(C); then X¢(C) = | |, X5 (C) is a complex manifold
with a component corresponding to each embedding ¢ : K — C. Write t
for complex conjugation on C/R; there is a natural operation of r on X¢(C)
coming from its action on the base. If o is a real embedding, then 7 acts as
complex conjugation on X, (C); if {o, o} is a pair of conjugate complex embed-
dings, then t interchanges the components X, and Xz, mapping P € X, (C) to
P € X5(C), where P is the point whose coordinates are the complex conjugates
of those of P.

Let L be a line bundle on X. A metrized line bundle £ = (L,[-]) on X,
extending L, is a pair consisting of a locally free sheaf £ of rank 1 on X which
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Robin formula 733

induces L on X, and a smooth positive Hermitian metric [-]] on the fibres of
L over X¢(C), which is invariant under the action of 7. Let ¢; (£) be the first
Chern class of £, the smooth (1, 1)-form on X¢(C) defined in a neighborhood of
any point zg € X¢(C) by dd®(—21log([s(z)1)), where s is a meromorphic section
of L which is defined and does not vanish at zg.

For each cycle Y on X, Bost, Gillet and Soulé [2] define the “height” hz()))
of Y relative to Z to be the self-intersection number deg(¢; (£)4™m)|y)) in the
arithmetic intersection theory Gillet and Soulé developed in [6-8]. The height
is additive in ). There is a recursive formula for ~7()) (see [2], Proposition
3.2.1(iv), p. 949, and the remarks after it dealing with the non-regular case):
when Y isirreducible, let s # 0 be a section of L]y, and let divy (s) be its divisor.
Write Y for the generic fibre Vk. Then

hz()) = / —log([Is(2)T) ¢1 (L) ™Y + h=(divy (s)). (4)
Yc(C)

Eventually the recursion abuts at a O-cycle Z = >", ny - p, a finite sum of closed
points, and then h7(Z) = > nylog(Np) where Np is the order of the residue
field at p ([2], formula 3.1.4, p. 946).

It is customary to write ¥ for hz(%). If L is replaced by %" then

(LEMNHL = N+ v ([2], Proposition 3.2.1(i)). This leads to the notion
of a fractional metrized line bundle: if n > 0 is an integer, and £ is a metrized
line bundle inducing L®" on X, then we call the formal object %L a fractional

metrized line bundle, and define (%Z)N + o V) gV

Chinburg, Lau and Rumely [5] expressed the sectional capacity as a limit of
self-intersection numbers of fractional metrized line bundles. Given an adelic
set E and an effective ample divisor D on X satisfying the Standard Hypotheses,
they constructed a sequence of models X,,, and metrized line bundles £,, on ¥,
extending L®" = Ox(nD) on X, such that

~108(S, (B, D) = lim (LN (5)

see ([5], Theorem 1.1, p. 233).

The models X, are defined using the nonarchimedean part of E. For each #,
putS, ={f e '(nD) : ||fllg, <1 for all nonarchimedean v}, and let Og[S,] be
the graded Ok-algebra generated in degree 1 by S,,. Then X,, = Proj(Ox[S,]).
Let £, = Oz, (1); then £,, induces L®" on X.

The metrics [-],, are constructed using the archimedean part of E. For each
archimedean place v of K, fix an isomorphism C, = C, and choose a sequence
ofsets E, 1 2 E,» 2 --- containing E, for which the extremal functions

. 1
G(z,Evp, D) = lim  sup —log(|f(2)])
M= rermp) M
If 1y, <1
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734 R. Rumely

are continuous and increase monotonically to G(z, Ey, D). (The existence of
such sets E, , follows from the proof of ([5], Lemma 1.2, p. 234).)

Since G(z, Ey, D) is continuous, it is plurisubharmonic. By a theorem of
Richburg ([11], Satz 4.7) there is a smooth plurisubharmonic function G, ,(z)
such that

1
n+1

1
G(ZaEv,n,D)_; =< Gv,n(z) < G(ZaEv,n,D)_

for all z € X(C,)\supp(D)(C,). Hence

G EnD) = lim Gyu(@)

as an increasing limit.

