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1 Intr oduction

Let M beageometricallypnitepinchedhegatively curvedRiemanniamman-
ifold with cuspsin this papemwe studybnepropertieof thegeodesidiov
of M arisingfrom the presencef cusps.Thereare deepconnectionde-
tweenDiophantineapproximatiornproblemsandhyperbolicgeometry(see
[Dan,Forl,For2,HV, HS,Pat,Ser3 SchmiSul,Vul3] andtheir references).
The mainpurposeof this paperis to extendthe existing theorybeyondthe
arithmeticcasewe evenallow thecunatureto benonconstantTo simplify
thestatement thisintroduction,we assumehat M hasbnitevolumeand
only onecuspe.

A geodesidine startingfrom e either corvergesto e, or accumulates
insideM . We saythatthegeodesidine is rational in thebrstcaseandirra-
tional otherwiseLet H? denoteheupperhalf spacenodelof thehyperbolic
plane.Let M betheorbifold H? /PSLy(Z). Thenalift startingfrom! of a
rational(irrational) geodesidine endsat arational(irrational) pointon the
realline.

We introducea new notion of complity for arationalline » (Debni-
tion 2.8): The depth D(r) of r is the lengthof the sub-pathof » between
the Prstandlastmeetingpoint with the boundaryof the maximalMargulis
neighborhooaf thecusp.Thesetof depth=of therationallinesis adiscrete
subsebdbf R, whoseasymptotidistributionis studiedn [BHP,HP2].Wede-
Pneanaturaldistance-lilemapd onthespacef geodesidinesstartingfrom
the cusp(seeSect.2.1).In constanturvature,it is given by the Euclidean
metricon theboundaryof themaximalMargulis neighborhooaf thecusp.
In generaljt is aslight modibcatiorof the quotientof Hamensadt®metric
[Ham] onthe horosphereoveringthatboundary

Thebrstgoal of this paperis to give ananalogueof a classicatheorem
of Dirichlet. Whenspecializedo constanhegative curvature ourextension
coincideswith a known resultfor geometricallypniteKleinian groups,see
[Pat,SerlHV] andespecially{Vul3].

Theorem 1.1 There exists a positive constant K such that for any irrational
line & starting from e, there exist infinitely many rational lines r with

d(g,r)" Ke' P,

We call theinbmumof such K the Hurwitz constant of e, anddenote
it by K. Inthe casethat M is the hyperbolicorbifold H? /PSLy(Z), or
the quotientof the hyperbolic3-spaceH? by someBianchi group, Ky .
correspondso the classicaHurwitz constanfor the approximatiorof real
numbersby rational ones,or the approximationof complex numbersby
elementof animaginaryquadrationumberbeld.
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The distribution (as a subsetof R) of the Hurwitz constantsof one-
cuspedhyperbolic3-manifoldsor orbifoldsis unknawn, asis theirinbmum.
Amongthe one-cuspedianchi 3-orbifolds,the smallestHurwitz constant
is obtainedoy H3 /PSL» (O 3), andafterwardsit seemgo increasawith the
discriminant.

Thesecondjoalof this paperis to give ageometridnterpretatiorof the
Hurwitz constantUsingasaheightfunctionthe Busemann function (giving
theOdistancet@thecusp,seeSectionZ), normalizedo havevalueO onthe
boundaryof the maximalMargulis neighborhoodandto corvergeto +!
in thecusp),we prove:

Theorem 1.2 The lower bound of the maximal heights of the closed geo-
desics in M is # 109 2K /.

In particular thereis a positive lower boundfor the Hurwitz constanof
manifoldsM with agivenupperboundonthelengthof theshortesgeodesic
(sincethelengthof a closedgeodesids atleasttwice its height).

Let M 41 bethe moduli spaceof one-cuspedhyperbolicmetricson a
connectedrientedclosedsurfacewith genusg $ 1 andonepuncture We
prove (seeSectiond) thatthe Hurwitz constantiebPnes propercontinuous
mapfromM 4, to [0,+! [. For highergenusthe one-cuspedhyperbolic
surfaceshaving the smallestHurwitz constantin their moduli spaceare
unknown. Seealso[PP]. Thefollowing resultis aconsequencef [Haa], but
we give anindependenproofin Section4.

Theorem 1.3 The Hurwitz constagy,is a proper real-analytic map on the
orbifold M 1 1, whose minimum 1/ 5 is attained precisely on the modular
one-cusped hyperbolic torus.

If I" isageometricallypniteKleiniangroupwhichhas! asaparabolic
Pxed point in the upperhalf-spacemodel, and is normalizedso that the
boundaryof the maximalMargulis neighborhooaf the cuspis coveredby
the horizontalplanethrough(0, 0, 1), one hasthe following result,where
c(7) isthelower left entryof thematrix of v in I". Theformuladepend®n
thenormalization.

Theorem 1.4 The Hurwitz constant of H3 /T is
P
. tr2~# 4
inf |tr=y # 4

{~" I" hyperbolic}y MIN{ 1" I is conjugate to ~} |2C(7#9|

Generalizingthe debnitionin [EP] for geometricallybnite hyperbolic
manifoldswith one cusp,we debPnethe cut locus of the cusp of M. This
is the subsetY’ of pointsin M from which startat leasttwo (globally)
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minimizing geodesiaayscorverging to the cusp.Let L. betheboundary
of ary standardMargulis neighborhooaf thecusp.It followsthat M # X
retractdn acanonicalway onto L.. Undersometechnicalassumptiongsee
Sect.5) which aresatisbedn the constanturvaturecase andthatwill be
assumedhroughoutheintroduction,X’ hasanaturalsmoothlocally Pnite
stratibcation.

Thethird goalof thispapelisto constructinexplicit goodapproximation
to ary irrationalline £ startingfrom e by rationalones.Usingthecutlocus
of thecuspX’, we dePnen Sect.6 an explicit sequencef rationallinesr,,
convergingto &. To simplify thedebnition,assuménerethat¢ is trans\erse
to the stratibcationof Y. In particular £ cuts X' in a sequencef points
(xn)n" N With x,, belongingto an opentop-dimensionatell o,, of X'. For
eachn & N, let ¢,, bethe pathconsistingof the subsgmentof £ between
e andz,, followed by the minimizing geodesiaay from z,, to the cuspe,
startingon the othersideof o,,. Let r,, betheuniquegeodesidine starting
from e, properlyhomotopicto ¢;,.

Theorem 1.5 The geodesic line r,, is rational and there exists a constant
¢ > 0 (independent of &) such that for every n in N,

d(rp, &) " ce Plm),

For instance,f ~ is a closedgeodesidrans\erseto the stratibcation
of X, thenthe geodesidine ¢ startingfrom the cuspandspiralingaround
~ hasan eventually periodicsequencér,,).,» n. Corversely if a geodesic
line &, startingfrom the cuspandtrans\erseto the stratibcatiorof X, has
an eventually periodic sequencedr,,)..» N, then¢ spiralsarounda closed
geodesidn M.

The fourth goal of this paperis to characterizehe endpointsof the
irrational lines by geometricadataobtainedfrom the manifold. Using the
cutlocusof thecuspX’, we parameterizéhegeodesidinesstartingfromthe
cuspby sequenceéa,,)» n, Wherethe a,, @ belongto a countablealphabet
(seeSect. 7). This alphabetis the setm (L., R) of homotoy classesf
pathsin L. (relative boundary)betweernpointsof a geometricallydebned
PnitesubseR of L.. Anirrationalline £ which s trans\erseto X' travels
from onepoint x,, of X' to its next intersectiorpoint z,, 1 with . By the
propertiesof X, the sub-pathof £ betweent,, andzx,, 11 is homotopicto a
pathlying on L., whichis a, 1 (seeSect.7).

We prove (Theorem?.2) that¢ is uniquelydeterminedy the sequence
(an)n" N- IN constanturvatureanddimension3, whereL, is a 2-torus,we
give anexplicit formula(Theorem?7.5) giving ther, &in termsof the a,, G,
analogoudo the expressiorgiving then-th corvergentof anirrationalreal
numberin termsof its continuedfraction development.Our searchfor an
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explicit formulaexpressingheendpointof anirrationalline by geometrical
datawasinspiredby[Ser3,TheoremA] (theSLy(Z) casernd[Forl,Partll]
(theSLsy(Z]:]) case)But, evenin thespecialcasesbove, ourformulagives
new informationand calls for further study amongothersof the growth
of the depthsof rationallines in the good approximationsequencef an
irrationalline. Oneshouldalsoconsultthe work in [Schmi, chapters2-5],
[Vul3], giving a continuedfraction expansionfor somecomplex numbers.
Schmidtéconstructioris completelydifferentfrom ours.

Two more papersin this seriesarewritten. In [HP2], we give an ana-
logueof the Khinchine-Sullvan theorem basedon a generalizatiorof the
RuctuatingdensitytheoremIn [HP3], we surwey thework donein thispaper
andin [HP2], andwe developits applicationgo Diophantineapproximation
problemsin the Heisenbeg group.

Acknowledgements. \We areindebtedto Steven Kerckhof, DarrenLong, Nikolai Makaros
andAlan Reidfor their encouragemensupportandmary valuablecorversationsWe are
gratefulto Dave Gabaifor his encouragementVe thank PeterShalenfor telling us about
Vulakh®&work. Partsof this paperwerewritten duringa stayof the brstauthoratthe IHES
in August-September998,andduringa oneweekstayof thesecondauthoratthe Warwick
UniversityunderanAlliance project.We thankCarolineSeriedor mary helpfulcomments.

2 Rational and irrational lines starting from a cusp

Let M bea (smooth)completeRiemanniam-manifoldwith pinchedneg-
ative sectionakunature# b2 " K " # a2 < 0. Fix auniversalcover i/ of
M. Let I" beits coveringgroup.

A geodesic segment (ray, line) in M is alocally isometricmapfrom a
compacinterval (aminoratedunboundednterval, R respecitiely), into M.
Notethatary geodesiceymentray, linein 1/ is (globally) minimizing, but
thatthisis not alwaysthecasein M.

Theboundaryd i1 of M is the spaceof asymptoticclasseof geodesic
raysin A/. Endovedwith theconetopology thespacel/* 941 is homeo-
morphicto theclosedunit ball in R™ (seefor instancdBGS, Section3.2]).
Thelimit set A(I') isthesetT'z ( dM, for ary z in M. See[Bow] for the
following debnitions.

Debnition2.1 With I" and M as above:

1. A point £ in A(I') is a conicallimit pointof I" if it is the endpoint of a
geodesic rayin M which projects to a geodesic ray in M that is recurrent
in some compact subset.

2. A point € in A(I') is a boundedparabolicpoint if it is fixed by some
parabolic element in I, and if the quotient (A(I")# {£}) /I is compact,
where I is the stabilizer of &.



186 S. Hersonsly, F. Paulin

3. The group I" and the manifold M are called geometricallypniteif every
limit point of I' is conical or bounded parabolic.

We assumen this paperthat M is geometricallypniteandnon elemen-
tary, i.e. that the limit set containsat least3 (henceuncountablymary)
points.In thatcase thelimit setis the smallestnonemptyinvariantclosed
subsebf O . The convex core C(M) of M is theimageby the covering
map/ ) M of the corvex hull of thelimit setof I". For instancejf M
hasbnitevolume,then M is geometricallypniteandC (M) = M

A cusp in M is anasymptoticclassof minimizing geodesicaysin M
alongwhich the injectivity radiusgoesto 0. If M haspPnite volume,the
cuspsarein one-to-onecorrespondenceith theendsof M. A geodesicay
(line) converges to the cuspif somepositive sub-rayis asymptoticto aray
in theequivalenceclassof thecusp.A geodesicay corvergesto somecusp
if andonly if some(ary) lift in // endsin aparabolicoxedpoint. Fromnow
on,we bxacuspe.

Given any minimizing geodesiaay r, recall (see[BGS, Section3.3])
thattheBusemanriunctiong, : M) R isthel-Lipschitzmapdebnedy
thelimit (which existsfor all x & M)

Brlw) = Jim (t# dus(a, 7(1).

