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1 Introduction

Let K be a field of characteric 0.An elliptic curve E/K is a nonsingular projective curve given by the
equation:zy2 = x3 + az2x+ bz3 wherea andb are elements ofK. An elliptic curve is an abelian variety,
i.e., a smooth projective variety with algebraic group law. For a(n) (algebraic) field extensionL of K, we
will denote byE(L) the subgroup ofE(K) consisting of the points which aredefined over L. The following
theorem is well-known:

Theorem 1.1 (Mordell-Weil Theorem)Let K be a number field, and E/K be an elliptic curve. Then, E(K)
is a finitely generated abelian group, i.e.,

E(K)≡ Z⊕·· ·⊕Z︸ ︷︷ ︸
n

⊕E(K)tor. (1)

2



The number of copies ofZ in (1) is called therank of the elliptic curve. Neither a formula or a terminative
algorithm for computing the rank of an elliptic curve has been known. The rank of an elliptic curveE/K can
be computed fromE(K)/mE(K), andthe m-Selmer group of an elliptic curve E/K, which is introduced in
Section 2, has been a standard computable (finite) group which containsE(K)/mE(K); them-Selmer group
is denoted bySel(m)(E/K). The procedure of computing them-Selmer group of an elliptic curveE/K is
called them-descent.

In Section 2, the definition of them-Selmer group of an elliptic curveE/K is introduced. In Section 3,
introduced is a way of computing the 3-Selmer group, developed by Edward Schaefer, of an elliptic curve
E/Q given byy2 = x3 +b. In Sections 4 and 5, I show how some of the key computations of the 3-descent
were done by myself. The implementation of the 3-descent is done withgp-pari1, which is a high-level
C-based computer language designed for heavy arithmetic computation. In the last section, I briefly explain
about thegp-scriptselmer3333.gp.

The computer programmwrank written by John Cremona performs the 2-decent on general elliptic
curvesE/Q, and often finds the generators of theMordell-Weil group E(Q), and hence, the rank of the
elliptic curve; however, occasionally it fails to find the generators. My original motivation for implementing
the 3-descent was to hopefully determine the (correct) rank of elliptic curves whichmwrank couldn’t find.
For example, suppose thatmwrank computes: dimF2

Sel(2)(E/Q) = 1, but not the rank of the elliptic curve.

If selmer3333.gp computes dimF3
Sel(3)(E/Q) = 0, then we can conclude that the rank ofE/Q is 0.

Another use ofselmer3333.gp can be to compute the 3-part of theTate-Shafarevich group of the
elliptic curve E/Q, denoted by III(E/Q)[3] (see Chapter 10, [5]). For example, ifmwrank computes the rank
r of an elliptic curveE/Q andE(Q) does not contain a nontrivial 3-torsion point, then dimF3

III (E/Q)[3] =

dimF3
Sel(3)(E/Q)− r.

2 The p-decent on an elliptic curveE/Q

Edward Schaefer developed a practical algorithm of performing thep-decent usingQ(E), the rational func-
tions on an elliptic curveE/Q. Let E[p] denote thep-torsion ofE(Q), andGQ, the absolute Galois group
Gal(Q/Q). In the theory of Schaefer’s algorithm, he finds a neat concrete description of the first Galois
cohomologyH1(GQ,E[p]) (see Chapter 10, [4] for the definition of the Galois cohomology), and this de-
scription makes his algorithm very practical.

The description ofH1(GQ,E[3]) for the elliptic curveE : y2 = x3 + b is found in Schaefer-Stoll’s pa-
per [3], Section 10.2:How to do a p-descent on an elliptic curve. I followed their algorithm to implement
the descent withgp-pari.

2.1 Definition of them-Selmer Group

The short exact sequence: 0→E[m]→E
[m]−→E→ 0, yields the following long exact sequence (see Chapter

10, [4]): denoteH1(GQ,M) by H1(Q,M) for GQ-moduleM:

0−→ E[m]−→ E(Q)−→ E(Q)−→ H1(Q,E[m])−→ H1(Q,E)−→ ·· ·

0−→ E(Q)/mE(Q) δ−→ H1(Q,E[m])−→ H1(Q,E)[m]−→ 0 (2)

1http://pari.math.u-bordeaux.fr
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The same sort of the sequence (2) is obtained whenE is considere asE(Qq)whereQq is theq-adic field,
i.e., take the group cohomology with groupGQq

. The inclusion ofQ into Qq induces a map from theweak
Mordell-Weil group E(Q)/mE(Q) to E(Q3)/mE(Q3). and the restriction of the 1-cocycles down to the
decomposition group ofGQ at q induces a map:H1(Q,E[m]) → H1(Qq,E[m]). The following diagram
summarizes the maps explained here, and the definition of them-Selmer group is given:

E(Q)/mE(Q) δ−−−−→ H1(Q,E[m])−→y yresq

E(Qq)/mE(Qq)
δq−−−−→ H1(Qq,E[m])−→

Sel(m)(E/Q) = {ξ ∈ H1(Q,E[m]) : resξ ∈ Imδq, for all placesq} (3)

While H1(Q,E[m]) is infinite, them-Selmer group is finite, and the weak Mordell-Weil group injects to the
m-Selmer group.

In practice, only a finite number of local computations are necessary, which is explained in Theorem
2.1. Let us introduce the definition of the subgroupH1(Q,E[m])S unramified outsides S.

Definition 2.1
(a) Throughout this report,Swill be a finite set of places containing all the infinite places.

(b) Theunramified subgroupof H1(Qq,E[m]) is the kernel of the restriction:

H1(GQq
,E[m])−→ H1(Iq,E[m]),

whereIq is the inertia group.

(c) ξ ∈H1(Q,E[m]) is unramified at qif resq ξ is contained in the unramified subgroup ofH1(Qq,E[m]).

(d) The subgroup ofH1(Q,E[m]) unramified outside S, denoted byH1(Q,E[m])S, is the subgroup con-
sisting of elements unramified at allq not contained inS.

Theorem 2.1 Let S be the set of places consisting of all infinite places, p, and places of bad reduction.
Then,H1(Q,E[m])S is finite, and the weak Mordell-Weil group injects intoH1(Q,E[m])S; moreover,Imδq

for all q 6∈ S is equal to the unramified subgroup ofH1(Qq,E[m]), and hence,

Sel(m)(E/Q) = {ξ ∈ H1(Q,E[m])S : resq ξ ∈ Imδq, for all q ∈ S} (4)

Therefore, we can compute them-Selmer group by checking the local conditions (4) at the places ofS for
the finite groupH1(Q,E[m])S.

2.2 Schaefer’s Algorithm

Schaefer-Stoll’s paper [3] provides an explicit description ofH1(Q,E[3]) for an elliptic curve given by
y2 = x3 +b. I shall outline their ideas, and elaborate the descriptions (5) and (6) to show how the algebras
in (5) rise.

Let me introduce some notations used in (5). Theétale algebraQ[X]/(X2−b) over Q is denoted by
Q(
√

b). So, if
√

b∈ Q, thenQ(
√

b)∼= Q×Q. Let f (x) be a polynomial of degree 6 (defined over)Q with
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(−1)i
√
−3b+ 3

√
4b ζ j as zeros whereζ is a primitive third root of unity, andi = 0,1 and j = 0,1,2. Then,

theétale algebraQ(
√
−3b, 3

√
4b) overQ is defined to beQ[X]/ f (X). If 3

√
4b∈ Q, thenQ(

√
−3b, 3

√
4b) ∼=

Q(
√
−3b, 3

√
4b)×Q(

√
−3b, 3

√
4b ζ ). Likewise, the meaning of the notation of theétale algebras overQ,

B andD in (5) is understood. For example, letg(x) be a polynomial of degree 12 (defined overQ) with
(−1)i

√
b+ (−1) j

√
−3b+ 3

√
4b ζ k as zeros wherei, j = 0,1 andk = 0,1,2. Then,Q(

√
b,
√
−3b, 3

√
4b )

denotesQ[X]/g(X).
We define théetale algebras overQ, A, A+, B, andD to be as follows:

A = A1×A2 = Q(
√

b )×Q(
√
−3b,

3
√

4b )

A+ = A+,1×A+,2 = Q×Q( 3
√

4b )

B = B1×B2 = Q(
√
−3b )×Q(

√
b,

3
√

4b )

D = Q(
√

b,
√
−3b,

3
√

4b )

(5)

The first Galois cohomologyH1(Q,E[3]) is described in terms of the elements of the algebras defined
in (5).

Case: 3
√

4b 6∈Q. Let σ be the automorphism of order 3 on the algebraD such thatσ 3
√

4b = 3
√

4b ζ where
ζ = (−1+

√
−3)/2 and

√
−3 =

√
−3b/

√
b.

