MATH 8210 LECTURE NOTES, PART 2

1. SUBMANIFOLDS

Throughout this section fix a smooth m-dimensional manifold M.

Definition 1.1. Let N be a smooth manifold and let ¢ : N — M be a smooth map. Then

e ¢ is called a submersion if, for all x € N, the linearization ¢,.: T,N — T, M is surjective.

® ¢ is called an immersion if, for all x € N, the linearization ¢, : T,N — Ty, M is injective.

e ¢ is called an embedding if it is an immersion and, moreover, the map ¢ is a homeomor-
phism from N to ¢(N), where ¢(N) is equipped with the subspace topology.

Here are some examples; if these notions are unfamiliar to you then you should check for your-
self that they satisfy the respective definitions.

Example 1.2. (i) The projection m: R™ — R™ onto the first m coordinates (assuming m < n) is
a submersion; in fact this provides a local model for all submersions, as will follow from the
proof of Theorem For a more interesting global example, the projection m: R"*1\ {0} —
RP" is a submersion (as is the projection S™ — RP").

(ii) Dually, if n < m, then the inclusion i: R" — R™ (defined by i(X) = (X, 0) where R™ is split
as R" x R™™") is an example of an embedding.

(iii) A simple example of an immersion which is not an embedding is the map ¢ : R — C given by
P(x)=e"™.

(iv) Of course the problem with (iii) was that it wasn’t injective, but one can also construct ex-
amples of injective immersions which are not embeddings. For instance, take two smooth
functions f,g: R — R such that for all t < 0 one has f(t) =t and g(t) = 0, and such
that there is no t € R such that f'(t) = g’(t) = 0. Then the map ¢: R — R? defined by
¢ (t) = (f(¢t), g(t)) will be an immersion. If one chooses f and g so that lim,_,, f(t) = —1
and lim,_,., g(t) = 0 and so that ¢ is injective (as can easily be done—you might draw
a picture if this isn’t obvious to you), then ¢ won’t be an embedding, since by looking at
neighborhoods of (—1,0) in Y (R) one sees that the image isn’t a topological manifold when
equipped with the subspace topology.

Declare two embeddings ¢,: N; — M and ¢,: N, — M to be equivalent if there is a diffeo-
morphism 1: N; — N, such that ¢; = ¢, 0. An overly formal definition of a submanifold is that
a submanifold is an equivalence class of embeddings under this equivalence relation. Of course,
part of the point of the above equivalence relation is that if ¢; ~ ¢, then ¢,(N;) = ¢,(N,); when
one thinks of a submanifold one should think of the subset of M formed as the image of any repre-
sentative embedding. If one has a subset N C M, it inherits a subspace topology, and one can ask
whether or not this subspace topology makes N a topological manifold. One can then ask whether
the topological space N admits smooth structures (this is now an intrinsic question about N), and
how these are related to the ambient space M. Accordingly I prefer the following definition:

Definition 1.3. A submanifold of M is a subset N which is a topological manifold with respect to its
subspace topology, equipped moreover with a smooth structure such that the inclusion i: N — M
is an embedding.
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This is equivalent to the definition using equivalence classes of embeddings: if ¢;: N; — M and
¢4: Ny, = M are equivalent embeddings (with common image N € M) then one can get a smooth
atlas on N by constructing charts by precomposition with either ¢ 1N - Nj or ol 1N >N,
(since ¢, ~ ¢, the atlases so obtained will be equivalent), and with this atlas the inclusioni: N —
M will be a distinguished member of the equivalence class of ¢; and ¢,. So we can (and do)
identify the equivalence class with this distinguished member.

Accordingly let N € M be a submanifold, with i: N — M the inclusion. In particular i is an
immersion, so for each x € N we have an induced injective linear map i,: T,N — T, M. We can
then identify T, N with its image under this map—in other words, for every x € N we have a
natural identification of T, N with a subspace of T, M.

Theorem 1.4. If N C M is a submanifold where dimN = n and dimM = m and x, € N, there exists
a coordinate chart ¢: U — R™ for M such that x, € U and ¢ *(R" x {0}) =N NU.

Proof. As can easily be seen from the definition of the subspace topology, there is a neighborhood
Uy, € M of x, which is the domain of a coordinate chart ¢,: U, — R™ for M, such that where
Vo = Uy NN, Vj is the domain of some coordinate chart vy,: V; — R" for N. By replacing ¢, and
1, by their compositions with translations we may as well assume that ¢(x,) and Y ,(x,) are
the origins of R™ and R" respectively. Also, by composing ¢, with an appropriate linear map, we
may as well assume that the composition ¢, o v, L apo(Vy) = ¢o(Uy) (which is a smooth map
with injective linearization from a neighborhood of the origin in R" to a neighborhood of the origin
in R™) has the property that its linearization at 0 is given by V — (¥,0) where we split R™ as
R™ x R™™",

Now define a map a: (Vo) x R™™" — R" by a(x,y) = (¢y© wgl)(x) + (5,y). This map a is
C®, and its linearization at (0, 0) is the identity. The inverse function theorem from multivariable
calculus then asserts that a is a local diffeomorphism near 0, i.e. that there is a neighborhood W of
the origin in R™ and a smooth map : a(W) — W sothat foa: W — W and acff: a(W) — a(W)
are the respective identities.

Now set U = ¢, (a(W)) € M and ¢ = o ¢, ¢ is a composition of two maps which are
diffeomorphisms to their images in R™, so ¢ is a coordinate chart in M (in the maximal atlas
for M). Moreover since by construction we have a(yy(V,) x {0}) = ¢o(N N U,), we see that
B(do(NNU))=W N (Yo(V,) x {0}). In other words, ¢ maps the points of its domain which lie in
N precisely to the points of its range (namely W) which lie in R" x {0}, as desired. ]

Remark 1.5. Conversely, suppose that N C M is a subset such that every point x, € N is contained
in a coordinate chart for M as in Theorem [I.4] so there is an M-neighborhood U for x, and a
coordinate chart ¢: U — R™ so that ¢ ~*(R" x {0}) = N NU. For any such coordinate chart ¢, the
restriction ¢ |yn~y is @ homeomorphism to an open subset of R" x {0} = R"; this shows that N is a
topological manifold. Moreover if ¢,: U, — R™ and ¢g: U,: Ug — R" are two such coordinate
charts, so that by restricting ¢, ¢ to U,NN and Ug NN we obtain homeomorphisms v, g from
open subsets of N to open sets in R", then the transition map vy o w;l is just the restriction to
$o(Uy N (R™ x {0})) of ¢ o 4);1, which is smooth. This proves that such charts v, give N the
structure of a smooth manifold. Since in terms of the charts ¢ and ¢ the inclusion i: N — M is
just given my the inclusion of R" into R™ as the first n coordinates, i is an immersion. Thus, as a
converse to Theorem[T.4] a subset of M which can be covered by charts of the type described there
is a submanifold of M.

If N is a submanifold of M and ¢: U — R™ is a chart as in Theorem [T.4} note that if we define
amap f: U — R™" by taking the last m — n coordinates of ¢ (i.e., f = (X;y1,---,X,)), then
f: U— R™™"is a submersion and f ~1({0}) = N N U. Moreover, within U, the tangent space to N
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is given by the kernel of the linearization of f. This is a sort of converse to an important method of
constructing submanifolds.
To prepare for this, we make the following definitions:

Definition 1.6. Let f: M — P be a smooth map between two smooth manifolds.
e A critical point of f is a point x € M such that the linearization f,: T,M — Tj,P is not
surjective.
e A critical value of f is a point y € P such that y = f(x) for some critical point x of f.
o A regular value of f is any point y € P which is not a critical value.