Fix aminimizingrayr corvergingtothecuspe. Let#beary lift of - to /.
Thefollowing factsfollow from theMargulis Lemma(seefor instancgBK]
and[BGS, Section®-10])andsince)M is nonelementaryThereexistsn, =
no(r) in R suchthat,givent in R, thequotientof thehoroballﬁi e, +1 D
bythestabilizerl’; o) in I" of theendpoint(+ ! ) of #embedsn M under

the coveringmap/ ) M if andonly if ¢ > n,. So thatfor n > 7* > n,
thelevel setg,. !(n) identiPeswith thequotientofthehorosphertﬁfn L(n) by
It (+%)- Thereis auniqueminimizing geodesicay startingperpendicularly
to 8. 1(n") atagivenpointz & 3. '(n¥, andenterings. '(n* +! . It
corvergesto e andmeets3.. !(n) perpendicularlyn exactly onepoint ¢(z).
Thedistancei;(x, ¢(x)) istheconstantn# n. 1f thecurvatureis constant
# 1, thenthehomeomorphism : 3. 1(77’3) . 1(n) inducesacontraction
of theinducedlengthmetricsof ratio en'n <1,

Debnel.(x) = B,.(x) # ny. SinceBusemanrfunctionsof asymptotic
minimizing raysdiffer by anadditive constantthemapg. : M) R does
notdependonr.

Debpnition 2.2 (Busemannfunction of the cusp) The map 3. : M) Ris
called the Busemann function of e, and 3, *(10,+ ! [) is called the maximal
Margulis neighborhood of e



Diophantineapproximatiorfor negatively curved manifolds 187

Considetthesetof geodesidinesc :]# ! ,+! [) M whosengyative
sub-rayscorverge to e andthat arerecurrentin somecompactsubsetor
endingin somecusp.ldentify two of themif they differ by a translationof
thetime. An equivalenceclasswill be calleda geodesic line starting from
e. Thesetof equivalenceclassewill be calledthelink of e in C(M), and
denoteday Lk(e, C(M)). It isin one-to-oneorrespondenceith aclosed
subsebf . 1(n) ( C(M), for ary n > 0, by themapwhich associatet ¢
its Prstintersectiorpointwith 3. (7).

Debnition 2.3 (Rational and irrational geodesidines). A geodesic line
starting from e will be called rationalif it converges to e. A geodesic line
starting from e which is positively recurrent in same compact subset will be
called irrational

Being a rationalline is equivalentto requiringthatthe line meetsper
pendicularlya secondime alevel sets. 1(n), for ary > 0 (afterthat, it
is containedn 3! '([n,+! [) andcorvergesto e).

2.1 The cuspidal distance on the link of the cusp

For our approximatiorpurposewe will needto measurdnow closearetwo
pointsin thelink of e in C (). For thatwe will debnea Odistance-l&O
mapd : Lk(e, C(M)) * Lk(e,C(M))) [0,+! [asfollows.

Let H beary horospherén I/ centerecata & 9. We brstdebnea
mapdy : H* H) [0,+! [.Letx beapointonH, let L, bethegeodesic
line throughz startingata andlet *beits endpoint(seeFig. 1), sothat L,
is orientedfrom z towardsz”. For r > 0, let H,. bethehorosphereentered
atz” meetingL, atapointu atsigneddistancet log 2r of = alongL,. For
every z,y in H, debPnedy(z,y) to betheinbmumof all » > 0 suchthat
H, meetsL,.

This mapdy is apriori not symmetricnortransitive. In constanturva-
ture,it coincideswith theinducedRiemanniarmetric (whichis Bat)onthe
horospherd{. To prove that(seeFig. 1), by naturalityof the construction,
onemayassumehata is thepointatinbnity in the upperhalf-spacenodel
with curvature# 1, and H is the horizontalhorosphere = 1. Let r bethe
Euclideandistancebetweenz andy. Let H,. be the horospheravhich is
tangento thehorizontalcoordinatehyperplaneattheverticalprojectionz*
of u, andhasEuclidearradiusr. It boundsa horoballwhichis thesmallest
onemeetingtheverticalline throughy. An easycomputatiorshavsthatthe
hyperbolicdistancebetween: andw is# log 2r.

If for ary two pointsonanhorospheré{ in 1/, thereexistsanisometryin
I preservinghehoroballboundecby H which exchangeshetwo points,
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H= {t=1} | |

Ox‘v
<

Fig. 1. The OmetricOnthelink of acusp

thendy is symmetric.This is the caseif A/ is a symmetricspace(of non
compactype)of rankone.
Fromthetopologicalpointof view, themapd; is asgoodasadistance:

Proposition2.4 For every x in H, let By, (z,€) = {y & H|du(x,y) <
€}. Then { By, (x,€) | € > O} is a fundamental system of neighborhoods at
x.

Proof. SincelM is anegatively curvedRiemanniamanifold,themapH )
OM # {a} which sendsz to z*is a homeomorphismSowe only have to
prove that{ B{(2" €) | ¢ > 0} is afundamentabystemof neighborhoodst
2* with B{(z" €) = {y*& 0 # {a} | du(z,y) < €}. Assumethaty® = z*
let HB” bethe smallesthoroballcenteredat z* andmeetingL,.. Let H*be
the boundaryof HB* then H*is tangentat L,, in a pointv andmeetsL,
in apointu (seeFig. 1). Let p bethe perpendiculaprojectionof v on L.
By corvexity of the horoballs,the point p belongsto HB* so thatz, u, p
arein this orderon L,. By the existenceof a negative upperboundon the
cunature thereexists(seefor instancg GH]) aconstantC > 0 (depending
onlyonthebound)andamapfrom L, L, intoatreeT" whichisanisometry
on L, andon L,,, andpreseresthedistancesip to theadditive constantC'.
Let z betheimagein T'of ary 2z & L, ' L, andleta, z* y*betheends
of T correspondindo a, 2%, y* Take = asbasepointn T'. SinceL,, L, are
asymptoticin a, theirimagesL,;, L, meetin a sub-rayfrom P to the end
@, whereP is the pointin 7" which is the projectionof y#on L,.. Themap
z ) Z preseresthe distanceqand hencealsothe Busemanrfunctions)
upto theadditive constantC'. By the propertief the Busemanriunctions
in trees sincew, v lie on the samehorospherén 1/, the points@, @ areon
horospheresenteredat # at distanceat most2C'. So thatif v lies between
P andy*andu betweerz and P, then

ldr(u, P) # d(v, P)| " 2C
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otherwisebothw andv lie on L, or onthegeodesibetween:#andy* hence
dr(u,v) " 2C.

Sinceu lies onthesmalIeshorospher@enteredatx#andmeetingLy, and
sincethe smallesthoroballin 7' centeredat z# which containsa point of
L, hasits horosphergassingthrough P, it follows thatdr(u, P) " 2C.
Henceif 7 lies betweenP andy*andu betweerk and P, onehas

dr(u,v) " dr(u, P)+ d(v,P)" 6C.

Thereforethe pointsu, andv areatdistancen A/ atmost7C. Hencez*and
y*arecloseon 91/ if andonly if 2% y#arecloseon &7, whichis equialent
to 7, P, 2* beingin this orderon L, anddr(z, P) is big, which occursif
andonly if 2, u, z*arein thisorderon L, anddy,(z, u) is big. This proves

theresult.

We now debPneamapd on Lk(e, C(M)) by takingquotients.

Debnition2.5 For any nn > O, let H,, be any horosphere in Y4 covering

B 1(n), and let M) M be the covering map. For any two points .,y
in Lk(e, C(M)), identified as above with a closed subset of 3, *(n), define
d(x,y) as the infimum of e"dy, (#,%) for all the preimages #,4 in H, of
x, Yy respectively.

It is easyto showv that the map d, called the cuspidal distance, on
Lk(e, C(M))* Lk(e, C(M)) doesnot dependon the choiceof the horo-
sphereH,, (by equvariance),noronn > 0. Thisis becausef H, H* are
horospheresn 1/ centeredat the samepoint at inPnity a, with H* (for
example)containedn the horoballboundedby H, with A the (constant)
distancebetweend*#andH, thend; = €' 4dy, whereg : H*) H isthe
radialprojectionfrom a.

In general,d might a priori not be a distance.lt is a distanceif M
is locally symmetric.If furthermorethe curvatureis constant# 1, thend
coincideswith the(Rat)inducedengthmetricon 3' () normalizedoy e”.

For X acompletesimply connectedRiemanniamanifoldwith pinched
negative curvaturewith cunatureupperound# 1, HamensadtdePnedsee
[Ham]) a distanceon the spaceat inPnity minusa point a, dependingon
an horosphereH centeredat a, as follows. The distancebetweenz, y in
OX # {a} isgiven by

(b, c) = tgg/n e t+3dx (br,ct)
0
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wheret ) b,t) ¢ aregeodesidines startingfrom a, endingin b, ¢
respectrely and passingthrough H at time 0. In [HP1, Appendix], we
proved thatthislimit existsanddebPnes metricfor ary CAT(# 1) spaceX.

By identifyingd X # {a} with thehorospherd? asusual(sending = «
tothepointofintersectiowith H of thegeodesidine startingata andending
atb), onegetsametricdy on H. Ourmetricdy is equvalentto iz

Remark 2.6 Assumethat the upperboundon the curvatureof M is # 1.
Thenthereexistsa constant > 0 suchthatfor everyz,y in H

1
S0 " du(a.y) " dula,y).

Proof. Keepingthe notationsof thedepPnitionof dy (andFig. 1), we have,
sinceu (resp.v) liesontheseggmentbetween: (resp.y) andz, (resp.y,) for
t big enoughpy thetriangleinequality sincetheminimumof thedistances
betweera pointof H anda pointof H, is attainedby dx(x, ), andsince
u, v lie onthesamehorosphereenteredat z* if € is smallenoughthenfor
t big enough,

#2t+ dx (e, yi) = #ldx (2, u) + dx(u, z)] # [dx(y,v)

+dx(v,y)] + dx(xt, yr)

" Hdx(z,u) # dx(u, ) # dx(y,v) # dx (v, 1)
+dx(x4,v) + dx (v, ys)

" #2dx (v u) + [dx (v, z) # dx (24, u)]

" #2dx(z,u)+ e= 2log(2dy(z,y)) + €

sothat
or(z,y) " 2du(z,y).

If M was atree,thenit is easyto seethatdy = dy. By the techniques
of approximationby trees(seefor instancg CDP]), thereexistsa universal
constant suchthatdg(x,y) " cog(x,y). 0

Sincedy is adistancginducingtheright topology),this gives another
proof of proposition2.4.

2.2 The depth of rational geodesic lines

In this subsectiomwe debPneanotionof compleity for therationalgeodesic
lines. First we give a correspondencbetweerrationalgeodesidines and
doublecosetsin 71 (M). Whendealingwith an orbifold O, 71O denotes
the orbifold fundamentagroupof O.
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Choosea basepointonthelevel setL = 3 '(1). (Thebrstintersection
pointof thegeodesidine startingfrom e passinghroughthebasepointwith
ary level set/3! () for n > 0 gives a basepoint on thatlevel setandwe
will usethe subsgmentsof thatgeodesidine to identify the fundamental
groupsof M basedatthebasepointsondifferentlevel sets. By theMargulis
Lemmatheinclusion:i : L) M inducesaninjectionbetweerfundamental
groupsi, : m L) M (usethechoserbasepointbothfor L andM). We
identify 71 L with its image.

Lemma 2.7 The set of rational lines is in one-to-one correspondence with
the set of non-trivial double cosets w1 L\ (w1 M # m L) /7 L.

Proof. Letr bearationalline. Let ¢ beits sub-pathtakenbetweerthetwo
perpendiculaintersectiorpointsz, y with L. Following Prstapathon L be-
tweenthebasepointandz, thenc, thenapathon L from y to thebasepoint,
debnesan elementin 7 M whosedoublecosetis uniquely dePnedand
is non trivial, sincer cannotbe properly homotopednto 3. '(]1,+! [).
Corversely the straighteningprocess(inside a given homotoyy classof
pathsin M # 3! 1(]1,+! [) with endpointsstayingin L) associates ra-
tional line to eachnon trivial doublecoset.More precisely to any pathc
in M # 3 1(1,+! [) with endpointson L, let # be a lift of ¢ to /1. Its
endpointselongsto two lifts #,, #, which aredisjoint, unlessc is homo-
topicinto L. Thehoroballsboundedy ¥, ¥, areclosedcorvex subsetsf
M with no commonpoint atinbnity. Sincethe curvatureis negative, there
exists a uniquecommonperpendiculaseggments. The projectionof s to
M givesageodesisegmentin M homotopicto ¢ by anhomotogy moving
theendpointsalongL, whichis asubsgmentof arationalline. Clearly, the
above two mapsareinverseoneof the other

We measureéhe compleity of arationalline  usingthelength/,, () of
its subsgmentbetweerthe two perpendiculamtersectiorpointswith any
level sets! 1(n) forn > 0.

