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1 Intr oduction

LetM beageometricallyÞnitepinchednegativelycurvedRiemannianman-
ifold with cusps.In thispaperwestudyÞnepropertiesof thegeodesicßow
of M arisingfrom the presenceof cusps.Therearedeepconnectionsbe-
tweenDiophantineapproximationproblemsandhyperbolicgeometry(see
[Dan,For1,For2,HV,HS,Pat,Ser3,Schmi,Sul,Vul3] andtheir references).
Themainpurposeof this paperis to extendtheexisting theorybeyondthe
arithmeticcase,weevenallow thecurvatureto benonconstant.To simplify
thestatementsin this introduction,weassumethatM hasÞnitevolumeand
only onecuspe.

A geodesicline startingfrom e eitherconvergesto e, or accumulates
insideM . Wesaythatthegeodesicline is rational in theÞrstcase,andirra-
tional otherwise.LetH2 denotetheupperhalfspacemodelof thehyperbolic
plane.Let M betheorbifold H2/PSL2(Z). Thenalift startingfrom ! of a
rational(irrational)geodesicline endsat a rational(irrational)point on the
realline.

We introducea new notionof complexity for a rationalline r (DeÞni-
tion 2.8): Thedepth D(r) of r is the lengthof the sub-pathof r between
theÞrstandlastmeetingpoint with theboundaryof themaximalMargulis
neighborhoodof thecusp.Thesetof depthsof therationallinesis adiscrete
subsetof R, whoseasymptoticdistributionisstudiedin [BHP,HP2].Wede-
Þneanaturaldistance-likemapd onthespaceof geodesiclinesstartingfrom
thecusp(seeSect.2.1). In constantcurvature,it is given by theEuclidean
metricontheboundaryof themaximalMargulisneighborhoodof thecusp.
In general,it is aslightmodiÞcationof thequotientof Hamenst¬adtÕsmetric
[Ham] on thehorospherecoveringthatboundary.

TheÞrstgoalof this paperis to give ananalogueof a classicaltheorem
of Dirichlet.Whenspecializedto constantnegativecurvature,ourextension
coincideswith a known resultfor geometricallyÞniteKleinian groups,see
[Pat,Ser1,HV] andespecially[Vul3].

Theorem1.1 There exists a positive constantK such that for any irrational
line ξ starting from e, there exist infinitely many rational lines r with

d(ξ, r) " Ke! D(r).

We call the inÞmumof suchK theHurwitz constant of e, anddenote
it by KM,e. In thecasethatM is thehyperbolicorbifold H2/PSL2(Z), or
the quotientof the hyperbolic3-spaceH3 by someBianchi group, KM,e

correspondsto theclassicalHurwitz constantfor theapproximationof real
numbersby rational ones,or the approximationof complex numbersby
elementsof animaginaryquadraticnumberÞeld.
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The distribution (as a subsetof R) of the Hurwitz constantsof one-
cuspedhyperbolic3-manifoldsororbifoldsis unknown,asis theirinÞmum.
Amongtheone-cuspedBianchi3-orbifolds,thesmallestHurwitz constant
is obtainedby H3/PSL2(O! 3), andafterwardsit seemsto increasewith the
discriminant.

Thesecondgoalof thispaperis to giveageometricinterpretationof the
Hurwitz constant.UsingasaheightfunctiontheBusemann function (giving
theÒdistanceÓto thecusp,seeSection2),normalizedto havevalue0 onthe
boundaryof themaximalMargulis neighborhood(andto converge to + !
in thecusp),weprove:

Theorem1.2 The lower bound of the maximal heights of the closed geo-
desics in M is # log2KM,e.

In particular, thereis apositive lowerboundfor theHurwitz constantof
manifoldsM with agivenupperboundonthelengthof theshortestgeodesic
(sincethelengthof aclosedgeodesicis at leasttwice its height).

Let M g,1 be the moduli spaceof one-cuspedhyperbolicmetricson a
connectedorientedclosedsurfacewith genusg $ 1 andonepuncture.We
prove(seeSection4) thattheHurwitz constantdeÞnesapropercontinuous
mapfrom M g,1 to [0, + ! [. For highergenus,the one-cuspedhyperbolic
surfaceshaving the smallestHurwitz constantin their moduli spaceare
unknown.Seealso[PP].Thefollowing resultis aconsequenceof [Haa],but
wegiveanindependentproof in Section4.

Theorem1.3 The Hurwitz constant is a proper real-analytic map on the
orbifold M 1,1, whose minimum 1/

%
5 is attained precisely on the modular

one-cusped hyperbolic torus.

If Γ is ageometricallyÞniteKleiniangroupwhichhas! asaparabolic
Þxed point in the upperhalf-spacemodel,and is normalizedso that the
boundaryof themaximalMargulisneighborhoodof thecuspis coveredby
the horizontalplanethrough(0, 0, 1), onehasthe following result,where
c(γ) is thelower left entryof thematrixof γ in Γ . Theformuladependson
thenormalization.

Theorem1.4 The Hurwitz constant of H3/Γ is

inf
{ γ" Γ hyperbolic}

!
|tr 2γ # 4|

min{ γ! " Γ is conjugate to γ} |2c(γ#)|
.

Generalizingthe deÞnitionin [EP] for geometricallyÞnitehyperbolic
manifoldswith onecusp,we deÞnethe cut locus of the cusp of M . This
is the subsetΣ of points in M from which start at least two (globally)
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minimizing geodesicraysconverging to thecusp.Let Le betheboundary
of any standardMargulisneighborhoodof thecusp.It follows thatM # Σ
retractsin acanonicalway ontoLe. Undersometechnicalassumptions(see
Sect.5) which aresatisÞedin theconstantcurvaturecase,andthatwill be
assumedthroughouttheintroduction,Σ hasa naturalsmoothlocally Þnite
stratiÞcation.

Thethirdgoalof thispaperis toconstructanexplicit goodapproximation
to any irrationalline ξ startingfrom e by rationalones.Usingthecut locus
of thecuspΣ, wedeÞnein Sect.6 an explicit sequenceof rationallinesrn

converging to ξ. To simplify thedeÞnition,assumeherethatξ is transverse
to the stratiÞcationof Σ. In particular, ξ cutsΣ in a sequenceof points
(xn)n" N with xn belongingto anopentop-dimensionalcell σn of Σ. For
eachn & N, let cn bethepathconsistingof thesubsegmentof ξ between
e andxn, followedby theminimizing geodesicray from xn to thecuspe,
startingon theothersideof σn. Let rn betheuniquegeodesicline starting
from e, properlyhomotopicto cn.

Theorem1.5 The geodesic line rn is rational and there exists a constant
c > 0 (independent of ξ) such that for every n in N,

d(rn, ξ) " c e! D(rn).

For instance,if γ is a closedgeodesictransverseto the stratiÞcation
of Σ, thenthegeodesicline ξ startingfrom thecuspandspiralingaround
γ hasan eventuallyperiodicsequence(rn)n" N. Conversely, if a geodesic
line ξ, startingfrom thecuspandtransverseto thestratiÞcationof Σ, has
an eventually periodic sequence(rn)n" N, then ξ spiralsarounda closed
geodesicin M .

The fourth goal of this paperis to characterizethe endpointsof the
irrational linesby geometricaldataobtainedfrom themanifold.Usingthe
cutlocusof thecuspΣ, weparameterizethegeodesiclinesstartingfromthe
cuspby sequences(an)n" N, wheretheanÕsbelongto acountablealphabet
(seeSect.7). This alphabetis the setπ1(Le, R) of homotopy classesof
pathsin Le (relative boundary)betweenpointsof a geometricallydeÞned
ÞnitesubsetR of Le. An irrational line ξ which is transversetoΣ travels
from onepoint xn of Σ to its next intersectionpoint xn+1 with Σ. By the
propertiesof Σ, thesub-pathof ξ betweenxn andxn+1 is homotopicto a
pathlying onLe, which is an+1 (seeSect.7).

We prove (Theorem7.2) thatξ is uniquelydeterminedby thesequence
(an)n" N. In constantcurvatureanddimension3, whereLe is a 2-torus,we
giveanexplicit formula(Theorem7.5)giving thernÕs in termsof theanÕs,
analogousto theexpressiongiving then-th convergentof anirrationalreal
numberin termsof its continuedfractiondevelopment.Our searchfor an
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explicit formulaexpressingtheendpointof anirrationalline by geometrical
datawasinspiredby[Ser3,TheoremA] (theSL2(Z) case)and[For1,PartII]
(theSL2(Z[i]) case).But,evenin thespecialcasesabove, ourformulagives
new informationandcalls for further study, amongothersof the growth
of the depthsof rational lines in the goodapproximationsequenceof an
irrational line. Oneshouldalsoconsultthework in [Schmi,chapters2-5],
[Vul3], giving a continuedfractionexpansionfor somecomplex numbers.
SchmidtÕsconstructionis completelydifferentfrom ours.

Two morepapersin this seriesarewritten. In [HP2], we give an ana-
logueof theKhinchine-Sullivan theorem,basedon a generalizationof the
ßuctuatingdensitytheorem.In [HP3],wesurvey theworkdonein thispaper
andin [HP2],andwedevelopitsapplicationstoDiophantineapproximation
problemsin theHeisenberg group.

Acknowledgements. We areindebtedto Steven Kerckhoff, DarrenLong,Nikolai Makarov
andAlan Reid for their encouragement,supportandmany valuableconversations.We are
gratefulto Dave Gabaifor his encouragement.We thankPeterShalenfor telling usabout
VulakhÕswork. Partsof thispaperwerewrittenduringastayof theÞrstauthorat theIHES
in August-September1998,andduringaoneweekstayof thesecondauthorat theWarwick
UniversityunderanAllianceproject.WethankCarolineSeriesfor many helpfulcomments.

2 Rational and irrational lines starting fr om a cusp

Let M bea (smooth)completeRiemanniann-manifoldwith pinchedneg-
ativesectionalcurvature# b2 " K " # a2 < 0. Fix auniversalcover "M of
M . Let Γ beits coveringgroup.

A geodesic segment (ray, line) in M is a locally isometricmapfrom a
compactinterval (aminoratedunboundedinterval,R respectively), into M .
Notethatany geodesicsegment,ray, line in "M is (globally)minimizing,but
thatthis is notalwaysthecasein M .

Theboundary∂ "M of "M is thespaceof asymptoticclassesof geodesic
raysin "M . Endowedwith theconetopology, thespace"M ' ∂ "M is homeo-
morphicto theclosedunit ball in Rn (seefor instance[BGS,Section3.2]).
The limit set Λ(Γ ) is thesetΓx ( ∂ "M , for any x in "M . See[Bow] for the
following deÞnitions.

DeÞnition2.1 With Γ and M as above:
1. A point ξ in Λ(Γ ) is a conicallimit point of Γ if it is the endpoint of a

geodesic ray in "M which projects to a geodesic ray inM that is recurrent
in some compact subset.

2. A point ξ in Λ(Γ ) is a boundedparabolicpoint if it is fixed by some
parabolic element in Γ , and if the quotient (Λ(Γ ) # { ξ} )/Γξ is compact,
where Γξ is the stabilizer of ξ.
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3. The group Γ and the manifoldM are called geometricallyÞniteif every
limit point of Γ is conical or bounded parabolic.

Weassumein thispaperthatM is geometricallyÞniteandnon elemen-
tary, i.e. that the limit set containsat least3 (henceuncountablymany)
points.In thatcase,thelimit setis thesmallestnonemptyinvariantclosed
subsetof ∂ "M . Theconvex core C(M ) of M is the imageby thecovering
map "M ) M of theconvex hull of the limit setof Γ . For instance,if M
hasÞnitevolume,thenM is geometricallyÞniteandC(M ) = M .

A cusp in M is anasymptoticclassof minimizing geodesicraysin M
alongwhich the injectivity radiusgoesto 0. If M hasÞnitevolume,the
cuspsarein one-to-onecorrespondencewith theendsof M . A geodesicray
(line) converges to thecuspif somepositive sub-rayis asymptoticto a ray
in theequivalenceclassof thecusp.A geodesicrayconvergesto somecusp
if andonly if some(any) lift in "M endsin aparabolicÞxedpoint.Fromnow
on,weÞxacuspe.

Given any minimizing geodesicray r, recall (see[BGS, Section3.3])
thattheBusemannfunctionβr : M ) R is the1-LipschitzmapdeÞnedby
thelimit (whichexistsfor all x & M )

βr(x) = lim
t$%

(t # dM (x, r(t))) .

Fix aminimizingrayr convergingtothecuspe.Let#r beany lift of r to "M .
Thefollowing factsfollow fromtheMargulisLemma(seefor instance[BK]
and[BGS,Sections9-10])andsinceM isnonelementary. Thereexistsη0 =
η0(r) in R suchthat,given t in R, thequotientof thehoroballβ! 1

!r ([t, + ! [)
bythestabilizerΓ!r(+% ) inΓ of theendpoint#r(+ ! ) of #r embedsin M under

thecoveringmap "M ) M if andonly if t > η0. So that for η > η# > η0,
thelevel setβ! 1

r (η) identiÞeswith thequotientof thehorosphereβ! 1
!r (η) by

Γ!r(+% ). Thereis auniqueminimizinggeodesicraystartingperpendicularly
to β! 1

r (η#) at a given point x & β! 1
r (η#), andenteringβ! 1

r (]η#, + ! [). It
convergesto e andmeetsβ! 1

r (η) perpendicularlyin exactlyonepointφ(x).
ThedistancedM (x, φ(x)) is theconstantη # η#. If thecurvatureis constant
# 1, thenthehomeomorphismφ : β! 1

r (η#) ) β! 1
r (η) inducesacontraction

of theinducedlengthmetricsof ratioeη! ! η < 1.
DeÞneβe(x) = βr(x) # η0. SinceBusemannfunctionsof asymptotic

minimizing raysdiffer by anadditive constant,themapβe : M ) R does
notdependon r.

