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1. scl



Motivation
scl answers the question: “what is the simplest surface in a given

space with prescribed boundary?”

The question makes sense in any category; we work in the
homotopy category. We now define scl and give a brief survey of
the subject in a bit of generality.



Algebraic definition

Let G be a group, and g € [G, G]. The commutator length of g,
denoted cl(g), is the smallest number of commutators in G whose
product is equal to g. The stable commutator length is the limit

scl(g) = lim &V

n—o0 n

Similarly, define cl(}_; gi) = mingy cl(]]; tigit. 1) and

scI(Zg,-): lim o> 8")

(this is infinite unless [, gj] is zero in H1(G; Q))



Topological definition
Let X be a space with 71(X) = G and I : [, S* — X loops
representing the conjugacy classes of elements g;. Then

(S
scl Zg, |nf é))

over all surfaces S and maps f : S — X for which there is a
diagram

s — . s
8fl lf
ISt —— x

where 9£[0S] = n(S)[[], SY] in Hs.



cl counts genus and scl counts rational genus

» cl is related to the theory of equations in groups (Schupp,
Wicks, Comerford, Edmunds, Culler, Duncan, Vdovina, etc.)
To understand scl we need to understand all maps

(5,05) — (X,T) for all surfaces S simultaneously. This is
hard, because there are infinitely many kinds of surfaces, but
rich, because we can use more tools from 2-manifold topology
(e.g. covering, cut and paste, disjoint union, etc.)

scl is a kind of relative Gromov—Thurston norm (in a precise
sense)



A surface S is extremal for ) . gi if scl(>_; gi) = —x~(5)/2n(S).

Theorem (Injective)

Extremal surfaces are mi-injective.

>

> If >, g admits an extremal surface, scl(}_; gi) € Q.
» There are integral chains with irrational scl (Zhuang)
>

There are integral chains with rational scl but no extremal
surfaces.



Linear Programming definition (Bavard duality)
Let G be a group and g; € G. Then

scl(>_gi) = sup Li9(81) <215(g,-)

where the supremum is taken over all functions ¢ : G — R for
which

o(g") = ng(g) and |p(g) + H(h) — ¢(gh)| <1

forall g,h € G and all n € Z.



» A function ¢ : G — R satisfying ¢(g") = n¢(g) and

[9(g) + ¢(h) — ¢(gh)| < D(¢)

for some least D(¢) is called a homogeneous quasimorphism
with defect D(¢).

» quasimorphisms arise from hyperbolic geometry (negative
curvature) and symplectic geometry (causal structures).
Bavard duality geometrizes Gromov—Thurston norms.



Linear programming gives polyhedral answers to polyhedral
questions (in finite dimensions); this “explains” the polyhedrality of
the Thurston norm, and gives rise to rigidity theorems for
geometric structures dual to faces of low codimension.

» universal circles

» pseudo-Anosov flows

» symplectic representations of surface groups with maximal

Toledo invariant are discrete

» Zimmer's program

(Thurston, Goldman, Matsumoto, Burger-lozzi-Wienhard, Py)



A quasimorphism ¢ is extremal if scl(>_; gi) = >_. ¢(gi)/2D(9).
Theorem (Rigidity)

In any group G, and for any chain C, if S is an extremal surface
for C, and ¢ is an extremal quasimorphism for C, then ¢ restricted

to m1(S) is a rotation quasimorphism arising from a complete
hyperbolic structure on S.



Examples
scl is (highly!) nontrivial in
1. Hyperbolic groups
2. Mapping class groups; Out(F,)

3. Groups of area-preserving diffeomorphisms of surfaces

(Gromov, Brooks, Matsumoto, Ghys, Gambaudo, Epstein,
Fujiwara, Bestvina, Feighn, Polterovich, Entov, Py, etc.)



Non-Examples
scl is trivial in
1. Amenable groups
2. Groups of PL homeomorphisms of the interval

3. Higher rank lattices

(Johnson, Trauber, Burger-Monod, etc.)



2. sails



We are especially interested in scl in free groups. This case is
important for several reasons:
» Computing scl in free groups gives universal estimates for scl
in arbitrary groups
» Since source and target groups are both free, we are really
studying the category of all surfaces with boundary, and
homotopy classes of maps between them

» This example is surprisingly rich and interesting!



Theorem (Rationality)

In a free group,
» The unit ball of the scl norm is a rational polyhedron

» Every integral chain admits an extremal surface
» There is a polynomial time algorithm to compute scl



Corollary
Let G be a graph of groups, with free vertex groups and cyclic
edge groups. Then:
» The Gromov—Thurston norm on Hx(G; Q) is piecewise
rational linear
» Every nonzero oo € Hy(G; Q) is projectively represented by an
injective surface group



Having implemented the algorithm on a computer, one can do
experiments. Some answers are baffling:

Example

scl(ABABAbABabAbAbaBABABabababABababaBaB) = 755/628

Others suggest a lot of structure:

Example
For 2 < n < 40,

1
[((abABaB"Ab") =1 — ———
scl(a a ) T
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scl by frequency on “alternating words” of length 32
























References

» Scl, monograph MSJ Memoirs (to appear)

» scallop computer program to compute scl in free groups

Both can be downloaded from my webpage.