Debnition 2.8 (Depth of arational line). The depth of a rational line r is
D(r) = £,(r) # 2n.

By thepropertieof thelevel sets3, !(n), thedepthD(r) isindependent
of n.

Remark 2.9 Thesetof depthsof rationallines startingfrom e is a discrete
subsebf R, with bnitemultiplicities.

Indeedthesetof intersectionsvith the preimageof C'(M) of thehoro-
spherescovering 3. 1(1) is locally bnitein the universalcovering of M,
sincethe groupactsdiscretely andthe stabilizerof eachsuchintersection
actscocompacthonit.
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2.3 The constant curvature case

In the caseof constanineyative curvature,we have the following precise
descriptionwhich alsoextendsto the orbifold case.We restrictto the di-
mensiorB, thougheverythingis valid in higherdimensionsisingtheVahlen
matriceg(seefor instancgAhy)).

Let M be a connectedrientablegeometricallybnite completehyper
bolic 3-orbifold. Then,accordingto the descriptionof the thin partof A,
eachcuspe of M hasaneighborhoodV isometric(with theinducedength
metric)to (T * [a,+! [,ds?) wherea = a(IN) & R is someconstant,
T = T(e) is a connectecbrientableRat 2-orbifold with metric d2?, and
ds? = €' 2tdx? + dt%. In all whatfollows, the cuspe is bxed.

Wewill call suchan N astandard cusp neighborhood (of €). Theunion
of all standardcuspsneighborhoods isometricto T * Jag, +! [ endaved
with the metricds? = €' 2'dz? + dt? for somea, > 0, andwe bx such
anisometry Chooseabasepoint- on T . This gives a choiceof base-point
asabove by consideringhegeodesicay correspondingo {-}* Jag,+! [.
Usingorbifold fundamentagroupsthesetof rationallinesis in one-to-one
correspondencgith thesetof doublecosetsr; ON\ (w1 M# 71 0N) /710N .

We notethatfor ageodesic: in anorbifold thatmeetstrans\ersallythe
singulardocusof theorbifold M (whichis abnitemetricgraphwith possibly
somepointsremoved, correspondindo someends)at a point x, thenin-
goingandoutgoingtangentvectorsof ¢ atz make an anglestrictly lessthan
.

Using a suitableuniformizationof M, the depthof arationalline can
be computedin algebraicterms.We will usethe upperhalf-spacemodel
{(2,t)| 2 & C,t > 0} for therealhyperbolic3-spaceH?, with the metric

9 _ |dz|? + dt?

ds 2

We bxanisometrybetween\/ andH? /I" with I" asubgroupf Isom, (H?),
in thefollowing way.

By the Cartan-Hadamartheoremthereexists suchanisometry which
inducesanisomorphismbetweenthe orbifold fundamentabroupm; M of
M and . Up to conjugatingl”, we may assumehatthe stabilizerly, of
thepointatinpnity in theupperhalf spacanodel,correspond$o 71 (ON),
for N ary standardcuspneighborhoodf e. For ary A > 0, let Ho, (h)
be the horizontal horosphere, debnedoy the equationt = h in the upper
half-spaceNotethat I'y, is a discretegroupof isometriesof eachHo, (h)
in H3.

We may assumeup to conjugatingl” by a dilatation,that Ho, (h) /T
injectsinto M if andonly if h > 1 (thisis coherentwith the previous
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normalization) Sothateachstandaratuspneighborhooaf e is of theform
Hy}, (h) /Iy, forsomeh $ 1, whereHy; (k) isthesetof points(z, t) with¢ >
h. TheuniformizationH3 ) M is well dePnednly up to precomposition
by anisometryof theform z ) az + b with a,b complex numbersand
la| = 1, but the subsequentonstructionsvill not dependon the choiceof
theuniformization.

In all whatfollows, we will identify thelink of e in C' (M) with aclosed
subsebf C/Iy, (thewholeof C/I%, if M hasbnitevolume),by themap
whichsendsigeodesidine r startingfrom e totheendpoinbnthehorizontal
coordinateplaneof ary lift # startingat! of », modulo/y,. Thedistance
d on Lk(e,C(M)) debnedn Debnition2.5 is exactly the restriction of
the Euclideandistanceon C /I, sincethemap(z,1) ) =z from Ho, (1)
(endavedwith theinducedliengthmetric)to C (with the Euclideanmetric)
is anisometry

Sincelsom, (H3) = PSLy(C) = SLy(C)/{x 1}, we will write each
v&I'as $ %

a(y) b(7)

c(7) d(v)
which acts on C ' {!}  as usual by the Mebius transformation
a(y)z + b(7)
c(Mz+ d(v)
Usingthesedentibcationsve obtainanexplicit expressiorfor theend-
point (onthecomplec plane)of ary rationalray r.

Lemma 2.10 Let Iy, y1Ivy, be the double coset associated to a rational line
7. Thenr = %)(mod I'y) and D(r) = 2log|c(7)].

Proof. Let#beary lift of r to H? startingfrom! , whichis adescending
verticalgeodesicAny two suchlifts differ by theactionof anelemendf I, .
By thedePnitionof ~, thereexistsanelementx in I's, suchthattheendpoint
of # onthe horizontalcoordinateplaneis ay(! ). Sincey doesnotbx! ,

c(v) is differentfrom zero.For any « in Iy, we have ay(! ) = a(‘é((z))).

By takingtheimagein C/ I, theprstassertiorof thelemmafollows.
Thehorizontalhorospherddy, (1) centerecat! is mappedy v to the
horosphereenteredat y(! ) of Euclideandiameterﬁz. By the dePni-
tion of the depth,this implies the secondassertiorof the lemma(which is
independenbf the choiceof therepresentatie of thedoublecoset).

3 The approximation constant

In this sectionwe study the approximationof irrational rays by rational
ones,in pinchednegatively curved Riemannianmanifolds. We keepthe



194 S.Hersonsl, F. Paulin

samenotationsasin the beginning of the previous section,in particularfor
the cuspidaldistanced on Lk(e, C'(M)).
Theorem3.1establisheananaloguef theclassicabpproximatiorthe-
oremby Dirichlet (which saysthatfor every realnumberz, thereis a con-
stantc > 0 andinbnitely mary rationalnumbers%’ with |z # §| ")
Theorem3.2 gives an analogueof the classicalHurwitz constant.These
two resultswere known in constantcurvature (seefor example[HS,HV,
Vull,Vul2]). Theorem3.4 gives a relation betweenthe Hurwitz constant
andthe heights of closedandnon-cuspcorverging geodesidines, which
is new even for Fuchsianor Kleinian groups.Corollary 3.6 expresseghe
Hurwitz constanfor aKleinian group ! in algebraicderms,onceanatural
normalizationof I" hasbeenmade.At the end of this sectionwe present
someknown valuesof the Hurwitz constanfor the Bianchigroups.

Theorem 3.1 Let M be a pinched negatively curved geometrically finite
Riemannian manifold. For any irrational line & starting from a cusp e, there
exists a constant K > 0 such that for infinitely many rational lines r, one
has

d(r,&) " Ke' P,

For agiven &, theinbmumover all suchK @is denotedby K (¢), andis
calledthe Hurwitz constant of £. Thesupremunof K (&) over all irrational
lines¢ will becalledtheHurwitz constant of e, andwill bedenotedy K/ .

Theorem 3.2 Let M be a pinched negatively curved geometrically finite
Riemannian manifold. For every cusp e of M, we have

O<KM7€<!

The maximumof K. on the Pnitely mary cuspse of M is a new
invariantof thegeometricallypnitepinchednegatively curvedmanifold M,
that we call the Hurwitz constant of M. Theoreml.1 of the introduction
follows from Theorems3.1and3.2.

Let P beanonemptyclosedsubsetf C'(M) whichdoesnotmeetsome
neighborhoof e. Debnethe height of P with respect to the cusp e t0 be
the maximumof the normalizedBusemanriunctionof e on P, thatis

h(P) = max fe(a).
Let us prove thatthe maximumis attained.Sett = sup,. p fc(z) &
10,+! [. Since M is geometricallybnite and P is containedin C(M),

thesubsetP ( (3. '([t# 1,+! D# B, '(Jt+ 1,+! ]) is compactThe
maximumof 3, on P is attainedn thatcompactset.

Debnition 3.3 With the above notations,
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D let hye be the infimum of all h in R such that there exists an irra-
tional line starting from e eventually avoiding the Busemann level set
g H([h,+! D,

D let hﬁ\% . be the infimum of the heights of the closure of the geodesic lines
contained in C(M) that neither positively nor negatively converge into
a cusp, and

D let h#ﬁme be the infimum of the heights of the closed geodesics.

The height spectrum (i.e. the subsetof R consistingof the heightsof
the closedgeodesic)aswell asin the surfacecaseits restrictionto simple
closedgeodesicdeseresfurtherstudy(seefor instancdHaa L S]). Wegive
in the next sectionexampleswereh™; .. is attained andexampleswhereit
is notattained(Propositiord.1).

The following resultrelatesthe Hurwitz constanto heightsof closed
andnon-cusprorverginggeodesidines.Partial case®f thesecondequality
wereknown (seethe work of Humbertand Ford (see[For2]) for SLy(Z)

andSLy(Z[i]), and[HS] in thecasethat /// is isometricto H2).

Theorem 3.4 Let M be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, and let e be a cusp of M. Then

= exp hare = exp iy, = exp h¥ ..

Proof. Choose(arbitrarily) one of the parabolicbxed pointsin 91/ cor-
respondingo the cuspe, andcall it ! . The otherparabolichxed points
which projectto e areof theform (! ) forv & I'. For hin R and~ & I,
let H.o)(h) = vHy (h) be the horospherecenteredat (! ) at signed
distanceh from H.,4,(0), whichis alift of thelevel set3, 1(h) if h > 0.
If v = ~! ,let#bethegeodesidinefrom! to~(! ), andr betherational
line, which is the projectionof #in thelink of e in C'(M). By Debnition
2.8 of the depth,the (signed)distancebetweenthe intersectionpoints of
# with respectiely Hy, (0) and H.,(9)(h) is D(r) + h. If { is apointin
Lk(e, C(M)) closeenoughto r, let L, bethe (unique)geodesidine start-
ingfrom! whichis theclosesto # of thelifts of ¢ in i/ startingfrom !
Then,by the dePnition2.5 of the distanced on thelink, the geodesidine
L¢ meetsH., () if andonlyif d(r,&) " L' P! h = Lot D) The
prstequalityfollows.

Let Hj(%)(h) bethe horoballin 1/ whoseboundaryis H.,9)(h). Let
@(M) bethecornvex hull of thelimit setA(I). It isimmediatethathﬁm isthe

&
inbmumofall hin R suchthat(b(M)# e Hj(%)(h) containsageodesic
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line. Also, h*; . istheinbmumof all h suchthat& (M) # &V..  H gy (D)
containsaperiodicgeodesidine (i.e.onewhosestabilizeractscocompactly
onit).

Theinequalityh%, . " h* . is clear Since M is geometricallyPnite
andnon eIementarythereemsts atleastoneclosedgeodesidan M. Hence
hii . is differentfrom + !, andsois A}, .

Letusprovethathyr, " hf; . Assumebrstthath},  isnot#! . For
everye > 0, take h & R suchthat

hMe<hl h]\/[e+€

y thedebnltlonof hMe, thereexistsa geodesidine c in C(M) avoiding
»rH %)(h) so in particularits endpointsarenotin theorbitof ! . Let
L¢ be the geodesidine startingat! andendingat one of the endpoints

of c. The geodesidine L, is containedin C(M). By the existenceof a
negative upperboundonthesectionakurvature,L, andc areasymptoticat
theircommorendpointThatis, thereexistsapositvesub-rayof L¢ whichis
gpntalnedn ane-neighborhooaf c. In particularthis sub-raydoesnotmeet
T (y)(h+ €), sincethehorospheresl., g, ) (h) andH. (o) (h+ €) are
atdlstances onefrom theother with H+% (h+e) . %)(h) HenceL,
projectsinto M to anirrationalline meetlngonly Dnltelymary projections
of horobalIsHj(%)(h + €). Thereforehpse " h+ €" h’?\J,e + 2¢. The
assertiorfollows. In particular by . isnot+! . Ananalogougproofshows
thatif 1%, , = # ,thenhy. = #
Letusprovethath™, . " hase. AssumePrstthath,y . is not#! . For
everye > 0, take h > 0 suchthat

h]y[,e <h" hM,e + €.