H1(Q,E[3])∼= {(α1,α2) ∈ A∗1/(A∗1)
3×A∗2/(A∗2)

3 :

NA1/Q(α1) ∈ (Q∗)3,NA2/A+,2
(α2) ∈ (A∗+,2)

3, (6)

iB2/A1
(α1)NL/B2

(ασ
2 ) ∈ (B∗2)

3,NA2/B2
(α2) ∈ (B∗1)

3}

Case: 3
√

4b∈Q. The choice ofζ is the same as in the previous case. Letτ1 be the automorphism of order
2 on the algebraQ(

√
b,ζ ) such thatτ1

√
b =−

√
b andτ1ζ = ζ , andτ2, the automorphism of order 2 such

thatτ2

√
b =

√
b andτ2ζ = ζ 2. The algebrasA2 andB2 in (5) split further as shown below.A+,2 also splits,

but sinceNA2/A+,2
is meaningful, we keep it this way for this norm map:

A2 = A21×A22 = Q(
√
−3b,

3
√

4b)×Q(
√
−3b,

3
√

4b ζ ), (7)

B2 = B21×B22 = Q(
√

b,
3
√

4b)×Q(
√

b,
3
√

4b ζ ). (8)

Denote the algebraQ(
√

b,
√
−3b, 3

√
4bζ ) by D′. Then,

H1(Q,E[3])∼= {(α1,α21,α22) ∈ A∗1/(A∗1)
3×A∗21/(A∗21)

3×A∗22/(A∗22)
3 :

NA1/Q(α1) ∈ (Q∗)3,NA2/A+,2
(α2) ∈ (A∗+,2)

3,

iB22/A1
(α1) ND′/B22

(α22) ∈ (B∗22)
3, iB21/A1

(α1) α21α
τ1
22
∈ (B∗21)

3,

NA2/B1
(α2) ∈ (B∗1)

3}

(9)

Remark: The description ofH1(Q,E[3]) which appeared in [3], Section 10.2 is slightly different from the
above. Firstly, they wroteNL/B2

(ασ2

2 ) but NL/B2
(ασ

2 ) is correct as in (6). Secondly, when3
√

4b∈ Q, their

description ofH1(Q,E[3]) deserves some clarification which is given in (9).
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As seen in (4), if one has the generators ofH1(Q,E[3])S, computingSel(3)(E/Q) is practical. Schaefer-
Stoll states in [3] that using Tate’s algorithm, we can take

S= {3}∪{q : 4b∈ (Q∗
q)

2,vq(4b) 6≡ 0 mod 6}. (10)

To interprete the generators ofH1(Q,E[3])S in terms of elements ofA, let us introducethe subgroup of
A unramified outside Sdenoted byA(S,3). Let K be a number field, and〈S〉 be the subgroup of the group of
idealsIK generated by the prime ideals lying above the places ofS. The subgroup of K unramified outside
S, denoted byK(S,3), is defined by

K(S,3) = {α ∈ K∗/(K∗)3 : αOK = ab3 for somea ∈ 〈S〉}. (11)

If A∼= A1×A2 whereA1 andA2 are fields, we defineA(S,3) = A1(S,3)×A2(S,3), and if A splits further,
the subgroupA(S,3) is defined similary. We identify the generators ofH1(Q,E[3])S as follows:

H1(Q,E[3])S = H1(Q,E[3])∩
(
A1(S,3)×A2(S,3)

)
, (12)

Once we have the elements ofH1(Q,E[3])S, in order to finish computingSel(3)(E/Q), we need to check
the local condition: resq ξ ∈ Imδq whereξ ∈ H1(Q,E[3])S for q∈ S. The local cohomologyH1(Qq,E[3])
has a description similar to that ofH1(Q,E[3]), but theétale algebras overQq split further. The following
lemma shows how they split, and finds the generators of Imδq for q 6= 3.

Lemma 2.1 (Schaefer-Stoll) Let q∈ S\{3}, and letζ be the primitive cube root of unity defined byζ =
(−1+

√
−3)/2 and

√
−3 =

√
−3b/

√
b. The image ofδq is a one-dimensionalF3-vector space, and a

generator is represented by

Imδq =

{
〈(4b,2b2,ζ 2)〉 ⊂ A∗q/(A∗q)

3, q≡ 2 mod 3

〈(4b,2b2,ζ 2,ζ )〉 ⊂ A∗q/(A∗q)
3, q≡ 1 mod 3

(13)

where

Aq = A⊗Qq =

{
Qq×Qq×Qq(

√
−3, 3

√
4b ), q≡ 2 mod 3

Qq×Qq×Qq(
3
√

4b )×Q( 3
√

4b ), q≡ 1 mod 3
. (14)

Hence, with these generators, one can check the local condition (4).
However, in general, atq= 3, there is not an explicit description of the generators of Imδ3; nevertheless,

its size is easily computed: dimF3
E(Q3)[3] +1. I found a procedure of finding the generators of Imδ3, which

uses the group of components, but I implemented a random search for the purpose of finding the generators
because it runs quickly for all cases I tried. So, inselmer3333.gp, a random search is performed to find
the generators.

The main computation of a random search are performing 3-divisibility test, i.e., we need to check if
points found are not divisible by 3. The 3-divisibility test could be done quickly using theF-map which is
introduced in [3], Section 5.
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3 The Étale Algebras

This section is to help the reader understand more about theétale algebras appearing in the algorithm as
concrete objects to work with. The reader may skip this section if not interested. Readers who are interested
in more than what is introduced in this report should read Schaefer’s paper [2]:Computing a Selmer group of
a Jacobian using functions on the curve. All the theoretical works of the beautiful description ofH1(Q,E[p])
are credited to E. Schaefer and M. Stoll, and the rest of this section is my attempt to briefly show how the
algebras rise.

3.1 Theétale algebraA

Let X be the set of the nontrivial points ofE[p](Q), andm= p2−1. PutX = {R1, . . . ,Rm}.

Definition 3.1
(a) The affine coordinate ring of E/Q defined overQ is denoted byQ[E].

(b) The étale algebra overQ corresponding to X, denoted byA, is the set ofQ-valued set-theoretic
functions onX. That is,

A∼= Q×·· ·×Q︸ ︷︷ ︸
p2−1

.

(c) A line in E[p](Q) is the set{[m]P1+P0 : m∈ Z} for someP0,P1 ∈ E[p](Q), and denote byZ the set of
lines inE[p](Q) passing through the originO. Theétale algebra overQ corresponding to Z, denoted
by A+, is the subalgebra ofA

{φ ∈ A : φ(P) = φ(Q) for all P,Q∈ `, for all ` ∈ Z}.

That is,A+ is the subalgebra ofA consisting of regular functions ofQ[E] restricted toX, which are
constant on the lines ofZ.

A+
∼= Q×·· ·×Q︸ ︷︷ ︸

p+1

.

(d) The action of the absolute Galois groupGQ onA is defined as follows: forσ ∈GQ andφ ∈ B,

(σ ∗φ)(P) = σ φ(Pσ−1
), (15)

and this action induces an action onA+. TheGQ-invariantsAGQ andA
GQ
+ are denoted byA andA+,

respectively. We callA andA+ étale algebras overQ associated with the p-descent on the elliptic
curve E.

(e) LetP be a pont ofE[p](Q), and` be a line inE[p](Q) passing through the origin. The number field
generated by the coordinates ofP is denoted byQ(P).

(f) Let H` be the subgroup ofGQ consisting of automorphisms which set-wise fix a line` in E[p](Q), and
K` be the number field generated by the coordinates of the points contained in`. Denoted byQ(`) is
the subfield ofK` fixed byH`, i.e.,Q(`) = KH`

`
.
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Remark: The number fieldK` is not necessarily Galois, but the action of the subgroupH` is well-defined:
an elementσ of H` set-wise fixes the linè, and hence,σ(K`) = K`. In short, there is the restriction map:
H` → AutQ(K`).

Proposition 3.1 LetA andA+ be theétale algebras correspoding to X and Z defined in Definition 3.1.

(a) Theétale algebrasA andA+ can be interpreted as follows:

(i) A is equal to the affine coordinate ringQ[E] restricted to X.

(ii) A+ is equal to the subring ofQ[E] restricted to X consisting of functions constant on lines in X
passing through the origin.

(b) If φ ∈ A and P∈ E[p](Q), thenφ(P) is contained in the number fieldQ(P).

(c) Let Xi , i = 1, · · · ,s be the GQ-orbits in X, and Pi be a representative of the orbit Xi for each i. Denote
the number fieldQ(Pi) by Ai . Then, the followings are true:

(i) For each i, the action of GQ/GAi
on Xi is simple.

(ii) Define the mapψ : A→ ∏s
i=1Ai by φ 7→ (φ(P1), . . . ,φ(Ps)). Then,ψ is an isomorphism.

(d) If φ ∈ A+ and` is a line passing through the origin, thenφ(`) is contained in the number fieldQ(`).

(e) Let Zi , i = 1, · · · , t be the GQ-orbits in Z, and̀ i be a representative of the orbit Zi for each i. Denote
the number fieldQ(`i) by A+,i . Then, the followings are true:

(i) For each i, the action of GQ/H`i
on Zi is simple.

