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1 Introduction

Let K be a field of characteric 0An elliptic curve E/K is a nonsingular projective curve given by the
equation:zy? = x® 4+ aZx+ bZ wherea andb are elements oK. An elliptic curve is an abelian variety,
i.e., a smooth projective variety with algebraic group law. For a(n) (algebraic) field extdnsibK, we
will denote byE(L) the subgroup oE(K) consisting of the points which adefined over LThe following
theorem is well-known:

Theorem 1.1 (Mordell-Weil Theorem)Let K be a number field, and K be an elliptic curve. Then, K)
is a finitely generated abelian group, i.e.,

EK)=Z& - BLBE(K)or. (1)
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The number of copies df in (1) is called thaank of the elliptic curve Neither a formula or a terminative
algorithm for computing the rank of an elliptic curve has been known. The rank of an ellipticEylvean
be computed frone(K)/mE(K), andthe m-Selmer group of an elliptic curve/E, which is introduced in
Section 2, has been a standard computable (finite) group which coBt@ngmE(K); them-Selmer group
is denoted bysel™ (E/K). The procedure of computing the-Selmer group of an elliptic curve /K is
called them-descent

In Section 2, the definition of thexSelmer group of an elliptic curvé /K is introduced. In Section 3,
introduced is a way of computing the 3-Selmer group, developed by Edward Schaefer, of an elliptic curve
E/Q given byy? = x3+b. In Sections 4 and 5, | show how some of the key computations of the 3-descent
were done by myself. The implementation of the 3-descent is donegpitbari®, which is a high-level
C-based computer language designed for heavy arithmetic computation. In the last section, | briefly explain
about thegp-scriptselmer3333. gp.

The computer programwrank written by John Cremona performs the 2-decent on general elliptic
curvesiE/Q, and often finds the generators of thirdell-Weil group EQ), and hence, the rank of the
elliptic curve; however, occasionally it fails to find the generators. My original motivation for implementing
the 3-descent was to hopefully determine the (correct) rank of elliptic curves whictnk couldn’t find.

For example, suppose thairank computes: dirp2 Sel(z)(E/@) =1, but not the rank of the elliptic curve.

If selmer3333.gp computes diry3 Sel®(E/Q) = 0, then we can conclude that the rankfQ is 0.

Another use ofselmer3333.gp can be to compute the 3-part of tiHate-Shafarevich group of the
elliptic curve E/Q, denoted by I{E/Q)[3] (see Chapter 10, [5]). For examplepifrank computes the rank
r of an elliptic curvekE /Q andE(Q) does not contain a nontrivial 3-torsion point, then ggiﬂh(E/Q)[B] =

dimy Sel®(E/Q) —r.

2 The p-decent on an elliptic curveE/Q

Edward Schaefer developed a practical algorithm of performingtiecent using)(E), the rational func-
tions on an elliptic curvé& /Q. Let E[p] denote thep-torsion of E(Q), andG,, the absolute Galois group
Gal(Q/Q). In the theory of Schaefer’s algorithm, he finds a neat concrete description of the first Galois
cohomolongl(GQ,E[p]) (see Chapter 10, [4] for the definition of the Galois cohomology), and this de-
scription makes his algorithm very practical.

The description oH*(G,,E[3]) for the elliptic curveE : y* = x> + b is found in Schaefer-Stoll's pa-
per [3], Section 10.2How to do a p-descent on an elliptic curviefollowed their algorithm to implement

the descent witlgp-pari.

2.1 Definition of the m-Selmer Group

The short exact sequence:0E[m — E o, E — 0, yields the following long exact sequence (see Chapter

10, [4]): denoteH! (G, M) by H'(Q, M) for G,-moduleM:

0 — E[m — E(Q) — E(Q) — HY(Q,E[m) — H'(Q,E) — ---
0 — E(Q)/mE(Q) ~> HY(Q,E[m]) — HY(Q,E)[m — 0 )

Ihttp://pari.math.u-bordeaux.fr



The same sort of the sequence (2) is obtained véhénconsidere a&(Qq)whereQyq is theg-adic field,
i.e., take the group cohomology with gro%q. The inclusion ofQ into Qq induces a map from theeak
Mordell-Weil group EQ)/mE(Q) to E(Q;)/mE(Q4). and the restriction of the 1-cocycles down to the
decomposition group o6, at g induces a mapH*(Q,E[m]) — H*(Qq,E[m]). The following diagram
summarizes the maps explained here, and the definition efitBelmer group is given:

)

E(Q/mEQ) —— HYQE[M)—

1 I

E(Qq)/ME(Qq) —— HY(Qq,Elm) —
Sel™(E/Q) = {& € HY(Q,E[m]) : rest € Im &, for all placesqy} (3)

While HY(Q, E[m]) is infinite, them-Selmer group is finite, and the weak Mordell-Weil group injects to the
m-Selmer group.

In practice, only a finite number of local computations are necessary, which is explained in Theorem
2.1. Let us introduce the definition of the subgrdtf{Q, E[m])s unramified outsideS.

Definition 2.1
(a) Throughout this reporg§will be a finite set of places containing all the infinite places.

(b) Theunramified subgroupf H(Qq, E[m]) is the kernel of the restriction:
H(Gg, E[M]) — HY(Iq, E[m),
wherelg is the inertia group
(c) & € HY(Q,E[m)) is unramified at ¢jf resq & is contained in the unramified subgroupttf(Qq, E[m]).

(d) The subgroup oH(Q,E[m]) unramified outside Slenoted byH!(Q, E[m])s, is the subgroup con-
sisting of elements unramified at glhot contained irs.

Theorem 2.1 Let S be the set of places consisting of all infinite places, p, and places of bad reduction.
Then,HY(Q, E[m])4 is finite, and the weak Mordell-Weil group injects intd(Q, E[m])s; moreover,im &
for all g ¢ S is equal to the unramified subgroupttf(Qq, E[m]), and hence,

Sel™(E/Q) = {& € HY(Q,E[m))s: reg,& € Im &, for all g € S} 4)

Therefore, we can compute theSelmer group by checking the local conditions (4) at the placé&sfof
the finite groupH(Q, E[m]).

2.2 Schaefer’s Algorithm

Schaefer-Stoll's paper [3] provides an explicit descriptiorH{Q, E[3]) for an elliptic curve given by
y?> =x3+b. | shall outline their ideas, and elaborate the descriptions (5) and (6) to show how the algebras
in (5) rise.
Let me introduce some notations used in (5). Ehale algebra[X]/(X? — b) overQ is denoted by
Q(vhb). So, if vb e Q, thenQ(vb) = Q x Q. Let f(x) be a polynomial of degree 6 (defined ovér)with
4



(—1)'v/—3b+ v/4b {I as zeros wheré is a primitive third root of unity, and= 0,1 andj = 0,1,2. Then,
the étale algebr&)(/—3b, v/4b) overQ is defined to b&[X]/f(X). If v4b € Q, thenQ(v/—3b, v/4b) =
Q(v/—3b,v/4b) x Q(v/—3b,v/4b {). Likewise, the meaning of the notation of thtale algebras ovep,
B andD in (5) is understood. For example, lgtx) be a polynomial of degree 12 (defined o¥@y with
(=1)'vb+ (—1)Iv/=3b+ v4b (¥ as zeros where j = 0,1 andk = 0,1,2. Then,Q(v/b,/—3b,v/4b )
denote€)[X]/g(X).

We define theetale algebras ovéd, A, A, B, andD to be as follows:
A=A xA,=Q(Vb)xQ(v/—3b,vV4b)
A=A xA ,=QxQ(V4b)
B=B, xB,=Q(+v/-3b) xQ(vb,v4b)
D = Q(vb,v/—3b,v4b)

The first Galois cohomologit'(Q,E[3]) is described in terms of the elements of the algebras defined
in (5).