DeÞnition2.2 (Busemannfunction of thecusp). The map βe : M ) R is
called the Busemann function of e, and β! 1

e (]0, + ! [) is called the maximal
Margulis neighborhood of e
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Considerthesetof geodesiclinesc : ] # ! , + ! [ ) M whosenegative
sub-raysconverge to e and that are recurrentin somecompactsubsetor
endingin somecusp.Identify two of themif they differ by a translationof
the time. An equivalenceclasswill becalleda geodesic line starting from
e. Thesetof equivalenceclasseswill becalledthe link of e in C(M ), and
denotedby Lk(e, C(M )) . It is in one-to-onecorrespondencewith aclosed
subsetof β! 1

e (η) ( C(M ), for any η > 0, by themapwhichassociatesto c
its Þrstintersectionpointwith β! 1

e (η).

DeÞnition2.3 (Rational and irrational geodesiclines). A geodesic line
starting from e will be called rational if it converges to e. A geodesic line
starting from e which is positively recurrent in same compact subset will be
called irrational.

Being a rationalline is equivalentto requiringthat the line meetsper-
pendicularlya secondtime a level setβ! 1

e (η), for any η > 0 (after that, it
is containedin β! 1

e ([η, + ! [) andconvergesto e).

2.1 The cuspidal distance on the link of the cusp

For ourapproximationpurpose,wewill needto measurehow closearetwo
pointsin the link of e in C(M ). For that we will deÞnea Òdistance-likeÓ
mapd : Lk(e, C(M )) * Lk(e, C(M )) ) [0, + ! [ asfollows.

Let H beany horospherein "M centeredat a & ∂ "M . We ÞrstdeÞnea
mapdH : H * H ) [0, + ! [. Let x beapointonH, let Lx bethegeodesic
line throughx startingata andlet x#beits endpoint(seeFig. 1), sothatLx

is orientedfrom x towardsx#. For r > 0, let Hr bethehorospherecentered
atx#, meetingLx atapointu atsigneddistance# log2r of x alongLx. For
every x, y in H, deÞnedH (x, y) to be the inÞmumof all r > 0 suchthat
Hr meetsLy.

ThismapdH is apriori not symmetricnor transitive. In constantcurva-
ture,it coincideswith theinducedRiemannianmetric(which is ßat)on the
horosphereH. To prove that(seeFig. 1), by naturalityof theconstruction,
onemayassumethata is thepointat inÞnity in theupperhalf-spacemodel
with curvature# 1, andH is thehorizontalhorospheret = 1. Let r bethe
Euclideandistancebetweenx andy. Let Hr be the horospherewhich is
tangentto thehorizontalcoordinatehyper-planeattheverticalprojectionx#

of u, andhasEuclideanradiusr. It boundsahoroballwhich is thesmallest
onemeetingtheverticalline throughy. An easycomputationshowsthatthe
hyperbolicdistancebetweenx andu is # log2r.

If for any twopointsonanhorosphereH in "M , thereexistsanisometryin
"M preservingthehoroballboundedby H whichexchangesthetwo points,
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Fig. 1. TheÒmetricÓon thelink of acusp

thendH is symmetric.This is thecaseif "M is a symmetricspace(of non
compacttype)of rankone.

Fromthetopologicalpointof view, themapdH is asgoodasadistance:

Proposition2.4 For every x in H , let BdH (x, ε) = { y & H | dH (x, y) <
ε} . Then { BdH (x, ε) | ε > 0} is a fundamental system of neighborhoods at
x.

Proof. Since"M isanegativelycurvedRiemannianmanifold,themapH )
∂ "M # { a} which sendsx to x# is a homeomorphism.Sowe only have to
prove that{ B#(x#, ε) | ε > 0} is a fundamentalsystemof neighborhoodsat
x#, with B#(x#, ε) = { y# & ∂ "M # { a} | dH (x, y) < ε} . Assumethaty# += x#,
let HB# bethesmallesthoroballcenteredat x# andmeetingLy. Let H# be
theboundaryof HB#, thenH# is tangentat Ly in a point v andmeetsLx

in a point u (seeFig. 1). Let p betheperpendicularprojectionof v on Lx.
By convexity of the horoballs,the point p belongsto HB#, so thatx, u, p
arein this orderon Lx. By theexistenceof a negative upperboundon the
curvature,thereexists(seefor instance[GH]) aconstantC > 0 (depending
onlyonthebound)andamapfromLx ' Ly intoatreeT whichisanisometry
onLx andonLy, andpreservesthedistancesupto theadditiveconstantC.
Let z be the imagein T of any z & Lx ' Ly, andlet a, x#, y# be theends
of T correspondingto a, x#, y#. Take x asbasepointin T . SinceLx, Ly are
asymptoticin a, their imagesLx, Ly meetin a sub-rayfrom P to theend
a, whereP is thepoint in T which is theprojectionof y# on Lx. Themap
z ,) z preserves the distances(andhencealso the Busemannfunctions)
up to theadditiveconstantC. By thepropertiesof theBusemannfunctions
in trees,sinceu, v lie on thesamehorospherein "M , thepointsøu, øv areon
horospherescenteredat øx at distanceat most2C. So that if v lies between
P andy#andu betweenx andP , then

|dT (u, P ) # d(v, P )| " 2C
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otherwisebothu andv lie onLx oronthegeodesicbetweenx#andy#, hence

dT (u, v) " 2C.

Sinceu lies on thesmallesthorospherecenteredatx#andmeetingLy, and
sincethe smallesthoroball in T centeredat x# which containsa point of
Ly hasits horospherepassingthroughP , it follows thatdT (u, P ) " 2C.
Henceif v liesbetweenP andy#andu betweenx andP , onehas

dT (u, v) " dT (u, P ) + d(v, P ) " 6C.

Thereforethepointsu andv areatdistancein "M atmost7C. Hencex#and
y#arecloseon∂ "M if andonly if x#, y#arecloseon∂T , which is equivalent
to x, P, x# beingin this orderon Lx anddT (x, P ) is big, which occursif
andonly if x, u, x#arein thisorderonLx andd "M (x, u) is big. Thisproves

theresult. 2.4

Wenow deÞneamapd onLk(e, C(M )) by takingquotients.

DeÞnition2.5 For any η > 0, let Hη be any horosphere in "M covering
β! 1

e (η), and let π : "M ) M be the covering map. For any two points x, y
in Lk(e, C(M )) , identified as above with a closed subset of β! 1

e (η), define
d(x, y) as the infimum of eηdHη (÷x, ÷y) for all the preimages ÷x, ÷y in Hη of
x, y respectively.

It is easyto show that the map d, called the cuspidal distance, on
Lk(e, C(M )) * Lk(e, C(M )) doesnot dependon the choiceof the horo-
sphereHη (by equivariance),nor on η > 0. This is becauseif H, H# are
horospheresin "M centeredat the samepoint at inÞnity a, with H# (for
example)containedin the horoballboundedby H, with ∆ the (constant)
distancebetweenH#andH, thendH ! = e! ∆dH , whereφ : H# ) H is the
radialprojectionfrom a.

In general,d might a priori not be a distance.It is a distanceif M
is locally symmetric.If furthermorethe curvatureis constant# 1, thend
coincideswith the(ßat)inducedlengthmetriconβ! 1(η) normalizedby eη.

For X acompletesimplyconnectedRiemannianmanifoldwith pinched
negativecurvaturewith curvatureupperbound# 1, Hamenst¬adtdeÞned(see
[Ham]) a distanceon the spaceat inÞnity minusa point a, dependingon
an horosphereH centeredat a, as follows. The distancebetweenx, y in
∂X # { a} is given by

δ(b, c) = lim
t$%

e! t+ 1
2 dX(bt,ct)
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wheret ,) bt, t ,) ct are geodesiclines startingfrom a, endingin b, c
respectively and passingthroughH at time 0. In [HP1, Appendix], we
proved thatthis limit existsanddeÞnesametricfor any CAT(# 1) spaceX.

By identifying∂X # { a} with thehorosphereH asusual(sendingb += a
tothepointof intersectionwithH of thegeodesiclinestartingataandending
at b), onegetsametricδH onH. OurmetricdH is equivalentto δH :

Remark 2.6 Assumethat the upperboundon the curvatureof M is # 1.
Thenthereexistsaconstantc > 0 suchthatfor everyx, y in H

1
2
δH (x, y) " dH (x, y) " cδH (x, y).

Proof. Keepingthenotationsof thedeÞnitionof dH (andFig. 1), wehave,
sinceu (resp.v) liesonthesegmentbetweenx (resp.y) andxt (resp.yt) for
t big enough,by thetriangleinequality, sincetheminimumof thedistances
betweena point of H anda point of Hr is attainedby dX (x, u), andsince
u, v lie on thesamehorospherecenteredatx#, if ε is smallenough,thenfor
t big enough,

# 2t + dX (xt, yt) = # [dX (x, u) + dX (u, xt)] # [dX (y, v)

+ dX (v, yt)] + dX (xt, yt)

" # dX (x, u) # dX (u, xt) # dX (y, v) # dX (v, yt)

+ dX (xt, v) + dX (v, yt)

" # 2dX (x, u) + [dX (v, xt) # dX (xt, u)]

" # 2dX (x, u) + ε = 2log(2dH (x, y)) + ε

sothat
δH (x, y) " 2dH (x, y).

If M was a tree,then it is easyto seethat dH = δH . By the techniques
of approximationby trees(seefor instance[CDP]), thereexistsauniversal
constantc suchthatdH (x, y) " cδH (x, y).

SinceδH is a distance(inducingtheright topology),this gives another
proofof proposition2.4.

2.2 The depth of rational geodesic lines

In thissubsectionwedeÞneanotionof complexity for therationalgeodesic
lines.First we give a correspondencebetweenrationalgeodesiclines and
doublecosetsin π1(M ). Whendealingwith an orbifold O, π1O denotes
theorbifold fundamentalgroupof O.
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Chooseabasepointon thelevel setL = β! 1
e (1). (TheÞrstintersection

pointof thegeodesiclinestartingfrome passingthroughthebasepointwith
any level setβ! 1

e (η) for η > 0 gives a basepoint on that level setandwe
will usethesubsegmentsof thatgeodesicline to identify the fundamental
groupsof M basedatthebasepointsondifferentlevel sets.)By theMargulis
Lemma,theinclusioni : L ) M inducesaninjectionbetweenfundamental
groupsi! : π1L ) π1M (usethechosenbasepointbothfor L andM ). We
identify π1L with its image.

Lemma 2.7 The set of rational lines is in one-to-one correspondence with
the set of non-trivial double cosets π1L\ (π1M # π1L)/π1L.

Proof. Let r bea rationalline. Let c beits sub-pathtakenbetweenthetwo
perpendicularintersectionpointsx, y with L. FollowingÞrstapathonL be-
tweenthebasepointandx, thenc, thenapathonL fromy to thebasepoint,
deÞnesan elementin π1M whosedoublecosetis uniquelydeÞned,and
is non trivial, sincer cannotbe properlyhomotopedinto β! 1

e (]1, + ! [).
Conversely, the straighteningprocess(inside a given homotopy classof
pathsin M # β! 1

e (]1, + ! [) with endpointsstayingin L) associatesa ra-
tional line to eachnon trivial doublecoset.More precisely, to any pathc
in M # β! 1

e (]1, + ! [) with endpointson L, let #c be a lift of c to "M . Its
endpointsbelongsto two lifts #L1, #L2 which aredisjoint,unlessc is homo-
topic into L. Thehoroballsboundedby #L1, #L2 areclosedconvex subsetsof
"M with no commonpoint at inÞnity. Sincethecurvatureis negative, there
exists a uniquecommonperpendicularsegments. The projectionof s to
M givesageodesicsegmentin M homotopicto c by anhomotopy moving
theendpointsalongL, which is asubsegmentof arationalline. Clearly, the
above two mapsareinverseoneof theother. 2.7

Wemeasurethecomplexity of arationalline r usingthelength/η(r) of
its subsegmentbetweenthetwo perpendicularintersectionpointswith any
level setβ! 1

e (η) for η > 0.

DeÞnition2.8 (Depth of a rational line). The depth of a rational line r is
D(r) = /η(r) # 2η.

By thepropertiesof thelevel setsβ! 1
e (η), thedepthD(r) is independent

of η.

Remark 2.9 Thesetof depthsof rationallinesstartingfrom e is a discrete
subsetof R, with Þnitemultiplicities.