By thedebnitiorof /), ., thereexistsageodesidine L, startingat! , ending
in a point of A(I") which is not a parabolicPxed point, andwhich meets
only bnitely mary horobaIIsHj(%)(h). Let R bea positve sub-rayof L,
avoidingthesehoroballs Sincetheendpoinif R isaconicallimit point,the
imager in M of theray R isrecurrenin acompactsubsebtf M. Moreover,
it is recurrentin a compactsubseiof 7' M. Thereforer comesarbitrarily
closetoitselfin 7' M. By theclosinglemma(seefor instancgAno]), there
existsaclosedgeodesiavhichis containedn thee-neighborhooaf ». Any
preimageof this closedgeodesids a periodicgeodesidine, which avoids
every horobalIH;“(%)(h + ¢). Henceh™;. " h+ €" hye+ 2 The
inequality follows. An analogousproof shaws thatif hy;. = #! |, then

hf# = # . Thiscompleteghe proof of thetheorem.
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Proof of Theorems 3.1 and 3.2. Since M is geometricallyPniteandnon
elementarythereexists at leastone closedgeodesidn M. Furthermore,
every closedgeodesicmeetsa bxed compactsubsetof M, obtainedby
removing a cuspneighborhooaf eachendfrom C(M). Thereforehﬁve is

Pnite.It hencefollows that K, . is positve andbnite. 3.1,3.2

Till the endof this section,we assumehat M is a geometricallyPnite
hyperbolic3-orbifold, uniformizedasin the endof Sect.2.3. For any non
parabolicelementy & I', dePnethe height of v to be

hi(y) = ¢ CF ! sinh ().

wherer,, is therationalline startingfrom !  correspondingo the double
cosetly, v1v, , andl(~) is thecomple translationengthof ~.

Lemma 3.5 The height of v is

:! 1
Cotr2y# 4
()

which is the Euclidean vertical coordinate of the highest point on the trans-
lation or rotation axis of 7.

ht(y) =

Proof. Let~y =+ beanon-parabolielementn I". Thepbrstclaim

a
cd
follows from Lemma2.10andtheequalitycosh@ = 4,
Thesecondartis well known (see[HS]). Thetwo endpointsy' ,~* of
its translationor rojationaxis arethe solutionsof theequation2th = .

z+d
Vdt  tr2yl 4, . . .
Hencey* = ““=_T " (sincey is not paraboliconehasc = 0). The

highestpointonthetranslatioraxisof ~ hasverticalcoordinate%h*# 7.
Theresultfollows.

Corollary 3.6 If Ky e is the Hurwitz constant of a cusp e of a geometrically
finite hyperbolic 3-orbifold M, then

2K e Ay T e iy 090

Proof. The exponentialof the heightof the closedgeodesiaepresenting
theconjugag classof anelementy of I" is the supremunof the Euclidean
vertical coordinatef the pointson the lifts to H? of the closedgeodesic,
hences exactlysup;-  ht(6v6' 1). Toseethatthisupperboundis attained,
asthe translationlengthis a conjugay invariant,one only hasto apply
Remark2.9 and Lemma2.10. They imply thatthe |¢(7)|8, for v moving

thepoint! , form adiscretesubsebf R, andhave a positive lower bound.
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Remark. Theright handsideof the equationmay seento dependon con-
jugationof I", but the mapht hasbeendebnedy suitablychoosingsome
conjugateof I". The formula may be usedto computethe Hurwitz con-
stantsof Fuchsiaror Kleinian groups asthe Hurwitz constant®f themod
p congruencesubgroup®f SLy(Z).

Remark. If Mz is H? /PSLy(Z), then Mz hasonly oneendand (the brst
equalitybeingdueto Hurwitz)
9 $ %
1 A)S 21

= = epht
2Ky, 2 P

It is proved ip [H%] (aswell asanalogoustatementsor the caseof Hecke

groups)that realizeshe maximumheightin its conjugag class.

11

Let d be a square-freepositive integeg,Let O, ; be the ring of in-
tegersin the imaginary quadraticbeld Q( #d). Let M, be the hyper
bolic 3-orbifold quotientof H? by the Bianchi group PSls(O 4). Then
(seefor instance[Swa]) M, hasone and only one cuspif andonly if
d=1,2,3,7,1119,43,67,163 in which casetheknown valuesandesti-
mateson the Hurwitz constanti ,;, aregiven by thefollowing table,upto
ourknowledge:

d 1 2 3 7 1 19 43 67 163

| |
WA Wl Ll . .2 1w "
3 2 133 i3 5 1 5 K]\/I43
r

2 [Per2 [Per] [Hof] [DP] [Poi [Poi [Vul1]

13
3

?7 7

Theonly d for whichwe know an elemenif PSLs(O, 4) realizingthe
min-maxin the expressionof ﬁ given by Corollary3.6isd = 1 (see
d

[For2] betweerthelines),for which thefollowing elementworks:

*

2# 1 20
+

#H2i 2+ 1

Notethatin particulartheformulaof Corollary3.6 explainsthegeneral
shapeof theabove results,sincej)@ thesecasesthe Hurwitz constanis an
inf-maxof numberof theform 30{9% with u, v algebraidntegersin O, 4,
hencehaving integralnormsN (u), N(v).
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4 The Hurwitz constantof once-punctured hyperbolic tori

In thissectionwe studytheHurwitz constanfor cuspecyperbolicsurfaces
M with a chosencuspe. We computeit in the caseof once-punctured
hyperboalictori. Thoughthe mainresult(Theoreml.3)canbededucedrom
[Haa] by anappropriatdranslationto our moregeneraketting,we give an
independenproof.Recallthath*, . is debnedistheinbmumof theheights
(with respecto e) of the closedgeodesicén M.

Proposition4.1 Let M be the (unique up to isometry) complete hyper-
bolic thrice punctured sphere, and ey, e, e3 its cusps. The infimum defining
h#%,el is not attained on a closed geodesic, but is attained on a (simple)
geodesic line starting from ea and converging to es.

Proof. Themanifold M is obtainedby doublingalongits boundaryanideal
hyperbolictriangler. Fix alift of oneof thesetwo trianglesin a universal
cover [\ of M, andidentify it with 7 (by thecoveringmap).Let ¢ betheside
of T oppositdoitsvertex correspondintp e; . Theheightof £ iseasilyseerto
beexactly0. Let&,, £ betheendpointf /. LetH,,, H# betwo horog/cles
of Euclideanradius% basedat the two endpoints¢, z* respectiely. Let
xn,xfi be the intersectionpointsof ¢ with H ,, Hfi respectiely. Let /,, be
the subarcof ¢ between,, andxf’i. Let v,, betheclosedpathin M, which
followstheimageof ¢,, in M, thenturnsn timesaroundtheimageof H , in
M, thenfollowstheimageof ¢,, in M in theoppositewvay, thenturnsn times
aroundtheimageof H# in M. Theclosedgeodesie/% freely homotopicto
~v» Which corverges for theuniformHausdorf distanceoncompactsubsets
of M, to (theimagein M of) £. We concludehattheheightsof theseclosed
geodesicsorvergeto 0. Considetheopensubsel of thepointsin M with
heightstrictly lessthanO. It isthedisjointunionof two openhalf-cylinders
whosefundamentafjroupsareparabolic.Sincethereis no closedgeodesic

entirelylying in U, this proves theresult.

Inthesamaway, thereexistsanhyperbolidorusM with twocusps: , e
suchthattheinPmumdePningh*, ., is notattainedon aclosedgeodesic,
butisattainecbonageodesidine startingfrome, andcorvergingtoe; . One
mayfor instancdake thedoublealongtheboundaryof thehyperbolicpants
with sidelengths0, a, a, i.e. onecuspandtwo totally geodesidoundaryof
thesamelengtha > 0. Thedifferencebetweertheinbmumof the heights
of the simpleclosedgeodesicsvith the oneon all closedcurvescango to
+! , ascanbeseenwith the previousexampleby letting a goesto 0.

Let M 41 bethe moduli spaceof one-cuspedhyperbolicmetricson a
closed connectedndorientedsurfaceS with genusg $ 1 andhaving one
puncture.
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Proposition4.2 Leth* M ;1) 1#! ,+! [bethe map whichassociates
to (the isometry class of) a one-cusped hyperbolic metric on S, the infimum
of the heights with respect to its cusp of its closed geodesics. Then h*#*is
continuous and proper.

Proof. Leto, og betwoone-cuspetdlyperbolicmetricson S. If o sufpciently
is closeto oy in themodulispacethenthereexistsasmoothdiffeomorphism
f of S suchthat fgo and oy coincideoutsidea compactsubsetandare
sufbcientlycloseonthatcompacsubsetin particular theirheightfunctions
areclose.Everyclosedgeodesiey for onemetricis thenaclosedcurve with
geodesicurvatureat moste for theothermetric.But suchaclosedcurve ¢
is atuniform distanceatmostd, from agenuineclosedgeodesie” with d,
(dependingnly on €) tendingto 0 ase ) 0. Hencethe heightof ¢ and¢*
arevery close.This proves that h*is continuous.

Let us prove that A*fu) corvergesto #!  whenwu goesout of every
compactsubsetof M , ;. By the Mumford Lemma, hyperbolicsurfaces
convergeto inbnityin theirmoduli spacdf andonly if they developashort
closedgeodesicBy the Margulis Lemma,the heightof a shortgeodesids
low, sotheresultfollows.

This continuity and propernessesultholdsfor a muchlarger classof
Riemanniammanifolds.For any a,b,vin]0,+! [,letM ,, , , bethesetof
(isometryclassesf) Riemanniam-manifolds(M, o) with sectionalcur
vatureK satisfying#b®>" K" # a2, with volumeatmostv, andwith one
cuspe. Endaw it with theLipschitztopologyoncompacsubsets,e. (M, o)
is closeto (M* o if thereexist big compactsub-manifoldsk” of M and
Ky in My, andasmoothdiffeomorphismyf from K to K¥#suchthat fgo and
o* areuniformly closeon K* By an easyadaptatiorto the Pnite volume
with one cuspcaseof the compactnessheoremof ChegerGromoy, for
veryi > 0, the subsebf pointsof M ., , ; Whosenon-peripherainjec-
tivity radiusis at least:, is compact.This theoremgives the analogof the
Mumford lemmaof the previoussituation.

We now give the explicit computationof the map h*: M 1, ) 1#
I ,+! [intermsoftheFenchel-Nielsenoordinatesin particularweprove
thath™is real-analyticthattheinbmumdebningh*{[ ¢]) is attainedon (one
of) the shortestsimple closedgeodesidor [¢] & M ; ;. We alsocompute
the maximumof ~*onthemodulispaceandonwhich pointsit is attained.
We startwith two easygeometricallemmas,whoseproofs are either
omittedor sketched.

Lemma 4.3 In the Euclidean plane, consider two circles c,d of radii r, s
respectively, bounding disjoint discs, tangent to a line, with distance t be-
tween the tangency points P, Q). Let R be the radius of the semi-circle C on
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Fig. 2. Heightsof commontangentsemi-circles

the line, tangent to c,d and containing c but not d. Let S be the radius of
the semi-circle D on the line, tangent to c,d and containing d but not c. If
t$ r+ sandr$ s, then R$ S.

Proof. By consideringthe right-angledtrianglewith verticesat the center
of d, thecenterof C, and@, we obtain

(R+ 5)?= s*+ (t+ )%,

with z the(signed)distancebetweerthecenterof C' and P. By considering
the right-angledtriangle with verticesthe centerof ¢, the centerof C' and
P, onegets

(R# 7)% = r*+ 2°.
Eliminating z, this impliesthat
R (t*# (r+ s)®) + Rt*(s# r) # Z° 0.

Similarly, onegets

S22 # (r+ 5)%) + St2(r# s)# — = 0.
By substractinghe secondequationfrom the brst,onegets
(R# S)(R+ S)(t*# (s+ r)) + (s#t r)t?(S+ R) =0
sothatif t $ r+ sandr $ s, thenR$ S.

Lemma4.4 For every " 3, in the upper-half-space model of the hyper-
bolic plane, the hyperbolic distance between the points of angle o and of
angle 5 on an Euclidean circle centered at the origin is 10g cot 5. 0
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LetS bethe(smoothjnce-puncturetbrus,andy beanessentia(i.e. ho-
motopic neitherto a point nor to the puncture)simple closedcurve on S.
Thereal-analyticFenchel-Nielseroordinategseefor instancgFLP]) for
the Teichnuiler spaceT; ; of the marked hyperbolicmetricson S arethe
length? &]0,+! [ of (theclosedgeodesidor themarkedhyperbolicmetric
whichis freely homotopicto) v andthetwist parametef & R aroundit.