(5)

Case:v4b ¢ Q. Let o be the automorphism of order 3 on the algeBrsuch thaio/4b = /4b ¢ where
¢ =(-14++=3)/2 andy/—3= v/—3b/Vh.
HH(Q.E[3]) = {(0y, &) € AL/ (A])® x Az/ (A)*:
Ny j0(@) € Q)N 0 (05) € (A 5)°, (6)
ig,a, (0N g (@) € (B3)®N, g (a5) € (B)®}
Case:v4b e Q. The choice of is the same as in the previous case. t,ete the automorphism of order

2 on the algebr®(v'b, §) such thatr;vb= —+vb andr,¢ = ¢, andt,, the automorphism of order 2 such
thatz,vb = vb and,{ = {2 The algebrag,, andB, in (5) split further as shown below, , also splits,

but s.inceNAz/A , is meaningful, we keep it this way for this norm map:
A, = Ay X Agy = Q(v/—3b,¥/4b) x Q(v/—3b,¥/4b {), (7)
B, = By x By, = Q(vb, V/4b) x Q(vb, V4b {). (8)

Denote the algebr@(v/b, /—3b, v/4b{) by D’. Then,
HY(Q, E[3)) & {(a, 0y, 0p) € AL/ (AD)° X Agy/ (A31)° X Ao/ (A32)*
Ny o) € (Q*)SﬂNAZ/A#Z(O‘Z) € (A 2)°,
iBzz/Al(al) ND’/BZZ(aZZ) € (B3)®, iBZl/Al(al) Oy, 0} € (B5)3,

NAZ/Bl(aZ) € (BD?’}

(9)

Remark: The description oH(Q, E[3]) which appeared in [3], Section 10.2 is slightly different from the
above. Firstly, they WrotNL/Bz(agz) but NL/BZ(ag) is correct as in (6). Secondly, wheib € Q, their
description oH%(Q, E[3]) deserves some clarification which is given in (9).
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As seen in (4), if one has the generator$i6fQ, E[3)), computingSel® (E/Q) is practical. Schaefer-
Stoll states in [3] that using Tate’s algorithm, we can take

S={3}u{q: 4b € (Q)? vq(4b) Z0 mod 6. (10)

To interprete the generators laf(Q, E[3])g in terms of elements o4, let us introducehe subgroup of
A unramified outside 8enoted byA(S, 3). LetK be a number field, an(s) be the subgroup of the group of
idealsl, generated by the prime ideals lying above the places dhe subgroup of K unramified outside
S, denoted byK (S, 3), is defined by

K(S3)={a cK*/(K*)?: ab, = ab>for somea € (S}. (11)

If A=A, x A, whereA; andA, are fields, we definé(S 3) = A, (S 3) x A,(S,3), and if A splits further,
the subgrou\(S, 3) is defined similary. We identify the generatorstof(Q, E[3])4 as follows:

HY(Q.E[3))s= H(Q.E[3)) N (AL(S3) x Ay(S 3)), (12)

Once we have the elementstdf(Q, E[3]), in order to finish computingel® (E/Q), we need to check
the local condition: regt € Im &; whereé& € HY(Q,E[3])s for g € S The local cohomologyi(Qq, E[3])
has a description similar to that bt (Q, E[3]), but theétale algebras ovedq split further. The following
lemma shows how they split, and finds the generators @ lfor q # 3.

Lemma 2.1 (Schaefer-Stoll) Let g S\{3}, and let{ be the primitive cube root of unity defined by=
(-1++/=3)/2 and v/-3 = v/—3b/vb. The image 0B, is a one-dimensiondF,-vector space, and a
generator is represented by

1 &, — {<<4b,2b2,€2>> CA/(A,  q=2mod3 -
((4b,202,62,0)) € Ay/(A})%, g=1mod 3
where
Aq:A®Qq:{QqXQqXQq(\F,%); q=2mod 3 ”
Qg x Qqx Qq(V4b) x Q(v4b), gq=1mod 3

Hence, with these generators, one can check the local condition (4).

However, in general, &= 3, there is not an explicit description of the generators ofJnmevertheless,
its size is easily computed: djﬂ’E(Qg) [3] +1. I found a procedure of finding the generators oblywhich
uses the group of components, but | implemented a random search for the purpose of finding the generators
because it runs quickly for all cases | tried. Sos#lmer3333.gp, a random search is performed to find
the generators.

The main computation of a random search are performing 3-divisibility test, i.e., we need to check if
points found are not divisible by 3. The 3-divisibility test could be done quickly using theap which is
introduced in [3], Section 5.



3 TheEtale Algebras

This section is to help the reader understand more aboléttie algebras appearing in the algorithm as
concrete objects to work with. The reader may skip this section if not interested. Readers who are interested
in more than what is introduced in this report should read Schaefer’s pap@d@jputing a Selmer group of

a Jacobian using functions on the curvl the theoretical works of the beautiful descriptiontt¥(Q, E[p])

are credited to E. Schaefer and M. Stoll, and the rest of this section is my attempt to briefly show how the
algebras rise.

3.1 Theétale algebraA
Let X be the set of the nontrivial points &(p](Q), andm= p?—1. PutX = {Ry,...,Rm}.

Definition 3.1
(@) The affine coordinate ring of F) defined ovef is denoted byQ|[E].

(b) The étale algebra overQ corresponding to X denoted byA, is the set ofQ-valued set-theoretic
functions onX. That is,

@X"'XQ.

—_——
pP—1

A

12

(c) Alinein E[p|(Q) is the se{[m|P, + P, : me Z} for someR,, P, € E[p](Q), and denote by the set of
lines inE[p](Q) passing through the origi@. Theétale algebra ovef) corresponding to Zdenoted
by A, is the subalgebra o

{pcA:9(P)=9(Q)forallPQe, forall ¢ Z}.

That is,A, is the subalgebra ok consisting of regular functions @§[E] restricted toX, which are
constant on the lines .

Ay

@x...x@'
—_—
p+1

I

(d) The action of the absolute Galois grosg onAis defined as follows: foo € Gg and¢ € B,

(cx¢)(P)=0c 9(P° ), (15)

and this action induces an action Em. The GQ—invariantsﬂG@ andﬂfQ are denoted byA andA
respectively. We calh andA, étale algebras ovef) associated with the p-descent on the elliptic
curve E

(e) LetP be a pont oE[p](Q), and/ be a line inE[p](Q) passing through the origin. The number field
generated by the coordinatesPfs denoted byQ(P).

(f) LetH, be the subgroup @&, consisting of automorphisms which set-wise fix aflimeE[p](Q), and
K, be the number field generated by the coordinates of the points contaiheDémoted byQ(¢) is
the subfield oK, fixed byH,, i.e., Q(f) = KJ'.



Remark: The number fiel&, is not necessarily Galois, but the action of the subgtdyis well-defined:
an element of H, set-wise fixes the liné, and henceg(K,) = K,. In short, there is the restriction map:
H, — Autg(K,).

Proposition 3.1 LetA andA__ be theétale algebras correspoding to X and Z defined in Definition 3.1.

(@) Theétale algebrad\ andA, can be interpreted as follows:

(i) Ais equal to the affine coordinate rif@[E] restricted to X.

(i) A, is equal to the subring d®[E] restricted to X consisting of functions constant on lines in X
passing through the origin.

(b) If ¢ € Aand Pc E[p](Q), theng(P) is contained in the number fiefd(P).

(c) LetX, i=1,---,s bethe G-orbits in X, and Pbe a representative of the orbit ¥r each i. Denote
the number field(R) by A. Then, the followings are true:

(i) For each i, the action of %-/GAﬁ on X is simple.
(i) Define the mapy:A— [17_1A by¢ — (¢(P,),...,¢(Ps)). Then,y is an isomorphism.

(d) If ¢ € A_ and/ is aline passing through the origin, ther{¢) is contained in the number field(?).

(e) LetZ, i=1,---,t be the C@-orbits in Z, and/, be a representative of the orbif #r each i. Denote
the number field)(4;) by A, ;. Then, the followings are true:

(i) For eachi, the action of %/He. on Z is simple.