Indeed,thesetof intersectionswith thepreimageof C(M ) of thehoro-
spherescovering β! 1

e (1) is locally Þnite in the universalcovering of M ,
sincethegroupactsdiscretely, andthestabilizerof eachsuchintersection
actscocompactlyon it.
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2.3 The constant curvature case

In the caseof constantnegative curvature,we have the following precise
description,which alsoextendsto the orbifold case.We restrictto the di-
mension3, thougheverythingisvalid in higherdimensionsusingtheVahlen
matrices(seefor instance[Ah]).

Let M be a connectedorientablegeometricallyÞnitecompletehyper-
bolic 3-orbifold. Then,accordingto thedescriptionof the thin partof M ,
eachcuspe of M hasaneighborhoodN isometric(with theinducedlength
metric) to (T * [a, + ! [, ds2) wherea = a(N ) & R is someconstant,
T = T (e) is a connectedorientableßat 2-orbifold with metric dx2, and
ds2 = e! 2tdx2 + dt2. In all whatfollows, thecuspe is Þxed.

Wewill call suchanN a standard cusp neighborhood (of e). Theunion
of all standardcuspsneighborhoodis isometricto T * ]a0, + ! [ endowed
with the metric ds2 = e! 2tdx2 + dt2 for somea0 > 0, andwe Þx such
anisometry. Chooseabasepoint - onT . This gives achoiceof base-point
asaboveby consideringthegeodesicraycorrespondingto {-}* ]a0, + ! [.
Usingorbifold fundamentalgroups,thesetof rationallinesis in one-to-one
correspondencewith thesetof doublecosetsπ1∂N \ (π1M# π1∂N )/π1∂N .

We notethatfor a geodesicc in anorbifold thatmeetstransversallythe
singularlocusof theorbifoldM (whichisaÞnitemetricgraphwith possibly
somepointsremoved,correspondingto someends)at a point x, thenin-
goingandoutgoingtangentvectorsof c atx makean anglestrictly lessthan
π.

Using a suitableuniformizationof M , the depthof a rational line can
be computedin algebraicterms.We will usethe upperhalf-spacemodel
{ (z, t) | z & C, t > 0} for therealhyperbolic3-spaceH3, with themetric

ds2 =
|dz|2 + dt2

t2
.

WeÞxanisometrybetweenM andH3/Γ withΓ asubgroupof Isom+(H3),
in thefollowing way.

By theCartan-Hadamardtheorem,thereexistssuchanisometry, which
inducesan isomorphismbetweentheorbifold fundamentalgroupπ1M of
M andΓ . Up to conjugatingΓ , we mayassumethat thestabilizerΓ% of
thepoint at inÞnity in theupperhalf spacemodel,correspondsto π1(∂N ),
for N any standardcuspneighborhoodof e. For any h > 0, let H% (h)
be thehorizontal horosphere, deÞnedby the equationt = h in the upper
half-space.Note thatΓ% is a discretegroupof isometriesof eachH% (h)
in H3.

We mayassume,up to conjugatingΓ by a dilatation,thatH% (h)/Γ%
injects into M if and only if h > 1 (this is coherentwith the previous
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normalization).Sothateachstandardcuspneighborhoodof e is of theform
H+

% (h)/Γ% for someh $ 1,whereH+
% (h) isthesetof points(z, t) with t >

h. TheuniformizationH3 ) M is well deÞnedonly up to precomposition
by an isometryof the form z ,) az + b with a, b complex numbersand
|a| = 1, but thesubsequentconstructionswill not dependon thechoiceof
theuniformization.

In all whatfollows,wewill identify thelink of e in C(M ) with aclosed
subsetof C/Γ% (thewholeof C/Γ% if M hasÞnitevolume),by themap
whichsendsageodesicliner startingfrome totheendpointonthehorizontal
coordinateplaneof any lift #r startingat ! of r, moduloΓ% . Thedistance
d on Lk(e, C(M )) deÞnedin DeÞnition2.5 is exactly the restrictionof
the Euclideandistanceon C/Γ% , sincethe map(z, 1) ,) z from H% (1)
(endowedwith theinducedlengthmetric)to C (with theEuclideanmetric)
is anisometry.

SinceIsom+(H3) = PSL2(C) = SL2(C)/{± 1} , we will write each
γ & Γ as

γ = ±

$
a(γ) b(γ)

c(γ) d(γ)

%

,

which acts on C ' {!} as usual by the M ¬obius transformation

z ,)
a(γ)z + b(γ)
c(γ)z + d(γ)

.

UsingtheseidentiÞcationsweobtainanexplicit expressionfor theend-
point (on thecomplex plane)of any rationalray r.

Lemma 2.10 Let Γ% γΓ% be the double coset associated to a rational line
r. Then r = a(γ)

c(γ) (mod Γ% ) and D(r) = 2 log |c(γ)|.

Proof. Let #r beany lift of r to H3 startingfrom ! , which is a descending
verticalgeodesic.Any twosuchlifts differbytheactionof anelementofΓ% .
By thedeÞnitionof γ, thereexistsanelementα inΓ% suchthattheendpoint
of #r on thehorizontalcoordinateplaneis αγ(! ). Sinceγ doesnot Þx ! ,
c(γ) is differentfrom zero.For any α in Γ% we haveαγ(! ) = α( a(γ)

c(γ) ).
By takingtheimagein C/Γ% theÞrstassertionof thelemmafollows.

ThehorizontalhorosphereH% (1) centeredat ! is mappedby γ to the
horospherecenteredat γ(! ) of Euclideandiameter 1

|c(γ)|2 . By thedeÞni-
tion of thedepth,this implies thesecondassertionof the lemma(which is
independentof thechoiceof therepresentativeof thedoublecoset). 2.10

3 The approximation constant

In this sectionwe study the approximationof irrational rays by rational
ones,in pinchednegatively curved Riemannianmanifolds.We keepthe
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samenotationsasin thebeginningof theprevioussection,in particularfor
thecuspidaldistanced onLk(e, C(M )) .

Theorem3.1establishesananalogueof theclassicalapproximationthe-
oremby Dirichlet (which saysthatfor every realnumberx, thereis a con-
stantc > 0 andinÞnitely many rationalnumbersp

q with |x # p
q | " c

q2 ).
Theorem3.2 gives an analogueof the classicalHurwitz constant.These
two resultswereknown in constantcurvature(seefor example[HS,HV,
Vul1,Vul2]). Theorem3.4 gives a relationbetweenthe Hurwitz constant
andthe heights of closedandnon-cuspconverging geodesiclines,which
is new even for Fuchsianor Kleinian groups.Corollary 3.6 expressesthe
Hurwitz constantfor a Kleinian groupΓ in algebraicterms,oncea natural
normalizationof Γ hasbeenmade.At the endof this sectionwe present
someknown valuesof theHurwitz constantfor theBianchigroups.

Theorem3.1 Let M be a pinched negatively curved geometrically finite
Riemannian manifold. For any irrational line ξ starting from a cusp e, there
exists a constant K > 0 such that for infinitely many rational lines r, one
has

d(r, ξ) " Ke! D(r).

For agiven ξ, theinÞmumover all suchKÕs is denotedby K(ξ), andis
calledtheHurwitz constant of ξ. Thesupremumof K(ξ) over all irrational
linesξ will becalledtheHurwitz constant of e, andwill bedenotedbyKM,e.

Theorem3.2 Let M be a pinched negatively curved geometrically finite
Riemannian manifold. For every cusp e of M , we have

0 < KM,e < ! .

The maximumof KM,e on the Þnitely many cuspse of M is a new
invariantof thegeometricallyÞnitepinchednegatively curvedmanifoldM ,
that we call theHurwitz constant of M . Theorem1.1 of the introduction
follows from Theorems3.1and3.2.

LetP beanonemptyclosedsubsetof C(M ) whichdoesnotmeetsome
neighborhoodof e. DeÞnetheheight of P with respect to the cusp e to be
themaximumof thenormalizedBusemannfunctionof e onP , thatis

ht(P ) = max
x" P

βe(x).

Let us prove that the maximumis attained.Set t = supx" P βe(x) &
]0, + ! [. SinceM is geometricallyÞnite and P is containedin C(M ),
thesubsetP ( (β! 1

e ([t # 1, + ! [) # β! 1
e (]t + 1, + ! [)) is compact.The

maximumof βe onP is attainedin thatcompactset.

DeÞnition3.3 With the above notations,
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Ð let hM,e be the infimum of all h in R such that there exists an irra-
tional line starting from e eventually avoiding the Busemann level set
β! 1

e ([h, + ! [),
Ð let h#

M,e be the infimum of the heights of the closure of the geodesic lines
contained in C(M ) that neither positively nor negatively converge into
a cusp, and

Ð let h##
M,e be the infimum of the heights of the closed geodesics.

The height spectrum (i.e. the subsetof R consistingof the heightsof
theclosedgeodesic),aswell asin thesurfacecaseits restrictionto simple
closedgeodesic,deservesfurtherstudy(seefor instance[Haa,LS]). Wegive
in thenext sectionexampleswereh##

M,e is attained,andexampleswhereit
is notattained(Proposition4.1).

The following result relatesthe Hurwitz constantto heightsof closed
andnon-cuspconverginggeodesiclines.Partialcasesof thesecondequality
wereknown (seethe work of HumbertandFord (see[For2]) for SL2(Z)
andSL2(Z[i]), and[HS] in thecasethat "M is isometricto H2).

Theorem3.4 LetM be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, and let e be a cusp of M . Then

1
2KM,e

= exp hM,e = exp h#
M,e = exp h##

M,e.

Proof. Choose(arbitrarily) oneof the parabolicÞxed points in ∂ "M cor-
respondingto the cuspe, andcall it ! . The otherparabolicÞxed points
which projectto e areof theform γ(! ) for γ & Γ . For h in R andγ & Γ ,
let Hγ(% )(h) = γH% (h) be the horospherecenteredat γ(! ) at signed
distanceh from Hγ(% )(0), which is a lift of thelevel setβ! 1

e (h) if h > 0.
If γ += γ! , let #r bethegeodesicline from ! toγ(! ), andr betherational
line, which is the projectionof #r in the link of e in C(M ). By DeÞnition
2.8 of the depth,the (signed)distancebetweenthe intersectionpointsof
#r with respectively H% (0) andHγ(% )(h) is D(r) + h. If ξ is a point in
Lk(e, C(M )) closeenoughto r, let Lξ bethe(unique)geodesicline start-
ing from ! which is theclosestto #r of thelifts of ξ in "M startingfrom ! .
Then,by thedeÞnition2.5 of thedistanced on the link, thegeodesicline
Lξ meetsHγ(% )(h) if andonly if d(r, ξ) " 1

2e! D(r)! h = 1
2eh e! D(r). The

Þrstequalityfollows.

Let H+
γ(% )(h) bethehoroballin "M whoseboundaryis Hγ(% )(h). Let

!C(M ) betheconvex hull of thelimit setΛ(Γ ). It isimmediatethath#
M,e isthe

inÞmumof all h in R suchthat !C(M )#
&

γ" Γ H+
γ(% )(h) containsageodesic
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line.Also,h##
M,e is theinÞmumof all h suchthat !C(M ) #

&
γ" Γ H+

γ(% )(h)
containsaperiodicgeodesicline (i.e.onewhosestabilizeractscocompactly
on it).

The inequalityh#
M,e " h##

M,e is clear. SinceM is geometricallyÞnite
andnonelementary, thereexistsat leastoneclosedgeodesicin M . Hence
h##

M,e is differentfrom + ! , andsois h#
M,e.

Let usprove thathM,e " h#
M,e. AssumeÞrstthath#

M,e is not #! . For
every ε > 0, takeh & R suchthat

h#
M,e < h " h#

M,e + ε.

By thedeÞnitionof h#
M,e, thereexistsa geodesicline c in !C(M ) avoiding

&
γ" Γ H+

γ(% )(h), so in particularits endpointsarenot in theorbit of ! . Let
Lξ be the geodesicline startingat ! andendingat oneof the endpoints

of c. The geodesicline Lξ is containedin !C(M ). By the existenceof a
negativeupper-boundonthesectionalcurvature,Lξ andc areasymptoticat
theircommonendpoint.Thatis,thereexistsapositivesub-rayof Lξ whichis
containedin anε-neighborhoodof c. Inparticularthissub-raydoesnotmeet&

γ" Γ H+
γ(% )(h+ ε), sincethehorospheresHγ(% )(h) andHγ(% )(h+ ε) are

atdistanceε onefrom theother, with H+
γ(% )(h+ ε) . H+

γ(% )(h). HenceLξ

projectsinto M to anirrationalline meetingonly Þnitelymany projections
of horoballsH+

γ(% )(h + ε). ThereforehM,e " h + ε " h#
M,e + 2ε. The

assertionfollows.In particular, hM,e is not+ ! . An analogousproofshows
thatif h#

M,e = #! , thenhM,e = #! .
Let usprove thath##

M,e " hM,e. AssumeÞrstthathM,e is not#! . For
every ε > 0, takeh > 0 suchthat

hM,e < h " hM,e + ε.