By ([5], Theorem 2.13, p. 253), the smoothings G, ,(z) can be chosen so
that for each zo € supp(D)(C,), if s is a local equation for D at zp, then
Gy (z) +1og(|s(z)|) extends to a smooth plurisubharmonic function in a neigh-
borhood of zp. If K, = R, then since E, has been assumed to be stable under
complex conjugation, the G, ,(z) can be chosen to be invariant under complex
conjugation as well.

Each embedding o : K — C determines a place v of K. If ¢ is a real embed-
ding, put G, 4, (2) = G, 4 (2). If o is a complex embedding, then precisely one of
o and its complex conjugate o induces the chosen isomorphism C, = C; if it is
o, put Gy ,(z) = Gy 4(2), if not, put G, ,,(z) = Gy, (2).

The metric [-]I,, is defined by requiring that for the tautological section 1 of
L®" if 7 € X;(C) C Xc(C) then

1) = exp(—nGey p(2)).
By construction, [-]l,, is invariant under t.

Proof of Theorem 1 Let E ¢ CN be a compact, non-pluripolar set. We will
embed it as the archimedean component of an adelic set, and apply the machin-
ery above.

Take K = Q(+/—1) as the ground field, so O is the ring of Gaussian integers.
Write ]P’%K for PN /Spec(Ok), and write IP’% for its generic fibre. Let X /K be PN,
and let D be defined by {Zy = 0}.

Put AN = IP]I\{]\HO, and define E = [[, E, C [], AN(C,) as follows. For
each place v, identify AV(C,) with CY. There is one archimedean place v
for K; fix an isomorphism K, = C and put £, = E C CN. Condition (1)
of the Standard Hypotheses holds trivially. For each nonarchimedean v, put
E, = B(0,1) = {(z1,...,zn) € C) : max(|zj|,) < 1}. Since Gal‘(C,/K,) pre-
serves |x|,, again condition (1) of the Standard Hypotheses holds. The sets E,
and Hy(C,) specialize to disjoint sets (mod v) for all nonarchimedean v, so
condition (2) of the Standard Hypotheses holds as well.
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By ([13], Theorem 3.1, p. 551) the sectional capacity S, (E,D) can be
decomposed as a product of ‘local sectional capacities’

Sy(E.D) = []S,(E..D).

Here the S, (E,, D) depend on the choice of an ordered basis for the graded ring
@, o['(nD): we take this to be the monomial basis, equipped with the lexico-
graphic order graded by the degree. In this situation, S, (Ey, D) = dwo (E)?N.
This follows from Rumely and Lau ([13], Theorems 2.3 and 2.6), combined with
the discussion on ([13], p. 557). (In Rumely and Lau ([13], p. 557), the formula
Sy (Exo, D) = doo(E)N is given when R is the ground field. Here, since K, = C,
the normalized absolute value |x|,. = Ix|? used in computing S, (E,, D) is the
square of the usual absolute value; this is the source of the 2 in the exponent.)
Furthermore, S, (Ey, D) = 1 for each nonarchimedean v by Rumely and Lau
([13], Example 4.1, p. 555). Hence

Sy (E,D) = de(E)*N . (6)

Let {%Zn} be the sequence of fractional metrized line bundles constructed
in Chinburg et al.([5], Theorem 1.1) as described above. Since E, is the ‘trivial
set’ B(0,1) for each nonarchimedean v, the Maximum Modulus Principle of
nonarchimedean analysis shows that

k k
Sn = eakO‘i"“-i-kN:n OK . ZOO cee ZNN .

It follows that X,, = ]P’gK, and £, = OP’%K (n). Let Z; be OP%K (1), equipped with
the metric [-]|;, defined by [1(z)]l,, = exp(—G.(z)), where G, (z) is metric con-
structed as above by smoothing G(z, E, D). Then £,, = (Z;)@’", ) (%Zn)N +1 =

(Z;,)N +1 and without loss we can replace %Z” by Z:l'

We will now compute the intersection product (Z;)N +1 using Bost-Gillet-

Soulé’s recursive formula. There are two embeddings of K into C, both of
which correspond to the place v, so (}P’%)@((C) has two components which
are interchanged by 7. Write PV (C) for the one corresponding to our chosen
isomorphism K, = C, and (PN),(C) for the other. Since they are isomorphic,
and the metrics [[-]|,, are t-invariant, the integrals over the two components in
the archimedean part of the intersection product are the same. Therefore, in
what follows, we will compute the integrals over PV (C) and double the answer.
For any K-rational subvariety Y C PN write Y(C) for the part of Y (C) in the
chosen component PN (C).