Note in particular that a point y € P which is not in the image of f is still a regular value.
An important fact, which we will not prove, is the following:

Theorem 1.7 (Sard’s Theorem). If f : M — P is a smooth map between two smooth manifolds then
the set of critical values of f has measure zero in P.

(To make sense of this statement one has to know what “measure zero” means for a subset of a
smooth manifold—to interpret this, note that a diffeomorphism between two open sets in Euclidean
space preserves the class of sets of measure zero (even though it generally isn’t measure preserving),
so we can define a set of measure zero in a smooth manifold to be one whose intersection with the
domain of every coordinate chart is mapped by that coordinate chart to a set of measure zero. If
you prefer a statement that does not appeal to measure theory, it is also true that the set of regular
values is residual in the sense of Baire—i.e., it contains a countable intersection of open dense sets.)

Note that if dimM < dimP and f: M — P is smooth, then since the linearization of f is never
surjective every point of f (M) C P is a critical value. So in this case Sard’s theorem amounts to the
statement that f (M) has measure zero in P, i.e. that the image of f misses almost every point of
p.

Whether we find a regular value of f by appealing to Sard’s theorem or by directly examining
the map, the following gives a useful way of producing submanifolds:

Theorem 1.8. Let f: M — P be a smooth map between two smooth manifolds and let y, € P be
a regular value. Then N = f~'({yo}) is a submanifold of M. Moreover if ny € N then T, N =
ker(f.: T, M — T, P). (In particular, dimN = dim M — dim P.)

Proof. Let m = dimM, and p = dimP, and n, € N. Let (¥;,...,¥,): V — RP be a coordinate
chart for P around f(n,) which sends f(n,) to the origin For i = 1,...,p define z;: f " }(V) —
R by z; = y; o f. By the surjectivity of f, at ny,, we may choose tangent vectors vi,...,v, €

p
T,,M so that dz;(v;) = dy;(f,v;) = 6;;. Let S < T, M be the span of v;,...,v,. We may then

P
choose linearly independent cotangent vectors @, q,...,Qn, € T;‘OM so that each a;|g = 0. Let
¢ = (x1,...,Xp): U — R™ be a coordinate chart around n,. In terms of these coordinates, the
cotangent vectors a; at n, can be written as ka=1 ay;dx;, for some real numbers a;;. Define
functions z,41,...,%,: U—>Rbyz =D ax;.

We now claim that the functions 2, ...,2,, together provide a coordinate chart on a neighbor-
hood of ny. First note that the covectors (dz;)ly,,---,(d2;,)l,, are linearly independent elements of
T:OM . For if Y. c;dz; were to vanish at n,, then by evaluating both sides on viforj=1,...,p we
obtain that ¢; = --- = ¢, = 0, from which it also follows that ¢,,; = --- = ¢, = 0 since we chose
the a; = (dz;)|,, for i = p +1 to be linearly independent. Since the dz; are linearly independent at
ng, they form a basis for T:OM by a dimension count, and in particular there is a unique, bijective
linear map of T:OM which sends (dz;),, to (dx;),, fori =1,...,m. But the this linear map is the
transpose of the Jacobian at ¢(n,) of the map which sends (x;,...,x,,) € ¢(U) to (21,.-.,2m);
and so the Jacobian of this map F: (xq,...,x,) — (2,...,2,) is invertible at ¢(n,). So by the
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inverse function theorem there is an open set W around ¢(n,) so that F|,, is a diffeomorphism to
its image. Recalling that ¢ = (x4,...,X,,) was a coordinate chart for M, it follows from this that
(215.--,2,): ¢ (W) — R" is a diffeomorphism to its image, and so it contained in the maximal
atlas defining the smooth structure on M.

So given a point n, € N € M, we have constructed coordinate charts ¢ : ¢ ~!(W) — R™ around
ng and (ys,...,¥,): V — R around f(n,) in terms of which the map f is given by (2;,...,%,) —
(21,---,2,)- In particular for any such coordinate chart N N W is, in local coordinates, given by the
preimage under the coordinate chart of {0} x R™ P, By Remark [I.5] this suffices to establish that
N is a submanifold of M. O

Theorem 1.9. Let K be a compact subset of a smooth manifold M. Then there exists an open set
V € M with K C V, a positive number q, and an embedding v: V — R%. In particular if M is a
compact manifold then there is an embedding {): M — R for some q.

Remark 1.10. In fact the compactness assumption is not necessary—any smooth manifold M em-
beds into Euclidean space of some dimension g, and indeed a result called the Whitney Embedding
Theorem implies that one can take g = 2dim M (Whitney also showed that RP?" does not embed
in any Euclidean space of dimension less than 2 - 2%, so this is generally the best one can do).

Proof. Write m = dimM. Any point x € K is contained in the image of a surjective coordinate
chart ¢©): U™ — B™(2) with ¢ (x) = 0 (where B™(2) denotes the open ball of radius 2 around
the origin in R™). If we write V&) = (¢®))71(B™(1)), then the V) still cover K, and so by
compactness they have a finite subcover {V&V), ... V()}, Rename the V&) U™ and ¢&) as
V;,U;, ¢;. For each i let y;: M — [0,1] be a smooth function such that y; '(1) = V; and which
is supported in U;. Also, define ¢;: M — R" by ¢;(x) = y;(x)¢;(x) if x € U; and ¢;(x) =0
otherwise; of course this is smooth since y; is supported in U;. Now define

'l/): M — Rn(nﬂ»l)

by
Y(x) = (Xl(x)ﬂh(x), Xz(x),wz(x),---,Xn(x),wn(x))

I claim that the restriction of v to the open subset V = U, V; is an embedding.

First, v |, is an immersion. For if x € V then V € V; for some i, and since m of the coordinates
of Y (x) are given by ;(x) and v;: V; — B™(1) is (the restriction of) a coordinate chart, if we
had ¢,v = 0 for some v € T, M then it would hold that (1};),v = 0 and so v = 0. We must
now show that |, is a homeomorphism to its image. Of course 1 is continuous since all of its
coordinates are. To see that v| is injective, suppose that y)(x) = y)(y). For some i we have x €V,
so x;(x) =1, and so y;(y) = 1. We chose y; to be 1 precisely on V;, so this forces y € V;. But then
since Y (x) = ¢ (y) and x,y € V; C U; we have ¢;(x) = v;(x) = ¢;(y) = ¢:(y), forcing x = y
since ¢; is a coordinate chart on U,.

Finally we must show that the inverse of Y|, : V — (V) is continuous. Let x € V; we should
show that for any neighborhood W of x there is an open set in R"™*1) | containing v(x), whose
preimage under v is contained in W. To do this, let i be such that x € V;, and let € > 0 be small
enough that the preimage under ¢; of the ball of radius 2¢ around ¢;(x) is contained in W N V;. If
& > 0, there is an open set W’ ¢ R"™+1) 5o that

W)W =1y €VIxn() > 1-8,1%:(y) =)l < e}
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If we take § = =2, any y € (v|,)~'(W’) belonging to this latter set will obey

2+€’
1
16:00) = b: ()] = | —— :(y) — pi(x)
Xi(J’)
1
< ——1‘|¢i(y)|+|¢i(y)—¢>i(x)|<52+e=2e
2:(¥) 2

and so y will belong to W, as desired.