By thedeÞnitionofhM,e, thereexistsageodesiclineLξ startingat! ,ending
in a point of Λ(Γ ) which is not a parabolicÞxed point, andwhich meets
only Þnitelymany horoballsH+

γ(% )(h). Let R bea positive sub-rayof Lξ

avoidingthesehoroballs.Sincetheendpointof R isaconicallimit point,the
imager in M of therayR is recurrentin acompactsubsetof M . Moreover,
it is recurrentin a compactsubsetof T 1M . Thereforer comesarbitrarily
closeto itself in T 1M . By theclosinglemma(seefor instance[Ano]), there
existsaclosedgeodesicwhichis containedin theε-neighborhoodof r. Any
preimageof this closedgeodesicis a periodicgeodesicline, which avoids
every horoballH+

γ(% )(h + ε). Henceh##
M,e " h + ε " hM,e + 2ε. The

inequality follows. An analogousproof shows that if hM,e = #! , then
h##

M,e = #! . This completestheproofof thetheorem. 3.4
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Proof of Theorems 3.1 and 3.2. SinceM is geometricallyÞniteandnon
elementary, thereexists at leastoneclosedgeodesicin M . Furthermore,
every closedgeodesicmeetsa Þxed compactsubsetof M , obtainedby
removing acuspneighborhoodof eachendfrom C(M ). Thereforeh##

M,e is

Þnite.It hencefollows thatKM,e is positiveandÞnite. 3.1,3.2

Till theendof this section,we assumethatM is a geometricallyÞnite
hyperbolic3-orbifold, uniformizedasin theendof Sect.2.3.For any non
parabolicelementγ & Γ , deÞnetheheight of γ to be

ht(γ) = e!
D(rγ )

2

'
'
'
' sinh

/(γ)
2

'
'
'
'

whererγ is the rationalline startingfrom ! correspondingto thedouble
cosetΓ% γΓ% , and/(γ) is thecomplex translationlengthof γ.

Lemma 3.5 The height of γ is

ht(γ) =

'
'
'
'
'

!
tr 2γ # 4
2c(γ)

'
'
'
'
'
,

which is the Euclidean vertical coordinate of the highest point on the trans-
lation or rotation axis of γ.

Proof. Let γ = ±
(

a b
c d

)
beanon-parabolicelementin Γ . TheÞrstclaim

follows from Lemma2.10andtheequalitycosh'(γ)
2 = tr γ

2 .
Thesecondpartis well known (see[HS]). Thetwo endpointsγ! , γ+ of

its translationor rotationaxisarethesolutionsof theequationaz+b
cz+d = z.

Henceγ± = a! d±
%

tr2γ! 4
2c (sinceγ is not parabolic,onehasc += 0 ). The

highestpointonthetranslationaxisof γ hasverticalcoordinate1
2 |γ+ # γ! |.

Theresultfollows. 3.5

Corollary 3.6 IfKM,e is theHurwitz constant of a cusp e of a geometrically
finite hyperbolic 3-orbifold M , then

1
2KM,e

= inf
{ γ" Γ | Re '(γ)>0}

max
δ" Γ

ht(δγδ! 1).

Proof. The exponentialof the heightof the closedgeodesicrepresenting
theconjugacy classof anelementγ of Γ is thesupremumof theEuclidean
verticalcoordinatesof thepointson the lifts to H3 of theclosedgeodesic,
henceisexactlysupδ" Γ ht(δγδ! 1). Toseethatthisupperboundisattained,
as the translationlength is a conjugacy invariant,one only hasto apply
Remark2.9 andLemma2.10.They imply that the |c(γ)|Õs, for γ moving
thepoint ! , form a discretesubsetof R, andhave a positive lower bound.
3.6
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Remark. Theright handsideof theequationmayseemto dependon con-
jugationof Γ , but themapht hasbeendeÞnedby suitablychoosingsome
conjugateof Γ . The formula may be usedto computethe Hurwitz con-
stantsof Fuchsianor Kleiniangroups,astheHurwitz constantsof themod
p congruencesubgroupsof SL2(Z).

Remark. If MZ is H2/PSL2(Z), thenMZ hasonly oneendand(theÞrst
equalitybeingdueto Hurwitz)

1
2KMZ

=

%
5

2
= exp ht

$
2 1

1 1

%

.

It is proved in [HS] (aswell asanalogousstatementsfor thecaseof Hecke

groups)that
(

2 1
1 1

)
realizesthemaximumheightin its conjugacy class.

Let d be a square-freepositive integer. Let O! d be the ring of in-
tegers in the imaginaryquadraticÞeld Q(

%
# d). Let Md be the hyper-

bolic 3-orbifold quotientof H3 by the Bianchi group PSL2(O! d). Then
(seefor instance[Swa]) Md has one and only one cusp if and only if
d = 1, 2, 3, 7, 11, 19, 43, 67, 163, in which casetheknown valuesandesti-
mateson theHurwitz constantKMd aregiven by thefollowing table,up to
ourknowledge:

d 1 2 3 7 11 19 43 67 163

K Md

1"
3

[For2]

1"
2

[Per2]

1
4" 13

[Per1]

1
4" 8

[Hof]

2"
5

[DP]

1
[Poi]

!
11
5 " K M43 "

!
13
3

[Poi] [Vul1]
? ?

Theonly d for whichweknow an elementof PSL2(O! d) realizingthe
min-maxin the expressionof 1

2KMd
given by Corollary 3.6 is d = 1 (see

[For2] betweenthelines),for which thefollowing elementworks:
*

+
2 # i 2i

# 2i 2 + i

,

-

Notethatin particular, theformulaof Corollary3.6explainsthegeneral
shapeof theabove results,sincein thesecases,theHurwitz constantis an

inf-maxof numbersof theform
2
%

N(u)
4
%

N(v)
with u, v algebraicintegersin O! d,

hencehaving integral normsN (u), N (v).
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4 The Hurwitz constantof once-puncturedhyperbolic tori

In thissection,westudytheHurwitzconstantfor cuspedhyperbolicsurfaces
M with a chosencuspe. We computeit in the caseof once-punctured
hyperbolictori. Thoughthemainresult(Theorem1.3)canbededucedfrom
[Haa] by anappropriatetranslationto our moregeneralsetting,we give an
independentproof.Recallthath##

M,e isdeÞnedastheinÞmumof theheights
(with respectto e) of theclosedgeodesicsin M .

Proposition4.1 Let M be the (unique up to isometry) complete hyper-
bolic thrice punctured sphere, and e1, e2, e3 its cusps. The infimum defining
h##

M,e1 is not attained on a closed geodesic, but is attained on a (simple)
geodesic line starting from e2 and converging to e3.

Proof. ThemanifoldM is obtainedby doublingalongits boundaryanideal
hyperbolictriangleτ . Fix a lift of oneof thesetwo trianglesin a universal
cover "M of M , andidentify it with τ (by thecoveringmap).Let / betheside
of τ oppositetoitsvertex correspondingtoe1.Theheightof / iseasilyseento
beexactly0. Let ξn, ξ#

n betheendpointsof /. Let Hn, H #
n betwo horocycles

of Euclideanradius 1
n basedat the two endpointsξ, x# respectively. Let

xn, x#
n be the intersectionpointsof / with Hn, H #

n respectively. Let /n be
thesubarcof / betweenxn andx#

n. Let γn betheclosedpathin M , which
followstheimageof /n in M , thenturnsn timesaroundtheimageof Hn in
M , thenfollowstheimageof /n in M in theoppositeway, thenturnsn times
aroundtheimageof H #

n in M . Theclosedgeodesicγ&
n freelyhomotopicto

γn whichconverges,for theuniformHausdorff distanceoncompactsubsets
of M , to (theimagein M of) /. Weconcludethattheheightsof theseclosed
geodesicsconvergeto0. ConsidertheopensubsetU of thepointsin M with
heightstrictly lessthan0. It is thedisjointunionof two openhalf-cylinders
whosefundamentalgroupsareparabolic.Sincethereis noclosedgeodesic
entirelylying in U , this proves theresult. 4.1

In thesameway, thereexistsanhyperbolictorusM with twocuspse+, e!
suchthattheinÞmumdeÞningh##

M,e+ is notattainedonaclosedgeodesic,
but isattainedonageodesiclinestartingfrome! andconvergingtoe! . One
mayfor instancetakethedoublealongtheboundaryof thehyperbolicpants
with sidelengths0, a, a, i.e.onecuspandtwo totally geodesicboundaryof
thesamelengtha > 0. ThedifferencebetweentheinÞmumof theheights
of thesimpleclosedgeodesicswith theoneon all closedcurvescango to
+ ! , ascanbeseenwith thepreviousexampleby lettinga goesto 0.

Let M g,1 be the moduli spaceof one-cuspedhyperbolicmetricson a
closed,connectedandorientedsurfaceS with genusg $ 1 andhaving one
puncture.
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Proposition4.2 Leth##: M g,1 ) ]# ! , + ! [ be themapwhich associates
to (the isometry class of) a one-cusped hyperbolic metric on S, the infimum
of the heights with respect to its cusp of its closed geodesics. Then h##is
continuous and proper.

Proof. Letσ, σ0 betwoone-cuspedhyperbolicmetricsonS. If σ sufÞciently
isclosetoσ0 in themodulispace,thenthereexistsasmoothdiffeomorphism
f of S suchthat f&σ andσ0 coincideoutsidea compactsubset,andare
sufÞcientlycloseonthatcompactsubset.In particular, theirheightfunctions
areclose.Everyclosedgeodesicγ for onemetricis thenaclosedcurvewith
geodesiccurvatureatmostε for theothermetric.But suchaclosedcurvec
is atuniformdistanceatmostdε from agenuineclosedgeodesicc#, with dε

(dependingonly on ε) tendingto 0 asε ) 0. Hencetheheightof c andc#

areveryclose.Thisproves thath##is continuous.
Let us prove that h##(u) convergesto #! whenu goesout of every

compactsubsetof M g,1. By the Mumford Lemma,hyperbolicsurfaces
convergeto inÞnity in theirmodulispaceif andonly if they developashort
closedgeodesic.By theMargulis Lemma,theheightof a shortgeodesicis
low, sotheresultfollows. 4.2

This continuity andpropernessresultholdsfor a muchlarger classof
Riemannianmanifolds.For any a, b, v in ]0, + ! [, let M a,b,v,n bethesetof
(isometryclassesof) Riemanniann-manifolds(M,σ) with sectionalcur-
vatureK satisfying# b2 " K " # a2, with volumeatmostv, andwith one
cuspe. Endow it with theLipschitztopologyoncompactsubsets,i.e.(M,σ)
is closeto (M#, σ#) if thereexist big compactsub-manifoldsK of M and
K0 in M0, andasmoothdiffeomorphismf from K to K#suchthatf&σ and
σ# areuniformly closeon K#. By an easyadaptationto the Þnitevolume
with onecuspcaseof the compactnesstheoremof Cheeger-Gromov, for
very i > 0, thesubsetof pointsof M a,b,v,n,i whosenon-peripheralinjec-
tivity radiusis at leasti, is compact.This theoremgives theanalogof the
Mumford lemmaof theprevioussituation.

We now give the explicit computationof the maph##: M 1,1 ) ] #
! , + ! [ in termsof theFenchel-Nielsencoordinates.In particularweprove
thath##is real-analytic,thattheinÞmumdeÞningh##([σ]) is attainedon(one
of) theshortestsimpleclosedgeodesicfor [σ] & M 1,1. We alsocompute
themaximumof h##onthemodulispace,andonwhichpointsit is attained.

We start with two easygeometricallemmas,whoseproofs are either
omittedor sketched.

Lemma 4.3 In the Euclidean plane, consider two circles c, d of radii r, s
respectively, bounding disjoint discs, tangent to a line, with distance t be-
tween the tangency points P, Q. LetR be the radius of the semi-circle C on
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the line, tangent to c, d and containing c but not d. Let S be the radius of
the semi-circle D on the line, tangent to c, d and containing d but not c. If
t $ r + s and r $ s, then R $ S.

Proof. By consideringtheright-angledtrianglewith verticesat thecenter
of d, thecenterof C, andQ, weobtain

(R + s)2 = s2 + (t + x)2,

with x the(signed)distancebetweenthecenterof C andP . By considering
the right-angledtrianglewith verticesthecenterof c, thecenterof C and
P , onegets

(R # r)2 = r2 + x2.

Eliminatingx, this impliesthat

R2(t2 # (r + s)2) + Rt2(s # r) #
t4

4
= 0.

Similarly, onegets

S2(t2 # (r + s)2) + St2(r # s) #
t4

4
= 0.

By substractingthesecondequationfrom theÞrst,onegets

(R # S)(R + S)( t2 # (s + r)2) + (s # r)t2(S + R) = 0

sothatif t $ r + s andr $ s, thenR $ S. 4.3

Lemma 4.4 For every α " π
2 , in the upper-half-space model of the hyper-

bolic plane, the hyperbolic distance between the points of angle α and of
angle π

2 on an Euclidean circle centered at the origin is log cot α
2 .
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LetS bethe(smooth)once-puncturedtorus,andγ beanessential(i.e.ho-
motopicneitherto a point nor to the puncture)simpleclosedcurve on S.
Thereal-analyticFenchel-Nielsencoordinates(seefor instance[FLP]) for
theTeichm¬uller spaceT1,1 of themarkedhyperbolicmetricson S arethe
length/ & ]0, + ! [ of (theclosedgeodesicfor themarkedhyperbolicmetric
which is freelyhomotopicto) γ andthetwist parameterθ & R aroundit.