Write AY for P¥\Hy, where Hy = {Z; = 0}. Let H, be the Zariski closure of
Hj in P%K. Then Hy, ..., Hy meet transversely on IP%K. Write g,,0(x) = Gp(x)

on (AON )(C) and for each k = 1,...,N let g, x(x) be the natural extension of
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736 R. Rumely

G (x)—log(]zx(x)|) to a plurisubharmonic function on Ag (C);here zp, = Zy / Zo.
As before, the (1,1)-forms dd(2g, x) glue to give a well-defined (1, 1)-form wj,
on PN(C).

Since L = OP% (D) where D = {Zy = 0}, the canonical section ‘1’ of L is Zj.

This means that for each x € Af)v ©

—log([Zo)1) = Gn(x) = gno(X).

Similarly, on AkN (©),

—1og(IZk ()1 = —log(I(Zk/ Zo)(x) - Zo() 1)
= —log(|zx () + Gn(x) = gnk(x).

Put Yo = X, = IP%K and take s = Zj. Let Yy = ]P’I]g be the generic fibre

of Vo and put V| = div(Zp) = Ho. By Bost-Gillet-Soulé’s formula (4) and the
remarks above,

M = g ) =2 [ go@a + by OV,
Yo(©)

Inductively apply this formula to the sections Zj,...,Zy, putting V11 =
divy, (Zk| y,) = Ho- --- -Hy.Note that Hy- - -- - Hy = 0, so the final abutment
term vanishes. It follows that

N
LN =2 / gni(2) oy . (7)
=Dy

Since wj, is smooth, the (N — k — 1)-dimensional subspace Y1 (C) of Yy (C)
has measure 0 under wf?\’ —k Put Uy = Y\ Yky1. Then for each k

/gn,k(z)a)fzv_k = /gn,k(Z)a)nN_k. (8)
Yi(C) Ui (C)

Now let n — oo. For each k the g, increase monotonically on Uy (C) to
G(z, E) —log(|zk|), whose upper semicontinuous regularization is g (z, £). Not-
ing that Uy (C) = CN, it follows from Bedford and Taylor ([3], Theorem 7.4)
that

lim / gy = / gr(z, B) o™k, (9)

n—o0

Ur(©) Ur(©)
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Combining (5), (7), (8), and (9) gives

N
—log(Sy (B,D)) = 2 / gk(z, E) o™k (10)
=0y, c)

When k = 0, go(z, E) is the extremal plurisubharmonic function G*(z, E) on
Up(C) = CN, and " is the Bedford-Taylor measure, which is supported on E.
The set {z € E : G*(z, E) > 0} is a negligible set, so it has measure 0 under .

Hence

/ gz, E)o™ = 0. (11)
Up(C)

Using (6), (10), and (11) we obtain

N
2N logdn(E) = 23 [ BN
o

which is equivalent to (3). O

Generalizations It is tempting to assert that the formula in Theorem 1 gives a
new definition of the capacity. However, we refrain from doing so because (3)
is only one of a class of formulas with the same property.

In particular, the order in which the hyperplanes Hy are intersected in the
definition of V(E) is immaterial. More generally, if A = (ay;) € GLn(C), and
if Z = > ayjZj for k = 1,...,N then the constant V(E) can equally well be
defined by

N

- 1 1

V(E) = NZ / gz, By o7k + 5 log(ldet(A)D) (12)
k=1zozz’1:“.zzg{71:0,z;c¢o

where g} (z, E) = G*(z, E) — log(| X akjz;|) on C.
Indeed, if we put 2’ = (z},...,2y) = A(z), where zj = > ayz; for k =
1,..., N, this follows from Sheinov’s formula (see [15], or [1], p. 287)

doo(A(E)) = |det(A)|'N - do(E),

by applying Theorem 1 to the set A(E), and noting that G(z', A(E)) = G(z, E),
as follows easily from the definitions.
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