We debne ¢, 0) astheinbmumof the heightsof theclosedgeodesics
ontheimageby thecanonicamapT; ; ) M 1 of thepointwith Fenchel-
Nielsencoordinated &]0,+! [andd &]# ! ,+! [. %,

Wewill usethefollowing constantsLet /i, = 2In(1 +  2), fpax =

2In3+-5 and

I A7 ot L(sinh 5) if €5 lonin
emin(g) = 0 € 2 .
0 otherwise

Thefollowing is awell-known rangereductionfor thestudyof h*{¢, 6).

Proposition4.5 Every point in the Teichmiiller space Ty 1 is equivalent
under the mapping class group of S to a point having Fenchel-Nielsen
coordinates (£, 0) satisfying £ &10, binax], and 0 & [0 min(£), 7).

Proof. Recallthatthe diffeomorphismgroupof S actstransitively on the

essentiasimpleclosedcurveson S. Henceary markedhyperbolicstructure
on S is equivalentunderthe mappingclassgroupto a new onefor which

(the closedgeodesiavhich is freely homotopicto) + is oneof the shortest
closedgeodesicsl et us prove thatthe Fenchel-Nielseroordinateof the

new pointin T, ; satisfytheabove requirements.

Stepl. Rangeof /.

It is well known (seefor instancgSchmul])thattheunique(upto isome-
try) once-puncturedhyperbolictorus, suchthatits systole (i.e. the length
of its shortestclosedgeodesic)is maximum,is the modularone, Ty,0q
(i.e. Tmoa = H?/I' where I is the commutatorsubgroupof PSLy(Z)).
Geometrically(seeFig. 3), Tioq is Obtainedby gluing isometricallyoppo-
sitefaceof anhyperbolichexagonwith adihedralsymmetrygroupof order
6, andanglesalternatvely 0 and2r /3. Theclosedgeodesicsyhosedengths
arethe smallestareexactly the threesimplegeodesic®btainedby taking
thecommonperpendiculato oppositeedgesof the hexagon.

UsingLemmad4.4,it is easyto seethattheFenchel-Nielsed-coordinate
of Thoa (With theolbviousmarking)is

)

1
¢ = 4log cot éarctan2 = lax-
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+
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Fig. 3. Themodularonce-puncturetbrus

(Notethatd belongsto [Omin (£), 7] andBmin(fmax) is 7. It thenfollows by
uniquenessndthe Proposition4.5 that the Fenchel-Nielser-coordinate
of Thoq is 7. But we will notneedthis.) For futurereferencethe heightof
v in Thoq is (seeFig. 3)

1"
(1) h## —

max

5 dt
¢

2

Step2. Rangeof 6.

SinceDehntwists of anglemultiple of 27 aroundy dePneclementof
themappingclasggroup,andsinceeach(completebnitevolume)hyperbolic
metricon S hasan elliptic involution, we needonly to considerthe twist
anglesd & [0, 7].

Cuttingopenalong~, oneobtainsan hyperbolicpair of pantswith side
lengths(¢, ¢, 0). It is well-known (seefor instance[FLP]) thatsucha pair
of pantsis isometricto the doubleof a right-angledhyperbolicpentagon
P with oneideal vertex, alongthe sidesadjacentandoppositeto the ideal
verte, thetwo othersideshaving Iength%. Weworkin theupperhalf-plane
model,with theidealpointatinpnity, and P containedn the brstquadrant,
meetingthe verticalaxisin [1,+! [. Let s bethehighestpointontheside
of P oppositeto thevertex at inPnity (seeFig.4).

Letu bethebPnitevertex of P ontheverticalaxis(with verticalcoordinate
1), andv bethePbnitevertex adjacento . By Lemma4.4,theanglea of v
attheorigin satisbes
2) tan % = ¢ 3.

If £is smallenoughthenthetraceon P of the Busemanrevel set(3, 1(0)
is exactly the horizontalsegmentthroughs. Theinbmumof the heightsof
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Fig. 4. Once-puncturetiyperbolictori

the closedgeodesicss attainedexactly on~. A directcomputatiorgives
R, 0) = # logtan a = log sinhg.

This formulais valiej/(fgr ¢ smalluntil s andu areatthe sameheight,thatis
until £ = 2log(1+ 2) = {yin (for a = 7). For futurereferenceye state
thisresultasa proposition.

Proposition 4.6 If (£,0) & 10, ] * [0, 7], then h*{¢,0) = log sinh£.
O

Notethath*{¢, f) isanalyticon(, #),increasingn £ anddoesotdepend
ond onthisrange.

The once-puncturedhyperbolictoruswith ¢ = £,,;, andd = 0 is the
(unigueup to isometry)once-puncturedhyperbolictoruswith an order4
symmetrygroup, obtainedby identifying (without gliding) the opposite
sidesof aregularidealhyperbolicquadrangleThereareexactly two closed
geodesicsvhoseheightsareminimal. They areobtainedoy takingthecom-
monperpendiculato the oppositesidesof the quadrangle.

As/increasestartingfrom /,,;,,, thelength?y of theminimizingsegment
betweenthe two boundarycomponent®of the hyperbolictorussplit open
along~ decreasesand becomesshorterthanthe (common)length of the
boundarycomponentsAn easycomputationusingLemma4.4,shavs that

27‘(’ a3 14
¢y = 2log cot 4# 5 = 2log coth 1
In orderfor ~ to remain(oneof) the shortesiclosedgeodesicwe needto
twist by someangled around~y. Let ~* be the closedcurve, obtainedby
following the pathwhich prst,in thetorussplit openalong~, istheshortest
commonperpendiculabetweenthe two boundarycurves,andthenis the
shortesiof the two sub-pathof ~ backto its origin. By Theorem?7.3.6of
[Bea,pagel83],thetranslatiodengthé(gh) of theproductof two hyperbolic
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isometriegy, h of thehyperbolicplane of translatiorlengths/(g), £(h), with
perpendiculatranslationaxes,is given by:

U(gh) _ U(g) {(h)
cosh > = cosh > cosh 5
Thereforeheclosedgeodesidreelyhomotopido v*haslength/*satisfying
- 24 Ly
cosh§ = coshﬂ coshE .

Hence/¢* is increasingwith 6, and hasvalue ¢ exactly when cosh% =
cosh?% cosh‘e, thatis, when
( )
47 11 . E
0= — h hs = emin f).

7 cos sin > 0
In particular?$ ¢ if andonlyif 8 & [Oyin(£), 7]. Notethatd,,,;, (¢) is equal
to m exactlywhen/ is thelength?,,,, of v for themodularonce-punctured
hyperbolictorus. This proves the propositionaboutthe rangerestriction.

Theorem4.7 If £ & [0, lmax] and 6 & [Omin(£), 7], then h*¢,6) =
log Sinhg. In particular, W*¥is real-analytic on M 1,1. It is the height of
any of the shortest closed geodesic, which is simple. Its maximum on M 1 3

is hmax = log 75, which is attained only on the modular one-cusped hy-
perbolic torus.

Proof. By Propositiord.6,weonlyhavetoconsidethecase & [(iin, fmax]
andf & [Omin(£), 7.

Takeasafundamentatiomaintheunionof thepentagon? anditsimage
by the hyperbolicre3ectionalongthe side of P oppositeto the vertex at
inPnity of P (seeFig. 5). Let H,, bethe horoballin the upperhalf space,
whosepointshave vertical coordinatesat leastone,so thatits intersection
pointswith the boundaryof the fundamentadomainare u, u”. Let #, #*
bethetwo lifts of v containingu, u* respectiely. The horospheré)H,, is
tangento #, #” respectiely at u, v* DebneH . astheimageof H, by the
relRectionalongthe side of P oppositeto the vertex at inPnity of P. The
horospheréH . is tangento #, #” at the verticesw, w” respectiely of the
fundamentatiomain.

Recallthatv, v*aretheverticesof P oppositeto thepointatinbnity, with
v thecloserto u, and« is theangleof v attheorigin. Let g betheelement
of thecoveringgroupthatis thetranslatioralongthe geodesidine through
v,v* sendingv to v¥ composedvith the translationalong#* of length 2£
(and moving v* towards«”). Let H be the preimageof H, by ¢g, andH*
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Fig. 5. Computingthe heights

be theimageof H . by g. Denoteby A, C, A* the pointsat inbnity of the
horoballsH , H., H# respectiely (seeFig. 5). NotethatH is tangentto #
atthepointp atdistanceg—ﬁ from u ontheside[u, v] of P. Similarly H#is
tangento #*atthepointp”atdistance/# 2 from u*ontheside[w?, v of
thefundamentatiomain.

We startwith afew easycomputationghatwill be neededn the proof.

Lemma 4.8 The Euclidean radius of the disc H.. is . = 1/(2 sinh? %)

Proof. Wehavealreadyseen(seethediscussiorafterEquation(2)) thatif s
is thehighestpointonthesideof P oppositeto inbnity, thenthehyperbolic
distancebetweers andthehorizontalhorospheré&H,, is| log sinh §|. Since
s is themidpointof the commonperpendiculasegmentto the horospheres
OH,, dH ., the Euclideandiameterof thediscH,. is 1/ sinh? % Theresult

follows easily
Lemma 4.9 The Euclidean radius of the disc H is v = 1/(2 cosl? %)

Proof. If g is theangleof the centerof the discH at the origin, thenby
Lemma4.4,onehastan < = ¢! #r. SincedH istangento # atp, onehas
sinag = 17—. Theresultfollows.

1 r
Lemma4.10 The Euclidean distance between A and C' is coth %# tanh %.

Proof. LetO betheoriginintheplane Onehasi(A, C') = d(C, 0)# d(0, A)
which gives d(A, C) = ﬁ # (1# r)2# r2. Using Equation(2) and

Lemma4.9, theresultfollows.
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Stepl. A computatiorof the Busemanrevel 3. 1(0).

It is easyto seethatthe only horospheres the orbit of H,,, thatmeet
the fundamentatiomain,are H,,, H, H., H# (unless# = 0, wherewe have
two more horosphereghe translationsof H, H* along#, #* of a distance
¢, thatmeetthe fundamentatiomainin w, v*respectiely). Note thatsince
0 $ Omin(?), the Euclideanradiusof H, whichis » = 1/(2 cost? %) by
Lemma4.9, is lessthanthe Euclidearradiusof H ., whichis 1/(2 sinh? %)
by Lemma4.8.

Hencethe Busemanrevel set3! 1(0) hasalift whichis the horizontal
horospherghroughs. In particularthe heightof the closedgeodesicy is
log sinhg sincenollift of v enterstheinterior of thehorospherdd,, .

Step2. Computatiorof the minimal heightof a closedgeodesic.

We only have to prove that thereis no geodesidine L meetingthe
fundamentatiomainandavoiding the horoballsH,,, H, H ., H* By absurd,
assumethat sucha line L exists. The boundaryof the fundamentaldo-
main, from which oneremoves the pointslying in one of thesehoroballs,
is the disjoint union of 4 geodesicsegmentsly = Ju, p[, Iz = Ip, w[, I3 =
Jw® v, Is = Ip* u. The geodesicline entersthe fundamentaldomain
throughoneof I, I, andexits it throughoneof I3, I,.

Letusbprstprovethat L cannotenterthroughl; andexit throughi,. The
diametenf the Euclidearhalf-circle L perpendiculato therealaxiswould
be at leastthe distancebetweerthe tangentpointsof H andH #to thereal
line, plus the Euclideanradii of the discsH andH*. By Lemma4.9 and
4.10,onehas

1 l 4

Similarly, with 7#the Euclidearradiusof H* onegets

(E 95)

#= % 5 and d(A*C)= coth#tanh L# -
"7 2cosk Ly ot an (4, 0)= co o™ e S
Sothat,with f(¢,0) = r+ d(A, A% + +* we have
$ %
1 N 1
o0 Ty 0
2costt %£ - 2cosit(L # )

24 £ o¢
— 4+ _ -
# tanh . tanh(2# 47T)

f(£,0) = 2coth g +

It is easyto seethat f(/,0) is decreasingn ¢ sincel # % > 0.
Sincecoshx = coshg x), and since by taking the derivative, the map
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t) tanht+ tanh(x # t) isincreasingn t fort " 3, thefunction f(¢,0)
is alsodecreasingn 6. Hence
E 1 Emax

F,0)$ f(lmax, ™) = 2c0th 7= + — # 2tanh
2 cosf fmac

which is about2.58885438 hencestrictly morethan 2. In particular the
Euclideanradiusof L would be strictly morethanone,which contradicts
thefactthat L doesnoenterH,,.