(ii) Define the mapψ+ : A+ → ∏t
i=1A+,i given byφ 7→ (φ(`1), . . . ,φ(`t)). Then,ψ+ is an isomor-

phism.

proof: Restricting functions ofQ[E] is equivalent to taking the following quotient: letMi be the maximal
ideal corresponding to the pointRi ∈ X. Q[E]/M1 · · ·Mm

∼= Q[E]/M1⊕·· ·⊕Q[E]/Mm
∼= A.

The subalgebraA+ corresponds to the set ofm-tuples(a1, . . . ,am) such thatai = a j if Ri andRj form a
line in Z.

By definition, if φ ∈ A, thenσφ(Pσ−1
) = φ(P) for all σ ∈ GQ and allP∈ X, i.e.,φ(Pσ−1

) = σ−1φ(P).

Let K be the number fieldQ(P). If σ ∈ GK , thenPσ−1
= P, i.e., φ(P) = φ(Pσ−1

) = σ−1φ(P). Hence,
φ(P) ∈ K.

The action ofGQ/GAi
onXi is obviously simple. Ifσ ∈GQ/GAi

fixes all elements ofXi , thenσ fixes all
elements ofAi , in particular.

Let Ai be the number fieldQ(Pi), and definethe evaluation mapsψi : A→ Ai given byψi(φ) = φ(Pi).
We defineψ : A→ ∏s

1Ai by ψ = (ψ1, · · · ,ψs).
The injectivity of ψ: Suppose thatψ(φ) = 0 for someφ ∈ A. For any nontrivial pointP of E[p](Q),

there is someXi such thatP∈ Xi , so thatP = Pσ
i for someσ ∈ GQ. The functionφ being inA implies that

φ(Pσ
i ) = σ φ(Pi), i.e.,φ(P) = 0.
The surjectivity ofψ: Suppose thatα = (α1, . . . ,αs) ∈ ∏s

1Ai . SinceA splits completely as shown
in (a), define a functionφ on X by φ(Pi) = αi for all i and byφ(P) = σαi if P = Pσ

i for somei and
someσ ∈ GQ. The functionφ is well-defined because the action ofGQ/GAi

on Xi is simple, i.e., for any

8



two automorphismsσ ,τ ∈ GQ/GAi
such thatPσ

i = Pτ
i , the imagesσαi and ταi are equal to each other

sinceαi ∈ Ai . Claim thatφ ∈ A. Note that for anyτ ∈ GQ, there is somePi such thatP = Pσ
i . Then,

φ(Pτ) = φ(Pστ
i ) = τσ φ(Pi) = τ φ(P).

Recall the definition ofQ(`). Let φ be an element ofA+ identified as an element ofA. For anyτ ∈ GK`

andR∈ `, we haveφ(R) = φ(Rτ) = τ φ(R), i.e., φ(R) ∈ K` for all nontrivial R∈ `. On the other hand,
φ is constant oǹ . For anyτ ∈ H` and a nontrivial pointR∈ `, we haveφ(R) = φ(Rτ) = τ φ(R), i.e.,
φ(R) ∈Q(`).

Let A+,i be the number fieldQ(`i), and defineψ+,i : A+ → A+,i given byψ+,i(φ) = φ(`i). We define
ψ+ = (ψ+,1, · · · ,ψ+,s).

The definition ofH` states that the action ofGQ/H`i
onZi is obviously simple.

The injectivity ofψ+: Suppose thatψ+(φ) = 0 for someφ ∈ A+, i.e.,φ(`i) = 0 for all i. For any linè
of Z, there is a linè i such that̀ = `σ

i for someσ ∈GQ. Thus, we haveφ(`) = φ(`σ
i ) = σ φ(`i) = 0.

The surjectivity ofψ+: Suppose thatα = (α1, . . . ,αt) ∈∏t
1A+,i . Define a functionφ onZ by φ(`i) = αi

for all i and byφ(`) = σαi if ` = `σ
i for somei and someσ ∈GQ. Claim that the functionφ is well-defined.

Note that the action ofGQ/H`i
on Zi is simple. Suppose that there are two automorphismsσ ,τ ∈ GQ such

that` = `σ
i = `τ

i , i.e.,στ−1 ∈H`i
. Note thatφ(`σ

i ) = φ(`) = σ αi = σ φ(`i), and similarly,φ(`τ
i ) = τ φ(`i).

Sinceφ(`i) ∈Q(`i) = KH`
`i

, we haveτ−1σ φ(`i) = φ(`i), i.e.,σ φ(`i) = τ φ(`i), i.e.,φ(`σ
i ) = φ(`τ

i ).

Claim thatφ ∈ A+. Note that for anyτ ∈GQ, there is somèi such that̀ = `σ
i . Then,φ(`τ) = φ(`στ

i ) =
τσ φ(`i) = τ φ(`). �

Example

Let E/Q be an elliptic curve defined overQ given by an equation:y2 = x3 + b, andζ be a primitive third
root of unity. Then, the following points are the nontrivial 3-torsion points ofE(Q).

{(0,
√

b),(0,−
√

b)}∪{(− 3
√

4b ζ
i ,(−1) j

√
−3b) : i = 0,1,2, and j = 0,1}. (16)

The Generic Case If E[3](Q) is trivial for the case of an elliptic curve considered, then the elliptic curve
is said to beof the generic case, and ifE[3](Q) 6= {O}, of the special cases.

For the generic case of an elliptic curve, the set{(0,
√

b),(− 3
√

4b,
√
−3b)} forms a complete set of

representatives of theGQ-orbits in X whereX = E[3](Q)\{O}. Proposition 3.1 says:A1 = Q(
√

b) and
A2 = Q(

√
−3b, 3

√
4b), and

A∼= Q(
√

b)×Q(
√
−3b,

3
√

4b) (17)

Let `1 be the line generated by the pointP1 =(0,
√

b), and`2, generated by the pointP2 =(− 3
√

4b,
√
−3b).

Then, the setZ of lines inX passing through the origin has twoGQ-orbits: `1 represents one orbit, and`2

represents the other: ifσ is an automorphism ofGQ such that 3
√

4b 7→ 3
√

4b ζ , then{`2, `
σ
2 , `σ2

2 } forms a
GQ-orbit. Then,K`1

= Q(
√

b) andK`2
= Q( 3

√
4b,

√
−3b). Note that for anyτ ∈ GQ, the pointPτ

1 is either

P1 or [2]P1 = (0,−
√

b), i.e.,A+,1 = Q. Elements ofH`2
should fix 3

√
4b; otherwise,̀ 2 cannot be fixed under

the action ofH`2
. It is easy to see thatK

H`2
`2

= Q( 3
√

4b).

The Special Cases The special case:3
√

4b∈ Q is worth considering as the description ofH1(Q,E[3]) in
(9) is treated differently. LetX andZ be the sets defined in Definition 3.1, andXi andZi be theGQ-orbits

9



as introduced in Proposition 3.1. IfQ is a point inX, we denote by〈Q〉 the line ofZ passing throughQ.
Assume for simplicity that

√
b,
√
−3b 6∈ Q.The points inX are denoted as follows, then we findXi ’s and

Zi ’s.

P = (0,
√

b)

R0 = (− 3
√

4b,
√
−3b)

R1 = (− 3
√

4b ζ ,
√
−3b)

R2 = (− 3
√

4b ζ
2,
√
−3b)

` = 〈P〉
`0 = 〈R0〉
`1 = 〈R1〉
`2 = 〈R2〉

(18)

X1 = {P, [2]P},
X2 = {R0, [2]R0},
X3 = {R1,R2, [2]R1, [2]R2}

A1 = Q(
√

b),

A2 = Q(
√
−3b),

A3 = Q(
√
−3b,ζ )

Z1 = {`},
Z2 = {`0},
Z3 = {`1, `2}

(19)

K` = Q(
√

b),

K`0
= Q(

√
−3b),

K`1
= Q(

√
−3b,ζ )

Q(`) = Q,

Q(`0) = Q,

Q(`1) = Q(ζ )

(20)

The splitting of the algebrasA andA+ is as follows:

A∼= Q(
√

b)×Q(
√
−3b)×Q(

√
−3b,ζ ) (21)

A+
∼= Q×Q×Q(ζ ) (22)

3.2 Theétale algebraB

Definition 3.2
Let Y be the set of lines inE[p](Q) missing the originO. The setY contains(p2−1) elements.

(a) Theétale algebra overQ corresponding to Yis defined by the set of all set-theoreticQ-valued func-
tions onY, i.e.,

B∼= Q×·· ·×Q︸ ︷︷ ︸
p2−1

. (23)

(b) The action of the absolute Galois groupGQ onB is defined as follows: forσ ∈GQ andθ ∈ B,

(σ ∗θ)(`) = σ θ(`σ−1
). (24)

The GQ-invariantsBGQ is denoted byB. We call B an étale algebras overQ associated with the
p-descent on the elliptic curve E.

(c) We defineH`, K`, andQ(`) as in Definition 3.1, (f).