(i) Define the mapy, : A, — |‘|}:1A+_’i given byg — (¢(¢,),...,¢(¢)). Then,y_ is an isomor-
phism.

proof: Restricting functions of)[E] is equivalent to taking the following quotient: et be the maximal
ideal corresponding to the poiRf € X. Q[E]/M; ---Mn = Q[E]/M; & - -- & Q[E]/Mm = A.

The subalgebra, corresponds to the set ottuples(ay,...,am) such tha, = a; if R andR; form a
line in Z.

By definition, if ¢ € A, thenc¢(P° ") = ¢(P) forall o € Gy and allP € X, i.e.,¢(P° ") = 619 (P).
Let K be the number fiel@(P). If o € Gy, then Pe =P, ie,o(P)=¢(P° ) =c1¢(P). Hence,
o(P) eK.

The action oG, /G, onXX; is obviously simple. lic € G, /G, fixes all elements oX;, thena fixes all
elements of,, in particular.

Let A; be the number fiel@(P,), and definghe evaluation mapg; : A — A, given byy;(¢) = ¢(PR).
We definey : A— [15A by v = (v, , ys).

The injectivity of y: Suppose that/(¢) = 0 for some¢ € A. For any nontrivial poinP of E[p](Q),
there is some; such thaP € X, so thatP = R for someo € G;,. The functiong being inAimplies that
9(R%) =0 ¢(R),i.e.,9(P) =0. B

The surjectivity ofy: Suppose thatr = (a;,...,0s) € [13A. SinceA splits completely as shown
in (a), define a functio® on X by ¢(P) = ¢; for all i and by¢(P) = oq; if P =P° for somei and
someo € GQ. The function¢ is well-defined because the action(%/G,* on X; is simple, i.e., for any
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two automorphismss, 7 € GQ/GA such thatP® = PF, the imagesoo; and to; are equal to each other
since; € A, Claim thatg € A. Note that for anyr € G, there is soméd3 such thatP = B°. Then,
9(P) = 9(P°7) =16 9(R) =T $(P).

Recall the definition of)(¢). Let ¢ be an element oA identified as an element & For anyt € Gy,
andR e ¢, we havegp(R) = ¢(R*) = 7 ¢(R), i.e., ¢(R) € K, for all nontrivial R € £. On the other hand,
¢ is constant orY. For anyt € H, and a nontrivial poinR € ¢, we have¢(R) = ¢(R*) = 7 ¢(R), i.e.,
9(R) € Q(0).

Let A, ; be the number field)(¢;), and definey, ; : A, — A, ; given byy, ;(¢) = ¢({;). We define
v, = (llf_g-,la B l//+7s)'

The definition ofH, states that the action & /H, onZ; is obviously simple.

The injectivity of y : Suppose that, (¢) = 0 for somegp € A, i.e.,¢(¢,) =0 for alli. For any line/
of Z, there is a ling; such that = (7 for someo € G,. Thus, we have (/) = ¢(£7) = o ¢(¢;) =0.

The surjectivity ofy, : Suppose thatt = (a;,..., &) € |‘|t1A+7i. Define a functiorp onZ by ¢ (¢,) = o;
for alli and by¢ (¢) = oo if £ = £7 for somei and somes € G,. Claim that the functio is well-defined.
Note that the action (ﬁSQ/Hfi onZ; is simple. Suppose that there are two automorphisttsc Gy such
that! = ¢ = (7, i.e.,ot t e H, . Note thap (¢7) = ¢(¢) = o o; = o ¢(4), and similarly,¢ (£7) = 7 ¢ (¢;).
Since¢ (4) € Q(4) = K;f we havet 1o ¢(£) = ¢(4),i.e.,0 0(4) =T ¢(£,),i.e.,d(£°) = o (£F).

Claimthatp € A, . Note that for any € G, there is somé; such that = £7. Then,¢({%) = ¢(£77) =
6 9(6) =T 9((). O

Example

Let E/Q be an elliptic curve defined ovép given by an equationy? = x3 + b, and{ be a primitive third
root of unity. Then, the following points are the nontrivial 3-torsion point& ().

{(0,vb), (0,—vb)} U{(—v/4b ', (—1)}v/=3b) :i =0,1,2, andj = 0,1}. (16)

The Generic Case If E[3](Q) is trivial for the case of an elliptic curve considered, then the elliptic curve
is said to beof the generic casand ifE[3](Q) # {O}, of the special cases

For the generic case of an elliptic curve, the §@,vb), (—v/4b,/—3b)} forms a complete set of
representatives of th€g-orbits in X whereX = E[3] (Q)\{O}. Proposition 3.1 saysA; = Q(v/b) and
A, = Q(v/—3b,/4b), and

A= Q(vb) x Q(v=3b,v4b) (17)

Let/, be the line generated by the poijt= (0,/b), and’,, generated by the poif, = (—v/4b,/—3b).
Then, the sek of lines in X passing through the origin has t\%-orbits: ¢, represents one orbit, arfg
represents the other: & is an automorphism d&, such thaty/4b — v/4b ¢, then {ez,eg,egz} forms a
Gg-orbit. ThenK, = Q(vb) and Ky, = Q(v/4b,V/—3b). Note that for anyr € G, the pointP is either
P, or [2]P, = (O, —ﬁ), i.e.,AJm1 = Q. Elements oH€2 should fix/4b; otherwise/, cannot be fixed under
the action ofH, . Itis easy to see thaa(:”z = Q(V/4b).

The Special Cases The special case?4b € Q is worth considering as the descriptiontéf(Q, E[3]) in
(9) is treated differently. LeX andZ be the sets defined in Definition 3.1, aXdandZz, be theGQ—orbits

9



as introduced in Proposition 3.1. @ is a point inX, we denote by Q) the line ofZ passing througi®.
Assume for simplicity that/b,+/—3b ¢ Q.The points inX are denoted as follows, then we fixgs and
Z’s.

P=(0,vb) (= (P)
Ry= (—V4b.v/=30)  fo=(Ry 8)
R, = (_\S/‘E’ ¢,v—3b) l=(Ry)
R, = (—V4b ¢?v/=3b) £,=(R,)
X, ={R 2P}, A =Q(Vb), Z, ={t},
X, = {Ry, [2IRy} A, =Q(V=3Db),  Z,={{}, (19)
X ={R,R 2R, 2R} A;=Q(vV-3b,0) Zy={{y,(,}
K, =Q(vb), Q) =Q,
K, =Q(-3b), Q) =Q, (20)
K, =Q(v=3b.8) Q) =Q({)
The splitting of the algebra& andA__is as follows:
A= Q(vb) x Q(v=3b) x Q(v-3b,{) (21)
A, =QxQxQ(0) (22)

3.2 Theétale algebraB

Definition 3.2
LetY be the set of lines i&[p](Q) missing the origirD. The sety contains(p? — 1) elements.

(a) Theétale algebra ovef) corresponding to ¥is defined by the set of all set-theorefevalued func-
tions ony, i.e.,

Qx--xQ. (23)
—_——

p?—1

B

12

(b) The action of the absolute Galois gro@p on B is defined as follows: foo € G, and@ < B,
G Q
(cx0)(0)=00(° ). (24)

The GQ-invariantSBG@ is denoted byB. We call B an étale algebras ovef) associated with the
p-descent on the elliptic curve.E

(c) We defineH,, K,, andQ(¢) as in Definition 3.1, (f).
Proposition 3.2 For each@ € B, there is a functio € A" such that

6(0) = l_|€¢(P)- (25)

Conversely, ifp is an element oA", then we have a map: A” — B" given by

— (£ — P)). 26
0~ ( Dﬂ’( ) (26)
10



proof: Note that the number of lines fis equal to the number of points X LetQ;, i=1,..., p?—1

be the points inX, ¢ be an element of\", andx, i = 1,...,p%>—1 be the variables which represent the
(non-zero) values of a functiof € A. If the condition (25) is satisfied, then we have the followipg — 1)
equations: let;, i = 1,...,p* — 1 be the lines iy, andT,, i = 1,...,p*— 1 be the se{j € Z: Q; € v;}.