2. VECTOR BUNDLES AND TUBULAR NEIGHBORHOODS

A vector bundle E of rank k over a smooth manifold M is, to be brief (and to leave out some
important details), a family of vector spaces E, parametrized by the points x € M.
More precisely:

Definition 2.1. Let M be a smooth manifold, and k a positive integer. A (smooth, real) vector bundle
of rank k over M is a smooth map m: E — M where E is a smooth manifold, with the following
additional structure

e For all x € M, the preimage 7~ !({x}) (also denoted E,) has the structure of a real vector
space of dimension k.

e There is an open cover U, U, of M and, for each a, a diffeomorphism &,: ©~!(U,) —
U, x R such that, for each x € U, ®,, restricts to E, as a linear isomorphism to the vector
space {x} x R,

For a definition more closely analogous to our definition of a smooth manifold, and in order
to resolve concerns about uniqueness, one could insist that the collection of transition functions
is maximal; just as in the smooth manifold case any collection of local trivializations as in the
definition can be enlarged in a unique way to a maximal such collection.

The vector space E, is called the fiber of E at x, and the ®, are called local trivializations of E
over U,. Note that the map 7: E — M is automatically a surjective submersion.

The smooth manifold E carries a distinguished copy of M embedded inside it as the zero section
0,,, whose intersection with each E, consists of just the zero element of the vector space E, (in
terms of the local trivializations, 0,;, = Ua<1>;1(Ua x {0})).

Example 2.2. If M is a smooth m-dimensional manifold then the tangent bundle 7: TM — M is a
vector bundle of rank m. For all intents and purposes we showed this in the first part of the course:
M is covered by coordinate charts (x§,...,x;): U, — R™, and for a local trivialization of TM over
U, we can take the inverse of the map U, x R* — n~1(U,) which sends (x,v,,...,V,,) to the tangent
vector Z;n:l v; 9ixi at x.

Example 2.3. Let f: N — M be a smooth map between two smooth manifolds, and let m: E — M
be a vector bundle. We can then form the pullback bundle IT: f*E — N as follows. Set theoretically,
define

f*E= {(n,e) ENxElee Ef(n)}.

We have local trivializations ®,: n~(U,) — U, x RX; for x € U, define ¢p,,: E, — RF to be
the linear isomorphism such that for e € E,, we have ®,(e) = (x, ¢,,(e)). Now for each a define
\Ila: H_l(f_l(Ua)) - f_l(Ua) by: fOT‘ ee H_l(n) where n € f_l(Ua): Setting \I"a(e) = (n, ¢af(n)(e))~
Now the various f _l(Ua) cover N, and it’s not hard to check that there is a unique smooth structure
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imposed on f*E by requiring that the maps ¥, be diffeomorphisms. This gives the map I1: f*E — N
the structure of a vector bundle, and we have a commutative diagram

f*E——>E

\LH J/n
f
N———M

where the upper map just sends (n,e) € f*E C N X E to e, and maps fibers of f*E isomorphically to
fibers of E.

As an important special case, we can let f be the inclusion of a submanifold N C M. In this case
f*E is more often just denoted by E|y. In particular, we have TM |y, the restriction of the tangent
bundile of the ambient manifold M to the submanifold N; its fiber over n € N consists of the whole
tangent space T, M.

Example 2.4. If N C M is a submanifold we have the vector bundles TN and TM|y; these give

rise to a third vector bundle over N, the normal bundle vy, — N, whose fiber over a point n € N
M

is naturally identified with J*=. Perhaps the easiest way of constructing this bundle is to make use

of the adapted coordinate charts from Theorem We cover a neighborhood of N in M by charts
¢q: Uy = R™, such that for each a we have U, NN = ¢ ({0} x R™). So the v, := ¢y y form
an atlas for N. Let m,: R™ — R™" be the projection onto the first m — n coordinates. So if v € T,N
where n € V,, then since ¢, sends N to {0} x R", we will have (borrowing the notation of the previous
example) 1y © ¢p,,v = 0. Thus 7, © ¢, descends to a linear isomorphism from (vy p), to R™™".
Consequently the 1 o ¢, give rise to local trivializations over V,, for vy y, confirming that vy, is
a vector bundle (again, to get the smooth manifold structure on vy 5y one can just require that these
local trivializations are diffeomorphisms).

Note that, if dimM = m and dimN = n, then the rank of vy j; is m — n, and so the dimension of
vy M as a smooth manifold is n + (m — n) = m, the same as the dimension of the ambient manifold.
The tubular neighborhood theorem (Theorem [2.11) will show that, in fact, vy y is diffeomorphic to
an open neighborhood of N in M.

Remark 2.5. It is possible to formulate the notion of a subbundle of a vector bundle, and then show
quite generally that if F < E is a subbundle then one can form the quotient bundle E/F (with fiber
over x canonically identified with E, /F,). In the case of a submanifold N € M, one can show that
TN is a subbundle of TM|y, and so the normal bundle can be identified with the quotient bundle
of the latter by the former.

Definition 2.6. An orthogonal structure on a vector bundle 7w: E — M is a map
(': ) Uxem (Ex x Ex) —-R
whose restriction to each E, X E, defines an inner product on E,., and such that whenever s;,s,: M —

E are two smooth sections (i.e. smooth maps so that mos; = 1,,), the map x — (s;(x),s,(x)) is
smooth.

In other words, an orthogonal structure is a smoothly varying family of inner products on the
fibers of E. In the case that E is the tangent bundle TM of M an orthogonal structure on TM is
called a Riemannian metric on M. (Indeed, sometimes one uses the term “Riemannian metric” to
refer to an orthogonal structure on any vector bundle.)

Proposition 2.7. If m: E — M is a vector bundle there exists a orthogonal structure on E.

Proof. Recall that the vector bundle structure on E gives us an open cover {U,} of M and diffeomor-
phisms &,: 7©~1(U,) — U, x RK which commute with the projections to U, and restrict to the fibers



MATH 8210 LECTURE NOTES, PART 2 7

E, as a linear isomorphism ¢, to R¥. So if we denote the standard inner product on R* by (-,-),
we can define (,-,+),: Uyey, Ex X Ex — R by, for e;, e, € E,, setting (eq,€5), = (Paxe1, Paxe2)o-
Now let {y,} be a partition of unity subordinate to the cover {U,} and define (-,-): U,cp E, X
E, — R to be equal to ) x,(x)(, )4, where we have extended y,(x)(-,-), by zero outside of U,.
Since convex combinations of inner products on vector spaces are still inner products, it’s easy to
see that this satisfies the requirements. O

Note that an orthogonal structure (-,-) on E gives rise to a smooth function || - ||>: E — [0, 00)
defined by ||e]|? = (e, e). The square root of this function, ||-||: E — R, is smooth on the complement
of the zero section.

Using orthogonal structures one can show:

Proposition 2.8. Let w: E — M and let U be any neighborhood of the zero section 0,;. Then there is
an open set V with 0,; C V C U and a diffeomorphism : E — V which restricts to the identity on
Opr-

Thus the entire total space of a vector bundle can be shrunk by a diffeomorphism to an arbitrarily
small neighborhood of the zero-section. This is basically a parametrized version of the statement
that R* is diffeomorphic to an arbitrarily small ball around the origin.