Proposition 3.2 For eachθ ∈ B
∗
, there is a functionφ ∈ A

∗
such that

θ(`) = ∏
P∈`

φ(P). (25)

Conversely, ifφ is an element ofA
∗
, then we have a mapu : A

∗ → B
∗

given by

φ 7→
(
` 7→ ∏

P∈`

φ(P)
)
. (26)

10



proof: Note that the number of lines inY is equal to the number of points inX. Let Qi , i = 1, . . . , p2−1
be the points inX, φ be an element ofA

∗
, andxi , i = 1, . . . , p2− 1 be the variables which represent the

(non-zero) values of a functionφ ∈ A. If the condition (25) is satisfied, then we have the following(p2−1)
equations: letvi , i = 1, . . . , p2−1 be the lines inY, andTi , i = 1, . . . , p2−1 be the set{ j ∈ Z : Q j ∈ vi}.

∏
j∈Ti

x j = θ(vi), for i = 1, . . . , p2−1. (27)

In other words, we need to show that the following map is surjective:

Gm(Q)×·· ·×Gm(Q)−→Gm(Q)×·· ·×Gm(Q) (28)

given by(x1, . . . ,xp2−1) 7→ (. . . , ∏
j∈Ti

x j , . . .).

Change the variables:yi = lnxi , andβi = lnθ(vi). Then, the system of equations (27) yields a system of
linear equations:

∑
j∈Ti

y j = βi , i = 1, . . . , p2−1. (29)

The solvability of this equation depends upon the determinant of the(p2−1)× (p2−1) matrix M = [ai j ]
where

ai j =

{
1, if j ∈ Ti ,

0, if j 6∈ Ti

.

The proof of the statement: detM 6= 0 is quite involved, so I include it in Appendix. Once we establish that
detM 6= 0, the system of the linear equations has a unique solution in the following form:

lnxi = yi = ∑bi j β j = ln∏θ(vi)
bi j , for somebi j ∈Q, (30)

so that we can find the corresponding values forxi in Q �

Proposition 3.3 LetB be théetale algebra correspoding to Y defined in Definition 3.2.

(a) If θ ∈ B and` ∈Y, thenθ(`) is contained in the number fieldQ(`).

(b) Let Yi , i = 1, · · · ,s be the GQ-orbits in Y , and̀ i be a representative of the orbit Yi for each i. Denote
the number fieldQ(`i) by Bi . Then, the followings are true:

(i) For each i, the action of GQ/GBi
on Yi is simple.

(ii) Define the mapΦ : B→ ∏s
i=1Bi by θ 7→ (θ(`1), . . . ,θ(`s)). Then,Φ is an isomorphism.

proof: Recall the definitions ofH`, K`, andQ(`). Let θ be an element ofB, and` be a line ofY. For any
τ ∈ GK`

, we haveθ(`) = θ(`τ) = τ θ(`), i.e., θ(`) ∈ K`. Suppose thatσ is an element ofH`, i.e, `σ = `,
i.e.,θ(`) = θ(`σ ) = σ θ(`).

The well-definedness and the injectivity of the mapΦ is quite similar to that ofψ andψ+. To show the
surjectivity, suppose that(β1, . . . ,βs) is an element of∏s

i=1Bi . Define a functionθ onY given byθ(`i) = βi

and byθ(`) = σ θ(`i) for someσ ∈ GQ and somei with `σ
i = `. Claim that the functionθ is well-defined.

Suppose thatτ ∈ GQ fixes the line`i , i.e., τ ∈ H`i
. Then,θ(`i) = θ(`τ

i ), andθ(`i) = τ θ(`i) because
θ(`i) ∈ Q(`i). That is,στ θ(`i) = σ θ(`i), which establishes the well-definedness because the choice of

11



σ in the definition ofθ is made from the (lef) cosetσ H`i
. Moreover, by the definition ofθ , we have

θ(`σ ) = σ θ(`) for all ` ∈Y and allσ ∈GQ, i.e.,θ ∈ B �
In the subsection 3.4, we shall take the ellitpic curve:y2 = x3 +b, and compute the splitting of théetale

algebraB.

3.3 The main theorem of thep-descent on an elliptic curve

I will state the theorem which shows the use of theétale algebras introduced in this section.

The w-map Consider the Weil pairingep : E[p](Q)×E[p](Q)→ µp(Q) whereµp(Q) is the group of the
p-th roots of unity inQ (see Chapter 3, [5]). Letµp(A) be the group of thep-th roots of unity inA, and
define theGQ-module mapw : E[p](Q)→ µp(A) given byP 7→ φP where

φP(Q) = ep(P,Q). (31)

The mapw induces the map ˜w : H1(Q,E[p]) → H1(Q,µp(A)) ∼= A∗/(A∗)p where the last isomorphism is
obtained from considering the Kummer sequence forA:

1→ µp(A)→ A
∗ xp

→ A
∗ → 1.

The map ˜w is in fact injective (see Proposition 6.4 in [3]).
Finally, the description ofH1(Q,E[p]) follows.

Theorem 3.1 (Proposition7.10, [3]) Let E be an elliptic curve, and A, A+, and B be théetale algebras
over Q associated with the p-descent on E, defined in the subsections (3.1) and (3.2). Define the map
u : A∗/(A∗)p → B∗/(B∗)p induced from the map defined in (26). Then, the followings are true:

(a) The automorphism groupAut(A/A+) is a cyclic group of order p−1.

(b) The cyclic group(Z/p)∗ simply transitively acts on A fixing A+, and the action is given by

n∗φ = φ ◦ [n]

for n∈ (Z/p)∗ andφ ∈A. Thus, there is a cannonical isomorphsim:(Z/p)∗ ∼= Aut(A/A+). Let g∈Z
be a primitive root mod p, andσg be the automorphism inAut(A/A+), corresponding to the integer
g under the cannonical isomorphism.

(c) Define the map(g− σg): A∗/(A∗)p → A∗/(A∗)p given byφ 7→ φg/σg φ , i.e., (g− σg)(φ)(P) =
φ(P)g/(σgφ)(P) = φ(P)g/φ([g]P). Then,

H1(Q,E[p])∼= ker(g−σg)∩ keru. (32)

If p = 3, this simply means

H1(Q,E[3])∼= ker(NA/A+
: A∗/(A∗)3 → A∗+/(A∗+)3)∩ keru. (33)

Putting together these two kernel conditions in (33), one can obtain the four conditions appearing in the
description (6), forp = 3 and elliptic curves:y2 = x3 +b .
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3.4 Notes on Schaefer-Stoll’s description

For the rest of this section, I will elaborate the condition (6) and (9) in order to make a couple of corrections
on the descriptionH1(Q,E[3]) which appeared in Schaefer-Stoll’s paper [3].

The étale algebraB overQ defined in (3.2) splits into a product of fields as shown in Proposition 3.3.
Let Z be as in by the same principle thatA splits. LetZ be as in Definition 3.2, thenZ has 8 elements (or
lines). Let us recall the notations for some points ofX, and define the automorphismsσ , τ1, andτ2 for the
generic case of an elliptic curve.

P = (0,
√

b) R0 = (− 3
√

4b,
√
−3b)

R1 = (− 3
√

4bζ ,
√
−3b)

R2 = (− 3
√

4bζ
2,
√
−3b)

σ
3
√

4b = 3
√

4bζ

τ1

√
b =−

√
b

τ2ζ = ζ
2

τ1ζ = ζ

τ2

√
b =

√
b

(34)

The automorphismσ is the one of order 3 on thefield L= Q(
√

b,
√
−3b, 3

√
4b), τ1, of order 2, andτ2, of

order 2. All 8 points ofX are written in terms ofP,Ri ’s.
Let Y be the set in Definition 3.2, and denote a line inY by a triple of points(Q1,Q2,Q3). Then the

GQ-action onY is described in the following diagrams:

(P,R0,2R1)
τ1−−−−→ (2P,2R0,R1)yτ2

yτ2

(P,2R0,R2)
τ1−−−−→ (2P,R0,2R2)

σ−→

(P,R1,2R2)
τ1−−−−→ (2P,2R1,R2)yτ2

yτ2

(P,2R2,R1)
τ1−−−−→ (2P,R2,2R1)

(35)

(R0,R1,R1)
τ1−−−−→ (2R0,2R1,2R2)yτ2

yτ2

(2R0,2R2,2R1)
τ1−−−−→ (R0,R2,R1)

(36)

The first two squares have six distinct lines, i.e., the 6 lines form one orbit, and the other two lines form an-
other. According to the way Schaefer-Stoll wrote the description ofH1(Q,E[3]) in [3], they must have cho-
sen(P,R1,2R2) and(R0,R1,R2) as representatives of the orbits. Let`1 be(R0,R1,R2), and`2 be(P,R1,2R2).
Then, some elements ofH`1

map the elements ofK`1
as follows: 3

√
4b 7→ 3

√
4b ζ , i.e., B1 = Q(

√
−3b).

Some elements ofH`2
map the elements ofK`2

as follows: ζ 7→ ζ 2 and
√
−3b 7→ −

√
−3b. Hence,

B2 = Q(
√

b, 3
√

4b). Now,B is identified as follows:

B−→Q(
√
−3b)×Q(

√
b,

3
√

4b) (37)

θ 7→
(

θ(R0,R1,R2),θ(P,R1,2R2)
)
, (38)

We justify the third condition of (6) as it slightly differs from [3], Section 10.2.

iB2/A1
(α1)NL/B2

(ασ
2 ) ∈ (B∗2)

3.

