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SO@) en. PU(2)-monopole equations

Introduced by Pidstrigatch and Tyurin (December 1994),
with cobordism idea to prove Witten’s conjecture. A pair
(A, ®) is a PU(2) monopole if
_ (ad7H(F]) —p (@ ® P00 _
o — (0000

where

e A is a spin connection on V, with A|geqv+) = 244,

e A is induced connection on SO(3) bundle g; C su(V),

o (PR P)g9 € C(p(AY) ® gv), '

o p: At Zsu(Wt),

e Dy : C®(V*) - C°(V™) is Dirac operatoar,

edc C®(VT), where V=V V~. “ooe

Moduli space of PU(2) monopoles for t = (o, VY):
» M= {(4,9): 6G(4,P) = 0}/G,
where G; = Gg and
G = {u € Autgy(V) : ulu = 1 & detey(u) = 1},
Ge = {v € Aut(E) : vlv = 1 & det(v) = 1.



Singularities in PU(2)-mesmpsle spact

i [A, & is a fiooed-point i PU(2Z) monopole space, M,
under S! action given by scalar multiplication on V/, then:

L

e (A,®) is an enti-self-dual solution:
@EOand/Alobeyst{zo,so
MY ={A: F} = 0}/Gg — M,

where x = —ip(t) and w is any integral lift of ws(t).
v sage) =032 (Bu@Y)
o (A, ®) is a Seibery-Witten or reducible solution:

A=B®B® A, when V = W & W ® L, some line
bundle L, and ® = ¥ @ 0 with ¥ € C°(W), so

B % N_ p (T QU ) — FL\ & e
o S (i) = gg)- (DB\If ) AA) :_gjc
Then [B, ¥] € M,, where s = (p, W) and "
M, = {(B,¥): &6(B,¥) =0}/Gs = M,
where Ap = Bt @ Arand - et
"G, = {s € Aute(W) : s's = 1} = Map(X, 5).
Moreover, A=dr @ Aon ge =R L. ‘
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Donaldson invariants
Set A(X) = Sym(Ho(X;R) ® H¥X;R)), s0 z € A(X)

~— . _is a linear sum of monomials
s z"B1B2 - - - Bs—2m, '
with z € Ho(X; Z) positive generator and f; € Hz(X;R).
Useful cohomology classes on M can be defined via
p Hi(X;R) - H* (MY, R).
The Donaldson invariant is a linear function
D% : A(X) 2 R,
where, for a monomial z with deg(z) = 24,
Dy(z) = (p(2), IMZ])
with p(z) = p(@)™ — p(Br) ~ -+ ~ w(Bs-2m)>. e
X has KM-simple type if for some w, and all z € &(X),
Dy(s%) = 4DY(2),

One defines the Donaldson series:

¥(h) = D2((1 + iz)e"), ke Hy(X;R).

Theorem 1 (Kronheimer & Mrowka, 1993). If X has
KM-simple type, then there ezist a. € Q and K, € -
HYX;Z) (the KM-basic classes), so

oo D% (h) = e1Qx(AR) Z(___l)éa(m’w-xr)areKr.

p=f{



AR »
Seiberg-Witten invariants and Witten’s
conjecture '

" _ M, is compact manifold with, for ci(s) = (W),

dim M = dy(s) = §(c1(s)® — 2x — 30).

Seiberg- Witten invariants: SWy : Spin®(X) = Z,
SWx(s) = (u(x)*/*,[M])
where p : Hy(X;Z) — H*(M;; Z) defines classes on M.
X has SW-simplé type if
. SWx(s)=0 when dim My (X) > 0.
Call cy(s) € H*(X) an SW-basic class if SWx(s) #0.
Seiberg- Witten series: For h € Hy(X;R), define
SWER) = Y (—DAae gy (g)eel,
s€Spin(X) -

This is a finite sum. Let ¢(X) = —3(7x + 110), where
X has Euler characteristic x and signature o.