WedeÞneh##(/, θ) astheinÞmumof theheightsof theclosedgeodesics
ontheimageby thecanonicalmapT1,1 ) M 1,1 of thepointwith Fenchel-
Nielsencoordinates/ & ]0, + ! [ andθ & ] # ! , + ! [.

We will usethefollowing constants.Let /min = 2ln(1 +
%

2), /max =
2ln 3+

'
5

2 , and

θmin(/) =

.
/

0

4π
/

cosh! 1(sinh
/

2
) if / $ /min

0 otherwise
.

Thefollowing is awell-known rangereductionfor thestudyof h##(/, θ).

Proposition4.5 Every point in the Teichmüller space T1,1 is equivalent
under the mapping class group of S to a point having Fenchel-Nielsen
coordinates (/, θ) satisfying / & ]0, /max], and θ & [θmin(/), π].

Proof. Recall that the diffeomorphismgroupof S actstransitively on the
essentialsimpleclosedcurvesonS. Henceany markedhyperbolicstructure
on S is equivalentunderthemappingclassgroupto a new onefor which
(theclosedgeodesicwhich is freely homotopicto) γ is oneof theshortest
closedgeodesics.Let usprove that theFenchel-Nielsencoordinatesof the
new point in T1,1 satisfytheabove requirements.

Step1. Rangeof /.
It is well known (seefor instance[Schmu])thattheunique(upto isome-

try) once-puncturedhyperbolictorus,suchthat its systole (i.e. the length
of its shortestclosedgeodesic)is maximum, is the modularone, Tmod
(i.e. Tmod = H2/Γ whereΓ is the commutatorsubgroupof PSL2(Z)).
Geometrically(seeFig. 3), Tmod is obtainedby gluing isometricallyoppo-
sitefacesof anhyperbolichexagonwith adihedralsymmetrygroupof order
6, andanglesalternatively 0 and2π/3. Theclosedgeodesics,whoselengths
arethesmallest,areexactly thethreesimplegeodesicsobtainedby taking
thecommonperpendicularto oppositeedgesof thehexagon.

UsingLemma4.4,it is easyto seethattheFenchel-Nielsen/-coordinate
of Tmod (with theobviousmarking)is

/ = 4log cot
(

1
2

arctan 2
)

= /max.
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(Notethatθ belongsto [θmin(/), π] andθmin(/max) is π. It thenfollows by
uniquenessandthe Proposition4.5 that the Fenchel-Nielsenθ-coordinate
of Tmod is π. But wewill notneedthis.)For futurereference,theheightof
γ in Tmod is (seeFig. 3)

h##
max =

1 '
5

2

dt

t
= log

%
5

2
.(1)

Step2. Rangeof θ.
SinceDehntwistsof anglemultiple of 2π aroundγ deÞneelementsof

themappingclassgroup,andsinceeach(completeÞnitevolume)hyperbolic
metric on S hasan elliptic involution, we needonly to considerthe twist
anglesθ & [0, π].

Cuttingopenalongγ, oneobtainsanhyperbolicpair of pantswith side
lengths(/, /, 0). It is well-known (seefor instance[FLP]) thatsucha pair
of pantsis isometricto the doubleof a right-angledhyperbolicpentagon
P with oneidealvertex, alongthesidesadjacentandoppositeto the ideal
vertex, thetwo othersideshaving length '

2 . Wework in theupperhalf-plane
model,with theidealpointat inÞnity, andP containedin theÞrstquadrant,
meetingtheverticalaxis in [1, + ! [. Let s bethehighestpoint on theside
of P oppositeto thevertex at inÞnity (seeFig.4).

Letu betheÞnitevertex of P ontheverticalaxis(with verticalcoordinate
1), andv betheÞnitevertex adjacentto u. By Lemma4.4,theangleα of v
at theorigin satisÞes

tan
α

2
= e! $

2 .(2)

If / is smallenough,thenthetraceonP of theBusemannlevel setβ! 1
e (0)

is exactly thehorizontalsegmentthroughs. TheinÞmumof theheightsof
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theclosedgeodesicsis attainedexactlyonγ. A directcomputationgives

h##(/, θ) = # log tan α = log sinh
/

2
.

This formulais valid for / smalluntil s andu areat thesameheight,thatis
until / = 2log(1 +

%
2) = /min (for α = π

4 ). For futurereference,westate
this resultasaproposition.

Proposition4.6 If (/, θ) & ]0, /min] * [0, π], then h##(/, θ) = log sinh '
2 .

Notethath##(/, θ) isanalyticon(/, θ), increasingin /anddoesnotdepend
onθ on this range.

The once-puncturedhyperbolictoruswith / = /min andθ = 0 is the
(uniqueup to isometry)once-puncturedhyperbolictoruswith an order4
symmetrygroup, obtainedby identifying (without gliding) the opposite
sidesof aregularidealhyperbolicquadrangle.Thereareexactly two closed
geodesicswhoseheightsareminimal.They areobtainedby takingthecom-
monperpendicularto theoppositesidesof thequadrangle.

As/ increasesstartingfrom/min, thelength/0 of theminimizingsegment
betweenthe two boundarycomponentsof the hyperbolictorussplit open
alongγ decreases,andbecomesshorterthanthe (common)lengthof the
boundarycomponents.An easycomputation,usingLemma4.4,showsthat

/0 = 2log cot
2π

4
#
α

2

3
= 2log coth

/

4
.

In orderfor γ to remain(oneof) theshortestclosedgeodesic,we needto
twist by someangleθ aroundγ. Let γ# be the closedcurve, obtainedby
following thepathwhichÞrst,in thetorussplit openalongγ, is theshortest
commonperpendicularbetweenthe two boundarycurves,andthenis the
shortestof the two sub-pathsof γ backto its origin. By Theorem7.3.6of
[Bea,page183],thetranslationlength/(gh) of theproductof twohyperbolic
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isometriesg, h of thehyperbolicplane,of translationlengths/(g), /(h),with
perpendiculartranslationaxes,is given by:

cosh
/(gh)

2
= cosh

/(g)
2

cosh
/(h)

2
.

Thereforetheclosedgeodesicfreelyhomotopictoγ#haslength/#satisfying

cosh
/#

2
= cosh

θ/

4π
cosh

/0
2

.

Hence/# is increasingwith θ, and hasvalue / exactly when cosh'
2 =

cosh θ'
4π cosh'0

2 , thatis, when

θ =
4π
/

cosh! 1
(

sinh
/

2

)
= θmin(/).

In particular/# $ / if andonly if θ & [θmin(/), π]. Notethatθmin(/) is equal
to π exactlywhen/ is thelength/max of γ for themodularonce-punctured
hyperbolictorus.This proves the propositionaboutthe rangerestriction.

4.5

Theorem4.7 If / & [0, /max] and θ & [θmin(/), π], then h##(/, θ) =
logsinh '

2 . In particular, h##is real-analytic on M 1,1. It is the height of
any of the shortest closed geodesic, which is simple. Its maximum on M 1,1

is hmax = log
'

5
2 , which is attained only on the modular one-cusped hy-

perbolic torus.

Proof. By Proposition4.6,weonlyhavetoconsiderthecase/ & [/min, /max]
andθ & [θmin(/), π].

Takeasafundamentaldomaintheunionof thepentagonP andits image
by the hyperbolicreßectionalongthe sideof P oppositeto the vertex at
inÞnity of P (seeFig. 5). Let Hu be the horoball in the upperhalf space,
whosepointshave verticalcoordinatesat leastone,so that its intersection
points with the boundaryof the fundamentaldomainareu, u#. Let #γ, #γ#

be the two lifts of γ containingu, u# respectively. Thehorosphere∂Hu is
tangentto #γ, #γ# respectively at u, u#. DeÞneH c asthe imageof Hu by the
reßectionalongthe sideof P oppositeto the vertex at inÞnity of P . The
horosphere∂H c is tangentto #γ, #γ# at theverticesw, w# respectively of the
fundamentaldomain.

Recallthatv, v#aretheverticesof P oppositeto thepointatinÞnity, with
v thecloserto u, andα is theangleof v at theorigin. Let g betheelement
of thecoveringgroupthatis thetranslationalongthegeodesicline through
v, v# sendingv to v#, composedwith the translationalong#γ# of length θ'

2π
(andmoving v# towardsu#). Let H be the preimageof Hu by g, andH #
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be the imageof H c by g. Denoteby A, C, A# the pointsat inÞnity of the
horoballsH , H c, H # respectively (seeFig. 5). Note that H is tangentto #γ
at thepoint p at distanceθ'

2π from u on theside[u, v] of P . Similarly H # is
tangentto #γ#at thepointp#atdistance/ # θ'

2π from u#ontheside[w#, u#] of
thefundamentaldomain.

Westartwith a few easycomputationsthatwill beneededin theproof.

Lemma 4.8 The Euclidean radius of the disc H c is rc = 1/(2 sinh2 '
2 ).

Proof. Wehavealreadyseen(seethediscussionafterEquation(2)) thatif s
is thehighestpointonthesideof P oppositeto inÞnity, thenthehyperbolic
distancebetweens andthehorizontalhorosphere∂Hu is | logsinh '

2 |. Since
s is themidpointof thecommonperpendicularsegmentto thehorospheres
∂Hu, ∂H c, theEuclideandiameterof thediscH c is 1/ sinh2 '

2 . Theresult
followseasily. 4.8

Lemma 4.9 The Euclidean radius of the disc H is r = 1/(2 cosh2 θ'
4π ).

Proof. If α0 is theangleof thecenterof thediscH at theorigin, thenby
Lemma4.4,onehastan α0

2 = e! θ$
2π . Since∂H is tangentto #γ atp, onehas

sinα0 = r
1! r . Theresultfollows. 4.9

Lemma 4.10 TheEuclidean distance betweenA andC is coth '
2 # tanh θ'

4π .

Proof. LetO betheoriginin theplane.Onehasd(A, C) = d(C, 0)# d(0, A)
which gives d(A, C) = 1

cosα #
!

(1 # r)2 # r2. Using Equation(2) and
Lemma4.9,theresultfollows. 4.10
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Step1. A computationof theBusemannlevel β! 1
e (0).

It is easyto seethat theonly horospheresin theorbit of Hu, thatmeet
thefundamentaldomain,areHu, H , H c, H #(unlessθ = 0, wherewe have
two morehorospheres,the translationsof H , H # along#γ, #γ# of a distance
/, thatmeetthefundamentaldomainin w, u#respectively). Notethatsince
θ $ θmin(/), the Euclideanradiusof H , which is r = 1/(2 cosh2 θ'

4π ) by
Lemma4.9,is lessthantheEuclideanradiusof H c, which is 1/(2 sinh2 '

2 )
by Lemma4.8.

HencetheBusemannlevel setβ! 1
e (0) hasa lift which is thehorizontal

horospherethroughs. In particularthe heightof the closedgeodesicγ is
logsinh '

2 sinceno lift of γ enterstheinteriorof thehorosphereHu.

Step2. Computationof theminimal heightof aclosedgeodesic.
We only have to prove that there is no geodesicline L meetingthe

fundamentaldomainandavoidingthehoroballsHu, H , H c, H #. By absurd,
assumethat sucha line L exists. The boundaryof the fundamentaldo-
main, from which oneremoves thepointslying in oneof thesehoroballs,
is the disjoint union of 4 geodesicsegmentsI1 = ]u, p[, I2 = ]p, w[, I3 =
]w#, p#[, I4 = ]p#, u#[. The geodesicline entersthe fundamentaldomain
throughoneof I1, I2 andexits it throughoneof I3, I4.

Let usÞrstprovethatL cannotenterthroughI1 andexit throughI4. The
diameterof theEuclideanhalf-circleL perpendicularto therealaxiswould
beat leastthedistancebetweenthetangentpointsof H andH # to thereal
line, plus the Euclideanradii of the discsH andH #. By Lemma4.9 and
4.10,onehas

r =
1

2cosh2 θ'
4π

and d(A, C) = coth
/

2
# tanh

θ/

4π
.

Similarly, with r#theEuclideanradiusof H #, onegets

r# =
1

2cosh2
4

'
2 # θ'

4π
5 and d(A#, C)= coth

/

2
# tanh

(
/

2
#
θ/

4π

)
.

Sothat,with f (/, θ) = r + d(A, A#) + r#, wehave

f (/, θ) = 2coth
/

2
+

$
1

2cosh2 θ'
4π

+
1

2cosh2( '
2 # θ'

4π )

%

#
(

tanh
θ/

4π
+ tanh(

/

2
#
θ/

4π
)
)

.

It is easyto seethat f (/, θ) is decreasingin / since 1 # θ
2π > 0.

Sincecoshx = cosh(# x), and sinceby taking the derivative, the map
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t ,) tanh t + tanh(x # t) is increasingin t for t " x
2 , thefunctionf (/, θ)

is alsodecreasingin θ. Hence

f (/, θ) $ f (/max, π) = 2coth
/max

2
+

1

cosh2 'max
4

# 2tanh
/max

4

which is about2.58885438, hencestrictly more than2. In particular, the
Euclideanradiusof L would be strictly morethanone,which contradicts
thefactthatL doesnoenterHu.