Proof of Proposition This is easier if M is compact, since then there is r > 0 such that the open
set V. = E, = {e € E||le|> < r?} is contained in U. (Proof: The subset E; := {|le||> < 1} is in this
case also compact, as one can see by writing it as a union of compact sets obtained from a finite
cover by local trivializations, so E; \ U is also compact. If the statement were false then one could
find a sequence e; € E; \ U with ||¢;||*> — 0. But since E; \ U is compact a subsequence of the e;
would converge to some e, which would have the contradictory properties that |le|| =0 and e ¢ U.)
In this case one can choose a diffeomorphism f: [0,00) — [0, 1) such that f is equal the identity

on a neighborhood of the origin (for instance, take f(t) = f(: g(s)ds where g(s) = 1 for small s,
g(s)>0forallsand [ g(s)=1). Then define y: E — V by

(&) =rf(llel)—
el

(so 1) rescales each fiber in such a way that a point with norm n now has norm rf(n)). This is
easily seen to satisfy the required properties (the only place where smoothness either of 1 or 1~
might seem to be an issue is at the zero section, but in fact we have arranged for 1) to be just scalar
multiplication by r on a neighborhood of the zero section).

If M is noncompact then there might not be a single number r > 0 as above. However, we shall
construct below a smooth function r: M — (0,00) so that V := {e € Ele € E, = [le|* < r(x)?}
is contained in the given open set U. If we can do this, then a simple modification of the

constructed above works: just define Y (e) = r(x)f (||e||)”:+|| for e € E,; since r is smooth and

positive (as, therefore, is %) this 1y will be a diffeomorphism from E to V just as before.

To construct the desired r: M — (0,00) we can just proceed as follows. Cover M by open sets
Og such that Oﬁ is compact. Then for each 8 there will, as earlier, be a number rg > 0 so that if
x € Oﬁ and e € E, has |le|| < rg then e € U. Now let {yg} be a partition of unity subordinate to
{Opg} and let r(x) = 2/3 rgxp(x). For each x, r(x) will then be a convex combination of those rg
with x € Og, and hence will be less than or equal to one of them, so any e € E, with |le]| < r(x)
will lie in U. |

Definition 2.9. Let N C M be a submanifold. A tubular neighborhood of N in M consists of an open
subset U ¢ M with N C U, and a diffemorphism &: vy, — U, where vy , is the normal bundle of
N in M, such that the restriction of ¢ to the zero section N = 0y C vy, is the identity map to N.
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Remark 2.10. In view of Proposition 2.8] to construct a tubular neighborhood it is enough to con-
struct a diffeomorphism &: U’ — U restricting as the identity on N, where U’ C vy, is some
neighborhood of the zero section. For then we can find a subneighborhood V C U’ and a diffeo-
morphism 1) : vy, — V as in Proposition [2.8] and then &’ o+ will give a tubular neighborhood
(with image ®'(U’), which will still be an open neighborhood of N in M).

The rest of this section will be concerned with proving the following:

Theorem 2.11. If N C M is any compact submanifold then there exists a tubular neighborhood of N
in M.

(In fact, the compactness assumption is not strictly necessary—its main role in the proof given
here will be to allow us to embed a neighborhood of N in M into R? for some g, and as mentioned
after Theorem [T.9]this can be done without the compactness assumption. Near the end of the proof
we will also use the compactness of N to find the limit of a sequence, but one can get around this
as long as one arranges for the embedding of M into R? to be proper, as can be arranged in the
Whitney embedding theorem.) To construct the tubular neighborhood, one needs some systematic
way of “moving in directions normal to N in M.” There are two common ways of doing this—
either by choosing a Riemannian metric on M and using the theory of geodesics, or by embedding
a neighborhood of N in M into Euclidean space and using the special structure of Euclidean space.
To avoid a digression into Riemannian geometry, we’ll take the latter approach.

Throughout the following discussion, for x € R? we will make the standard identification of
T, R? with R? (and so if X € R? is a submanifold and x € X then T, X is identified with a subspace
of RY).

To begin the proof of the theorem note that we may as well replace M by a small neighborhood
of the compact submanifold N, and then by Theorem [1.9] (applied with K = N) we can assume that
M is embedded in RY. We can then define

Frype = {(x,v) €M x Ry € T,M*}

and
Py ={(x,v) €N xRI|v € (T, M) N (T, N)*}.

Note that there is a bijection oy ge: Vjy ge — Ve, taking (x,v) to the equivalence class of v in
T,R?/T,M. Similarly there is a bijection ay »: ¥y — vy Sending (x,v) to its equivalence class
in T,M/T,N. These bijections commute with the projections to M (in the case of a; zs) or N (in
the case of ay /). It should at least appear that V), s is a vector bundle over M, and likewise that
Vy u is a vector bundle over N, and that these are isomorphic to the respective normal bundles.
This is indeed true, but so far we have not even shown that ¥, z¢ and ¥y ), are smooth manifolds.
We now remedy this:

Lemma 2.12. Let M C R? be a submanifold, and N C M a submanifold. Then ¥y gs and vy, are
smooth manifolds, and the bijections ayrga: Vi re — Vi re and oy pr: Vg — Vi are diffeomor-
phisms.

Proof. Actually the statements about 1, rs are, after renaming, just special cases of those about
Vx m»> but for clarity’s sake we prove the results about vy, g first. To show that 4, zs is a smooth
manifold it suffices to show that for any point m; € M there is a neighborhood U € M of m, so
that V), ge N (U X RY) is a submanifold of U x RY.
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To do this, note that on a sufficiently small neighborhood U € M we there will be smooth
functions q;;: U >R (1 <i<m,q <j<q) so that, forall X € U,

1 0
T,.M =span a;i(m)=—:1<i<m
a
i 5%,
the vector fields that are mapped by the coordinate chart to the standard coordinate vector fields
on R™ x {0}) So at each x € U the matrix A(x) = {a;;(x)} has full rank m. Define

F: UxRI—>R™

k k
(X, V15000, V) — (Zalj(x)v,...,Zamj(x)vj) .

j=1 j=1

(for instance, one could take an adapted coordinate chart as in Theorem [T.4] and use for Z a

Identifying T, ,,(M x R?) with T, M @ R?, we see that the linearization F,: T(, ,,(M X RT) — R™
has F,(0,w) = A(x)w. In particular since A(x) has full rank, F, is surjective. By Theorem [I.§] this
proves that ¥y, gs N (U x R?) is a submanifold of U X RY for each member U of an open cover of a
neighborhood of M in RY, and hence that 1, g, is a smooth manifold.

Moreover, inspection of the coordinate charts constructed in the proof of Theorem [I.8] shows
that the smooth structure on ¥, rs is consistent with that of v;; z« under the obvious bijection
between them. Indeed, in the intersection of ¥z, with U X R? where U is a sufficiently small
open set as in the previous paragraph, we can define a coordinate system whose first m coordinates
(parametrizing M) are the same as those of an adapted coordinate chart for M c R?, and whose
last g —m coordinates depend only on the R? factor. It’s not hard to see that such a coordinate chart
is diffeomorphic via a;; z« to a corresponding local trivialization for vy, zs as described in Example
[2.4. So since the bijection a,; g« restricts to each member of an open cover as a diffeomorphism it
is a diffeomorphism.

Now we turn to the slightly more complicated case of ¥y j,. In this case, for any n, € N we can
find a neighborhood of n, in R? and smooth functions a;; (1 <n+q—m, 1< j<q) on U so that,

for each x € U, TN is spanned by the ?:1 aij(x)aixj for 1 <i <n, and T,M* is spanned by the
Z?Zl a; j(x)aixj for n+1 <i < n+q—m. Namely, as before we can use an adapted coordinate chart
for the vector fields spanning TN |, while for the vector fields spanning TM*|; we can start with
a similar such basis of vector fields spanning T, M at every x € U, extend this to a basis for R? (say
using vector fields with constant coefficients, and perhaps shrinking U in the process), and then
modify this basis using the Gram-Schmidt procedure to get a basis for all of T, R at every point of
U consisting of smooth vector fields, the last ¢ — m of which span T, M* at every x € U.