_nxj:6(Vi)7f0ri:17”_7p2_1. (27)
jet
In other words, we need to show that the following map is surjective:

Gm(Q) x -+ xGm(Q) — Gn(Q) x -+ x Gm(Q) (28)

given bY(Xl,---,sz,l) — (...,E[xj,...).
Jel

Change the variables; = Inx, andB, = In6(v;). Then, the system of equations (27) yields a system of
linear equations:

yi=B,i=1,...,p°-1 (29)
The solvability of this equation depends upon the determinant ofgghe 1) x (p? — 1) matrix M = [a;]
where
1, ifjeT,
gj = . :
0, ifj&T

The proof of the statement: ddt=£ 0 is quite involved, so | include it in Appendix. Once we establish that
detM = 0, the system of the linear equations has a unique solution in the following form:

Inx; =y; = 5 by B; =In[] 6(v)", for someb;; € Q, (30)
so that we can find the corresponding valuesdan Q O

Proposition 3.3 LetB be theétale algebra correspoding to Y defined in Definition 3.2.
(@) If6 eBand/cY,thend(¢) is contained in the number field(?).

(b) LetY,i=1,---,sbethe G-orbitsinY, and/; be a representative of the orbit fér each i. Denote
the number field)(¢;) by B. Then, the followings are true:

(i) For each i, the action of %'/GBi on Y is simple.
(i) Define the mapb:B— [17.1B, by 6 — (6(¢,),...,0((s)). Then,® is an isomorphism.

proof: Recall the definitions ofl,, K,, andQ(¢). Let 6 be an element dB, and/ be a line ofY. For any
7€ Gy, we haved (/) = 6((*) =t 6(¢), i.e.,0(¢) € K,. Suppose that is an element oH,, i.e, (° =/,
i.e,0(0)=06((°)=0c06(L).

The well-definedness and the injectivity of the ntys quite similar to that ofy andy., . To show the
surjectivity, suppose thdp,, ..., Bs) is an element of]?_, B,. Define a functiord onY given by6(¢,) = f;
and by6(¢) = o 6(¢;) for someo € G, and some with £7 = ¢. Claim that the functior® is well-defined.
Suppose that € G, fixes the line(;, i.e., 7 € H, . Then, 0(¢,) = 6(¢f), and6(¢;) = t© 6(¢;) because
0(4) € Q(¢). Thatis,ot 6(¢,) = o 8(¢;), which establishes the well-definedness because the choice of
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o in the definition of6 is made from the (lef) coset H,. Moreover, by the definition 06, we have
0(¢°)=0c6(()forallleYandallo € Gy, i.e,0 €B [

In the subsection 3.4, we shall take the ellitpic curyfe= x% + b, and compute the splitting of thetale
algebraB.
3.3 The main theorem of thep-descent on an elliptic curve

| will state the theorem which shows the use of étale algebras introduced in this section.

Thew-map Consider the Weil pairingy, : E[p](Q) x E[p](Q) — up(Q) wherepuy(Q) is the group of the
p-th roots of unity inQ (see Chapter 3, [5]). Laty(A) be the group of the-th roots of unity inA, and
define theG-module mapv : E[p](Q) — wp(A) given byP — ¢ where

9p(Q) = &p(P.Q). (31)

The mapw induces the mag “HY(Q,E[p]) — HY(Q, up(A)) = A*/(A*)P where the last isomorphism is
obtained from considering the Kummer sequenceor

1—>up(ﬂ)—>ﬂ*x—p>ﬁ*—>1.

The mapwiis in fact injective (see Proposition 6.4 in [3]).
Finally, the description ofi*(Q, E[p]) follows.

Theorem 3.1 (Proposition7.10, [3]) Let E be an elliptic curve, and A, Aand B be thectale algebras
over Q associated with the p-descent on E, defined in the subsections (3.1) and (3.2). Define the map
u:A*/(A*)P — B*/(B*)P induced from the map defined in (26). Then, the followings are true:

(a) The automorphism grouput(A/A. ) is a cyclic group of order p- 1.
(b) The cyclic grougZ/p)* simply transitively acts on A fixing Aand the action is given by
nx¢ = gofn

forne (Z/p)* and¢ € A. Thus, there is a cannonical isomorphsiff;/ p)* = Aut(A/A, ). Letge Z
be a primitive root mod p, andy be the automorphism iAut(A/A, ), corresponding to the integer
g under the cannonical isomorphism.

(c) Define the magig — og): A*/(A*)P — A*/(A*)P given by¢ — ¢9/c4 ¢, i.e., (g— 0g)(9)(P) =
¢(P)9/(cg¢)(P) = ¢(P)%/¢([g]P). Then,

HY(Q,E[p]) = ker(g— og) N keru. (32)
If p =3, this simply means
HY(Q,E[3]) = ker(Ny A (A7) — AL/ (AL)?) N keru. (33)

Putting together these two kernel conditions in (33), one can obtain the four conditions appearing in the
description (6), fop = 3 and elliptic curves? = x3+b.
12



3.4 Notes on Schaefer-Stoll’'s description

For the rest of this section, | will elaborate the condition (6) and (9) in order to make a couple of corrections
on the descriptiot?(Q, E[3]) which appeared in Schaefer-Stoll's paper [3].

The étale algebrd over Q defined in (3.2) splits into a product of fields as shown in Proposition 3.3.
Let Z be as in by the same principle thaisplits. LetZ be as in Definition 3.2, thed has 8 elements (or
lines). Let us recall the notations for some points<ofand define the automorphisras 7;, andz, for the
generic case of an elliptic curve.

P=(0,vb) R,=(—V4b,v/—3b) o V/4b = V/4b{
R, = (—V/4bg,v/—3b) vb=—vb u¢=¢ (34)
R, = (—V/4b?,+/~30) 7,0 =¢? 5,vb=vb

The automorphisnw is the one of order 3 on thigeld L = Q(v/b,/—3b, v/4b), 7,, of order 2, andk,, of
order 2. All 8 points ofX are written in terms oP,R’s.

LetY be the set in Definition 3.2, and denote a lineYimy a triple of points(Q,,Q,,Q;). Then the
Gg-action onY is described in the following diagrams:

T

(P.Ry2R) —— (2P2R,,R))  (PR;,2R,) —*— (2P.2R;,R,)

I = s I =

T

(P2Ry,R,) ., (2P.Ry, 2R,) (R2R),R;)) —— (2P R,,2R))
(Ry,R,R) —2— (2R,,2R,2R,))

lfz lfz (36)

(2R 2Ry 2Ry) ——  (Ro,RyRY)

The first two squares have six distinct lines, i.e., the 6 lines form one orbit, and the other two lines form an-
other. According to the way Schaefer-Stoll wrote the descriptida'¢f), E[3]) in [3], they must have cho-
sen(P,R;,2R,) and(R,, R;,R,) as representatives of the orbits. Kgbe (R,,R;,R,), and/, be(P,R,2R,).

Then, some elements 6f, map the elements df, as follows: V4b+— V/4b (, i.e., B, = Q(v~3D).

Some elements off, map the elements d, as follows: ¢~ ¢? andv/—3b+— —/—3b. Hence,

B, = Q(v/b,/4b). Now, B is identified as follows:

B — Q(v/—3b) x Q(v'b, V'4b) (37)
6 — (6(Rp,Ry,Ry),0(P Ry, 2R,) ), (38)

We justify the third condition of (6) as it slightly differs from [3], Section 10.2.

iBZ/Al(O‘l)NL/BZ(“g) € (B)®.
Let the elliptic curveE be of the generic case. Recall that the megpand® defined in Proposition 3.1 and

3.3. The representatives of the orbitsdrandY are chosen as follows:

P=P = (Ry,R;,Ry)
13
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A function ¢ € A can be identified ago;, o) € A; x A, with a; = ¢(P;) anda, = ¢(P,). Recall the map
u: A — Bdefined in (26). lfp € keru, then

9(P)O(R)P(2R,) = 9(P)9(Ry)O(R2) = 0 (P) Ny g 9(Ry) = 9(P) N_ g 9(Ry)” = 4N, g 0F € (B)®.