LetusprovethatL cannotenterthroughls. Oneonly hasto showv thatan
Euclideansemi-circleL centeredntherealaxis,boundinganhalf-disc D
thatcontainsH . anddoesnotcontainH hasradiusatleastone.Let L#bethe
semi-circlewhich is tangentto both 9H . andoH , startsfrom the sgment
betweenthe tangeng points A, C andbrstmeetsoH andthendH.. The
Euclidearradiusof L is atleastasbig asthe oneof L*. But recallthat# is
tangento bothoH , 9H . andhasradiusl, andthatthe Euclidearnradiusof
H. is at leastthe Euclideanradiusof H. By Lemma4.3, to prove that L*
hencel hasradiusatleastl, oneonly hasto provethatt = d(A, C)# (r+r.)
iS positive.

By Lemmas4.8,4.9and4.10,we have

14 24 1 1
coth - # tanh — # #
2 4r " 2cosit %£ ° 2sinh? £
sinh(f) # 1, sinh % + 1
2sinh> £ 2costt £ -
Thisis anincreasingunctionin 6, hencdts valuesaregreatethanor equal
toits valueatd = 0.in(¢). SO

t

6
s sinh(f)# 1, 2sinh§  sinh®$# 1+ 1
2sinh? £ 2sinh? £
( 6 )

sinh{ coshi# cosFi#2 #1

sinh? £
Thenumeratois (by aneasyderivative computationrdecreasindunction
of £ on [liin, fmax], Whosevalueat ¢ = /., is about0.118 henceis
positive. This provesthatt is indeedpositive.
Similarly, one proves that L cannotexit through s, which proves the
claim.Theoremt.7now follows. Themaximumof h**beerreachediniquely
when? = /., 0 = m,thatisforthemodularonce-puncturetbrus,itsvalue

h**  hasbeencomputedn Equation(1). This endsthe proof.

Theoreml.3 of theintroductionfollows from Theoremd.7.
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5 The cut locusof a cusp

We keepthe notationsof the beginning of Sect.2. Thefollowing dePnition
is dueto [EP, sectiond] in the casethat 1/ = HRE andM hasonecusp.

Debnition 5.1 (Cut locusof acusp). The cut locus of the cusp e in M is the
subset ) = X(e) of points x in M from which start at least two (globally)
minimizing geodesic rays converging to e.

(InthecaseM is anhyperbolic3-orbifold andz is asingularpoint, we
have to countthe geodesicayswith multiplicities.)

The debnitionimplies that for ary n» > 0, suchgeodesicrays meet
perpendicularlythe level set 3. () in one and only one point, and the
lengthsof their subsgmentsbetween: and3. (n) areequal.

Thereis a canonical retraction from M # X(e) into 3. (1), which
associate® apointz in M# X(e) theuniqueintersectiorpointwith 3, 1(1)
of the uniqueminimizing geodesiaay startingfrom x and corverging to
e, if = doesnotlie in 8, 1([1,+! [), or the obvious projectionto 3. (1)
otherwise (Notethatthis retractionis a strongdeformatiorretract).

Let N: M) N# {0} bethemapwhichassigngo eachx & M the
numberN (x) of minimizing geodesicaysstartingfrom x andcorverging
to e. (This numberis bnite sincethe curvatureis negative.) The cut locus
of e is by debnitionN' 1([2,+! ). It isimmediatethat N is uppersemi-
continuous.

In particular 2 is closed.The set M hasa naturalpartition by the con-
nectedcomponent®f N' '({k}) for k in N # {0}. By the sameproof as
in [Sug, TheoremA], it is easyto shawv that N*' 1(2) is a codimensiorone
sub-manifoldof M, whichis openanddensdn X. Wewill denoteN' 1(2)
by 2.

Let H and H* be horospherein [/ whosehoroballsaredisjoint. The
equidistant subspace of H and H"is, by debnition the setof pointsin i/
which areat the samedistancerom H and H*.

Letx & Xy andry, ro bethetwo minimizing raysstartingfrom x and
convergingto e. Let # bealift of z in M, and#, # bethelifts of r1, ro
startingfrom z. Let H;, H» be the (disjoint) horospheresenteredat the
points# (! ),#(! ) respectiely, andcovering 3. 1(1). Thecomponenbf
Yo which containsr istheimagebythecweringmapM) M of anopen
subsebf theequidistansubspacef H; and Hs.

In particular if thecurvatureis constanttheequidistansubspacef two
horospheregl, H#boundingdisjointhoroballsis ahyperbolichyperplane,
henceis totally geodesicSothateachcomponenbdf X is (locally) totally
geodesicFurthermorethe equidistantsubspacés the unique hyperbolic



210 S.Hersonsl, F. Paulin

hyperplaneorthogonato thegeodesidine L betweerthe pointsatinpnity
of H, H* andpassinghroughthe point of L which is equidistanfrom H
and H*. Usingthe transitivity propertiesof Isom; (HR) this canbe easily
seen.

A stratification of a smoothmanifold M is a partition of M into con-
nectedsmoothsub-manifoldscalled strata, suchthat the closureof each
stratumis locally theunionof Pnitelymary strata(See[Trol] for ageneral
sunwey abouttopologicalstratibcationsR. Thom®&dePnition(see[Tho] or
[Trol,page234])requiredtheexistenceof Pnitelymary stratain theclosure
of any stratum but alocal suchassumptions sufecientwhendealingwith
local properties.)

Let X, Y betwo stratawith Y containedn theclosureof X . Thestrat-
ibcationis called(a)-regular (in the Whitney® sensesee[Whi], with ap-
plicationsto analyticvarieties,or [Trol, page235]) if, for every z; & X
corverging to y & Y suchthat the tangentsubspacé’,, X corvergesto
sometangentsubspace, thespacel, Y is containedn .

Thisconditionis preciselytheoneneededor thetrans\ersalityof asub-
manifoldto the stratibcatiorto be stablein the smoothtopology(se€[Fel]
or [Trol, page237]). We now debPnethetechnicalassumptionseferredto
in theintroductionthatwe will needonthemetricon M.

Debnition 5.2 (Cute cutlocus). The cut locus X of the cusp e will be called
cuteif

D the partition of M by the components of N' Y(z),z & M, is a locally
finite (a)-regular stratification of M.

D each component o of Xy is simply connected, and its closure has a unique
locally highest point &, that belongs to o.

D Xy has only finitely many components.

The union of the codimensiorl stratais exactly N' 1(2) = X. Since
ary componenbf X, is simply connectedit hasa trans\erseorientation,
uniquelydeterminedby the orientationof ary trans\ersalsubspacéo the
tangentsubspacatary point.

It follows from the fact that the highestpoint # is uniqueandin the
interior of o that# is theuniquepointof o from which startperpendicularly
to o atleasttwo (andexactly two) minimizing geodesiagayscornverging to
€.

We will call # the summit of o. A summit of X' is the summitof some
componentbf Y. By debPnition,the cut locus X' of e doesnot meetthe
neighborhood3, 1(J0,+! [) of e.

SinceM is geometricallybnite,if thereis only onecusp,if it satisbes
thebrstconditionof Debnition5.2,thenthenumberof componentsf X is
Pnite(thatis thethird conditionof DePnition5.2is automaticallysatisped).
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Debnition 5.3 (Integral geodesi¢. A geodesic line starting from e whose
first hitting point with X is a summit of X will be called an integral line.

Notethatanintegrallineisrational sincetheunionof thetwo minimizing
geodesicaysstartingfrom asummit# of X' is, onceorientedageodesidine
converging both positively andnegatively to e. Since Xy hasonly Pnitely
mary componentsandsincetherearetwo integral lines per summitof X,
thesetR = R (e) of integral raysis a Pnitesubsebf Lk(e, C(M)).

Let usdescribdnterestingexamplesfor which the cutlocusof the cusp
is cute.Thisshouldalsobethecasegor theotherrankonesymmetricspaces
of noncompactype.

Proposition5.4

(i) If the curvature is constant and if each component of Xy contains at
least one locally highest point, then X' is cute.

(ii) Suppose that M has only one cusp, that the cut locus of the cusp is cute,
and that the codimension of each component of N* '({k}) is k # 1.
Then for any small enough perturbation with compact support of the
metric (in the C* topology), the new cut locus of the cusp is cute.

Proof. (i) Taketheprojective Klein modelfor theuniversalcover M of M.
Considerthe union A of all equidistantsubspacesf pairsof horospheres
covering 3. 1(1). This is a locally Pnite union of analytic sub-manifolds
(linear ones),hencethe dimensionstratibcationof Whitney is a locally
Pnite(a)-regularstratibcatior(see[Whi]). Sincethelift ¥ of ~ is aclosed
strata-saturateslibsebf A, thesamehingholdsfor . Sincebeingalocally
Pnite (a)-regular stratibcatioris a local property the samething holdsfor
Y.

Note that eachtop dimensionalstratum# of ¥ is containedin some
equidistantsubspaceFurthermorethe closureof # is corvex, as the in-
tersectionwith this equidistantsubspacevhich is corvex, of the closures
containing# of the component®f the complementanof the equidistant
subspacesyhich arecorvex.

Let x bealocally highestpointin acomponent of Xy, andry, s the
two minimizing raysstartingfrom z andcorvergingto e. Let # beallift of
x in M and# bethelift of o containing#. Let #, # bethelifts of r1, 79
startingfrom #. Let H,, H, be the (disjoint) horospheresenteredat the
pointsatinPnity a;, as of # , # andcovering 3. (1).

The equidistansubspacé,, of Hy, H» contains#. Let # betheinter
sectionpoint betweenkE |, andthe geodesidetween, as. Since# is the
only localminimumon E1> for theBusemannlistancdo a1, it followsthat
# = #andthatx is theonly locally highestpoint on the closureof o.
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Let us prove now that o is simply connectedBy absurd,assumehat
thereis a closedpathc basedat « which is not homotopicto 0 in o. Since
# is corvex, ¢ cannotbe homotopicto 0 in M. Hencethelift of ¢ starting
at # endsin ~# for somenontrivial elementy in the covering group.By
analyticity v preseresthe equidistantsubspacey,,. By cornvexity of #,
thegeodesibetween# and~#is containedn #. Butthisis acontradiction,
sincethe midpointm of [#, v#] is containedn the equidistansubspacef
thehorospheredi; andvyH;.

The third property of DePnition5.2 follows from the fact that M is
geometricallypnite,andthatthe equidistantsubspaceform (in the Klein
modelof the hyperbolicspace) locally bnitefamily of afbnesubspaces.

(ii) By thehypothesi®nthecodimensioron N' 1(k), the Prstproperty
of a cutecutlocusfollows by trans\ersalityarguments Sincethereis only
onecusp thethird propertyis thenautomaticallysatisbedaswe have seen.
Sincethedeformationis supportedn acompacisubsetjf thedeformation
is smallenoughthe component®f X will remainsimply connectedand
by strict corvexity of the horospheregherewill remainoneandonly one
new summitcloseto eachold summit,andno nev onewill be createdfar
fromtheold ones.

Theassumptiorin (ii) thatthecodimensiorof N' 1({k}) is k# 1 cannot
be omitted, sinceif somecut locusin dimension3 hasan edgeof degree
4, thenby a smallperturbatiorof the metric,the cutlocuscanbe madenot
locally Pnite,asB. Bowditch shavedus.

Till the end of this section,we assumethat M is a non elementary
geometricallypnitehyperbolic3-orbifold, uniformizedasin Sect.2.3. All
the statement®elav extendeasilyto HE.

Thefollowing is anotherdescriptionof . It is dueto Ford [Forl] for
somearithmeticalcaseslt was extendedby Swan [Swa] for all Bianchi
groupsandby [EP, section4] when// = HE and M hasonecusp.

Lety & I'# Iy, theisometric sphere S, of -y is thehyperbolicplanein
H3, dePnedasthe intersectionof the upperhalf spacewith the Euclidean
spherecenteredaty' L(1 ) andof radlus ( Ik Notethat~ mapsthehori-
zontalhorospherddy, (h) dePneddy the equationt = h centeredat! to
thehorospherdi., (1) centeredat(! ), whichistheEucIidearsphere
in the upperhalf-spacetangentto C at y(! ) andwith dlameter ( e

We denoteby H;“(% ) (h) thehoroballboundeddy H., o (h).
Thekey pointis thefollowing fact.