Now since T, N N TXML = {0} for all x € M (as TN C TM), our entire set of vector fields
?:1 aij(x)aixj :1<i<n+q- m} is linearly independent at each x € U. So just as before we
can define

G: U xR? — R™Mm4

k k
(x,v1,.000,v,) — (Z a;(x)vj,.. .,Zamj(x)vj)

j=1 j=1

The preimage of 0 under this map consists of those pairs (x,v) where v is perpendicular both to
the subspace T, N and to the subspace T,M*, i.e. where ve T,M N T, N+, so G~1({0}) = {(x,v) €
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Py mlx € U}. As in the case of ¥y rs, the linear independence of the vector fields that we have
chosen implies that G, is surjective, so G~}({0}) is a submanifold, and indeed following the proof
of Theorem [I.8 we can take a coordinate system on G~1({0}) so that the first n coordinates depend
only on the N factor and the last m — n depend only on the R? factor, so that in this coordinate
system the projection ¥ ,; — N appears as the projection onto the first n coordinates. Allowing
U to vary through sufficiently small open neighborhoods in R? of points of N produces an atlas
for ¥y y; each member of which can be seen as a local trivialization for the bundle ¥, — N.
Once again, these trivializations are compatible under the bijection ay ,; with the standard normal
bundle trivializations as given in Example [2.4] completing the proof. g

The following (when combined with Proposition[2.8)) proves the tubular neighborhood theorem
for submanifolds of R?, and will also be used in the more general case. To prepare for the statement,
note that the space

Pyre ={(x,v)IxeM,v e TXML}

of the previous lemma contains a distinguished “zero section” consisting of points of form (x,0).
Lemma 2.13. If M C R? is a submanifold, define
EM,Rq . '\7M)Rq 4 Rq

by

ey ra(x,v)=x+v.
Then there is a neighborhood V of the zero section of ¥y ge Such that €, gq restricts to V as a diffeo-
morphism to its image, which is an open neighborhood of M in R1.

Proof. Writing 0y, = {(m,0)} for the zero section of ¥y, z., for any (x,0) € 0,, the tangent space
T(x0)Vum re splits naturally as T, M & (T, M )*, where the first factor is tangent to 0, and the second
is tangent to the fibers of the bundle projection ¥ gs. Of course, since T, M is identified via the
embedding as a subspace of RY, T, M @ (T, M)" in turn may be identified with all of R%. As should
be clear from the definition of €, zs, with respect to these identifications the linearization of €, o
at (x,0) is just the identity from R? to itself and in particular is invertible. So by the inverse
function theorem every point 0,, has a neighborhood to which € s restricts as a diffeomorphism
to its image.
If x € M and 6 > 0, define

Vis =1y, V) € Ty pally — x| +|v| < 6},

where | - | refers to the standard distance in Euclidean space R?. By the previous paragraph, for
any x € M there is 6 > 0 so that e,\,,)RqIVWS is a diffeomorphism to its image. So define a func-
tion 6: M — R by setting 6(x) equal to the supremum of all numbers & such that €y galy, , is a
diffeomorphism to its image. So evidently 6(x) > 0 for all x.

I now claim that 6: M — R is continuous. Indeed, one has a relationship

6(y)=6(x)—Ix—yl,

resulting from the fact that V), 5_,_,| C V, 5 for all 6 > 0. Combining this relationship with the
same one where x and y are reversed shows that

16(x) =6l < lx = yl,

so 6 is indeed continuous. Now define

V= {(x,v) € Py pa |IVI < %5(x)}
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V is then an open subset (since (x,v) — |v| — %5(3() is continuous and V is the preimage of an
open set under this map), and we will show that it has the property stated in the lemma.

The main issue is to show that €, r|y is injective. So we must show that if (x,v), (y,w) € ¥y
with |v| < @, lw| < %, and x +v = y +w, then (x,v) = (y,w) Without loss of generality
assume that 6(x) < 6(y). Now the assumed relation x +v = y +w is equivalentto x —y =w — v.
But [w —v| < |w|+|v| <26(x)/3, and so

Ix = yl+wl=|w—v[+w| <5(x).

So for some 6 < 6(x) we have (x,v),(y,w) € V, 5. But by the definition of 5(x), €); gs restricts
injectively to V, 5 for all 56 < 6(x). So indeed (x,v) = (y,w).

So we have shown that €, pq restricts injectively to V. By the construction of V and by what was
done at the start of the proof, V is covered by open sets on which €y g~ is a local diffeomorphism,
and s0 €y g|y is also continuous and open. Thus €y g¢|y is a diffeomorphism to its image, which
is open in RY. |

Corollary 2.14. Let M C R? be a submanifold. Then there is an open neighborhood W of M and a
smooth map r: W — M so that r|,, is the identity.

(Indeed, r can be taken to be a deformation retraction, as you can check.)

Proof. Let V be a neighborhood of 0); C ¥« as in Lemma so that €y ge: V — R%is a
diffeomorphism to its image. Denote this image by W C M. Then where 7: ¥,z — M is the
bundle projection and where we identify M with 0y, define r: W — M by r = 7 o (€ q ly) L.
Since € go restricts to 0y = M as the identity, r is easily seen to satisfy the desired property. [

End of the proof of Theorem[2.11] We let N € M be any compact submanifold, and by replacing
M by a sufficiently small open set containing N and applying Theorem we assume M to be
embedded as a submanifold of R?. Where again

iy ={(,v) EN xRy € T, M N(TN)*}

define fo: ¥y — R1by f(x,v) =x+v. Where r and W is as in Corollary 214} let Uy = f ~}(W),
and define
f:Uy—=M byf=rof,.

We have the zero section Oy = {(x,0)} C ¥y y; clearly for (x,0) € Oy, fo(x,0) =x € N C M
and so f(x,0) = x also. Moreover, for (x,0) € Oy, T(,0)U, splits (compatibly with the splitting of
N xRY) as a direct sum T, N & (T, MN(T,N)*) (which is the same as T, M), and with respect to this
splitting the linearization (fo),: T(x0)Up — T,R? = R? acts as the inclusion. Now since the map
r acts as the identity on M, and since (f,), sends T, 5)U, isomorphically to T, M < RY, it follows
by the chain rule that f, = r, o (fy), also sends T, ¢U, isomorphically to T, M for all (x,0) € Oy.
Thus around any point (x,0) € Oy C U, there is a neighborhood V, to which f: U, — M restricts
as a diffeomorphism to its image, which is open in M.

So much like the proof of Lemma [2.T3] we should now show that, perhaps after shrinking the
neighborhood U, of Oy to some smaller neighborhood U, f restricts injectively to U;. For this
we exploit the compactness of N. If there were no neighborhood of 0y to which f restricted
injectively, we could find (x;,v;), (y;,w;) € U, such that (x;,v;) # (y;,w;) and v;,w; — 0 but
f(x;,v)) = f(y;,w;) for all i. After passing to subsequences, the sequences x;, y; would converge in
N by compactness, say to x and y, and we would have f(x,0) = f(y,0) and hence x = y. But then
(x;,v;) and (y;, w;) would eventually both lie in the neighborhood V, from the previous paragraph,
contradicting the fact that f is injective on that neighborhood. This contradiction shows that there
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is some neighborhood U; of 0y, which we may as well take to be contained in U,y V,, such that
fly, is injective.

Since f: U; — M is injective and U, is covered by sets to which f restricts as a diffeomor-
phism to its image, it follows that f: U; — f(U;) is a global diffeomorphism to its image (since
smoothness of f and of f ! can be checked on these open sets).