Let the elliptic curveE be of the generic case. Recall that the mapsψ andΦ defined in Proposition 3.1 and
3.3. The representatives of the orbits inX andY are chosen as follows:

P1 = P

P2 = R1

`1 = (R0,R1,R2)

`2 = (P,R1,2R2)
(39)
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A function φ ∈ A can be identified as(α1,α2) ∈ A1×A2 with α1 = φ(P1) andα2 = φ(P2). Recall the map
u : A→ B defined in (26). Ifφ ∈ keru, then

φ(P)φ(R1)φ(2R2) = φ(P)φ(R1)φ(Rτ2
1

) = φ(P) NL/B2
φ(R1) = φ(P) NL/B2

φ(R0)
σ = α1NL/B2

α
σ
2 ∈ (B∗2)

3.

In [3], they stateNL/B2
ασ2

2 . This must be a typo.
We can also prove the fourth condition of (6). Ifφ ∈ ker u, thenφ(R0)φ(R1)φ(R2) = NA2/B1

φ(R0) =

NA2/B1
α2 ∈ (B∗1)

3.

When we consider special cases such as
√

b∈Q but
√
−3b 6∈Q, 3

√
4b 6∈Q, the norm maps of (6) have the

obvious meanings. For example, when
√

b∈ Q, A1 = Q×Q andNA1/Q (x) = x1x2 wherex = (x1,x2). The

first condition of (6) meansx1x2∈ (Q∗)3, i.e.,x2 is determined byx1 up to(Q∗)3, so that we could begin with
H1(Q,E[3]) as a subgroup ofQ∗/(Q∗)3×A∗2/(A∗2)

3, not as a subgroup ofQ∗/(Q∗)3×Q∗/(Q∗)3×A∗2/(A∗2)
3.

So, for this special case, we can takeA1 = Q, and skip the first condition of (6). Likewise, when
√
−3b∈Q,

we could begin withH1(Q,E[3]) as a subgroup ofA∗1/(A∗1)
3×A′∗2 /(A′∗2 )3 whereA′2 = Q( 3

√
4b), skipping the

second condition of (6).
However, when3

√
4b∈ Q, we do not have the automorphismσ defined in (34), and hence, we need to

write a description ofH1(Q,E[3]) for this special case.
As described in Proposition 3.1, the fields appearing in the splitting of the algebraA correspond to a

choice of the representatives of theGQ-orbits inX. For this special case of an elliptic curve, we can choose
the pointsP,R0 andR1 as representatives; see (34), and recall the definitions of the field automorphismsτ1

andτ2. Let A1 beQ(
√

b), A21 beQ(
√
−3b), andA22 beQ(

√
−3b,ζ ); the fields were indexed in this way to

indicate that théetale algebraA2 = Q(
√
−3b, 3

√
4b)∼= A21×A22.

A→ A1×A21×A22

φ →
(

φ(P),φ(R0),φ(R1)
)

(40)

To describe explicitly the condition ofφ being in keru, count the number ofGQ-orbits in the set of 8 lines
in (35). Since the automorphismσ does not exist for this case, we have three orbits. Let us choose the line
`1 = (R0,R1,R2) as a representative of the first orbit,`21 = (P,R0,2R1), of the second, and̀22 = (P,R1,2R2),
of the third. Recall the definition ofQ(`) for a line ` from Definition 3.2. Then,Q(`1) = Q(

√
−3b),

Q(`21) = Q(
√

b,ζ ), andQ(`22) = Q(
√

b); let B1, B21, andB22 denote these fields, respectively. Theétale
algebraB splits as follows:

B→ B1×B21×B22. (41)

Then, the condition thatφ is contained in keru means

φ(R0)φ(R1)φ(R2) = φ(R0)φ(R1)φ(R1)
τ1τ2

= α21 NA22/B1
α22 = NA2/B1

(α21,α22) ∈ (Q(
√
−3b)∗)3 (42)

φ(P)φ(R0)φ(2R1) = φ(P)φ(R0)φ(R1)
τ1 = α1α21α

τ1
22
∈ (Q(

√
b,ζ )∗)3 (43)

φ(P)φ(R1)φ(2R2) = φ(P)φ(R1)φ(R1)
τ2 = α1α22α

τ2
22
∈ (Q(

√
b)∗)3 (44)

Now, we have the following as a description ofH1(Q,E[3]) for this special case:
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Let L′ be the fieldQ(
√

b,
√
−3b, 3

√
4bζ ) = Q(

√
b,ζ ).

H1(Q,E[3])∼= {(α1,α21,α22) ∈ A∗1/(A∗1)
3×A∗21/(A∗21)

3×A∗22/(A∗22)
3 :

NA1/Q(α1) ∈ (Q∗)3,NA2/A+,2
(α2) ∈ (A∗+,2)

3,

iB22/A1
(α1) NL′/B22

(α22) ∈ (B∗22)
3,

iB21/A1
(α1) α21α

τ1
22
∈ (B∗21)

3,

NA2/B1
(α2) ∈ (B∗1)

3}

4 Implementation of Finding the Generators ofH1(Q,E[3])S

4.1 Generators ofA(S,3)

In the definition (4), the Selmer group is described as a subgroup ofH1(Q,E[3])S, and we identifyH1(Q,E[3])S

as a subgroup ofA∗/(A∗)3 as in (6) and (9). Recall the definition (11) of the subgroup of theétale algebra
over a number fieldunramified outside the set S. The corresponding image ofH1(Q,E[3])S in A∗/(A∗)3 is
equal to the elements inA(S,3) which satisfy the conditions appearing in (6) and (9).

For a number fieldK, the subgroupK(S,3) is understood by the following short exact sequence:

1−→US/(US)
3 −→ K(S,3)

f−→ ClS(K)[3]−→ 1. (45)

The S-unit group US defined by{x∈OK : vp(x) = 0, for all p 6∈ S̃} whereS̃ is the set of places ofK that lie
above the places contained inS. The S-class groupClS(K) is defined by Cl(K)/〈S̃〉where〈S̃〉 is the subgroup
generated bỹS. When there is no confusion,〈S̃〉 will also mean that the subgroup of the (multiplicative)
ideal group generated bỹS. Then, the mapf of (45) is given byα 7→ b whereαOK = a b3 anda ∈ 〈S̃〉.

A general algorithm of finding the generators of theS-units of a given number fieldK has not been
found, but the systemgp-pari computes both theS-unit group and theS-class group when it can.

Once we have the generators ofUS and ClS(K)[3], we can find the corresponding element inK(S,3).
The first map of (45) is just an inclusion, so theS-unit group can be used a part of the generators ofK(S,3).
To find the rest of the generators, we use a section of the second map. Define a sectionΘ as follows:

Θ : ClS(K)[3]−→ K(S,3) (46)

given by b→ α if b3 = αa for somea ∈ 〈S̃〉. (47)

Lemma 4.1 The mapΘ is well-defined, andΘ◦ f = idK(S,3).

proof: It is clear that the image, underΘ, of an idealb ∈ ClS(K)[3] is contained inK(S,3). Suppose
that b′ = b in ClS(K) andb = αa. Then, there isy ∈ K∗ anda ∈ 〈S̃〉 such thatb′ = ya′b. It follows that
(b′)3 = (y3(a′)3α)a = (y3α)

(
(a′)3a

)
. Sincey3α andα represent the same element inK(S,3), the mapΘ is

well-defined.
Suppose thatα represents an element ofK(S,3), soα = ab3 for some idealsa ∈ 〈S̃〉 andb. The mapf

sendsα 7→ b. We haveb3 = αa−1, i.e.,Θ(b) = α. We provedΘ◦ f (α) = α �
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4.2 Performing the section map ingp-pari

The systemgp-pari has the commandbnfisprincipal that writes a given idealc as follows:

c = β

s

∏
i=1

Pr i
i
,

whereβ ∈ K∗ andPi ’s are the generators of Cl(K). Recall the definition of the mapΘ. To perform the map
Θ with bnfisprincipal, we have to finda ∈ 〈S̃〉.

For this purpose, I considered a transition matrixM. Suppose thatpi , i = 1, . . . , t generate〈S̃〉, andPi , i =
1, . . . ,sare the independent generators of Cl(K). Usingbnfisprincipal, write eachpi = βi ∏

s
j=1P

mi j
j

, and

defineM to be the transpose of the matrix[mi j ]. So, if we have an ideal∏t
i=1pr i

i
∈ 〈S̃〉, then

t

∏
i=1

pr i
i

=
s

∏
j=1

P
v j
j

in Cl(K), (48)

wherev j is the j-th entry of the column vectorv = Mr andr is the column vector with thei-th entryr i . To
perform the sectionΘ onb ∈ ClS(K)[3], I did the followings:

(a) Usebnfisprincipal to write: b3 = β ∏s
j=1Pv j .