In [3], they statd\lL/Bzocgz. This must be a typo.

We can also prove the fourth condition of (6). difc ker u, then¢ (Ry)¢(R;)¢(R,) = NA2/81¢(RO) =
Ny g, % € (B).

When we consider special cases suck/bs Q butv/—3b ¢ Q, v4b ¢ Q, the norm maps of (6) have the
obvious meanings. For example, whgh € Q, A, = Q x Q and Na /0 (X) = x;X, wherex = (X;,X%,). The
first condition of (6) means,; x, € (Q*)3, I.e.,X, is determined by, up to(Q*)3, so that we could begin with
HY(Q,E[3]) as a subgroup d@*/(Q*)3 x A/ (A5)3, not as a subgroup @F* /(Q*)3 x Q*/(Q*)3 x Ay/ (A)3.

So, for this special case, we can take= Q, and skip the first condition of (6). Likewise, whefi-3b € Q,
we could begin wittH*(Q, E[3]) as a subgroup o&; /(A;)3 x Ay /(A5)3 whereA, = Q(v/4b), skipping the
second condition of (6).

However, wheny4b € Q, we do not have the automorphissndefined in (34), and hence, we need to
write a description ofH*(Q, E[3]) for this special case.

As described in Proposition 3.1, the fields appearing in the splitting of the algetoarespond to a
choice of the representatives of t%—orbits inX. For this special case of an elliptic curve, we can choose
the pointsP, R, andR; as representatives; see (34), and recall the definitions of the field automorghisms
andz,. LetA, beQ(vb), A,; beQ(v/—3b), andA,, beQ(v/—3b, {); the fields were indexed in this way to
indicate that thétale algebra, = Q(v/—3b,v/4b) 2 A, x A,,.

A— A XA XA,
90— (9(P),9(Ry),0(Ry) ) (40)

To describe explicitly the condition af being in keru, count the number C(BQ-orbits in the set of 8 lines
in (35). Since the automorphissndoes not exist for this case, we have three orbits. Let us choose the line
¢, = (Ry,R;,R,) as arepresentative of the first orlfif, = (P, R,, 2R, ), of the second, ant,, = (P,R;,2R,),
of the third. Recall the definition of(¢) for a line ¢ from Definition 3.2. ThenQ(¢,) = Q(v/—3b),
Q(fyy) = Q(vb, &), andQ(¢,,) = Q(v/b); let By, B,,, andB,, denote these fields, respectively. Tétale
algebraB splits as follows:

B — B, x By, X By, (41)

Then, the condition thap is contained in ket means

9(Ro)®(R)9(Ry) = ¢(Ry) 9 (Ry)p(Ry) ™™

=01 Ny g, 02 = Ny (01, 055) € (Q(v=3D)")° (42)
9(P)9(R)9(2R,) = #(P)9(Ro)9(Ry)™ = oy g1 € (Q(vb, §)*)° (43)
9(P)9(R)9(2R,) = #(P)9(R)9(Ry)™ = oy 5032 € (Q(vb)")° (44)

Now, we have the following as a descriptiont$f(Q, E[3]) for this special case:
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LetL’ be the fieldQ(v/b, /—3b,v/4b¢) = Q(vb, {).

HYQ,E[3]) = { (0, tpy, 05) € AT/ (AD) X Agy/(A51)® X A/ (A5)°
Ny jg(@) € Q)N (a5) € (AL )%,

ig, /a, (1) N L’/B (azz) € (By)®,
BZl/Al(al) 010ty € (By)®,
/8, (02) € (B ) }

4 Implementation of Finding the Generators ofH(Q, E[3])4
4.1 Generators ofA(S 3)

In the definition (4), the Selmer group is described as a subgrodp(@f, E[3]), and we identifyH(Q, E[3])5
as a subgroup o&*/(A*)3 as in (6) and (9). Recall the definition (11) of the subgroup ofétade algebra
over a number fieldinramified outside the set She corresponding image oft(Q, E[3])gin A*/(A*)3 is
equal to the elements #(S, 3) which satisfy the conditions appearing in (6) and (9).

For a number field, the subgroufk (S, 3) is understood by the following short exact sequence:

1— Ug/(Ug® — K(S3) — Clg(K)[3] — L (45)

The S-unit group Ydefined by{x € &, : v, (x) =0, forallp ¢ S} whereSis the set of places df that lie
above the places containedSnThe S-class grou@lg(K) is defined by QIK) /( S) where(S) is the subgroup
generated bys. When there is no confusioS) will also mean that the subgroup of the (multiplicative)
ideal group generated i Then, the mag of (45) is given byo — b wherea 0 = a b® anda € (§>.

A general algorithm of finding the generators of t&enits of a given number fiel has not been
found, but the systemgp-pari computes both th&unit group and th&-class group when it can.

Once we have the generatorslaf and CL(K)[3], we can find the corresponding elementi(S, 3).
The first map of (45) is just an inclusion, so tBenit group can be used a part of the generatois(& 3).
To find the rest of the generators, we use a section of the second map. Define a@etifoilows:

©: Clg(K)[3] — K(S,3) (46)

given by b — a if b> = aa for somea € (S). (47)

Lemma 4.1 The mapd is well-defined, an®o f = idK(ss)-
proof: It is clear that the image, und@, of an idealb € Clg(K)[3] is contained inK(S 3). Suppose
thatb’ = b in Clg(K) andb = aca. Then, there iy € K* anda € (S) such thath’ = ya'b. It follows that
(b3 = (y*(a)3a)a = (ya)((a')3a). Sincey*a ande represent the same elemenki(S 3), the mapd is
well-defined.

Suppose that represents an element KfS, 3), soo = ab? for some ideals: € (S) andb. The mapf
sendsx — b. We haveb® = aa1, i.e.,0(b) = a. We proveddo f (a) = a O
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4.2 Performing the section map ingp-pari

The systengp-pari has the commanbhnfisprincipal that writes a given idealas follows:

B[]

wheref € K* andl3;’s are the generators of ). Recall the definition of the map. To perform the map
O with bnfisprincipal, we have to findi € (S).

For this purpose, | considered a transition malixSuppose that,,i =1,...,t generate{§>, and;,i =
1,...,sare the independent generators offQl. Usingbnfisprincipal, write eactp; = f; |‘|J$:1 ‘,]3'1.“1 ,and

defineM to be the transpose of the matfiy;]. So, if we have an ideqﬂ}zlp[i € (S, then

_ﬁlpiri = IEL‘B\J.’J in CI(K), (48)
i= =

wherevj is the j-th entry of the column vector = Mr andr is the column vector with theth entryr;. To
perform the sectio® onb € Clg(K)[3], | did the followings:

(a) Usebnfisprincipal to write: b3 = B []5_; BYi.

(b) SolveMr =v modn for r wherev is as before and is the column vector with entrie&%, the order
of B, in CI(K), and puta = [i_; p"i. Then we have = b in CI(K).

(c) Then,ady = b3a! for somea € K(S 3), and thex is the image under the section map of (45).
The equatiorMr = v is always solvable becau$é = a in CI(K) for somea € (S), i.e., there are,’s such
that (48) is satisfied.

4.3 Checking the conditions (6) withgp-pari

To check withgp-pari the conditions in (6), we need to redefinegp the fieldsA; defined in (3.1) as
extensions of some intermediate fields. For example, for the generic case, the extgrsian , is treated
as follows. Note tha#, = Q(v—3b+ v/4b) andA , = Q(v/4b):

g=t"3-4*b; Aplus2=bnfinit(g);

aa=Mod(t,g);

f=(x-aa) "2-(-3%b);

z=Mod (x,f);

cc=subst(h,x,z);
\\ h is a polynomial in x over the rational numbers
A\ representing an element of the field A2.

norm(cc) ;

The gp-variableaa is the generatot/4b of A, ,, andz is the generatoy/—3b-+ v/4b of A,. In the second

line of the script, with thelod command, we implicitly define the fiel@[T]/g(T) = A, , in gp-pari. On

top of it, we also implicitly define is the quadratic extensionfof,, A, = A, ,[X]/f(X) where f(X) =

(X — v/4b)? 4- 3b. Note that all elements @k, can be represented by a polynontiéX) over Q whereX
16



corresponds te/—3b -+ v/4b. To compute ingp-pari the norm of the element representedig)) to A,
substituteX with z which isX in A, ,[X]/f(X) and take theworm command.