This shows that a neighborhood U; of Oy in ¥y, is diffeomorphic to a neighborhood of N in
M by a diffeomorphism restricting to the identity on M. By Remark [2.10] and the fact that ¥y ), is
diffeomorphic to vy ,; by a diffeomorphism acting as the identity on the zero section, this suffices
to yield a tubular neighborhood ®: vy ), — M. |

3. VECTOR FIELDS AND FLOWS
The following is a basic result from the theory of ordinary differential equations:

Theorem 3.1. Let F: R" — R" be a compactly supported smooth function. Then for any x, € R"
there is a unique solution y, : RTR" to the initial value problem

Y'(t) =F(y(1))
7(0) = x

Moreover if I C R is any open interval, if t, € R, and if y: I — R obeys v'(t) = F(y(t)) and
Y(to) = 7y, (to), then y =y, |;. Furthermore, the map

®: RxR"—>R"
(£, %) = 7,(1)
is a smooth map.

Sketch of proof. (See [[Lee, Chapter 17] for details.) First of all, suppose that we can show that there
is € > 0 such that for every x, € R" and every t, € R there is a solution v, : (t, —€,ty+€) = R"
to y'(t) = F(y(t)) with y'(ty) = xo, and such that any other solution y on some subinterval of
(to — €, to + €) such that y(t;) = v, (t;) for some t; coincides is equal to y, everywhere. From
this the existence of the all-time solution v, : R — R" would follow. Indeed, we could initially
apply the result to get a solution v, on (—¢,€) with y,(0) = x,. But we could then also get a
solution y; on (—ep/2,3e/2) with v,(e/2) = y,(€/2). The uniqueness statement would then force
v, and 7, to be equal everywhere that they are both defined; hence they would combine to give
a solution (still denoted v,) on (—¢€,3€e/2). But there would also be a solution y, on (0, 2¢€) with
y2(€) = yo(€), and by uniqueness this then coincides with y, everywhere, allowing the domain of
Y, to be extended to (—e, 2€). This can be repeated indefinitely, and the union of all of the solutions
so obtained gives a map y,, — R — R".

In other words, existence and uniqueness for all time (i.e., all of the theorem except the last
sentence) will follow if we can prove existence and uniqueness on all time intervals I of length at
most 2¢ for some fixed €. We will do this by converting the differential equation to a fixed point
problem and applying the contractive mapping principle. Namely, observe that the fundamental
theorem of calculus implies that the following two statements about a map y: I — R", where I is
an interval containing a point ¢t are equivalent:

y is a differentiable map such that y'(t) = X(y(t)) and y(t,) = x,

and
t

yisacontinuousmapsuchthaty(t) = xy + J F(y(s))ds forallt €1

to
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Let C(I,R™) denote the space of continuous functions from I to R", endowed with the uniform
(“sup”) norm. A standard fact in analysis is that C(I, R™) is a Banach space (basically this is because
a uniform limit of continuous functions is continuous). Define

o C(I,R") — C(I,R")
by

t
(r) () =xo + J Fy(s))ds

to
Now F was assumed compactly supported and smooth—in particular F is Lipschitz (actually F
being Lipschitz is all that is needed for the conclusion of the theorem), i.e., there is C such that
|F(x)—F(y)| < Clx—y]|forall x,y € R" (C can be taken to be the maximum norm of the gradient
of F). An easy computation shows that, provided the length of I is less than %, the above map .&/
is contractive, i.e., there is r < 1 such that ||y — .&n|| < r|ly —n||. But the contractive mapping
mapping principle asserts that a contractive map from a Banach space to itself always has a unique
fixed point (if y, is chosen arbitrarily and we define y; = ./y;_;, the fixed point is lim:?, .¢/y,).
This precisely gives the desired existence and uniqueness of solutions on sufficiently short time
intervals, and hence by the first paragraph proves all of the theorem except the last sentence.

The smoothness of ¢ relies on some somewhat subtle estimates which can be found in [Leel];
I'll just prove the fact that ® is continuous, which is a first step in the smoothness proof. First of
all observe that for any smooth u: R — R" such that u(t) is nonzero for all t, one has, using the
Cauchy-Schwarz inequality and the chain and product rules,

d _d B 2u(t)-u'(t) lu(e)||u’' ()] _|du
) Elu(t)l—E\/U(t)'u(t)—z u(t).u(t)s WOl lde|”

Now if x, y € R" are distinct points, by uniqueness of solutions we have y,(t) # v, (t) for all ¢, so
we can apply (@) with u(t) =y, (t) —y,(t) to get

d d
— lgamma,(6) =y, (01 < | = (r:(6) = ry(t))‘ = |F(r.(£)) = F(y, ()

< Cly(t) =y (0]
where as before C is the Lipschitz constant of F. Dividing by |y, (t) —r, (t)| (which as noted earlier

is nowhere zero) and recalling the identity %(ln = fTI then gives

Sl (0 -r,0l<C.
The Fundamental Theorem of Calculus (and then exponentiation of both sides) then shows that
ly(£) =7, ()] < e“[y,(0) =1, (0)],
ie.
Y < () =7, (O] < el — yl.
This shows that & is continuous as a function of x for fixed t. To take into account the varying of t

we can just note that, if D > 0 is such that |F(x)| < D for all x (such D exists since we assumed F
was compactly supported), then |y, (s) — v, (t)| < D|s — t|. So we get

|8(s,x) — (£, y)| < |8(s,x) — ®(t, x)| +|@(t,x) = ®(t, y)| < Dls — t| +e““|x — yl,

and this proves that ¢ is continuous at the (arbitrary) point (¢, y).
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As mentioned earlier, smoothness as opposed to continuity takes more work; I'll just mention
that part of the idea is to differentiate the equation

2
5, (2(6,x)) =F(&(t,x))

which is satisfied by & with respect to t and/or x, in order to get a differential equation satisfied
by a partial derivative of ®; one can work inductively on the order of the derivative.
O

In other words, for compactly supported vector fields F on R", there is always a unique integral
curve of a vector field passing through any given point, and this curve varies smoothly with the
point. This can easily be exported to smooth manifolds to yield the following corollaryﬂ

Corollary 3.2. Let M be a smooth manifold and let X be a compactly supported vector field on M.
Then there is a unique family of diffeomorphisms, parametrized by t € R,

¢y M—M
such that for all m € M we have

d
¢x(m) =m and 77 $x(m) =X (5 (m).

These diffeomorphisms obey
@) by 0 by = ¢y

and the map (t,m) — ¢ (m) is smooth.

The equation 2l should be easy to see: both sides represent the effect of starting at a point and
flowing along the flow of the vector field for a time t +s. This equation is part of what leads to the
conclusion that the ¢ are diffeomorphisms rather than just being smooth maps, since evidently
¢x " is an inverse to ¢ 5. The family {¢} is called the flow of the vector field X.

Remark 3.3. It is sometimes useful to allow the vector field X to itself depend on ¢, i.e. one can
have a family of vector fields X, varying with the parameter t. As long as this dependence is smooth
and X, has a uniform Lipschitz constant for all ¢ then the proofs of Theorem [3.T]and Corollary[3.2]
go through essentially without change in order to show that one still gets diffeomorphisms ¢;, so
that ¢ = idy, and %qb;(m) = X,(¢5(m)). In fact, any smooth path of diffeomorphisms starting
at the identity can be described as such a “time-dependent” flow—given such a path ¢, one can
define X,(m) = %(d)t_l(m)) and, more or less tautologically, the flow of X, will recover ¢,. Of
course, for one of these time-dependent flows the homomorphism property (2) typically will not
hold.