(b) SolveMr ≡ v modn for r wherev is as before andn is the column vector with entriesn j , the order
of P j in Cl(K), and puta = ∏t

i=1pr i . Then we havea = b3 in Cl(K).

(c) Then,αOK = b3a−1 for someα ∈ K(S,3), and theα is the image under the section map of (45).

The equationMr ≡ v is always solvable becauseb3 = a in Cl(K) for somea ∈ 〈S̃〉, i.e., there arer i ’s such
that (48) is satisfied.

4.3 Checking the conditions (6) withgp-pari

To check withgp-pari the conditions in (6), we need to redefine ingp the fieldsAi defined in (3.1) as
extensions of some intermediate fields. For example, for the generic case, the extensionA2 of A+,2 is treated
as follows. Note thatA2 = Q(

√
−3b+ 3

√
4b) andA+,2 = Q( 3

√
4b):

g=t^3-4*b; Aplus2=bnfinit(g);

aa=Mod(t,g);

f=(x-aa)^2-(-3*b);

z=Mod(x,f);

cc=subst(h,x,z);

\\ h is a polynomial in x over the rational numbers

\\ representing an element of the field A2.

norm(cc);

Thegp-variableaa is the generator3
√

4b of A+,2, andz is the generator
√
−3b+ 3

√
4b of A2. In the second

line of the script, with theMod command, we implicitly define the fieldQ[T]/g(T)∼= A+,2 in gp-pari. On
top of it, we also implicitly define is the quadratic extension ofA+,2, A2 = A+,2[X]/ f (X) where f (X) =
(X− 3

√
4b)2 + 3b. Note that all elements ofA2 can be represented by a polynomialh(X) overQ whereX
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corresponds to
√
−3b+ 3

√
4b. To compute ingp-pari the norm of the element represented byh(X) to A+,2,

substituteX with z which isX in A+,2[X]/ f (X) and take thenorm command.
Using this technique, all the norms in (6) are computed. What is left is to determine whether or not

a given element of a number fieldK is a cube. The procedure of checking this property is stated in the
following quite trivial lemma:

Lemma 4.2 K is a number field, andα is a non-zero element of K. Then,α ∈ (K∗)3 iff α satisfies the
following two conditions:

(a) αOK = a3 anda = βOK for someβ ∈ K∗.

(b) α/β 3 ∈ (O∗
K)3.

proof: Suppose thatα = γ3 for someγ ∈ K∗, i.e.,αOK = (γOK)3. If β is another generator ofγOK , then
β = γu for someu∈O∗

K , i.e.,α/β 3 = 1/u3 ∈ (O∗
K)3. The converse is trivial since the condition (??) implies

α is a cube.�
The systemgp-pari has the commandsidealfactor for factoring ideals,bnfisprincipal for find-

ing a principal generator, andbnfisunit for determining whether or not a given element is a unit; if so,
it writes the element in terms of the fundamental units. As easily anticipated, factoring ideals is an expen-
sive computation, and writing a given element in terms of the fundamental units is even more costly. In
particular, when the field is “ complicated,” e.g., the unit group and the class group are big, this part of
computation takes long time. Indeed, when such complicated fields are involved,selmer3333.gp takes
more than 20-30 seconds to finish the computation. For most cases with complicated fields involved, the
level of real precision ingp-pari has to be increased to find the fundamental units and to runbnfisunit.

5 Local Conditions

Recalling the definition (4) of the Selmer group, we see that the next tasks are finding the generators of Imδq

and checking the condition of (4). For all cases, the lemma 2.1 computes the generators forq∈ Snot equal
to 3.

However, atq = 3, there is not a simple formula. As mentioned in the beginning of this report, I
implemented a random search ingp-pari since it finds the generators of Imδ3 quickly. Both the random
search and the terminating procedure of finding the generators will be explained in this section. Since this
part is going to be a bit lengthier, let me proceed with the following subsection.

5.1 Local condition atq 6= 3

Once we have the generators of Imδq in A∗/(A∗)3, we need to check the condition of (4). We identified
H1(Q,E[3]) andH1(Qq,E[3]) as follows, andAq is identified as in Lemma 2.1:

H1(Q,E[3])S
w−−−−→ A∗/(A∗)3

resq

y π

y
H1(Qq,E[3]) −−−−→

wq
A∗q/(A∗q)

3

, (49)

wherew andwq are injective, andπ(α) = α⊗1. Since the diagram is commutative, the condition (4) means
that if w(ξ ) = α for ξ ∈ H1(Q,E[3])S, thenπ(α) ∈ wq(Imδq). In practice, the mapπ means the following:
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for the generic case andq≡ 2 mod 3, letz0 be an element ofQq such thatz2
0−b = 0, andπi j be the field

isomorphisms defined below.

Q(
√

b)×Q(
√
−3b,

3
√

4b)−→Qq×Qq×Qq(
√
−3b,

3
√

4b), (50)

α = (α1,α2) 7→ (π11α1,π12α1,π2α2), (51)

whereπ11

√
b = z0, π12

√
b =−z0, π2(

√
−3b+ 3

√
4b) =

√
−3·z0 + 3

√
4b. (52)

The map involves a choice of
√

b; just fix one once and for all.
For q≡ 1 mod 3, the mapπ is understood similarly. For this case, the algebraQq(

√
−3b, 3

√
4b) splits

further. Write π2 = (π21,π22). We haveπ2(
√
−3b+ 3

√
4b) =

(√
−3 z0 + 3

√
4b,−

√
−3 z0 + 3

√
4b
)

(see
Lemma 2.1). However, the mapπ21 will be the same as in the case:q≡ 2 mod 3. That is, rather than
choosing

√
−3 ∈ Q3, use the description ofζ as in Lemma 2.1 so that we can avoid the ambiguity of

choosingζ ∈ Q3, in practice. It is actually important to make only one choice (for
√

b) and keep the other
elements consistent with the choice.

It remains to check ingp if π(α1,α2) ∈ A∗q/(A∗q)
3 is contained in〈(4b,2b2,ζ 2)〉 or 〈(4b,2b2,ζ 2,ζ )

depending on the congruence relation ofq. Hence, we need an algorithm to check if a given element is a
cube in a finite extension ofQq. We will call this processthe local cube-test at q.

Local cube-test atq 6= 3

The test uses Hensel’s lemma for a special case:

Lemma 5.1 K is a number field generated by (an algebraic integer)β with the minimal polynomial f(x)
defined overQ, i.e., K= Q(β ). Let q 6= 3 be a rational prime, andq be a prime ideal ofOK lying above q.
Then the local field Kq is generated by someβq ∈ Kq such that f(βq) = 0, i.e., Kq = Qq(βq).

Suppose that g(x) is a polynomial overQq, andπq ∈ K is a uniformizer of the local field Kq. If g(βq) is
a unit of theq-adic integers of Kq, g(βq) is a cube in Kq iff g(βq)≡ a3 modπqOKq

for some a∈OKq
.

proof: We have the field isomorphismK∼= Q[x]/ f (x), and f (β )= 0. It follows thatK⊗Qp
∼= ∏s

i=1Qp[x]/ fi(x)
where f (x) = ∏s

i=1 fi(x) is a factorization into irreducible polynomials overQp. These factorsfi(x) corre-
spond to the prime idealsqi lying abovep, andKqi

∼= Qp[x]/ fi(x). Sayingq = q1, we can findβq ∈ Kq such
that f1(βq) = 0, and it is obivous thatKq = Qp(βq) and f (βq) = 0.

The rest of the statement of the lemma is a standard application of Hensel’s Lemma to the polynomial
x3−a �

As a matter of fact, performing Lemma 5.1 ingp-pari is not very convenient. Let me summarize in the
following proposition how it was actually done ingp-pari.

First, let me introduce a couple of definitions. Given a positive integerN, define theN-truncation map
rN : Qq →Q given by∑∞

n=manqn 7→ ∑N−1
n=manqn, andRN : Qq[x]→Q[x] given by∑anxn 7→ ∑ rN(an) xn; call

RN theN-truncation mapon polynomials.

Proposition 5.1 Assume the same context of Lemma 5.1. Putg̃ = RN(g) for some N so that̃g 6= 0. Then
g(βq) is a cube in K∗q iff g̃(β ) is a cube in(OK/q)∗.
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proof: Suppose thatg(βq) is a cube inK∗
q , and consider the embeddingi of K into Kq which takesβ 7→

βq. Note g(βq) = g̃(βq) + qNy = g̃(i(β )) + qNy for somey ∈ OKq
, i.e., for somea ∈ OKq

, a3 = g(βq) ≡
g̃(i(β )) mod πqOKq

, andg̃(i(β )) 6≡ 0 modπqOKq
. SinceOKq

/πqOKq

∼= OK/q, g̃(β ) ≡ b3 mod OK/q for
someb∈OK .