Using this technique, all the norms in (6) are computed. What is left is to determine whether or not
a given element of a number fiell is a cube. The procedure of checking this property is stated in the
following quite trivial lemma:

Lemma 4.2 K is a number field, andx is a non-zero element of K. Them,c (K*)3 iff « satisfies the
following two conditions:

(@) a0 =a®anda= B0, for someB € K*.
(b) a/B% € (03)*.

proof: Suppose that = y> for somey € K*, i.e., a0y = (y0,)3. If B is another generator g, then
B = yufor someu € 0%, i.e.,a/B3=1/ud € (0})3. The converse is trivial since the conditid??f implies
a is a cubel]

The systengp-pari has the commandsiealfactor for factoring idealspnfisprincipal for find-
ing a principal generator, anghfisunit for determining whether or not a given element is a unit; if so,
it writes the element in terms of the fundamental units. As easily anticipated, factoring ideals is an expen-
sive computation, and writing a given element in terms of the fundamental units is even more costly. In
particular, when the field is “ complicated,” e.g., the unit group and the class group are big, this part of
computation takes long time. Indeed, when such complicated fields are invekatkr3333. gp takes
more than 20-30 seconds to finish the computation. For most cases with complicated fields involved, the
level of real precision igp-pari has to be increased to find the fundamental units and tbifihsunit.

5 Local Conditions

Recalling the definition (4) of the Selmer group, we see that the next tasks are finding the generatdgs of Im
and checking the condition of (4). For all cases, the lemma 2.1 computes the generaqarsSfoot equal
to 3.

However, atq = 3, there is not a simple formula. As mentioned in the beginning of this report, |
implemented a random searchgp-pari since it finds the generators of By quickly. Both the random
search and the terminating procedure of finding the generators will be explained in this section. Since this
part is going to be a bit lengthier, let me proceed with the following subsection.

5.1 Local condition atq# 3

Once we have the generators of dgin A*/(A*)3, we need to check the condition of (4). We identified
HY(Q,E[3]) andH!(Qq, E[3]) as follows, and\, is identified as in Lemma 2.1:

HY(Q,E[3))g —— A*/(A")®
| | )
H(Qq.E[8]) — — A/(Ap)?

wherew andwg are injective, andr (o) = o ® 1. Since the diagram is commutative, the condition (4) means
that ifw(&) = a for & € HY(Q,E[3]), thenz(c) € wy(Im &). In practice, the map means the following:
17



for the generic case argl= 2 mod 3, letz, be an element a@q such tha1z(2) —b=0, andyrij be the field
isomorphisms defined below.

Q(vb) x Q(v/=3b,v/4b) — Qq x Qq x Qq(v/—3b, V/4b), (50)
o = (0, 0p) — (7100, 700, Tr0), (51)
wheren, Vb= z,, m;,Vb= —2z,, ,(v/—3b+ V4b) = /=3 z,+ V/4b. (52)

The map involves a choice afb; just fix one once and for alll.

Forg =1 mod 3, the mam is understood similarly. For this case, the alge(@aa\/—is’b, V/4b) splits
further. Write 7, = (7,;, 7,,). We haver,(v—3b+ v/4b) = (v/—3 75+ V4b,—/—3 z,+ v/'4b) (see
Lemma 2.1). However, the map,; will be the same as in the casg:= 2 mod 3. That is, rather than
choosingy/—3 € Q, use the description of as in Lemma 2.1 so that we can avoid the ambiguity of
choosingl € Q,, in practice. Itis actually important to make only one choice {f&m and keep the other
elements consistent with the choice.

It remains to check ingp if m(0y,a,) € Ay/(A;)* is contained in((4b,2b?,£2)) or ((4b,20%, (2, ()
depending on the congruence relatiomofHence, we need an algorithm to check if a given element is a
cube in a finite extension @q. We will call this processhe local cube-test at.q

Local cube-test atq £ 3

The test uses Hensel's lemma for a special case:

Lemma 5.1 K is a number field generated by (an algebraic integényith the minimal polynomial (i)
defined ove, i.e., K= Q(f). Let g# 3 be a rational prime, and be a prime ideal o¥ lying above q.
Then the local field Kis generated by sonf&; € K, such that {f,) =0, i.e., K; = Qq(S;)-

Suppose that(¥) is a polynomial ovefQq, andr, € K is a uniformizer of the local field K If g(B3,) is
a unit of theg-adic integers of i§, g(B,) is a cube in K iff g(B,) = a®> mod =, Oy, for some a Oy .

proof: We have the field isomorphiski= Q[x]/ f (x), andf () = 0. It follows thatk ® Qp = 7., Qp[X]/ f; (X)
wheref (x) = 7. f;(x) is a factorization into irreducible polynomials ov@p. These factord;(x) corre-
spond to the prime ideatg lying abovep, andK, = Qp[x]/f;(x). Sayingq = q,, we can find3; € K, such
that f,(B,) = 0, and it is obivous tha&, = Q,(j3;) and f(j,) = 0.

The rest of the statement of the lemma is a standard application of Hensel's Lemma to the polynomial
xX—a [

As a matter of fact, performing Lemma 5.1gp-pari is not very convenient. Let me summarize in the
following proposition how it was actually done gp-pari.

First, let me introduce a couple of definitions. Given a positive intégeatefine theN-truncation map
ry: Qq— Qgiven by sy nand” — Yhmand", andRy : Qg — Q[X] given byy anx" — 3 r(an) X" call
Ry theN-truncation mamn polynomials.

Proposition 5.1 Assume the same context of Lemma 5.1. dRutR (g) for some N so thafj # 0. Then
9(B,) is acube in K iff §() is a cube in(Oy /q)*.
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proof: Suppose thag(f,) is a cube inK;, and consider the embeddingf K into K, which takes —
B Noteg(B;) = G(B;) +ay = G(i(B)) + My for somey € & , i.e., for someac G , a° = g(By) =
a(i(B)) mod 4Oy, andd(i(B)) # 0 mod 74Oy, - SinceﬁKq/JrqﬁKq >~ 0 /q, §(B) = b® mod 0 /q for
someb € Oy.

By Hensel's lemma, the converse is easily provedy(f)= a mod q0y for somea c 0\, then the
congruence remains valid modutgK,, and hence® = §(,) = 9(B,) modr,K, sinceg(B,) = 9(B,) +a"y.
O

With this proposition, testing if a given elementx) € Q[x]/f(x) is a cube modulorqﬁ’Kq is done by
testing ifg(x) moduloq is a cube, wher& corresponds to the generatorskgfandK. Hence, the problem
reduces to finding the cyclic generator(@f, /q)* with which it is easier to determine whether or @ox)”
is a cube. The systegp-pari has the commantidealstar which in general computes the structure and
the generators of, /a for an integral ideah. So, using the generatgrof (&, /q)* thatgp-pari finds, |
created a list of cubes iU, /q)*, i.e.,{y* : k= 1,...,m} where 3nis the order of G, /q)*. With this list
prepared, testing if(X) is a cube modulg is justcomparingg(x) with the elements in the list. When we
actuallycomparean elemeng(8) with the elements in the list, we compute @aluation ofg(8) — Y to
see ifg(B) = y* modq for somek. Thegp-pari commanchfeltval computes such valutations.