Remark 3.4. If one drops the hypothesis that X is compactly supported (or, more generally, Lipschitz
in a suitable sense) then Corollary[B.Tlwill no longer be true as stated. However a “local” statement
can be made: for any m € M there will still be € > 0 and a neighborhood U of m in M on which
there exists a unique “partial flow”

(—e,e)xU—>M
(t,y) = ¢ ()

L0ne can approach the derivation of the corollary from Theorem [3.]in either of a couple of different ways, either by
directly working in local coordinate charts or by embedding M in R? for some large q and using the tubular neighborhood
theorem to construct a vector field on R? which restricts to M as the given vector field X; details are left to you
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so that %d))t((y) = X(¢4(y)) and qﬁg(y) = y. In other words, while a long-time existence result
along the lines of Theorem [3.T]will typically fail, one still has uniqueness and short-time existence,
for a time € which depends on the point of interest in M.
The classic example of failure of long-time existence comes in the case M = R, where the vector
field X is given by X (x) = x2. Thus the relevant differential equation is
dx
TR
This equation can be solved by separation of variables to yield, where x, = x(0),

x(t) = —22

So for any x, we have a unique integral curve x(t) through x,, but this solution “blows up in finite
time”—it ceases to be well-defined at time t = Xi (but is a perfectly good solution until then).
0

2

]._th'

3.1. The Lie Derivative. Given a (say compactly supported for convenience, but this is not really
necessary for this section) vector field X on a smooth manifold M, the flow of X as described
above provides a path of diffeomorphisms ¢ : M — M. The Lie derivative of a vector field or of
a differential form along X is meant to be a measurement of how that vector field or differential
form changes as one moves along the flow of X.

We'll start with the definition for vector fields:

Definition 3.5. Let X and Y be vector fields on M The Lie derivative of Y along X is the vector field
%Y whose value at a point m € M is the element of T,,M defined by

(65 (Vi (m)) — Y
t

(EXY)m = PL%

Note that this definition makes sense: recall that ¢ * is inverse to ¢y, and therefore we have a
map (¢ ).: Tyt (myM — T, M. Thus the two tangent vectors in the numerator belong to the same
vector space, namely T,,M.

There is a similar definition for differential forms, but actually it can be rewritten in a somewhat
simpler way because one moves from T;},{ (mM to T*M by pullback by the map ¢;,. Soif w € QP(M)
and we wish to compare gty to w, we can hit the first of these with the transpose of the
linearization of ¢5. But recall that pullback of differential forms was defined precisely to so that
the differential form ((¢5)*w),, would be equal to the result of applying the transpose of the
linearization of ¢ to Wt (m)- SO We define:

Definition 3.6. Let w € QP(M) be a differential form and let X be a vector field on M. The Lie
derivative of w along X is the differential p-form defined by
(¢y)w—w d
Yyw=1lim —mm = — Y w
X (50 t dt o (¢X)

Remark 3.7. It can be shown (either directly from the definition or from the formulas that we are
about to prove) that our definitions of the Lie derivative of a vector field and of a differential form
are compatible in the following sense. Suppose that X, Y;,...,Y, are vector fields and w is a p-form.
Then w(Yy,...,Y,) is a smooth function, i.e. a 0-form, so we can take its Lie derivative along X. On
the other hand we can take the Lie derivatives along X of w and of the Y;. These obey the Leibniz
rule:

p
Ly (0., Y,)) = (o) Vi )+ 0 (Y, Y, %Y, Y, Y
=1
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The definition of the Lie derivative along X makes it look somewhat impossible to compute;
however we will presently give formulas which allow it to be quite easily computed from local
coordinate expressions of X and of the object being differentiated. We start with O-forms, and
remind the reader that a vector field can be viewed as a derivation on the space of C* functions;
in particular if X is a vector field and f € C*°(M) we have a well-defined function X f .

Proposition 3.8. If f € Q°(M) = C®(M) then ¥y f =Xf.

Proof. For any point m € M we have, using the chain rule

d d
(EfIm)=—| (= —|  (fodp)m)
t=0 t=0
¢ d ;
lrr f:of (¢x(m)) =df (a i qu(m)) =df(X,,)=Xf)n

O

Recall that, since vector fields are derivations on C*(M), they have well-defined commutators
([X,Y] =X oY — Y oX), which are also vector fields. Interestingly, commutators fit into the story
of Lie derivatives:

Theorem 3.9. If X and Y are vector fields on M then %Y = [X,Y]

Proof. Let f € C*®(M) and m € M; we are to show that ((ZxY)(f))(m) = (X(Yf))(m) —
(Y(x£)) (m).

We see (recalling that an element of, e.g. T,,M is a derivation from the algebra of germs of C*
functions around m to R, so if v € T,,M and f € C*(M) we have a number v(f)):

((¢);t)*y¢)‘<(m))f - me . Yd))‘((m)(f ° d));t) - me
= lim

t t—0 t

Yoeom)(f 0 05 ")

((£Y)(f)) (m) = lim

dt |,

where in the first inequality we have used the definition of the pushforward in terms of derivations:
(¢.v)(f)=v(f o ¢). Now define a function of two variable H by

H(s, t) = (f o ¢ )93 (¢5(m))).
We observe
JH
E(O’ t) =d(f o 5 IVt (m) = Yorm)(f © b5 ")

Combining this we the previous displayed equation we see that

<Y _82H 0,0
(( X )(f))(m)—ﬁ( ,0).
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Now (setting u = —t and using the chain rule)f
TH 00= L gy imm - S| fpae3m)
otds dsot YR dsdu XHry
(0,0) (0,0)
a 0 ) . 0 0 " s
=5t (g s:Of O¢y) (¢x(m)) — e (a u:Of °¢X> (¢y(m))

= gX(Yf)m - gY(Xf)m = ((XY - YX)f) (m):
where in the last inequality we use Proposition [3.8] Since f and m are arbitrary this proves that
2yY =XY -YX. O

We now turn to the Lie derivative on differential forms; just as with vector fields there turns out
to be a rather simple formula, which is quite useful for geometric applications. First we observe:

Lemma 3.10. The Lie derivative ¥y (defined by %yw = % L w) is the unique linear map
t=0
£ QM) — Q*(M) obeying the following properties:
(1) Forall f € Q°(M)=C>®(M), £f =Xf.
(2) d¥%w=%(dw) for all w e Q*(M).
(3) Forall w,0 € Q* (M), Z(wAOB)=(Lw)ANO+wA(ZL0), and
(4) If U is an open set and w, w’ € Q*(M) are such that w|y = «’|y, then (Lw)|y = (Lw)|y.

Proof. First we should check that ¥y obeys properties (1)-(4).
Property (1) is Proposition [3.8
For property (2), simply note that, since d commutes with pullback,
d(pyw—w)=¢ydo—do,

and then (2) follows by dividing by t and taking the limit as t — 0
For property (3) we have

tx B i - .
dt|,_, v (wAB)= I t=0(¢X w) A ($50)
= _;t (PLeINO+wA(50)=(Lyw)AO+wA(L0).
t=0

Property (4) is easily verified: for any point m € U we will have ¢ (m) € U for sufficiently small
t, and so (¢y"w),, = (¢ w’),, for all sufficiently small ¢, from which the conclusion immediately
follows.