Lemmab5.5 For any v & I'# Iy, and h > 0 big enough, the isomet-

ric sphere S, is the equidistant subspace of the horospheres Hy, (h) and
H,},# 1(% ) (h) .
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Proof. Letz,y bethepointson averticalgeodesidine L atvertical coor
dinatest = h andt = W respectiely. Thenthemidpointof [z, y] is

thepointon L atheightt = Ic(T}‘W forary h > 0. ThehyperbolicplaneS,

is orthogonato the(vertical)geodesidine betweerd andy' (! ).Hence,
by uniquenessy,, is the equidistansubspacef Hy, (h) and H. 1 (g4 (h).

Let S!7 be the half ball boundedby S, . It is easyto seethaty maps
H¥# 5! to S.,,. Depne

— 43 8 !
By, = H # s
4" I Ty

thatwe will callthebasin of center! . We have:

1. By, isinvariantby I,

2. noelementof I' # Iy, mapsaninterior pointof By, to anothelinterior
pointof By,

3. theimagesof By, by I" cover H3.

ThereforeBy, /Iy, isanorbifold whoseboundaryis apiecavisehyperbolic
2-orbifold,and)M isobtainedy pairingfacef By, /Iy, . Fory & I',debne
thebasin of center v(! ) tobe By o) = vBo -

Below isacombinatoriapictureof theverticalprojectionto C of thecell
decompositiorof theboundaryof thebasinatinPnity for H3 / PSLy(O; ).
Wptod = 43, thesedravings aredygto [Hat]. The complex numberw is
i dif d# #1[mod4]and3(1+ i d) otherwise.

By Lemmab.5, the pointsin 0By, areexactly the pointsfrom which
startsa geodesiaay corvergingto! anda geodesiaay corverging to a
pointdifferentfrom! intheorbitof! by I, andatthesameBusemann
distanceto ! andthis orbit point. Hencethe cut locus Y is theimageof
0By, by the canonicalprojectionH? ) H3/I" = M. Assumethat each
2-cell of 0By, containsthe highestpoint of the half-spherecarryingthe 2-
cell. By Propositiorb.4,afterpassingo a bPnitecover to getreadof torsion,
thisimpliesthatthecutlocusis cute.The conditionholdsin the caseof the
Bianchi orbifolds with one cusp.The summitsof the 2-cells of X' arethe
imagesin M of the highestpointsof the isometricspheresS,, containing

a 2-cell of By, . Let B bethe setof endpointsof the lifts to H3 starting
from! of theintegrallines.If P isthesetof elementsn I" # [, whose
isometricspherecarriesa2-cell of theboundaryof thebasinatinbnity, then
K is exactly thediscretesubsetP(! ).

In the caseof the BianchiorbifoldsH? /PSLy(O; 4), theuniformization
choserin Sect2ispreciseljthenaturaloneH? ) H3/PSLy (O, 4). Though
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® consistof theintegerpointsin thecased = 1,2, 3,7, 11for instanceijt
containgn generatationalpointswith bPnitelymary possibledenominators
(¢g= 1,2 £3ford = 43, for instancesee[Poi] for otherlists). Not all
rationallineswith thesedenominatorsirein # (seeFig. 6).

6 Good approximating sequenceof an irrational line

We keepthenotationsof thebeginningof Sect.2. In Sect.3, we proved that
ary irrationalline startingfrom a given cuspcanbe well approximatedy
rationallines. Theaim of this sectionis to give anexplicit sequencef such
rationallines.

Assumethatthe cut locusof the cuspe is cute.We saythata geodesic
line startingfrom e is totally irrational if it is recurrentn acompacisubset
of M, andis trans\erseto the stratipcatiorof thecusp,i.e. it doesnot meet
thesinguladocusX'# X, andis trans\erseto Y. Thisverylastassumption
is implied by the previous onein the caseof constantcurvature,sincethe
component®f Xy arelocally corvex. The setof totally irrationallinesis a
denseis setin thelink of e.

Considertotallyirrationalline £. Notethat Y is cuteand¢ istrans\erse
to 2, hencetheintersectiorof X' and¢ hasno accumulatiorpointon &.

Letusprovethat X ( £ is inPnite.By absurdassumehatthereexists
to & R suchthaté(t) belongsto M # X fort $ ty (for somearclength
parametrizatiorof £). Since¢ is recurrentin somecompactsubsetf M,
thereexistsatleastoneaccumulatiompointz of {(¢t) ast ) +! .Fixesmall.
LetV beasmallenoughmeighborhooaf = in M. By the(a)-regularityand
local Pnitenes®f the stratibcatiorof X, the numberof connecteccompo-
nentsof V' # X is bnite.Since¢ accumulate®n = andeventuallyavoids
Y, thereexiststo $ t1 $ to suchthaté(ty), £(t2) areclose,in the same
componenbf V # X, andwith £4{t,), £4(t,) close.Let v betheloop ob-
tainedby closingup £([¢1, t2]) with ageodesigathfrom £(t1) to £(¢2) in
someconnecteccomponendf V # X. By Anoso/@ closinglemma,there
exists a closedgeodesicy® in M, containedin the e-neighborhoodf ~,
hencehomotopicto ~. But this is a contradiction,since M # X' retracts
onthecuspneighborhood?' '([1,+! [), hencethe closedcurve v cannot
representinhyperbolicelementof the fundamentagroup.

Let (z,,),~ N bethe sequencef intersectionpoints of ¢ with X', and
(on)n N thesequencef connectedomponentsf Xy consecutiely passed
throughby ¢. Foreachn & N, let ¢, bethepathconsistingof thesubsgment
of ¢ betweere andz,,, followedby theminimizing geodesicay from x,, to
thecuspe, startingontheothersideof X, thantheoneonwhich¢ arrives at
x,. Letr, betheuniguegeodesidine startingfrom e, properlyhomotopic
to ¢,,. Sincer,, corvergesto ¢, it isarationalline.
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Debnition 6.1 The sequence (1) N Will be called the good approximating
sequence of &, and T, the n-th good approximant.

This debnitioncan be extendedto the otherirrational lines, since by
the (a)-regularity of the stratibcatiorof the cut locus,the transersalityto
the stratibcatioris stable,at the expenseof loosingthe uniqguenes®sf the
sequenceRationallinesandlines endingin othercuspsmay be attributed
Pnitesequences.

Remark. For M = H?/PSLy(Z), this sequenceoincideswith the usual
bestapproximationsequenceén the following senselet ? be the endpoint
on therealaxis of thelift of ¢ startingfrom! endingin [0, 1[. Note that
¢ is totally irrationalif andonly if &is anirrational realnumber Thenthe
endpointon the real axis of thelift of r,, startingfrom! andendingin
[0,1[ is pn/gn, Wherep,,/q, is the n-th corvergentof the irrational real
number#. In the caseof M = H3/PSLy(O; 4), we don®know if our
goodapproximatiorsequenceoincideswith Poitou®bestapproximation
sequencén [Poi].

Thegoodapproximatingsequencaicelyapproximateanirrationalline.
We provethisfor totally irrationallines,but theresultcouldbeextendedor
generalrrationallines.

Theorem 6.2 Let M be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, with only one cusp e, having a cute cut
locus. There exists a constant ¢ > O such that, for every totally irrational
line £ starting from e with good approximating sequence (ry)n" N, fOr every
nin N,

d(rn,€) " cet P,

Proof. Let
c= L maxe! 5@,
2 "%
SinceX is in thecomplemenbf 3. 1(10,+! [), sup, s # B.(x) is strictly
biggerthan 0. The supremumis a maximum,since X' is non empty and
compactin theonecuspedcase.

Let ¢ beatotally irrational line startingfrom e. Fix alift & of ¢ to the
universalcover A/ of M, intersectingthe preimagesof the cut locusin
successie pointsi,,, startingfrom the pointatinbnity a. Let &,, bethelift
of some(simply connectedfomponenbdf X, containing,,. Considerthe
lift startingfrom ’,, of the minimizing geodesiaay from x,, to ¢ starting
ontheothersideof o,, thantheoneatwhich £ arrives at x,,. Its endpointat
inPnity hasthe form ~,,a for some~,, in the covering group of My M.
Let #, bethelift of r, startingfrom ¢ andendingin ~,a.
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Haog 2¢ Tn H.|og\‘2e\

Fig. 7. Corvergencepropertief the goodapproximatingsequence

Let (H;)s r be the uniquefamily of horospheresenteredat a such
that H, mapsonto 3 1(0), the distancebetweenH; and Hy is |t # t1,
and H; corvergesto a ast goesto +! . Since# log2c = min, 5 B.(x),
eachcomponenbf Xy hasalift containechetweerthehorospheregf, and
H, 164 2.. HeNcey, is containedetweeny, Hy andy, H; 144 2. (SEEFIQ. 7).

Letu, w, v betheintersectiorpointsof #, with Hy, v, H\ 10g2¢; ¥nHo,
respectrely. So thatdy, (u,v) = D(r,) by debnitionof the depth,and
dy,(w,v) = | # log2c | = log2c, since#, is perpendiculato v, Hy and
YnH) 1og 2¢- Since?meet%n, thehorospherey,, H, 1,4 2. Whichis centered
at v,a meets¢. Therefore by the debnitionof the cuspidaldistanced on
Lk(M,e),with e = +1if w liesbetweeru andv, and# 1 otherwise,

d(rn,ﬁ) " %6! edy, (u,w) — %6! dy, (uw)+dy, (wv) = %610g2061 D(rn).

This proves theresult.

Corollary 6.3 Let M be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, with only one cusp e, having a cute cut
locus. The good approximating sequence (ry)n* N Of any totally irrational
line £ starting from e converges to €.

Proof. This follows from the previoustheoremandfrom the factthatthe
depthsD(r,,) corverge to +! . We prove this last claim by absurd.By
Remark2.9, the sequencegr,),» n would have a constantsubsequence
(n, )k N- Let a be the startingpoint of # (with the notationsof the be-
ginning of the previous proof), henceof +,, . Let I, I, be the double
cosetassociatedo (r,,), n, With (v, ) N COnstant.

Since¢ is irrational,andby strict corvexity of the horosphereghe se-
quences,, goesout of every horospherecenteredat ~,,a. This contra-
dictsthefactthat9,,, liesfor eachk betweernthe horospheres,,, H, and

IVTL;CH! log 2¢ (SeeFig- 7)
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Yn+1(00) ¥n (00)

Fig. 8. Depthsof corvergentsareincreasing

Till the end of this section,we assumethat M is a non elementary
geometricallyPnitehyperbolic3-orbifold, with a Pnitecover having a cute
cutlocus,uniformizedasin Sect.2.3. Again, this extendseasilyto Hg. We
know a bit moreon the depthsof the goodapproximants-,, generalizing
whatFord did in the caseof the Bianchiorbifold H3 / PSL(2, Z[i]).

If ¢ is atotally irrationalline startingfrom the cuspe, let & be a lift of
€ in H3 startingfrom ! . It is a vertical geodesidn the upperhalf-space
H3, that cuts,while going downwards,a sequencés,,),,» n of cells of the
preimageof X, in H3. The n-th cell &, passeahroughby is contained
in the boundaryof the basinsof ,,(! ) andy,,1(! ) for somey,@in the
coveringgroup I". By debnitionof the goodapproximatingsequencethe
n-th goodapproximant-, is therationalline associatedb thedoublecoset

Top Vi1l

Proposition 6.4 If (1), N is the good approximation sequence of a totally
irrational line &, then for all n in N,

D(ry) < D(rp41)-

Proof. BythedePnitiorof thesummitof &,,, thereexisthorospheresl,, and
H,, .1 centeredespectiely atv,(! ) andv,+1(! ) thataretangentatthe
summité,, of &,,. TheEuclidearline throughé,, perpendiculato &,, hence
goesthroughthe Euclidearcenterof thehyperbolicplaneP containings,,
andtheEuclidearcenterof H,, andH,, 1. Hence(seeFig. 8), theEuclidean
radiusof H, 1, (whichis containedn the half-ball boundedby P since#
is PrstmeetingB., o) andthenB,, . («)), is strictly smallerthantheone
of H,.

Sincethe point &,, is at the same(hyperbolic)distancefrom the horo-
spheresi,, (4)(1) and H,, ,, 9)(1) centeredat v, (! ) and~,+1(! ) of
Euclideanradii 5 thereis a constantt > 0 such

Yn+l

n+l

» and

1
le(yn)l 2e(yne1 )I2?
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that the Euclideanradii of H,, and H,,..; are respectiely m and
1 . .
e This provestheresult,usingLemma2. 10.