LetusprovethatL cannotenterthroughI2. Oneonlyhastoshow thatan
Euclideansemi-circleL centeredon therealaxis,boundinganhalf-discD
thatcontainsH c anddoesnotcontainH hasradiusatleastone.LetL#bethe
semi-circlewhich is tangentto both∂H c and∂H, startsfrom thesegment
betweenthe tangency pointsA, C andÞrstmeets∂H andthen∂H c. The
Euclideanradiusof L is at leastasbig astheoneof L#. But recall that#γ is
tangentto both∂H , ∂H c andhasradius1, andthattheEuclideanradiusof
H c is at leastthe Euclideanradiusof H . By Lemma4.3, to prove thatL#

henceLhasradiusatleast1,oneonlyhastoprovethatt = d(A, C)# (r+ rc)
is positive.

By Lemmas4.8,4.9and4.10,wehave

t = coth
/

2
# tanh

θ/

4π
#

1

2cosh2 θ'
4π

#
1

2sinh2 '
2

=
sinh(/) # 1

2sinh2 '
2

#
sinh θ'

2π + 1

2cosh2 θ'
4π

.

This is anincreasingfunctionin θ, henceits valuesaregreaterthanor equal
to its valueatθ = θmin(/). So

t $
sinh(/) # 1

2sinh2 '
2

#
2sinh '

2

6
sinh2 '

2 # 1 + 1

2sinh2 '
2

=
sinh '

2

(
cosh'

2 #
6

cosh2 '
2 # 2

)
# 1

sinh2 '
2

.

Thenumeratoris (by aneasyderivativecomputation)adecreasingfunction
of / on [/min, /max], whosevalue at / = /max is about0.118, henceis
positive. Thisproves thatt is indeedpositive.

Similarly, oneproves that L cannotexit throughI3, which proves the
claim.Theorem4.7now follows.Themaximumofh##beenreacheduniquely
when/ = /max, θ = π, thatisfor themodularonce-puncturedtorus,itsvalue
h##

max hasbeencomputedin Equation(1). Thisendstheproof. 4.7

Theorem1.3of theintroductionfollows from Theorem4.7.
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5 The cut locusof a cusp

Wekeepthenotationsof thebeginningof Sect.2. Thefollowing deÞnition
is dueto [EP,section4] in thecasethat "M = Hn

R andM hasonecusp.

DeÞnition5.1 (Cut locusof acusp). The cut locus of the cusp e inM is the
subset Σ = Σ(e) of points x in M from which start at least two (globally)
minimizing geodesic rays converging to e.

(In thecaseM is anhyperbolic3-orbifold andx is a singularpoint,we
have to countthegeodesicrayswith multiplicities.)

The deÞnitionimplies that for any η > 0, suchgeodesicrays meet
perpendicularlythe level setβ! 1

e (η) in one and only one point, and the
lengthsof their subsegmentsbetweenx andβ! 1

e (η) areequal.
Thereis a canonical retraction from M # Σ(e) into β! 1

e (1), which
associatestoapointx in M# Σ(e) theuniqueintersectionpointwithβ! 1

e (1)
of the uniqueminimizing geodesicray startingfrom x andconverging to
e, if x doesnot lie in β! 1

e ([1, + ! [), or the obvious projectionto β! 1
e (1)

otherwise.(Notethatthis retractionis astrongdeformationretract).

Let N : M ) N # { 0} be themapwhich assignsto eachx & M the
numberN (x) of minimizing geodesicraysstartingfrom x andconverging
to e. (This numberis Þnitesincethecurvatureis negative.) Thecut locus
of e is by deÞnitionN ! 1([2, + ! [). It is immediatethatN is uppersemi-
continuous.

In particular,Σ is closed.ThesetM hasa naturalpartitionby thecon-
nectedcomponentsof N ! 1({ k} ) for k in N # { 0} . By thesameproof as
in [Sug,TheoremA], it is easyto show thatN ! 1(2) is a codimensionone
sub-manifoldof M , which is openanddenseinΣ. Wewill denoteN ! 1(2)
byΣ0.

Let H andH# be horospheresin "M whosehoroballsaredisjoint. The
equidistant subspace of H andH# is, by deÞnition,thesetof pointsin "M
whichareat thesamedistancefrom H andH#.

Let x & Σ0 andr1, r2 bethe two minimizing raysstartingfrom x and
converging to e. Let #x be a lift of x in "M , and #r1, #r2 be the lifts of r1, r2
startingfrom x. Let H1, H2 be the (disjoint) horospherescenteredat the
points #r1(! ), #r2(! ) respectively, andcoveringβ! 1

e (1). Thecomponentof
Σ0 whichcontainsx is theimageby thecoveringmap"M ) M of anopen
subsetof theequidistantsubspaceof H1 andH2.

In particular, if thecurvatureis constant,theequidistantsubspaceof two
horospheresH, H#boundingdisjointhoroballsis ahyperbolichyper-plane,
henceis totally geodesic.Sothateachcomponentof Σ0 is (locally) totally
geodesic.Furthermore,the equidistantsubspaceis the uniquehyperbolic
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hyper-planeorthogonalto thegeodesicline L betweenthepointsat inÞnity
of H, H# andpassingthroughthepoint of L which is equidistantfrom H
andH#. Using the transitivity propertiesof Isom+(Hn

R) this canbeeasily
seen.

A stratification of a smoothmanifoldM is a partition of M into con-
nectedsmoothsub-manifoldscalled strata, suchthat the closureof each
stratumis locally theunionof Þnitelymany strata.(See[Tro1] for ageneral
survey abouttopologicalstratiÞcations.R. ThomÕs deÞnition(see[Tho] or
[Tro1,page234])requiredtheexistenceof Þnitelymany stratain theclosure
of any stratum,but a local suchassumptionis sufÞcientwhendealingwith
localproperties.)

Let X, Y betwo stratawith Y containedin theclosureof X. Thestrat-
iÞcationis called(a)-regular (in theWhitneyÕs sense,see[Whi], with ap-
plicationsto analyticvarieties,or [Tro1, page235]) if, for every xi & X
converging to y & Y suchthat the tangentsubspaceTxiX convergesto
sometangentsubspaceτ , thespaceTyY is containedin τ .

Thisconditionis preciselytheoneneededfor thetransversalityof asub-
manifoldto thestratiÞcationto bestablein thesmoothtopology(see[Fel]
or [Tro1,page237]).We now deÞnethetechnicalassumptionsreferredto
in theintroductionthatwewill needon themetriconM .

DeÞnition5.2 (Cutecut locus). The cut locusΣ of the cusp ewill be called
cuteif
Ð the partition of M by the components of N ! 1(x), x & M , is a locally
finite (a)-regular stratification of M .

Ð each componentσ ofΣ0 is simply connected, and its closure has a unique
locally highest point 7σ, that belongs to σ.

Ð Σ0 has only finitely many components.

Theunionof thecodimension1 stratais exactly N ! 1(2) = Σ0. Since
any componentof Σ0 is simply connected,it hasa transverseorientation,
uniquelydeterminedby the orientationof any transversalsubspaceto the
tangentsubspaceatany point.

It follows from the fact that the highestpoint 7σ is uniqueand in the
interiorof σ that7σ is theuniquepointof σ from whichstartperpendicularly
to σ at leasttwo (andexactly two) minimizinggeodesicraysconverging to
e.

We will call 7σ the summit of σ. A summit of Σ is thesummitof some
componentof Σ0. By deÞnition,the cut locusΣ of e doesnot meetthe
neighborhoodβ! 1

e (]0, + ! [) of e.
SinceM is geometricallyÞnite,if thereis only onecusp,if it satisÞes

theÞrstconditionof DeÞnition5.2,thenthenumberof componentsofΣ0 is
Þnite(thatis thethird conditionof DeÞnition5.2is automaticallysatisÞed).
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DeÞnition5.3 (Integral geodesic). A geodesic line starting from e whose
first hitting point with Σ is a summit of Σ will be called an integral line.

Notethatanintegrallineisrational,sincetheunionof thetwominimizing
geodesicraysstartingfromasummit7σ ofΣ is,onceoriented,ageodesicline
converging bothpositively andnegatively to e. SinceΣ0 hasonly Þnitely
many components,andsincetherearetwo integral linespersummitof Σ,
thesetR = R(e) of integral raysis aÞnitesubsetof Lk(e, C(M )) .

Let usdescribeinterestingexamplesfor which thecut locusof thecusp
is cute.Thisshouldalsobethecasefor theotherrankonesymmetricspaces
of noncompacttype.

Proposition5.4

(i) If the curvature is constant and if each component of Σ0 contains at
least one locally highest point, then Σ is cute.

(ii) Suppose thatM has only one cusp, that the cut locus of the cusp is cute,
and that the codimension of each component of N ! 1({ k} ) is k # 1.
Then for any small enough perturbation with compact support of the
metric (in the C% topology), the new cut locus of the cusp is cute.

Proof. (i) TaketheprojectiveKlein modelfor theuniversalcover "M of M .
ConsidertheunionA of all equidistantsubspacesof pairsof horospheres
covering β! 1

e (1). This is a locally Þniteunion of analyticsub-manifolds
(linear ones),hencethe dimensionstratiÞcationof Whitney is a locally
Þnite(a)-regularstratiÞcation(see[Whi]). Sincethelift #Σ of Σ is aclosed
strata-saturatedsubsetof A, thesamethingholdsfor #Σ.Sincebeingalocally
Þnite(a)-regularstratiÞcationis a local property, thesamething holdsfor
Σ.

Note that eachtop dimensionalstratum#σ of #Σ is containedin some
equidistantsubspace.Furthermore,the closureof #σ is convex, as the in-
tersectionwith this equidistantsubspacewhich is convex, of the closures
containing#σ of the componentsof the complementaryof the equidistant
subspaces,whichareconvex.

Let x bea locally highestpoint in a componentσ of Σ0, andr1, r2 the
two minimizing raysstartingfrom x andconverging to e. Let #x bea lift of
x in "M and#σ bethe lift of σ containing#x. Let #r1, #r2 bethe lifts of r1, r2
startingfrom #x. Let H1, H2 be the (disjoint) horospherescenteredat the
pointsat inÞnitya1, a2 of #r1, #r2 andcoveringβ! 1

e (1).
TheequidistantsubspaceE12 of H1, H2 contains#σ. Let #z betheinter-

sectionpoint betweenE12 andthegeodesicbetweena1, a2. Since#z is the
only localminimumonE12 for theBusemanndistanceto a1, it followsthat
#x = #z andthatx is theonly locally highestpointon theclosureof σ.
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Let us prove now thatσ is simply connected.By absurd,assumethat
thereis a closedpathc basedat x which is not homotopicto 0 in σ. Since
#σ is convex, c cannotbehomotopicto 0 in M . Hencethe lift of c starting
at #x endsin γ#x for somenon trivial elementγ in the covering group.By
analyticity, γ preservesthe equidistantsubspaceE12. By convexity of #σ,
thegeodesicbetween#z andγ#z is containedin #σ. But this is acontradiction,
sincethemidpointm of [#z, γ#z] is containedin theequidistantsubspaceof
thehorospheresH1 andγH1.

The third propertyof DeÞnition5.2 follows from the fact that M is
geometricallyÞnite,andthat theequidistantsubspacesform (in theKlein
modelof thehyperbolicspace)a locally Þnitefamily of afÞnesubspaces.

(ii) By thehypothesison thecodimensiononN ! 1(k), theÞrstproperty
of a cutecut locusfollows by transversalityarguments.Sincethereis only
onecusp,thethird propertyis thenautomaticallysatisÞed,aswehaveseen.
Sincethedeformationis supportedonacompactsubset,if thedeformation
is smallenough,thecomponentsof Σ0 will remainsimply connected,and
by strict convexity of thehorospheres,therewill remainoneandonly one
new summitcloseto eachold summit,andno new onewill becreatedfar
from theold ones. 5.4

Theassumptionin (ii) thatthecodimensionof N ! 1({ k} ) isk# 1cannot
be omitted,sinceif somecut locusin dimension3 hasan edgeof degree
4, thenby asmallperturbationof themetric,thecut locuscanbemadenot
locally Þnite,asB. Bowditchshowedus.

Till the end of this section,we assumethat M is a non elementary
geometricallyÞnitehyperbolic3-orbifold, uniformizedasin Sect.2.3.All
thestatementsbelow extendeasilyto Hn

R.

The following is anotherdescriptionof Σ. It is dueto Ford [For1] for
somearithmeticalcases.It was extendedby Swan [Swa] for all Bianchi
groups,andby [EP,section4] when "M = Hn

R andM hasonecusp.
Let γ & Γ # Γ% , theisometric sphere Sγ of γ is thehyperbolicplanein

H3, deÞnedasthe intersectionof theupperhalf-spacewith theEuclidean
spherecenteredatγ! 1(! ) andof radius 1

|c(γ)| . Notethatγ mapsthehori-
zontalhorosphereH% (h) deÞnedby theequationt = h centeredat ! to
thehorosphereHγ(% )(h) centeredatγ(! ), which is theEuclideansphere
in the upperhalf-space,tangentto C at γ(! ) andwith diameter 1

h|c(γ)|2 .

Wedenoteby H+
γ(% )(h) thehoroballboundedby Hγ(% )(h).

Thekey point is thefollowing fact.

