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1. (30 points) Calculate the following. No proofs are required, but give your reasoning.

a.

∫ 4

0

(
3x2 + sin(πx/4)

)
dx

b.

∫ π/2

0

cos7 x sinx dx

c.

∫ b

a

(x+ y) dx
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d.

∫ 1

−1

x3
√

1− x2 dx

e. F ′(x) where F (x) =

∫ x

0

cos3

(
t

1 + t8

)
dt

f. G′(x) where G(x) =

∫ √x
0

cos3

(
t

1 + t8

)
dt (x > 0)
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2. (10 points) Find the area of the plane region bounded by the the graphs of f(x) = x2

and g(x) = 1− x2 and h(x) = 2.

3. (15 points)

a. Let f be a bounded function on [a, b]. Give a precise definition of the following

statement. The function f is integrable on [a, b].
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b. Let

f(x) =


x+ [x], if x is rational

0 if x is irrational.

Is f integrable on [0, 2]? (justify your answer!)
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4. (15 points)

a. Suppose f ≥ 0 and f is integrable on [a, b]. Prove that

∫ b

a

f ≥ 0.

b. Suppose f ≤ g and f and g are integrable on [a, b]. Prove that

∫ b

a

f ≤
∫ b

a

g.

c. Suppose f and |f | are integrable on [a, b]. Prove that

∣∣∣∣∫ b

a

f

∣∣∣∣ ≤ ∫ b

a

|f |.
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5. (20 points)

a. Let f be integrable on [a, b]. Prove that for every ε > 0 there is a partition P of [a, b]

such that

U(f, P )− L(f, P ) < ε.

b. If f is continuous on [a, b] and f = g′ for some function g, then∫ b

a

f = g(b)− g(a).



7

6. (10 points) Suppose f is integrable on [0, 1] and
∫ 1

0
f = 2. Prove there is x ∈ (0, 1) so

that (∫ x

0

f

)2

=

∫ 1

x

f .

Good Luck!