By Hensel’s lemma, the converse is easily proved: if ˜g(β ) ≡ a3 mod qOK for somea ∈ OK , then the
congruence remains valid moduloπqKq, and hencea3≡ g̃(βq)≡ g(βq) modπqKq sinceg̃(βq) = g(βq)+qNy.
�

With this proposition, testing if a given elementg(x) ∈ Q[x]/ f (x) is a cube moduloπqOKq
is done by

testing if g̃(x) moduloq is a cube, wherex corresponds to the generators ofKq andK. Hence, the problem
reduces to finding the cyclic generator of(OK/q)∗ with which it is easier to determine whether or not ˜g(x)
is a cube. The systemgp-pari has the commandidealstar which in general computes the structure and
the generators ofOK/a for an integral ideala. So, using the generatorγ of (OK/q)∗ thatgp-pari finds, I
created a list of cubes in(OK/q)∗, i.e.,{γ3k : k = 1, . . . ,m} where 3m is the order of(OK/q)∗. With this list
prepared, testing if ˜g(x) is a cube moduloq is justcomparingg̃(x) with the elements in the list. When we
actuallycomparean element ˜g(β ) with the elements in the list, we compute theq-valuation ofg̃(β )− γ3k to
see ifg̃(β )≡ γ3k modq for somek. Thegp-pari commandnfeltval computes such valutations.

Example: Recall the definition (5) of the fieldsA1 andA2. I will show by an example how to actually
determine whether an elementα = (α1,α2) ∈ A∼= A1×A2 is mapped to Imδq as required in (49) to be an
element of the Selmer group. Suppose thatq = 5, and that an elementα = (α1,α2) ∈ A1×A2 is repre-
sented by polynomials g′1(x) andg′2(x) defined overQ, i.e.,g′1(

√
b) = α1 andg′2(

√
−3b+ 3

√
4b) = α2 ∈ A2.

To check the local condition atq (see Lemma 2.1), we need to see, for example, whether or notπ2α2 ≡
(ζ 2)k mod (A2)

∗
q/((A2)

∗
q)

3 for somek = 0,1,2 where(A2)q = Qq(
√
−3b, 3

√
4b) and the mapπ2 is defined

as in (50). For both cases:q≡ 1,2 mod 3, we apply the following procedure:

(a) Choose once and for all, a primeq lying aboveq usingidealprimedec and
√

b = z0 ∈ Qq using
polrootspadic. We writeζ in terms ofz0 andβq =

√
−3b+ 3

√
4b∈ Kq:

√
−3b = (β 3

q −9bβq−4b)/(3β
2
q −3b),

√
−3 =

√
−3b/z0, ζ = (−1+

√
−3)/2.

That is, we find a rational functionf (x) over Qq such thatζ = f (βq). Moreover, we can find a
polynomialg(x) defined overQq such thatf (βq)−1 = g(βq).

(b) Take apolynomial g2(x) = g′2(x)g(x)2k for k = 0,1,2, so thatg2(βq) = g′2(βq)/(ζ 2)k. Use Proposition
5.1 to test ifg2(x) overQq corresponds to a cube moduloπq.

The mapsπ11 andπ12 are easier to perform. Suppose thatg′1(x) is a polynomial defined overQ, such
that α1 = g′1(

√
b). To see ifπ11(w(α1)) ∈ wq(Imδq), take the polynomialg11(x) = g′1(z0)/(4b)k,which is

in fact an element ofQq. The local cube-test inQq is easy. Sinceπ11A1
∼= π12A1, the test for Imπ12 is not

necessary.

Script As an example of testing ifg(x) is a cube inKq, I include the user-defined
gp-function ofselmer3333.gp, which performs this task.
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{ \\ w is in polmod,

\\ mod Q-polynomial with coeff q-adic.

wiscubeatq(L,w,q)=

local(P,T,pi,n,ans,ww,k);

if(L==A1,T=SA1,SA2); \\ (1)

P=picktheprime(T,q);

pi=P[2];

w=component(w,2);

w=fitiT_q(w,q); \\ (2)

w=nfalgtobasis(L,w);

n=nfeltval(L,w,P);

if(n%3!=0, ans=0,

ww=nfeltpow(L,pi,n);

w=nfeltdiv(L,w,ww);

\\ w has valuation 0 at P.

k=kthprime(S,q);

if(L==A1,T=littlecubes[k],

T=bigcubes[k]);

ans=testit_q(L,w,P,T,q)

);

ans

}

The script is the definition of a user-defined function ingp-pari. wiscubeatq checks ifw is a cube in
the completion of a global fieldL at a prime ideal lying overq. component, nfalgtobasis, nfeltval,
nfeltpow, andnfeltdiv are built-ingp-functions, and all other functions are user-defined.

In line (1) of the script, it determines whether the field isA1 or A2, and chooses the corresponding〈S̃〉,
andpi is the uniformizer ofq. The commandfitiT_q performs the truncation mapRN whereN is pre-
defined, sow is a polynomial defined overQ in line (2). If at this stagew is zero, then the error message:
padic precision low; try againis displayed. If not, it carries on going to find theq-valuationn of w, and
makew haveq-valuation 0 by dividing it bypi^n if n is divisible by 3. The commandtestit_q tests if the
polynomialw is a cube in(OK/q)∗.

5.2 Local condition atq = 3

There is no simple formula for the generators of Imδ3, but in theory, finding the generator is a finite amount
of computation with use of Hensel’s lemma. Nevertheless, dimF3

E(Q3)/3E(Q3) = dim E[3](Q3) + 1 is
true for all elliptic curves (see [1]), and hence, we know the size ofE(Q3)/3E(Q3) in advance.

The actual random search implemented inselmer3333.gp is a search of the generators ofE(Q3)/3E(Q3).
To find the corresponding images inA∗/(A∗)3, we need a concrete description of the map which takes
E(Q3)/3E(Q3) to A∗/(A∗)3. Schaefer describes this map very well in [2], calledthe F-map.

F-map

Definition 5.1
(a) LetE be an elliptic curve overQ, f ∈Q(E), andD∈Div(E). If the support of the divisorD is disjoint

with div f , we definef (D) = ∏P∈Supp(D) f (P)nP, whereD = ∑P∈Supp(D) nP(P).

(b) TheF-map is defined as follows. First, consider the diagram:

E(Q) F−−−−→ A∗/(A∗)3

ι

y yid

Pic0(E)(Q( −−−−→
F ′

A∗/(A∗)3

(53)

where the mapsι , F ′ andF ′′ are defined as follows.

(i) ι(P) = (P)− (O).
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(ii) If the support of a divisorD ∈ Div(E) is defined overQ and does not intersectE[3](Q), we call
D agood divisor.

(iii) Given a nontrivial pointP∈ E[3](Q), let fP be an element ofQ(E) with div fP = 3(P)−3(O)
(see Corollary 3.5, Chapter 3 of [5]).

(iv) For a good divisorD, define

F ′(D) = φ ∈ A, given byφ(Q) = ∏
P∈Supp(D)

fQ(P)nP.

(v) DefineF(P) = F ′(ι(P)).

The mapF is a well-defined group homomorphism:E(Q)/3E(Q) → A∗/(A∗)3 (see Lemma 2.1 in [2]),
i.e., there is a good divisor for all points ofE(Q), and at any good divisorsD1 andD2 linearly equivalent
to each other,F ′(D1) = F ′(D2). For example, letP andR0 be the points ofE[3](Q) defined in (34), and
T ∈ E with [6]T 6= O. We have(T)− (O) ∼ (2T)− (T), i.e., (2T)− (T) is a good divisor. Noting that
A∼= A∗1/(A∗1)

3×A∗2/(A∗2)
3, we can defineF(T)

F(T) =

(
fP(2T)
fP(T)

,
fR0

(2T)

fR0
(T)

)
.

TheFq-map is similarly defined as a map:E(Qq)/3E(Qq)→ A∗q/(A∗q)
3.

Random Search I

The task is to find one or two points ofE(Q3) that are not divisible by 3. The structure ofE(Q3) is
understood in terms ofE0(Q3) andE1(Q3) (see Chapter 4 of [5]). The standard definitions ofE0 andE1

are given for a minimal model ofE, but just to give the definition of these subgroups ofE(Q3), it is not
necessary to put it in a minimal model.

Definition 5.2
Let E be an elliptic curve given byy2 = x3 +b for b∈ Z.

(a) E1(Q3) = {(x,y) ∈ E(Q3) : v3(x) < 0}, which is called thekernel of reduction of E at3 when it’s in
a minimal model.

(b) E0(Q3) = {(x,y) ∈ E(Q3) : v3(x) < 0, or x 6≡ −b mod 3} is called theconnected component of O of
E(Q3).

E0(Q3)/E1(Q3) is isomorphic to(F3,+); E is said tohave additive reduction at3. In general, this quotient
group is isomorphic to either(Fq,∗) or (Fq,+); see [6] for more oftype of reductions of elliptic curves.