Lemma 5.5 For any γ & Γ # Γ% and h > 0 big enough, the isomet-
ric sphere Sγ is the equidistant subspace of the horospheres H% (h) and
Hγ# 1(% )(h).
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Proof. Let x, y bethepointson a verticalgeodesicline L at verticalcoor-
dinatest = h andt = 1

h|c(γ# 1)|2 respectively. Thenthemidpointof [x, y] is

thepointonL atheightt = 1
|c(γ# 1)| for any h > 0. ThehyperbolicplaneSγ

isorthogonalto the(vertical)geodesiclinebetween! andγ! 1(! ). Hence,
by uniqueness,Sγ is theequidistantsubspaceof H% (h) andHγ# 1(% )(h).

5.5

Let S!
γ be the half ball boundedby Sγ . It is easyto seethat γ maps

H3 # S!
γ to S!

γ# 1 . DeÞne

B% = H3 #
8

γ" Γ ! Γ$

S!
γ ,

thatwewill call thebasin of center ! . Wehave:

1. B% is invariantby Γ% ,
2. noelementof Γ # Γ% mapsaninteriorpointof B% to anotherinterior

pointof B% ,
3. theimagesof B% by Γ cover H3.

ThereforeB% /Γ% isanorbifoldwhoseboundaryisapiecewisehyperbolic
2-orbifold,andM isobtainedbypairingfacesofB% /Γ% .Forγ & Γ ,deÞne
thebasin of center γ(! ) to beBγ(% ) = γB% .

Below isacombinatorialpictureof theverticalprojectiontoC of thecell
decompositionof theboundaryof thebasinat inÞnity for H3/ PSL2(O! d).
Up to d = 43, thesedrawingsaredueto [Hat]. Thecomplex numberw is
i
%

d if d +/ # 1[mod 4] and 1
2 (1 + i

%
d) otherwise.

By Lemma5.5, the points in ∂B% areexactly the points from which
startsa geodesicray converging to ! anda geodesicray converging to a
point differentfrom ! in theorbit of ! by Γ , andat thesameBusemann
distanceto ! andthis orbit point. Hencethe cut locusΣ is the imageof
∂B% by the canonicalprojectionH3 ) H3/Γ = M . Assumethat each
2-cell of ∂B% containsthehighestpoint of thehalf-spherecarryingthe2-
cell.By Proposition5.4,afterpassingto aÞnitecover to getreadof torsion,
this impliesthatthecut locusis cute.Theconditionholdsin thecaseof the
Bianchi orbifolds with onecusp.The summitsof the 2-cells of Σ arethe
imagesin M of thehighestpointsof the isometricspheresSγ containing
a 2-cell of ∂B% . Let #R be the setof endpointsof the lifts to H3 starting
from ! of theintegral lines.If P is thesetof elementsin Γ # Γ% whose
isometricspherecarriesa2-cell of theboundaryof thebasinatinÞnity, then
#R is exactly thediscretesubsetP (! ).

In thecaseof theBianchiorbifoldsH3/PSL2(O! d), theuniformization
chosenin Sect.2ispreciselythenaturaloneH3 ) H3/PSL2(O! d).Though
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3/ PSL2(O# d)
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#R consistsof theintegerpointsin thecased = 1, 2, 3, 7, 11 for instance,it
containsin generalrationalpointswith Þnitelymany possibledenominators
(q = ± 1, ± 2, ± 3 for d = 43, for instance,see[Poi] for otherlists).Not all
rationallineswith thesedenominatorsarein #R (seeFig. 6).

6 Goodapproximating sequenceof an irrational line

Wekeepthenotationsof thebeginningof Sect.2. In Sect.3,weproved that
any irrational line startingfrom a givencuspcanbewell approximatedby
rationallines.Theaimof thissectionis to giveanexplicit sequenceof such
rationallines.

Assumethat thecut locusof thecuspe is cute.We saythata geodesic
line startingfrom e is totally irrational if it is recurrentin acompactsubset
of M , andis transverseto thestratiÞcationof thecusp,i.e. it doesnotmeet
thesingularlocusΣ # Σ0 andis transversetoΣ0. Thisverylastassumption
is implied by thepreviousonein thecaseof constantcurvature,sincethe
componentsof Σ0 arelocally convex. Thesetof totally irrationallinesis a
denseGδ setin thelink of e.

Consideratotally irrationalline ξ. NotethatΣ is cuteandξ is transverse
toΣ, hencetheintersectionof Σ andξ hasnoaccumulationpointon ξ.

Let usprove thatΣ ( ξ is inÞnite.By absurd,assumethat thereexists
t0 & R suchthat ξ(t) belongsto M # Σ for t $ t0 (for somearclength
parametrizationof ξ). Sinceξ is recurrentin somecompactsubsetof M ,
thereexistsatleastoneaccumulationpointx of ξ(t) ast ) + ! .Fix ε small.
Let V beasmallenoughneighborhoodof x in M . By the(a)-regularityand
local Þnitenessof thestratiÞcationof Σ, thenumberof connectedcompo-
nentsof V # Σ is Þnite.Sinceξ accumulateson x andeventuallyavoids
Σ, thereexists t2 $ t1 $ t0 suchthat ξ(t1), ξ(t2) areclose,in the same
componentof V # Σ, andwith ξ#(t1), ξ#(t2) close.Let γ be the loop ob-
tainedby closingup ξ([t1, t2]) with a geodesicpathfrom ξ(t1) to ξ(t2) in
someconnectedcomponentof V # Σ. By AnosovÕs closinglemma,there
exists a closedgeodesicγ& in M , containedin the ε-neighborhoodof γ,
hencehomotopicto γ. But this is a contradiction,sinceM # Σ retracts
on thecuspneighborhoodβ! 1([1, + ! [), hencetheclosedcurve γ cannot
representanhyperbolicelementof thefundamentalgroup.

Let (xn)n" N be the sequenceof intersectionpointsof ξ with Σ, and
(σn)n" N thesequenceof connectedcomponentsofΣ0 consecutivelypassed
throughbyξ. Foreachn & N, letcn bethepathconsistingof thesubsegment
of ξ betweene andxn, followedby theminimizinggeodesicrayfrom xn to
thecuspe, startingontheothersideofΣn thantheoneonwhichξ arrivesat
xn. Let rn betheuniquegeodesicline startingfrom e, properlyhomotopic
to cn. Sincern convergesto e, it is a rationalline.
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DeÞnition6.1 The sequence (rn)n" Nwill be called the good approximating
sequence of ξ, and rn the n-th good approximant.

This deÞnitioncan be extendedto the other irrational lines, sinceby
the (a)-regularity of thestratiÞcationof thecut locus,the transversalityto
the stratiÞcationis stable,at the expenseof loosingthe uniquenessof the
sequence.Rationallinesandlinesendingin othercuspsmaybeattributed
Þnitesequences.

Remark. For M = H2/PSL2(Z), this sequencecoincideswith the usual
bestapproximationsequencein the following sense:let #ξ be theendpoint
on the realaxisof the lift of ξ startingfrom ! endingin [0, 1[. Note that
ξ is totally irrational if andonly if #ξ is an irrational realnumber. Thenthe
endpointon the real axis of the lift of rn startingfrom ! andendingin
[0, 1[ is pn/qn, wherepn/qn is the n-th convergentof the irrational real
number#ξ. In the caseof M = H3/PSL2(O! d), we donÕt know if our
goodapproximationsequencecoincideswith PoitouÕs bestapproximation
sequencein [Poi].

Thegoodapproximatingsequencenicelyapproximatesanirrationalline.
Weprovethisfor totally irrationallines,but theresultcouldbeextendedfor
generalirrationallines.

Theorem6.2 LetM be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, with only one cusp e, having a cute cut
locus. There exists a constant c > 0 such that, for every totally irrational
line ξ starting from e with good approximating sequence (rn)n" N, for every
n in N,

d(rn, ξ) " c e! D(rn).

Proof. Let

c =
1
2

max
x" Σ

e! βe(x).

SinceΣ is in thecomplementof β! 1
e (]0, + ! [), supx" Σ # βe(x) is strictly

bigger than0. The supremumis a maximum,sinceΣ is non emptyand
compactin theonecuspedcase.

Let ξ bea totally irrational line startingfrom e. Fix a lift #ξ of ξ to the
universalcover "M of M , intersectingthe preimagesof the cut locus in
successive points"xn, startingfrom thepoint at inÞnitya. Let "σn bethelift
of some(simply connected)componentof Σ0 containing"xn. Considerthe
lift startingfrom "xn of theminimizing geodesicray from xn to e starting
on theothersideof σn thantheoneatwhichξ arrivesat xn. Its endpointat
inÞnity hasthe form γna for someγn in thecoveringgroupof "M ) M .
Let #rn bethelift of rn startingfrom a andendingin γna.
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Fig. 7. Convergencepropertiesof thegoodapproximatingsequence

Let (Ht)t" R be the uniquefamily of horospherescenteredat a such
that H0 mapsonto β! 1

e (0), the distancebetweenHt andHt! is |t # t#|,
andHt convergesto a ast goesto + ! . Since# log2c = minx" Σ βe(x),
eachcomponentofΣ0 hasalift containedbetweenthehorospheresH0 and
H! log 2c. Hence"σn is containedbetweenγnH0 andγnH! log 2c (seeFig.7).

Let u, w, v betheintersectionpointsof #rn with H0, γnH! log 2c, γnH0,
respectively. So that d "M (u, v) = D(rn) by deÞnitionof the depth,and
d "M (w, v) = | # log2c | = log2c, since #rn is perpendicularto γnH0 and

γnH! log 2c. Since#ξ meets"σn, thehorosphereγnH! log 2c whichis centered
at γna meetsξ. Therefore,by the deÞnitionof the cuspidaldistanced on
Lk(M, e), with ε = + 1 if w lies betweenu andv, and# 1 otherwise,

d(rn, ξ) "
1
2
e! εd !M (u,w) =

1
2
e! d !M (u,v)+d !M (w,v) =

1
2
elog 2ce! D(rn).

Thisproves theresult. 6.2

Corollary 6.3 LetM be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, with only one cusp e, having a cute cut
locus. The good approximating sequence (rn)n" N of any totally irrational
line ξ starting from e converges to ξ.

Proof. This follows from theprevious theorem,andfrom the fact that the
depthsD(rn) converge to + ! . We prove this last claim by absurd.By
Remark2.9, the sequence(rn)n" N would have a constantsubsequence
(rnk )k" N. Let a be the startingpoint of #ξ (with the notationsof the be-
ginning of the previous proof), henceof "rnk . Let ΓaγnΓa be the double
cosetassociatedto (rn)n" N, with (γnk )k" N constant.

Sinceξ is irrational,andby strict convexity of thehorospheres,these-
quence"σn goesout of every horospherecenteredat γnka. This contra-
dicts the fact that 9xnk lies for eachk betweenthehorospheresγnkH0 and
γnkH! log 2c (seeFig. 7). 6.3
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Till the end of this section,we assumethat M is a non elementary
geometricallyÞnitehyperbolic3-orbifold, with aÞnitecover having acute
cut locus,uniformizedasin Sect.2.3.Again, thisextendseasilyto Hn

R. We
know a bit moreon thedepthsof thegoodapproximantsrn, generalizing
whatForddid in thecaseof theBianchiorbifold H3/PSL(2, Z[i]).

If ξ is a totally irrational line startingfrom thecuspe, let #ξ bea lift of
ξ in H3 startingfrom ! . It is a vertical geodesicin the upperhalf-space
H3, thatcuts,while goingdownwards,a sequence("σn)n" N of cellsof the
preimageof Σ0 in H3. Then-th cell "σn passedthroughby #ξ is contained
in theboundaryof thebasinsof γn(! ) andγn+1(! ) for someγnÕs in the
coveringgroupΓ . By deÞnitionof thegoodapproximatingsequence,the
n-th goodapproximantrn is therationalline associatedto thedoublecoset
Γ% γn+1Γ% .

Proposition6.4 If (rn)n" N is the good approximation sequence of a totally
irrational line ξ, then for all n in N,

D(rn) < D(rn+1).

Proof. By thedeÞnitionof thesummitof "σn, thereexisthorospheresHn and
Hn+1 centeredrespectively at γn(! ) andγn+1(! ) thataretangentat the
summit:"σn of "σn. TheEuclideanline through:"σn perpendicularto "σn hence
goesthroughtheEuclideancenterof thehyperbolicplaneP containing"σn,
andtheEuclideancentersof Hn andHn+1.Hence(seeFig.8),theEuclidean
radiusof Hn+1, (which is containedin thehalf-ball boundedby P since#ξ
is ÞrstmeetingBγn(% ) andthenBγn+1 (% )), is strictly smallerthantheone
of Hn.

Sincethe point :"σn is at the same(hyperbolic)distancefrom the horo-
spheresHγn(% )(1) andHγn+1 (% )(1) centeredat γn(! ) andγn+1(! ) of
Euclideanradii 1

2|c(γn)|2 and 1
2|c(γn+1 )|2 , there is a constantk > 0 such
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that the Euclideanradii of Hn and Hn+1 are respectively 1
2k|c(γn)|2 and

1
2k|c(γn+1 )|2 . This proves theresult,usingLemma2.10. 6.4

LetD bethesetof realnumberse
D(r)

2 for r anintegralline.Sincethereare
onlyÞnitelymany integrallines,thesubsetD of [1, + ! [ isÞnite.It consists
of { 1} if thereis only oneintegral line (countedwithout multiplicity and
withoutorientation),asin thecaseof theBianchiorbifoldsH3/ PSL(2, Od)
for d = 1, 2, 3, 7, 11.