Conjecture 2 (Witten). A 4-manifold X has KM-simple
type if and only if it has SW-simple type; if X has simple
type, the KM and SW basic classes coincide, and

DY (h) = 22~ NI BNSWY(h), h € Hy(X;R).



Bubbling and Uhlenbeck compactness

If {Aq, Potaen C M, then it converges to ideal PU (2)
~ monopole (A, oo, X) in My, X Sym®(X) if

o (Ag, @) = (Aoo, Poo) in C on X \ {x}, mod gauge,
o |Fu|> = |Fa|> + 87> ,cx 0(x), as measures.

Let M, be closure of My w.r.t. Uhlenbeck topology in
N

|| (M, x Sym’(X)),
£=0
where t; = (p, V) with
pi(te) = pu(t) + 44,
while wy(ty) = wo(t) and ¢1(te) = ci(t). Foe

Theorem 4 (F-Leness, 1996). M, is compact.

The space M is smoothly stratified, with

e top or zeroth level My, and
o lower levels My, x Sym‘(X), £ > 1.

Need analytical tools (“gluing theory”) to understand
e Topology of “tubular neighborhoods” of the boundary
strata and singularities, and ’
o How strata My, x ¥ fit together, for all & C Sym®(X).
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PU(2)-monopole cobordism formula relating
D and SW invariants

- _ Modulo the (non-trivial) construction of links Ly, the
cobordism M yields the raw identity, :
<l‘m z) = por (L)
> <,“p1 (2) — oy, Ll
s€Spin(X)
where I ;
deg(z) = d, = dim M and d, + 2n, = dim M.

e One finds that (i, (z) — poe™!, [LE,]) is asmulgiple
. "of Donaldson invariant, D}”((g 4

12
o Difficult part is to show {p, (z) — ufe L)) is
correct multiple of Seiberg-Witten invariant S’ Wx(s).
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A strategy to prove Witten’s conjecture

1. PU(2)-monopole cobordism, with gluing construction
of links L5 of My x Sym’(X) in M, yields

DY(z) =270 37 (~piialrm
s€Spin°(X)

X (i (2) = pey ™" [Lua])-

2. Pairings with Ly hard to compute directly when ¢ =
£(t,s) > 2. Instead try to show:
o Pairings
(p,(2) — I‘:,“_l: [Lis)
are universal polynomials in Qx, {(c1(s), -) akd (é Y,
- with coeffs depending on SWx(s), ci(s), A, )(1,
e Above is already enough to prove
Seiberg-Witten =—> Donaldson.

3. We expect our universal, but non-explicit formula im-
plies Witten’s formula via supplementary arguments,
e Known Donaldson and Seiberg invariants of suffi-
ciently many examples,
e Recursion relations among coefficients.
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Formulas for D invariants due to SW moduli
spaces in arbitrary lower levels

More generally, our construction of links and a push-
forward /integration-over-fibers argument yields

Conjecture 11 (F-Leness, March 1999). For A, w in H*(.
with w — A = wa(X) (mod 2),and all h € Hz(X R),

Dq)u((hd) — 22—c(X) Z ( )7(w2+c1(s SWX( )

5€Spin‘(X)

X Za ci(s), by, (A, BY) Q5 (hy h),

where £ = {(c1(s ) A) and m(£,d) = min(¢, [d/2]) above.
The functions §; are homogeneous polynormals in two
variables, whose coeflicients are polynomials in QX + 30,
(c1(s) —A)%, A2 and (ci(s —A) -ca(s). A &mﬂar‘formula
holds for the invariants D% (z™h4=2™), 0 < m < [d/2].

Remark 12. One sees a factorization of the pairings

be
<MP1(Z) U /‘Lclla [Lt15]> ‘
into product of SWx(s) and & = S, 6:Q% "

For M, a single point and M, — My, a smooth subman-
ifold (no obstructions), the SW link pairings have (essen-
tially) same structure as those in wall-crossing terms for
Donaldson invariants when b3 (X) = 1.
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