LetD bethesetof realnumber&# forr anintegralline. Sincethereare
only Pnitelymary integrallines,thesubseD of [1,+! [isPnite.lt consists
of {1} if thereis only oneintegral line (countedwithout multiplicity and
withoutorientation) asin thecaseof theBianchiorbifoldsH? / PSL(2, O4)
ford=1,2,3,7,11

For g, h elementof PSL(2, C), debne

 alg) a(h)
A(g,h) = det™* -
() oh)

Thisnonngativerealnumberdoesotdepenanthechosetifts toSL(2, C),
nor on the representaties of the left cosetsof g, h by the stabilizerof any
horizontalhorosphereln particulay by Lemma2.10,

AL B) = Je(h)| = 722

if i & Iy

Proposition 6.5 If r,, r,+1 are consecutive good approximants of an irra-
tional line &, then d(ry, rni1) exp(%) belongs to the finite set
D. In particular, if there is only one integral line (counted without multi-

plicity and without orientation), then

D(rp)+ D(rp+1 )
A(Tn, Tne1) = e ( 7 )

Proof. Wemayassumehat¢ istotallyirrational.Choosey,,, v,,11 represen-
tatives of thedoublecosetsassociatedo r,,1 1, r, suchthattheboundaries
of thebasinsB,, (%) andB,, ,, (%) containthen-th cell of the preimageof
Yo passedhroughby a bxed lift ?of ¢. By Lemma2.10,0nehas

: a(’)/n) a(’)/n-l—l):
) ey O

D(rp# 1)t D(rn)
d(’l“m 1 7an)e 2

A(Vns Ynt1) c(Yns1)l

SinceSLy(C) preseresthe areain C2, A(Vn, Yni1) = ALY, "nr1).
Sincetheclosuref thebasinsB,, () andB,, ,, (%) meetin acell of the
preimageof X, therationalline associatetb thedoublecosetof 7}, 17,11
is anintegral line, andtheresultfollows.



220 S.Hersonsl, F. Paulin

)\.n+1 Le

Fig. 9. The continuedsequencef anirrationalray

Remark. WhenM = H?/PSLy(Z), it iswell known that A(v,, V1) iS
always1. This propositiongives ageometricunderstandingf the possible
valuesfor other M@, for instancefor the Poitou®bestapproximationse-
guencewhenM = H3/PSL2(O! :d) for d large enough.See[Poli] for the

' Dn Pn+1,

list of possiblevaluesof ! whend = 19 for example.

n 4n+1

7 Continued sequenceof a totally irrational line

We keepthe notationsof the beginning of Sect.2. We assumethat the
cut locusof the cuspe is cute. The aim of this sectionis to associat¢o a
totallyirrationalline ¢ startingfrom e asequencéa,,) .~ n in SOmecountable
alphabetvhich will determinei.

LetR bethebnitesetwhich consistof all thebrstintersectiorpointsof
integral lines startingfrom e with L. = 3. '(1). Let 1 (L., R) denotethe
setof homotopy classeselative to endpointf pathsin L. with endpoints
in R. Notethatunlesghereis only onepointin R, w1 (L., R) isnotagroup,
but itisagroupoidfor thecompositiorof paths Thereis anaturalinvolution
onR. It associate® the brstintersectiorpoint A, of an integralline » with
L., the second(andlast)intersectiorpoint, thatwe will denoteby X' 1. It
is clearthat \' ! is alsothe brstintersectiorpoint of theintegral line which
is r with the oppositeorientation.Since L. is compactandR Pnite,the
groupoidm (L., R) is countable.

Let (r,), n bethe good approximatingsequencef &, with (z,,)," N
the successie intersectiorpointsof £ with the cutlocusando,, the cell of
Xy containingz,,. Recallthat¢ is orientedandtotally irrational, hencefor
eachn, thetangentspaceo £ atz,, is orientedandtrans\erseto thetangent
subspac¢o o, atz,,. For eachn, endav o,, with thetrans\erseorientation
given by theorientedtangentspaceo ¢ atz,,.
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Notethatr, is anintegralline. Let A\ beits prstintersectiorpoint with
L.. Debneqy & 71(Le, R) to bethe classof the constantpathat \y. We
debnethe sequences$a,,) " N, (An)n* N DY induction. Assumea,,, A, are
debnedConsiderthe path ¢ startingat \!, !, following the sub-pathof an
integral line from )\!nl to thesummito,,, thenary pathe; in o, from o, to
zn, thenthe sub-pathof £ from z,, to z,, 11, thenary pathes; in ¢,,4.1 from
ZTn+1 10 6,41, thenthe sub-pathof anintegral line startingfrom 4,1 on
the nggative sideof o,,11, thatendsin the point A\, .1 & R. By pushinga
little bit ¢c; onthe positive sideof o,,, andcs onthe negative sideof o, 1,
onegetsa pathcontainedn the complemenbf the cutlocusin M. Recall
thatthis complementanonicallyretractsonto L.. Let a,,;1 betheclassof
the pathbetween\!, ' and),,, 1 obtainedby retractingc onto L.

Debpnition 7.1 The sequence (ay,),» N will be called the continuedsequence
of the totally irrational ray &.

Theorem 7.2 Let M be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, with only one cusp e, having a cute
cut locus. A totally irrational line is uniquely determined by its continued
sequence.

Proof. Let (a,), N bethe continuedsequencef thetotally irrational ray
¢. Let A\, ! betheinitial pointof thepatha,,. Considetthe pathv in M, de-
pendingonly onthecontinuedsequenceyhichis obtainedy following the
minimizinggeodesicaystartingfrom e arriving perpendicularlyn g, then
thesub-patlof theintegralline from A\ to )\E) ! thena,, thenthesub-pattof
theintegral line from \; to )\!1 ! thenas, etc.It is clearby the construction
thatwv is homotopicto £, by an homotogy whichis properon every negative
sub-ray(thoughnot necessarilyglobally proper).Since X' is compactthe
sequencef points(\,), N ONv staysat uniformly boundedlistancerom
¢.1f ¢*is anothetotally irrationalline having thesamecontinuedsequence,
considethelift to theuniversalcover of thehomotogy betweerv and¢ and
of the onebetweenv and¢&”, so thatthey coincideon somelift of v. Then
thelifts of ¢, ¢*aretwo geodesidinesin 1/ startingfrom the sameorigin
atinbnity, andhaving a sequencef pointscorverging to their endpointat
inPnity that stay at uniformly boundeddistance Hencethe geodesidines
have the sameendpointatinbnity, thereforethey coincide.By projectingto
M, onegetsthaté¢, ¢#areequal.

Till the end of this section,we assumethat M is a non elementary
geometricallypnitehyperbolic3-orbifold, with a Pnitecover having a cute
cut locus,uniformizedasin Sect.2.3. The orbifold universalcover of L.
is the horizontalhorospherén H3 which is mappedonto L. by the choice
of the orbifold universalcover H3 ) M. We will identify thathorosphere
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with C by verticalprojection.Let B bethesubsebf C correspondingo the
lift of R, whichisadiscretesubsetf C. Itisinvariantby thegrouply, (and
it is reducedo oneorbit if thereis only oneintegral line (countedwithout
multiplicity andorientation)).

Assumefor simplicity that the group Iy, is a covering group of L.,
hencea group of translationsof C. Sinceary pathbetweentwo pointsin
% is homotopicrelative to endpointgo the seymentbetweertheendpoints,
onecannaturallyidentify 71 (L., R) with theset® # K of differencesf
two elementof ¥. Indeed ary pathbetweertwo pointsof R hasa unique
lift, oncea preimageof the startingpointis chosenpetweerntwo pointsin
C, andwe associateo the paththe differenceof the endpointsof the lift.
This doesnot dependon the chosenpreimageof the startingpoint, since
ary two of themdiffer by anelementof Iy, , which actsby translation.

Let¢ beatotally irrationalline, and(r,,).,» n bethegoodapproximating
sequencdor ¢. Let #beallift of ¢ startingfrom ! , and#, thellift of r,,
obtainedby lifting thehomotoy between-,, and¢,, (thesub-pattof £ upto
then-thintersectiorpointx,, with thecutlocus,followedby theminimizing
geodesicayfrom z,, to e ontheoppositeside).Let Iy, v, [y, bethedouble
cosetassociatedbo r,,, with ~,, arepresentatie sothattheendpointof #, is
zn = (! ) (this determinegheleft cosety, Iy, ). DePneby corvention
v 1 = id,sothatz | = !

The next resultexplains how the continuedfraction can be explicitly
computedn termsof the goodapproximatingsequence.

Proposition 7.3 Under the above identification of m(Le, R) with B # &,
one has ag = Oand forn $ O,

An1 = Y (Zna) # 9 Lz 1)

Notethattheright handsidedoesnot dependon theleft cosetof ~,,.

Proof. Letl,, #,., beconsecutie intersectiorpointsof &with thepreim-
ageof thecutlocus.Then# passesit #,, from thebasinof v, 1(! ) tothe
basinof ,,(! ), staysnsidethebasinof ~,,(! ) betweert:,, and#,, then
passest #, 1 into the basinof 4, 1(! ). Considerthe actionof +), ! on
H3. It mapsz, to! andz,: 1 to 4}, '(z.+ 1). It preseresthe setof lifts of
ary integralline. Sincethegeodesidinesstartingfrom! areverticalhalf-

lines, the summitsof the cells~}, 1(&,,) and~,, '(#,.1) projectsvertically

to~}, 1z 1) andy!, 1(zn41) respectiely. Theresultfollows.

Corollary 7.4 Assume that there is only one integral line (counted without
multiplicity). Then

|an+1| = A(’Yn—i—laf)/n! 1)-
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Proof. Under the assumption,the summits of the cells ~., (&, and
7. L(#,.1) areonthehorizontalhorospheratheightl. Hencey!, 'y,.« 1 is
themapz) #1+ ~) 1y,:1(! ). Therefore

AYnt1, Yt 1) = A Yt 1 T Yt 1)
I Y1 () # v v 10 )] = angal

The next result proves that the good approximationsequencecan be
recoveredfrom the continuedsequencerlo getr,,, oneonly hasto compute
the value of the endpointz,, & C of thelift #,. We prove that z,, canbe
expressedn anexplicit summatiorformulain termsof thea; @with ¢ " n
andthe Odenominatorsidthe z;@with i < n.

Theorem 7.5 If € is a totally irrational line, then with the above notations
and q; = c(v;) for i1 $ #1, one has

;T 1
?:0(# 1)iqi2! 1@

Zn = 2ot
k=1

Proof. By Proposition7.3,onehas

— 1
Zn+1 — ’Yn(an—ﬁ—l + v,z 1)-
%

b
Writing for simplicity ,, = “ J ,onegetssincead# bc = 1,forn$ 1
C

2 d )]
Zndt 1
a_anp1t o St b
Zn+1 = 2 3
dzp# 1! b

¢ an+1 + Vezpg 1+a + d

_ Zn 1t @Papp # acanqizn

acny1 # anprzm 1+ 1

2
Zpt 1+ ZnCany1(2n # 2p) 1)

)

1+ 62an+1(zn# Zn! 1)
sincez, = v,(! ) = ¢. Hencewith g, = c(v,), which dependgup to
sign)only onr,, onegets
Zpt 1t an%an—&—l(zn# Znl 1)

1+ @2ant1(zn # 20 1)

Zn+1 =

Therefore
zn# Znl 1

1+ @Zani1(zn # 2 1)

Zn+1# Zn = #



224 S.Hersonsl, F. Paulin

Letx, = —+~— forp$ landzo = 0. Thenforn $ 0

zp! Zp# 1
Tnt1 = #(mn + qr21an+1)-
<
Sinceby corventiong ; = 0, onegetsz,, =  _,(# l)kq,%! 1ax. The

equalityof thetheoremnow follows from thefactthatz, . # z, = —

Tn+1 |

InthecaseofH? /PSLy(Z), ourcontinuedsequencéu,, ), y of ¢ slightly
differsfrom the classicalkcontinuedfractionexpansion

1

1
+
by b2+%

of the endpointon the real axis of thelift of ¢ startingat! andendingin
1# 1,1[: onehas|a, # b,| " 1 (andthedifferencemaybeanonrecursve
function). This comesfrom thefactthatwe areworking with the cutlocus
ratherthanwith its dualcell decompositionbut we might comebackto that
pointin afuture paper
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