Example: Recall the definition (5) of the field&, andA,. | will show by an example how to actually
determine whether an elememt= (o, ot,) € A= A; x A, is mapped to Indq as required in (49) to be an
element of the Selmer group. Suppose tpat 5, and that an element = (a,,a,) € A; X A, is repre-
sented by polynomialg (x) andg,(x) defined over, i.e.,g;(vb) = o, andg,(v/—3b+ v4b) = a, € A,.
To check the local condition &t (see Lemma 2.1), we need to see, for example, whether arjogt=
(¢2)* mod (A,)5/((A,)5)? for somek = 0,1,2 where(A,)q = Qq(v/—3b, v/4b) and the mapr, is defined
as in (50). For both caseg:= 1,2 mod 3, we apply the following procedure:

(a) Choose once and for all, a primdying aboveq usingidealprimedec andv/b = z, € Qq using
polrootspadic. We write§ in terms ofz, andf, = v/—3b+ v4b € K,:

V/=3b = (B3 — 90, —4b) /(37 — 3D),
V=3=v=3b/z, {=(-1+v=3)/2

That is, we find a rational functior(x) over Qq such that{ = f(f3;). Moreover, we can find a
polynomialg(x) defined overQq such thatf (Bq) 1 = g(q)-

(b) Take gpolynomial g(x) = g,(X)g(x)% for k=0,1,2, so thap,(B,) = 95(By)/(£?)%. Use Proposition
5.1 to test ifg,(x) overQq corresponds to a cube modutg.

The mapsr,, andr,, are easier to perform. Suppose thatx) is a polynomial defined ove, such
thato, = g (v/b). To see ifry;(W(a;)) € wq(Im &), take the polynomiaty;;(x) = d;(z,)/(4b)<,which is
in fact an element ofq. The local cube-test iQq is easy. Sincer;;A; = 7;,A,, the test for Inx;, is not
necessary.

Script  As an example of testing @(x) is a cube irK,, | include the user-defined
gp-function ofselmer3333. gp, which performs this task.
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{ \\ v is in polmod, if (n%3'=0, ans=0,

\\  mod Q-polynomial with coeff g-adic. ww=nfeltpow(L,pi,n);
wiscubeatq(L,w,q)= w=nfeltdiv(L,w,ww);

local(P,T,pi,n,ans,ww,k); \\ w has valuation 0 at P.

if (L==A1,T=SA1,SA2); \\ (1) k=kthprime(S,q);

P=picktheprime(T,q); if (L==A1,T=1littlecubes[k],

pi=P[2]; T=bigcubes[k]);

w=component (w,2) ; ans=testit_q(L,w,P,T,q)

w=fitiT_q(w,q); \\ (2) )3

w=nfalgtobasis(L,w); ans

n=nfeltval(L,w,P); }

The script is the definition of a user-defined functiorgprpari. wiscubeatq checks ifw is a cube in
the completion of a global field at a prime ideal lying oveg. component, nfalgtobasis, nfeltval,
nfeltpow, andnfeltdiv are built-ingp-functions, and all other functions are user-defined.

In line (1) of the script, it determines whether the field\isor A,, and chooses the correspondKrij,
andpi is the uniformizer ofy. The commanditiT_q performs the truncation méaR, whereN is pre-
defined, sar is a polynomial defined ove® in line (2). If at this stager is zero, then the error message:
padic precision low; try agains displayed. If not, it carries on going to find tiqevaluationn of w, and
makew haveg-valuation 0 by dividing it bypi“n if n is divisible by 3. The commantkestit_q tests if the
polynomialw is a cube in(&y /q)*.

5.2 Local condition atg=3

There is no simple formula for the generators ofdjnbut in theory, finding the generator is a finite amount
of computation with use of Hensel's lemma. NeverthelessiFgEf@3)/3E(Q3) =dim E[3[(Qg)+1is
true for all elliptic curves (see [1]), and hence, we know the siZe(@¥;) /3E(Q5) in advance.

The actual random search implementeddéimer3333. gp is a search of the generatorsafQ;) /3E(Q5).
To find the corresponding images Ai/(A*)3, we need a concrete description of the map which takes
E(Q4)/3E(Qs) to A*/(A*)3. Schaefer describes this map very well in [2], calieel F-map

F-map
Definition 5.1
(@) LetE be an elliptic curve ove®, f € Q(E), andD < Div(E). If the support of the divisoD is disjoint
with div f, we definef (D) = MpesuprD) f(P)"%, whereD = Y peSuprD) ne(P).
(b) TheF-map is defined as follows. First, consider the diagram:

E(Q —— AY/(A)?

]l £ (53)

PIC(E)(Q( —— A/(A)°

where the maps, F’ andF” are defined as follows.

(i) 1(P)=(P)—(0O).
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(i) If the support of a divisoD € Div(E) is defined ovef) and does not interse&{3](Q), we call
D agood divisor

(iii) Given a nontrivial pointP € E[3](Q), let f be an element of(E) with div f, = 3(P) — 3(0)
(see Corollary 3.5, Chapter 3 of [5]).
(iv) For a good divisoD, define

F'(D)=¢ €A givenbyp(Q) = [] fo(P)™
PeSupgD)

(v) DefineF(P)=F'(1(P)).

The mapF is a well-defined group homomorphisr&(Q)/3E(Q) — A*/(A*)3 (see Lemma 2.1 in [2]),
i.e., there is a good divisor for all points BfQ), and at any good divisoi9, andD, linearly equivalent
to each otherF’(D;) = F/(D,). For example, leP andR, be the points o£[3](Q) defined in (34), and
T € E with [6]T # O. We have(T) — (O) ~ (2T) —(T), i.e., (2T) — (T) is a good divisor. Noting that
A AL/(AD2 x A/ (A5)3, we can defing (T)

([ fe(2T) fR)(2T)
F(T)‘<fPP<T>’fRO<T> |

TheFg-map is similarly defined as a maB(Qq)/3E(Qq) — A/ (A)°.

Random Search |

The task is to find one or two points &(Q) that are not divisible by 3. The structure BfQ;) is
understood in terms d&,(Q5) andE,(Q;) (see Chapter 4 of [5]). The standard definition€gfandE;
are given for a minimal model d&, but just to give the definition of these subgroupsef),), it is not
necessary to put it in a minimal model.

Definition 5.2
Let E be an elliptic curve given by? = x3+bforb € Z.

(@) E1(Qg) = {(xy) € E(Qg) : v5(x) < 0}, which is called the&ernel of reduction of E & when it's in
a minimal model.

(b) Ex(Qz) = {(x,y) € E(Q3) : v5(x) < 0, orx# —b mod 3} is called theconnected component of O of
E(Qy).

Eo(Q3)/E (Qg) is isomorphic toF5,+); E is said tohave additive reduction &. In general, this quotient
group is isomorphic to eith€ifq, *) or (Fg,+); see [6] for more ofype of reductions of elliptic curves

Coming back to our problem, we want to find a pointEfQ5) which is not divisible by 3. Itis a
well-known fact that

(@3) (23, 7),

where.7 is the two-variabled power series ovérwhich defines a group law oA; endowed from the
group structure oE(Q3). Since this isomorphisnp is well-understood and the filtrations"B (Q;) —
3"1E, (Q,) are surjective, a nontrivial poifitof E, (Q;) /3E, (Q;) generateg, (Q;), and assuming ~1(3) =
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T makes it easy to find one point, namdly However,E,(Q3)/E;(Q4) = Z/3 implies that suci might
be divisible by 3. According to some of the computations | performed, there are ¢&$€s) — E;(Q3)
given by the multiplication-by-3 is not surjective, and there are cases: it is surjective.

For the same reason, a pointkgy(Q5)/E,(Q5) might be divisible by 3 whefie(Q5)/Ey(Q3) is Z/3.
Thus, trying to find points ifE(Q3) /Ey(Q3) reduces the chance of the points being divisible by 3.

Lemma 5.2 Suppose that E is an elliptic curve defined oewith E(Q3)/Ey(Q3) =Z/3. If T € E(Qs)
reprensents a nontrivial point of ;) /E,(Q5), then T is not divisible bg.