Coming back to our problem, we want to find a point ofE(Q3) which is not divisible by 3. It is a
well-known fact that

E1(Q3)
φ∼= (Z3,F ),

whereF is the two-variabled power series overZ which defines a group law onZ3 endowed from the
group structure ofE(Q3). Since this isomorphismφ is well-understood and the filtrations: 3nE1(Q3) →
3n+1E1(Q3) are surjective, a nontrivial pointT of E1(Q3)/3E1(Q3) generatesE1(Q3), and assumingφ−1(3)=
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T makes it easy to find one point, namelyT. However,E0(Q3)/E1(Q3) ∼= Z/3 implies that suchT might
be divisible by 3. According to some of the computations I performed, there are cases:E0(Q3) → E1(Q3)
given by the multiplication-by-3 is not surjective, and there are cases: it is surjective.

For the same reason, a point inE0(Q3)/E1(Q3) might be divisible by 3 whenE(Q3)/E0(Q3) is Z/3.
Thus, trying to find points inE(Q3)/E0(Q3) reduces the chance of the points being divisible by 3.

Lemma 5.2 Suppose that E is an elliptic curve defined overZ with E(Q3)/E0(Q3) ∼= Z/3. If T ∈ E(Q3)
reprensents a nontrivial point of E(Q3)/E0(Q3), then T is not divisible by3.

Suppose that E is an elliptic curve defined overZ with # E(Q3)/E0(Q3) not divisible by3. If T ∈E0(Q3)
reprensents a nontrivial point of E0(Q3)/E1(Q3), then T is not divisible by3.

proof: Suppose thatE(Q3)/E0(Q3) ∼= Z/3. If T is divisible by 3, i.e., 3T ′ = T for T ′ ∈ E(Q3), thenT
must be inE0(Q3).

Suppose that #E(Q3)/E0(Q3) not divisible by 3 and 3T ′ = T for someT ′ ∈E(Q3). T ′ cannot represent
a nontrivial point ofE(Q3)/E0(Q3) because[3] is an automorphism onE(Q3)/E0(Q3). T ′ cannot represent
a nontrivial point ofE0(Q3)/E1(Q3) because it forcesT to be contained inE1(Q3). �

The above lemma completes the theoretical description of a method of finding one point ofE(Q3) that
is not divisible by 3, but I find a random search performs the task far quicker, and with random search, it
was easier to find a second point whenE(Q3)/3E(Q3)∼= Z/3⊕Z/3.

Random Search II

The actual random search inselmer3333.gp was done by finding points inE(Q3)/E0(Q3) regardless of
the structure ofE(Q3)/E0(Q3) which was distinguished in the lemma 5.2. One non-trivial computation
we have to perform in this random search is checking the 3-divisibility. The 3-divisibility test can be done
quickly using theF-map introduced earlier. From the diagram of the definition??, we obtain the following
computationally useful lemma:

Lemma 5.3 Suppose that T∈ E(Q3). Then, T∈ 3E(Q3) iff F (T) is a cube in A3.

proof: E(Q3)/3E(Q3)→ A∗3/(A∗3)
3 is an injective group homomorphism.�

Directly checking the 3-divisibility of a point of an ellitpic curve over a local field is much more com-
putation than checking if an element is a cube inA3, which is explained in the next section.

To find points ofE(Q3)/E0(Q3), I considered different cases depending on the valuation ofb. The
followings are a couple of examples. When a second point has to be found, I applied the same random
search until it finds one (independent of the first one):

Case: v3(b) = 0 and b 6≡ 1,8 mod 9. It turns out thatE(Q3)/E0(Q3) is the trivial group. Points of
E(Q3) in form of (α,β ) ∈ Z3×Z3 represents a nontrivial point ofE0(Q3)/E1(Q3). Varyingα overZ, we
find many solutions forβ ∈Q3, and look for a point which passes the 3-divisibility condition for which we
use Lemma 5.3.

Case: v3(b) = 3. A point of E(Q3), in form of (3α,3β ) ∈ Z3×Z3 represents a nontrivial point of
E(Q3)/E0(Q3).
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Cube-test atq = 3.

As shown in Lemma 5.3, to check the 3-divisibility of a point ofE(Q3), we need to check if an element
is a cube inA3. Since Lemma 5.1 on p.17 is not applicable, we need the following refined version:

Lemma 5.4 K is a number field, andq is a prime ideal ofOK lying above3, of ramification index e. Then,
a∈ (O∗

Kq
)3 iff x3−a≡ 0 modqN is solvable where N= d(3e+1)/2e.

proof: Let f (x) = x3−a = f (x0)+3x2
0(x−x0)+3x0(x−x0)

2 +(x−x0)
3, N = d(3e+1)/2e, andπ be a

uniformizer ofq. Suppose thatn≥ N, andαn = b0 + · · ·+bn−1πn−1,b0 6= 0 such thatα3
n −a≡ 0 modqn,

wherebi are one of the fixed representatives ofOK/q. Then, we can findαn+1( mod qn+1) such that
α3

n+1−a≡ 0 modqn+1. Let: αn+1 = αn +cπn−e for c∈ (OK/q)∗.

f (αn+1) = f (αn)+3α
2
n(cπ

n−e)+3αn(cπ
n−e)2 +(cπ

n−e)3.

vπ(3αn(cπn−e)2) = 2n−e, andvπ((cπn−e)3) = 3n−3e. n≥N≥ (3e+1)/2≥ e+1 implies 2n−e≥ n+1
and 3n−3e≥ n+1. Then 0≡ (α3

n −a)+(uπe)α2
ncπn−e modqn+1 where 3= uπe, i.e., 0≡ (α3

n −a)/πn +
uα2

nc modq which is solvable forc sinceα2
nu∈ (OK/q)∗. �

Usingidealstar, we can prepare the list of cubes forOK/qN. This cube-test atq = 3 is also used to
check the local condition of (4) in p.4 atq = 3. This concludes all the computation. The set of the elements
of H1(Q,E[3])S which passed all the local conditions isSel(3)(E/Q).

6 Program: selmer3333.gp

selmer3333.gp displays only one quantity dimF3
Sel(3)(E/Q), but a user can display the generators of

H1(Q,E[3])S.
I was interested in how theS-unit groupandthe3-part of the S-class group of Acontribute toSel(3)(E/Q);

it’s known that theS-unit group contributes at most by dimension 1. Such knowledge may not be mathe-
matically useful because our setS is not necessarily “minimal.” Using Tate’s algorithm, our setSdescribed
in (10) in p.5 is already smaller than the standard choice described in Theorem 2.1 on p.4. The meaning of
Sbeing minimal could be the smallest setSof places such that for any smaller setS′ contained inS,

{ξ ∈ H1(Q,E[m])S : resq ξ ∈ Imδq, ∀q∈ S}
6= {ξ ∈ H1(Q,E[m])S′ : resq ξ ∈ Imδq, ∀q∈ S′}.

(54)

However, from my experiments, for many cases, our setS is minimal, and for some cases, /0 is minimal. Up
to this moment I haven’t approached this problem mathematically.

6.1 Other Outputs

The following outputs are also computed after a run ofselmer(b,pN).

(a) VV is a vector of lengthnn of the generators ofA∗1/(A∗1)
3.

(b) WW is a vector of lenghtmm of the generators ofA∗2/(A∗2)
3.

(c) WWW is a vector of lengthmmm of the generators ofA∗22/(A∗22)
3 when 3

√
4b is defined overQ. (See the

subsection 3.4 on p.12).
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(d) Pass1 is a vector of theexponential coordinatesfor VV that passed the first condition of (6) in p.4.
e.g., if Pass1[2] is [1,2,0] andyi are the entries ofVV, then the elementy1

1y2
2y0

3 passed the norm
condition.

(e) Pass2 is a vector of theexponential coordinatesfor WW or for WW andWWW, which passed the second
and the fourth condition of (6).

(f) MGen is a matrix with entries 0 and 1 whose rows representPass1 and columns representsPass2.
e.g.,MGen[2,3] being 1 means that an element ofA corresponding toPass1[2] andPass2[3]
passed the third condition of (6) and the local condition, and hence is an element ofSel(3)(E/Q).

6.2 Runningselmer3333.gp

Thegp-scriptselmer3333.gp is available at my website

http://www.math.uga.edu/ ˜ schang/math/selmer3.html
The script runs in thegp-calculator. The following is an example of loadingselmer3333.gp in the gp-
calculator and computing the size ofSel(3)(E/Q) for E : y2 = x3 +17:

\r selmer3333;

pN=70;

selmer(17,pN);

pN sets the level of precision for the local computation. When the level of precision is not sufficient for
correct calculation, it displays: “padic precision low: try again.” Then simply reset the value ofpN, and run
it again.

6.3 Known bugs

There are two bugs are known to me.

(a) WhenpN is large, the coefficients of the polynomials dealt in the local computation of the program
are approximated by a large integers as it applies Proposition 5.1, but it results in, rather very rarely,
gp-pari being unable to properly executebnfisunit, which determines if a given element is a unit
in a number field, displaying the message:nonpositive argument in mplog.

(b) When the number fields are complicated as described at the end of Section 4.3 on p.15,gp-pari

cannot find the full set of the fundamental units with the default real precision, which is 28 digits,
displaying “insufficient real precision level.” By running\p 100, for example, it can be increased to
100 digits. For some complicated fields, it has to be increased up to 200 digits or more forgp-pari

to find the fundamental units.
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