For g, h elementsof PSL(2, C), deÞne

∆(g, h) =

'
'
'
'
'
'
det

*

+
a(g) a(h)

c(g) c(h)

,

-

'
'
'
'
'
'
.

Thisnonnegativerealnumberdoesnotdependonthechosenlifts toSL(2, C),
nor on therepresentatives of the left cosetsof g, h by thestabilizerof any
horizontalhorosphere.In particular, by Lemma2.10,

∆(1, h) = |c(h)| = e
D(Γ$ hΓ$ )

2

if h /& Γ% .

Proposition6.5 If rn, rn+1 are consecutive good approximants of an irra-
tional line ξ, then d(rn, rn+1) exp( D(rn)+D(rn+1 )

2 ) belongs to the finite set
D . In particular, if there is only one integral line (counted without multi-
plicity and without orientation), then

d(rn, rn+1) = e! (
D(rn)+ D(rn+1 )

2 ) .

Proof. Wemayassumethatξ is totally irrational.Chooseγn, γn+1 represen-
tatives of thedoublecosetsassociatedto rn! 1, rn suchthattheboundaries
of thebasinsBγn(% ) andBγn+1 (% ) containthen-th cell of thepreimageof

Σ0 passedthroughby aÞxed lift #ξ of ξ. By Lemma2.10,onehas

∆(γn, γn+1) =

'
'
'
'
a(γn)
c(γn)

#
a(γn+1)
c(γn+1)

'
'
'
' |c(γn)||c(γn+1)|

= d(rn! 1, rn)e
D(rn# 1 )+ D(rn)

2 .

SinceSL2(C) preserves the areain C2, ∆(γn, γn+1) = ∆(1, γ! 1
n γn+1).

Sincetheclosuresof thebasinsBγn(% ) andBγn+1 (% ) meetin a cell of the
preimageofΣ0, therationalline associatedto thedoublecosetof γ! 1

n γn+1

is anintegral line, andtheresultfollows. 6.5
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Fig. 9. Thecontinuedsequenceof anirrationalray

Remark. WhenM = H2/PSL2(Z), it is well known that∆(γn, γn+1) is
always1. This propositiongives ageometricunderstandingof thepossible
valuesfor otherMÕs, for instancefor the PoitouÕs bestapproximationse-
quencewhenM = H3/PSL2(O! d) for d largeenough.See[Poi] for the

list of possiblevaluesof

'
'
'
'
'
pn pn+1

qn qn+1

'
'
'
'
'

whend = 19 for example.

7 Continued sequenceof a totally irrational line

We keepthe notationsof the beginning of Sect.2. We assumethat the
cut locusof thecuspe is cute.Theaim of this sectionis to associateto a
totally irrationallineξ startingfrome asequence(an)n" N in somecountable
alphabetwhichwill determineit.

Let R betheÞnitesetwhichconsistsof all theÞrstintersectionpointsof
integral linesstartingfrom e with Le = β! 1

e (1). Let π1(Le, R) denotethe
setof homotopy classesrelative to endpointsof pathsin Le with endpoints
in R. Notethatunlessthereisonlyonepointin R,π1(Le, R) isnotagroup,
but it isagroupoidfor thecompositionof paths.Thereisanaturalinvolution
onR. It associatesto theÞrstintersectionpointλ, of an integral line r with
Le, thesecond(andlast) intersectionpoint, thatwe will denoteby λ! 1. It
is clearthatλ! 1 is alsotheÞrstintersectionpointof theintegral line which
is r with the oppositeorientation.SinceLe is compactandR Þnite, the
groupoidπ1(Le, R) is countable.

Let (rn)n" N be the goodapproximatingsequenceof ξ, with (xn)n" N
thesuccessive intersectionpointsof ξ with thecut locusandσn thecell of
Σ0 containingxn. Recallthatξ is orientedandtotally irrational,hencefor
eachn, thetangentspaceto ξ atxn is orientedandtransverseto thetangent
subspaceto σn atxn. For eachn, endow σn with thetransverseorientation
given by theorientedtangentspaceto ξ atxn.
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Notethatr0 is anintegral line. Let λ0 beits Þrstintersectionpointwith
Le. DeÞnea0 & π1(Le, R) to be the classof the constantpathat λ0. We
deÞnethe sequences(an)n" N, (λn)n" N by induction.Assumean, λn are
deÞned.Considerthe pathc startingat λ! 1

n , following the sub-pathof an
integral line from λ! 1

n to thesummit:σn, thenany pathc1 in σn from :σn to
xn, thenthesub-pathof ξ from xn to xn+1, thenany pathc2 in σn+1 from
xn+1 to "σn+1, thenthesub-pathof an integral line startingfrom "σn+1 on
thenegative sideof σn+1, thatendsin thepoint λn+1 & R. By pushinga
little bit c1 on thepositive sideof σn, andc2 on thenegative sideof σn+1,
onegetsa pathcontainedin thecomplementof thecut locusin M . Recall
thatthis complementcanonicallyretractsontoLe. Let an+1 betheclassof
thepathbetweenλ! 1

n andλn+1 obtainedby retractingc ontoLe.

DeÞnition7.1 The sequence (an)n" N will be called the continuedsequence
of the totally irrational ray ξ.

Theorem7.2 LetM be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, with only one cusp e, having a cute
cut locus. A totally irrational line is uniquely determined by its continued
sequence.

Proof. Let (an)n" N bethecontinuedsequenceof thetotally irrational ray
ξ. Let λ! 1

n betheinitial pointof thepathan. Considerthepathv in M , de-
pendingonlyonthecontinuedsequence,whichis obtainedby following the
minimizinggeodesicraystartingfrome arrivingperpendicularlyonλ0, then
thesub-pathof theintegralline fromλ0 toλ! 1

0 , thena1, thenthesub-pathof
theintegral line from λ1 to λ! 1

1 , thena2, etc.It is clearby theconstruction
thatv is homotopicto ξ, by an homotopy which is properoneverynegative
sub-ray(thoughnot necessarilyglobally proper).SinceΣ is compact,the
sequenceof points(λn)n" N onv staysatuniformly boundeddistancefrom
ξ. If ξ#is anothertotally irrationalline having thesamecontinuedsequence,
considerthelift to theuniversalcover of thehomotopy betweenv andξ and
of theonebetweenv andξ#, so that they coincideon somelift of v. Then
the lifts of ξ, ξ# aretwo geodesiclines in "M startingfrom thesameorigin
at inÞnity, andhaving a sequenceof pointsconverging to their endpointat
inÞnity thatstayat uniformly boundeddistance.Hencethegeodesiclines
havethesameendpointat inÞnity, thereforethey coincide.By projectingto
M , onegetsthatξ, ξ#areequal. 7.2

Till the end of this section,we assumethat M is a non elementary
geometricallyÞnitehyperbolic3-orbifold, with aÞnitecover having acute
cut locus,uniformizedasin Sect.2.3. The orbifold universalcover of Le

is thehorizontalhorospherein H3 which is mappedontoLe by thechoice
of theorbifold universalcover H3 ) M . We will identify thathorosphere
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with C by verticalprojection.Let #R bethesubsetof C correspondingto the
lift of R , whichisadiscretesubsetof C. It isinvariantby thegroupΓ% (and
it is reducedto oneorbit if thereis only oneintegral line (countedwithout
multiplicity andorientation)).

Assumefor simplicity that the groupΓ% is a covering group of Le,
hencea groupof translationsof C. Sinceany pathbetweentwo pointsin
#R is homotopicrelativeto endpointsto thesegmentbetweentheendpoints,
onecannaturallyidentify π1(Le, R) with theset #R # #R of differencesof
two elementsof #R. Indeed,any pathbetweentwo pointsof R hasaunique
lift, oncea preimageof thestartingpoint is chosen,betweentwo pointsin
C, andwe associateto thepaththedifferenceof theendpointsof the lift.
This doesnot dependon the chosenpreimageof the startingpoint, since
any two of themdiffer by anelementof Γ% , whichactsby translation.

Let ξ beatotally irrationalline,and(rn)n" N bethegoodapproximating
sequencefor ξ. Let #ξ be a lift of ξ startingfrom ! , and #rn the lift of rn

obtainedby lifting thehomotopy betweenrn andξn (thesub-pathof ξ upto
then-th intersectionpointxn with thecutlocus,followedby theminimizing
geodesicrayfromxn to e ontheoppositeside).LetΓ% γnΓ% bethedouble
cosetassociatedto rn, with γn arepresentativesothattheendpointof #rn is
zn = γn(! ) (this determinesthe left cosetγnΓ% ). DeÞneby convention
γ! 1 = id, so thatz! 1 = ! .

The next result explains how the continuedfraction canbe explicitly
computedin termsof thegoodapproximatingsequence.

Proposition7.3 Under the above identification of π1(Le, R) with #R # #R ,
one has a0 = 0 and for n $ 0,

an+1 = γ! 1
n (zn+1) # γ! 1

n (zn! 1).

Notethattheright handsidedoesnotdependon theleft cosetof γn.

Proof. Let "xn, #xn+1 beconsecutive intersectionpointsof #ξ with thepreim-
ageof thecut locus.Then#ξ passesat "xn from thebasinof γn! 1(! ) to the
basinof γn(! ), staysinsidethebasinof γn(! ) between"xn and#xn+1, then
passesat #xn+1 into the basinof γn+1(! ). Considerthe actionof γ! 1

n on
H3. It mapszn to ! andzn± 1 to γ! 1

n (zn± 1). It preservesthesetof lifts of
any integral line. Sincethegeodesiclinesstartingfrom ! areverticalhalf-
lines,thesummitsof thecellsγ! 1

n ("σn) andγ! 1
n ( #σn+1) projectsvertically

to γ! 1
n (zn! 1) andγ! 1

n (zn+1) respectively. Theresultfollows. 7.3

Corollary 7.4 Assume that there is only one integral line (counted without
multiplicity). Then

|an+1| = ∆(γn+1, γn! 1).
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Proof. Under the assumption,the summits of the cells γ! 1
n ("σn) and

γ! 1
n ( #σn+1) areon thehorizontalhorosphereatheight1. Henceγ! 1

n γn± 1 is
themapz ,) # 1

z + γ! 1
n γn± 1(! ). Therefore

∆(γn+1, γn! 1) = ∆(γ! 1
n γn+1, γ

! 1
n γn! 1)

= |γ! 1
n γn+1(! ) # γ! 1

n γn! 1(! )| = |an+1|.

7.4

The next result proves that the good approximationsequencecan be
recoveredfrom thecontinuedsequence.To getrn, oneonly hasto compute
the valueof the endpointzn & C of the lift #rn. We prove that zn canbe
expressedin anexplicit summationformulain termsof theaiÕswith i " n
andtheÒdenominatorsÓof theziÕs with i < n.

Theorem7.5 If ξ is a totally irrational line, then with the above notations
and qi = c(γi) for i $ # 1, one has

zn = z0 +
n;

k=1

1
< k

i=0(# 1)iq2
i! 1ai

.

Proof. By Proposition7.3,onehas

zn+1 = γn(an+1 + γ! 1
n zn! 1).

Writing for simplicityγn =

$
a b

c d

%

, onegets,sincead# bc = 1, for n $ 1

zn+1 =
a

2
an+1 + dzn# 1! b

! czn# 1+a

3
+ b

c
2
an+1 + dzn# 1! b

! czn# 1+a

3
+ d

=
zn! 1 + a2an+1 # acan+1zn! 1

acan+1 # c2an+1zn! 1 + 1

=
zn! 1 + znc2an+1(zn # zn! 1)

1 + c2an+1(zn # zn! 1)
,

sincezn = γn(! ) = a
c . Hencewith qn = c(γn), which depends(up to

sign)only on rn, onegets

zn+1 =
zn! 1 + znq2

nan+1(zn # zn! 1)
1 + q2

nan+1(zn # zn! 1)
.

Therefore
zn+1 # zn = #

zn # zn! 1

1 + q2
nan+1(zn # zn! 1)

.
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Let xp = 1
zp! zp# 1

for p $ 1 andx0 = 0. Thenfor n $ 0

xn+1 = # (xn + q2
nan+1).

Sinceby convention q! 1 = 0, one getsxn =
< n

k=0(# 1)kq2
k! 1ak. The

equalityof thetheoremnow follows from thefactthatzn+1 # zn = 1
xn+1

.

7.5

In thecaseofH2/PSL2(Z),ourcontinuedsequence(an)n" N of ξ slightly
differsfrom theclassicalcontinuedfractionexpansion

1
b1 + 1

b2+ 1
...

of theendpointon therealaxisof the lift of ξ startingat ! andendingin
] # 1, 1[ : onehas|an # bn| " 1 (andthedifferencemaybeanonrecursive
function).This comesfrom thefactthatwe areworking with thecut locus
ratherthanwith its dualcell decomposition,but wemightcomebackto that
point in a futurepaper.
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