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A guandle, X, is a set with a binary operatioh *

such that X~ 4
P

(I. idempotency) X’y

Va€e X, axa=a,

(1I. right—invertibility)

Va,be X, dlce X

s.t. a =cx*b, e
(I11. self-distributivity)

Va,b,c € X,

(axb)*c= (axc)=(bxc).
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a=c*b
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(a*c)*(b*c) (a*b)*c



1. Colors: Elements of a a finite quandle

(a) A QUANDLE is a set, Q, with a binary
operation x defined such that

eaxa=a
e Va,be @ JlceQ s.t. a=cx*b
o (axb)xc={(axc)*(bxc)

(b) R3 the 3-element dihedral quandie:

ixj=27—1¢ mod(3)

(c) S4 a 4-element quandle: e
0 — 0%0 = 1%2 = 2%3 = 3x1

1 = 0%x3 = 1x%x1 = 2%x0 = 3x%x2

2 = 0%x1 = 1%x3 = 2x2 = 3x%0

3 = 0%x2 = 1%x0 = 2x1 = 3x3.
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Examples of quandles.

e The trivial quandle is any set X with z*xy ==

for any z,y € X.

a,bed.

e QS5(6) = {(1234) = q,(1432) = 4,

(1243) = b, (1342) = B,

(1324) = ¢, (1423) = C}
oo

e The dihedral quandle, Rn: 4,5 € {0,1,...,n —
1}, i%j = 2§ —i.

e mod-n Alexander quandile:
Zn[T, T~/ (R(T))
with A(T) a monic polynomon,lop and axb =

Ta—+ (1 —-T)b, a,b e M.
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Th+ (=D fa +(1-TN)

Z2(T-1)a ¢ (Q.T+1‘/56
2 Q e

Tiat (T'Tt)B
+((=-Nea,

(1-T+T¥) =9



Qhandle Homology.

e CR(X) is the f. a. g. gen. by (z1,...,%n)
T € X.

e O CR(X) - CR (X):

n

an(x1,172:---,-’15n) = Z(_l)z
‘ =1
[(wl * Lj, T * Ty ooy Tie] * Tjy Tit1,---,Tn)
—($1,$2,...,$i_1,$i+1,...,C)Sn)] . e

e Let CP(X) gen. by n-tuples (z1,...,%;, Ty, - - - %n)
e If X is a quandle, then 8,(CP (X)) c CP_(X)

o CR(X)=CR(X)/CR(X)



We have a split seseq.
0 CPx) S cRx) L cR(x) 0.
Thus there is a leseq:

LA DX e) B HR(XGE) B HX ) S -

THM.

For n = 3,4, the map -
8y : HR(X) — HP_,(X) e

is trivial.
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kv )k *

T

-~ w*y/ \w w
(W,X,y)

- !(W,X,Y) = (W*X,Y)-(W,Y)-(W*y,X*Y)+(W,X) .
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(W,y,2) I

(w*y,x*y,z)

e
||

(W,X,y)

w*z

G I

-(W*z,x’fz;y*z)

WK .
: -(w,x,z)

—i W*x,i,zi

D(W,X,y,2)=(W*X,y,2)-(W,y,ZH(W*y X *y,2)+HW,X,2)
+(W*Z,X*Z,Y*Z)-(W,X,Y)
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The cycle
a’ﬁ)‘r(B’Y)—(B9a)

%,p,YERy
[x Yz 2‘3-’1 @i
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Remark.
Associated to the above diagram is a quandle.

It is given by generators and relators as

<T,Y,Z . T*Y =Z,Y*2 =X, Y*xT =2 >.

It can be shown thatlthis quandle is R3.

HX(Rpp4+1) =0.

Thus the abstract knot is 2-homologically trivial.