Suppose that E is an elliptic curve defined ofevith # E(Q;)/E(Q4) not divisible by3. If T € Ey(Q)
reprensents a nontrivial point of £Q5) /E; (Q3), then T is not divisible b$.

proof: Suppose thaE(Q3)/Ey(Qz) = Z/3. If T is divisible by 3, i.e., 3’ =T for T’ € E(Qy), thenT
must be inEy(Qj).
Suppose that E(Q)/E,(Q3) not divisible by 3and 8’ =T for someT’ € E(Q3). T’ cannot represent
a nontrivial point ofE(Q) /E(Q3) becausé3] is an automorphism oB(Q3)/E,(Q5). T’ cannot represent
a nontrivial point ofE,(Q5)/E; (Q5) because it force$ to be contained i, (Q5). O
The above lemma completes the theoretical description of a method of finding one pBii@ofthat
is not divisible by 3, but | find a random search performs the task far quicker, and with random search, it
was easier to find a second point whefQQ;) /3E(Q3) =2 Z/3® Z/3.

Random Search I

The actual random search ée1mer3333.gp was done by finding points iB(Q3)/Ey(Q5) regardless of

the structure oE(Q)/E,(Q3) which was distinguished in the lemma 5.2. One non-trivial computation
we have to perform in this random search is checking the 3-divisibility. The 3-divisibility test can be done
quickly using the=-map introduced earlier. From the diagram of the definii@nwe obtain the following
computationally useful lemma:

Lemma 5.3 Suppose that E E(Q3). Then, Te 3E(Qy) iff F(T) is a cube in A.

proof:  E(Q3)/3E(Qj) — A3/(A3)%is an injective group homomorphisil.

Directly checking the 3-divisibility of a point of an ellitpic curve over a local field is much more com-
putation than checking if an element is a cub&jnwhich is explained in the next section.

To find points ofE(Q3)/Ey(Q3), | considered different cases depending on the valuatiom ofhe
followings are a couple of examples. When a second point has to be found, | applied the same random
search until it finds one (independent of the first one):

Case: v4(b) =0and b # 1,8 mod 9 It turns out thatE(Q;)/Ey(Q3) is the trivial group. Points of
E(Qjy) in form of (a, B) € Z4 x Z4 represents a nontrivial point &,(Q5)/E;(Q). Varying o overZ, we
find many solutions fof € Q, and look for a point which passes the 3-divisibility condition for which we
use Lemma 5.3.

Case: v4(b) = 3. A point of E(Qj3), in form of (3c,3B) € Z5 x Z5 represents a nontrivial point of
E(Q3)/Eo(Qs)-
22



Cube-test atq = 3.

As shown in Lemma 5.3, to check the 3-divisibility of a pointefQ,), we need to check if an element
is a cube inMA;. Since Lemma 5.1 on p.17 is not applicable, we need the following refined version:

Lemma 5.4 K is a number field, ang is a prime ideal ofv lying above3, of ramification index e. Then,
ac (0, )°iff x*—a=0modg" is solvable where N= [(3e-+1)/2].

proof:  Let f(x) = X3 —a= f(xy) +3x3(X— Xg) + 3% (X—%g)? + (X—X%)3, N = [(3e+1)/2], andx be a
uniformizer ofq. Suppose that > N, andoy = by + -+ +b, ;7" by # 0 such that —a= 0 modq",
whereb; are one of the fixed representatives@f /q. Then, we can findx,, ,( mod g"**) such that

o2, —a=0modg"*. Let: o, , = an+cx e force (O /q)*.

2

f(0yq) = f(an) +302(cn™®) + 3om(cn" )% + (ca"®)°.

Vz(30n(cmt"®)2) = 2n—e, andv, ((ct"©)%) =3n—3e.n> N > (3e+1)/2> e+ 1implies h—e>n+1
and 1—3e>n+1. Then 0= (& — a) + (un®) e mod g™+t where 3= uzn®, i.e., 0= (o —a)/n" +
uo2c modq which is solvable foc sincea?u € (6 /q)*. O

Using idealstar, we can prepare the list of cubes f6f /qN. This cube-test af = 3 is also used to
check the local condition of (4) in p.4 gt= 3. This concludes all the computation. The set of the elements
of HY(Q, E[3])s which passed all the local conditionsSsl®) (E/Q).

6 Program: selmer3333.gp

selmer3333.gp displays only one quantity di@SeI“)(E/Q), but a user can display the generators of
HY(Q,E[3)s

| was interested in how tH&-unit groupandthe3-part of the S-class group oféontribute tcsel® (E/Q);
it's known that theS-unit group contributes at most by dimension 1. Such knowledge may not be mathe-
matically useful because our sis not necessarily “minimal.” Using Tate’s algorithm, our Setescribed
in (10) in p.5 is already smaller than the standard choice described in Theorem 2.1 on p.4. The meaning of
Sbeing minimal could be the smallest &of places such that for any smaller &tontained ir,

{& e HY(Q,E[m])g:res € €1m &g, Vg € S}
#{& e HY(Q,E[m))g : reg,€ €Imq, Vg€ S}.

However, from my experiments, for many cases, oufSsetminimal, and for some cases, 0 is minimal. Up
to this moment | haven’t approached this problem mathematically.

(54)

6.1 Other Outputs

The following outputs are also computed after a rus@fmer (b, pN).
(a) Vv is a vector of lengtn of the generators ok /(A})3.
(b) wW is a vector of lenghtm of the generators o5/ (A3)3.

(c) www is a vector of lengtmmm of the generators ok, /(As,)% whenv/4b is defined ove. (See the
subsection 3.4 on p.12).
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(d) Pass1 is a vector of theexponential coordinatefor Vv that passed the first condition of (6) in p.4.
e.g., ifPass1[2] is [1,2,0] andy; are the entries ofv, then the elemently3y3 passed the norm
condition.

(e) Pass2 is a vector of theexponential coordinatefor ww or for ww andwww, which passed the second
and the fourth condition of (6).

() MGen is a matrix with entries 0 and 1 whose rows repregents1 and columns representass?.
e.g.,MGen[2,3] being 1 means that an elementAfcorresponding t®Pass1[2] andPass2[3]
passed the third condition of (6) and the local condition, and hence is an elenfmrft?)c(E/Q).

6.2 Runningselmer3333.gp

The gp-scriptselmer3333. gp is available at my website
http://www.math.uga.edu/~ schang/math/selmer3.html

The script runs in thgp-calculator. The following is an example of loadisglmer3333.gp in the gp-
calculator and computing the size®#1® (E/Q) for E : y2 = x3+17:

\r selmer3333;
pN=70;
selmer (17,pN) ;

pN sets the level of precision for the local computation. When the level of precision is not sufficient for
correct calculation, it displays: “padic precision low: try again.” Then simply reset the vakig ahd run
it again.

6.3 Known bugs

There are two bugs are known to me.

(&) WhenpN is large, the coefficients of the polynomials dealt in the local computation of the program
are approximated by a large integers as it applies Proposition 5.1, but it results in, rather very rarely,
gp-pari being unable to properly execuiafisunit, which determines if a given element is a unit
in a number field, displaying the messagenpositive argument in mplog

(b) When the number fields are complicated as described at the end of Section 4.3 ogpppb¥,i
cannot find the full set of the fundamental units with the default real precision, which is 28 digits,
displaying “insufficient real precision level.” By running 100, for example, it can be increased to
100 digits. For some complicated fields, it has to be increased up to 200 digits or mgpe-palr i
to find the fundamental units.

24



Bibliography

[1] Edward Schaefer. Class groups and selmer grolyddumber Theorybs6, 1996.

[2] Edward Schaefer. Computing a selmer group of a jacobian using functions on the Matre.Ann,
310, 1998.

[3] Edward Schaefer and Michael Stoll. How to dgalescent on an elliptic curvelransactions of The
American Mathematical Societ$56, No.3, 2003.

[4] Jean-Pierre Serrd.ocal Fields Springer, 1979.
[5] Joseph H. SilvermanThe Arithmetic of Elliptic CurvesSpringer, 1986.

[6] Joseph H. SilvermanAdvanced Topics in The Arithmetic of Elliptic Curv&pringer, 1994.

25



