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The Hecke algebra H(q,n)
- A C-algebra, where g C, n=2,3,....
Generators: g1,...,9n_1-
Relations:
® 9,95 = g;9; if [i—j|>1,

& gin’-i—lQi = gi+19i9i+lv
o (9i—1)(g;+q) =0.

A&;st;!me.ﬂ«?:‘tg! (2> 9 TN invertible )
gnta rect €l
(> H(q.n) s semi-simple)



The Braid group B,
Generators: oy1,...,0,-1-

_Relations:
¢ 00, = 0;0; if li—71>1,
® 004107 = 041040441

String:




Irreps of H(q,n)

If g is not a root of unity they correspond to
partitions of n. -
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The restriction to H(q,n — 1) is the direct sum
of all the ways to remove a corner box from
the diagram.



Module M for a Young diagram
Number the boxes up-down, left-right.

M is the module H(q,n)1 modulo

” )
| - bleck
® Uil = —q1
if 4,24+ 1 are in the same column,

” : Y
2 -block’

¢ 0j...00;...051= ¢ 1
if 2,...,7 is a column.






M as q H(g n~1) -modude .
Say Coraer boxes are ¢, < . .. <C,
Let M; be the € -span of all:

o

tS""’"#J zct-
M.D oo DMk DMk-H =0
Theorens
M =® M,;/Mg...,
M. /My, = “remeve box ¢,
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Lemma. M # 0. Mi/“g." ZO.

Lemma. For two columns of k boxes:
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M=M,: Use a;.—-q'a;."’:-l-g
to Pul( top -n3h+ sf'n'n& T2

~ €ront. Then use f-bleck,
8!‘3 Y te brmj its botiom
CAJ te Q Cj.

eg. bor t d

M - M| /Mz @ MZ (Selm'-so'vpfe}
Cinduct)
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Mapping Class Group
n = n-punctured disk.

This is the group of homeos D, — D, which
are id on 8Dy, modulo isotopy.

- eg. oo € Bg:




The Burau Representation

Let D, be the Z-fold cover: wind counter-
“clockwise around a puncture — go up a level.

The Burau representation is the action of B,
on H1(D,) by #&module homomorphisms.
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Compare




Lawrence-Krammer Representation

Let C be the space of unordered pairs of dis-
tinct points in Dy,.

Let C be the Z®Z-fold cover:
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The LK rep is the action of By, on Hx(C).
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59860‘@[{_&_‘_‘!13
Hy (€) is a Z[q*! t']-madule.
Cis a Zlg t']-module
Y g, to b
C® H, () is a CBy-module

This is not the came as:

Find matnces for o7's,

p‘ug " values Cor é,’ft,e'
The latter may depend on
your choice of basis Cor ‘:ﬁ,(e),
or rather For @(q,d@ N, (& )
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Theorem (Lawrence)

At ¢t = —g~! this is reducible, and has

as a Sub-r®p. QUO"OE'\*

Sketch of Proof (me).gTwo types of surface:




Vo- span of type 2 surﬁaces

X = ¢.V

Zoneidesr H,CZ: N(anp
M= ”({. n)-module {O'D
from €irgt hal€ of talk.
¢: M=V, 1x"
Well -defined: Check
I-bleck, 2-bleck, MHecke
I-l: M ¢ iwrredueble
onto: icky explicit computahien

THIS

GENERALISES - e



One (s‘gure-ec‘ghf- For every
colump o€ two boxes.

- Column of three: two red
points and one orange.
Orange P‘h may co'nede
with punctures, but treafs
read phs (ke punctures.
Red ptes Farm type @ e
surface while crange p#
runs ¢igure -elghts around
them.

Column £ 4 werk o
progress, Must wer L by
Lowrene & Frer half o€ takk
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Possible Applications
e Faithfulness?
e Roots of unity!

e Jones polynomial?!
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