We can show using shadow colors, that it is not

3-homologically trivial.
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(2,0)
(0,1)

(1,2)

(0,1)+(2,0)+(1,2) |



The example indicated here represent the 3-cycle
(a,b,¢) + (a,c,a). One can show that this cycle

generates

H(R3) =17Z/3
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There is a method of going from a shadow

colored classical diagram to a colored surface dia-

gram.
e W |||
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AN b a*b ¢
a (a*b)*c
'< .
(

(a*b)*c a*b)*c

d b

c
L t:l*b\
(a*b)*c)*d a
AN
\/ (a*c)*d a*d
I

d
((a*b)*c)*d
(a*b)*d
‘\P (a*c)*d

c*d  (b*c)*d c*d  (b*c)*d
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T heorem.

12(31) # —m2(31)

Notation:
e K is a classical knot
o ?}(K) is the 7 twist spin of K

o —1(K) is the same knot with the oriéhggl

tion reversed.
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History

e Fox (QT) Ex 10 = — Ex 11.

LX =(2—t) or (1 - 21).

e Ex. 12 = 7»(31). LX-module is non-prin.
gen. by = (2 —-1t) & (1 —2t).

e Hillman, (1981) showed 7'2(31) ?& —7‘2(31)

usingyLevine pairing.
fecbe( .
e

e Ruberman (1983) used Casson-Gordan in-

variants.

e 817 # —817 (Kawauchi, Hartley).
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QOur Proof:

- Id(-) € Z[A].

@ is an invariant of knotted surfaces. Here we
use A =123 =(t:t3=1).

®(12(31)) = 3+ 6t

&

P(—12(31)) = 3 + 6t2



Def of the knotted surface invariant ¢

¢® is a state-sum invariant:

- So we define:

(1) a method of coloring knotted surface dia-

grams.

(2) a method of weighting the crossings (Triple
points of the projection).

3) | e

b= > II Weight
colors crossings

2.(



2. Weights: cocycles im tihve cohomology the-
ory of quandles.

,. .
(a) n-cochains = hm) hm(c‘ {f)‘

n(.i)f(a:Oa T ,.’Z’i, Tt xn)w

g=1
0

(- ]
+ 2021 f(moxay, - -, Tj—1%85, Tjp1,

.,wn)(d)"

(c) 2-cocycles;

d(p, )+ p(pxr,q*xr) = ¢(p, @) +P(pxq, 7).

Y

r r
o(p.q wq \ \
OP*eT) - — O (p.r) y

d(q.1) \\ j

q*r (p*a)*r (p*r)%q*n)



(d) 3-cocycles:
0(p,q,r) +0(p*r,qgxr,s)+0(p,rs)

= 0(p*q,r,5)+0(p, ¢, s)+0(pxs,qxs,7*s).

@y s

(p*r)*s)*((g°r)*s}

8 (p,v.s)\\

(PSP q*n)*s)

] (q‘r.sN

Up*sPrs)*((q*s)*(r*s))
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) N
*s {(p*s1*(g*s)*(r*s)
(('::} \ / 8 (p*s.q*s. %)

Q*s)*(r*s)
((p*s)*(r s N4 ((y*s)*(r*s))

(e) Assign 2-cocycles to crossings of classi-
cal knot diagrams. Assume ¢(z,z) =0

e
(f) Assign 3-cocycles to triple points of knot-

ted surface diagrams. Assume 6(z, z,y) =
0(z,y,y) = 0.

(g9) If f = édg, then &, = # of colors.
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n
= —X(0,1,0) T X(0,2,0) T X(0,2,1) + X(1,0,1)
+x(1,02) T X(202) TX(212)

(ml#0¢€ H3(R3:Z3)

[ng = xo,) + X2 T X(10)
(Sq-2AQ-

“;X(l’Q) +x(2,0) T Xl #0E€ HQ(—B{Z;,)
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a*b D(a,b)
D(aa*b)!

V ®(b,b*ay |
 b*a=a*(a*b)

> ®b) ®(a,a*b) | @(b,a) D(b,b*a) |

a

d= 7. N

3

& +12¢
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Quandle of m(3;)

= (1,73 x2 =1 * (z271),

xo = zo * (22))

The quandle —1(31) is

= {x1,r2| x2 =1 *(z2%1),

xo = % (z1)).
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