It remains to show that properties (1)-(4) uniquely specify a linear map. If £ is any map obeying
(1)-(3), and if f, g1,...,8, € C*(M), then we will have £f = %y f and £g; = %xg; by (1), and
then ¥(dg;) = ¥x(dg;) by (2), and then

< (fdgll\---/\dgp) =% (fdgl/\---/\dgp)
by (3). So by linearity £ and %x coincide on any forms which are finite linear combinations of
forms of the shape fdg; A--- Adg,. Now we proved earlier (Proposition 4.19 of Part 1) that any
differential form w can be written as a locally finite sum of forms of the shape fdg; A--- A dg,,
i.e., M is covered by open sets on each of which w is a finite linear combinations of forms of the
shape fdg; A---Adg,. Now if £ (like Zx) obeys condition (4) then the restriction of £ w to any

2Here and below I will make use of the following point (and similar ones) without comment: if f (x, y) is some function
and if we set g(z) = f(—2,2), then the chain rule gives that g’(0) = (Vf)-(=1,1) = %(O, 0)— %(0, 0)
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open set is determined by the restriction of w to that set, so by considering the restriction of w to
the open sets in the cover in the previous paragraph we see that Lw = %y w. |

Accordingly if we find a simple formula for an operation obeying (1)-(4) above then we can
deduce that %y is given by that formula. To prepare for this, recall the operation of “interior
multiplication” of a form by a vector field: For any vector field X we get a map 1yx: QP(M) —
QP~1(M) defined by

(x@)(vi,ee V1) = (X, vy, Vpoq)-
Here is the promised formula:
Theorem 3.11 (Cartan’s Magic Formula). For any w € QP(M) we have

gx(l) = dLXo-) + Lxdo).

Proof. We just have to show that 2)’( :=duy + txd obeys condition (1)-(4) above.

If f € Q°%(M) we see that

Lif =0+ df =df (X) =X,

confirming (1).

(2) holds, since both d.%; and £, d are equal to diyd (as d?=0).

(4) is immediate from the definition of f)’(.

So the only nontrivial part is (3). And this isn’t too hard: the key point is (as I will leave you to
verify, using formula (7) on p. 23 of part 1) the identity

x(wAO)=(xW)ANO+(—1PwA(14x0) if weQ?(M).

Of course this is the same “anti-derivation” property as is satisfied by d. Combining these we get, if
w € QP(M),

(dix + txd) (@A 0) = d ((tx ) A B+ (—1)Pw A (150)) + tx (dw) A O + (=1 A (d6))
— (dig@) A+ (=1 iy AdO + (—1)Pde A (1x0) + (=1)% e A diy 6
+(xd)AO 4+ (=1 dw Ay 8 + (—=1)Piyw AdO + (—1)*Pw A1y db,

and after cancellation one ends up with precisely (diyw +tydw) A0 + w A (dix6 +14d6), as
desired. O

We have, by definition,

Lyow= — 0y
X B
dt |,
to find the derivative at a time other than zero, we compute, using (@),
h)x * S* hx
d )((S R — ¢rw ¢ (P w — w)
y . . X X Sk

3) — M =lim £ =lim = ¢y Lxw

def,_. * h—0 h h—0 h Px Zx

Corollary 3.12. Suppose that w € Q*(M) is closed: dw = 0. Then a vector field X has the property
that ¢"w = w for all t if and only if d(1xw) = 0.

Proof. We have ¢;*w = w for all t if and only if % @ = 0 for all s, which by () is equivalent
t=s

to ¢35’ Ly w = 0 for all s, which of course is equivalent to £y w = 0. Cartan’s Magic Formula reveals
that this in turn is equivalent to
dl/Xw + Lxdw = O,

and of course the second term on the left is zero since we assume o is closed. O
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3.2. Volume forms and the Moser argument. From now on let M be a compact oriented n-
manifold (without boundary). A volume form on M is by definition a differential form w € Q"(M)
which is nowhere zero. In particular since volume forms have top degree they are obviously auto-
matically closed. If w is a volume form, then for any open subset U C M, by restricting w to U and
then integrating we can define the volume of U:

vol,(U) = J w
U

(this is a finite number by virtue of the ambient manifold M being compact). A diffeomorphism ¢
is called volume-preserving (with respect to the volume form w) if ¢*w = w; this terminology is
justified by recalling the behavior of integrals under pullbacks by diffeomorphisms: we have

vol,,(¢(U)) = J w= f P*w= f w =vol,(U)
o(U) U U

if ¢ is volume-preserving.

Corollary [3.12] shows how to construct many volume-preserving diffeomorphisms. Namely, the
time-t flow of a vector field X will be volume-preserving provided that d(tyw) = 0. To get a feel
for this condition, note that we can write  in local coordinates (x,...,Xx,) as

w=gdx; A~ ANdx,

for some smooth nowhere-zero function g. Then if a vector field X is given locally by X = Zi fi %,
we will have

LXw—E gfibﬁdX1/\"'/\dxn——Z(—l)i_lgfid 1/\"'/\d/x\i/\'--/\dxn
- 7% ' X
andSO

0
diyw) = (Z E(gfi)) dxy A+ Adx,.

1
Thus the condition for the flow of X to preserve w is just that
32 g5y =0
£ 9 x; §Ji="5

i=1
In case the function g is 1 (i.e., w restricts to the coordinate chart as the standard volume form
dx,--+ A---dx,; it is actually always possible to find coordinates around any given point such
that this holds—see Remark [3.14), this condition just reads that the divergence (in the standard
multivariable calculus sense) of X = _ f; % should be zero. Thus the flow of a divergence-free vector

field preserves volume.

It should be clear from the local coordinate formulas above that, given a volume form « and
any a € Q" }(M), a unique vector field X can be chosen so that 1y = a (this can be done locally
in coordinate charts, and then the local solutions can be pieced together with a partition of unity).
Of course, there are many closed (n — 1)-forms (for instance, the derivative of any (n — 2)-form
will do), and so there are many vector fields X with diyw = 0. As such, from Cartan’s Magic
Formula we have seen that for any volume form on a compact oriented manifold there are many
diffeomorphisms which preserve the volume form.

Now let us call two volume forms w, and w,; on M equivalent if there is a diffeomorphism
f:+ M — M so that f*w; = w,. In view of the behavior of the integral under pullbacks, if w; is
equivalent to w,, it is obviously necessary to have f v @1 = fM wo- An argument of Moser shows
that this condition is also sufficient:



20 MATH 8210 LECTURE NOTES, PART 2

Theorem 3.13 ([Mos]]). Let M be a compact connected oriented manifold without boundary and
Wy, w1 € Q'(M) two volume forms such that fM Wy = fM wy. Then there is a diffeomorphism
f:+ M — M so that f*w, = w,.

Sketch of proof. First of all note that since the only closed 0-forms on a connected manifold are the
constants, the assumption says that the w; have the same integral when wedged with any closed
0-form. By Poincaré duality, this then implies that w, and w; represent the same cohomology class
in H"(M). So there is some a € Q" }(M) such that w; = wy+da. Now for 0 <t <1 let

w=wy+tda=(1—t)w,+ tw;.
The fact that w, and w; have equal integrals (or even just integrals of the same sign) means

that they induce the same orientation on M. So if m € M and {ey,...,e,} is a basis for T,,M such
that wy(eq,...,e,) > 0, then it will also hold that w4 (ey,...,e,) > 0. But then for all t € [0,1]

wler,...,e) =(1—t)wg+twi)(ey,...,e,) > 0.
Since m € M was an arbitrary point this shows that the w, = wy + tda are all volume forms.

The plan now is to find a time-dependent vector field X, on M so that where {¢,} is the flow of
X, (i.e. ¢po=1id, and %d)t(m) =X,(¢,(m))) we have ¢ w, = w, for all t. If we can do this then
f = ¢, would be our desired diffeomorphism.

In this direction, Cartan’s Magic Formula together with the chain rule can be seen to imply that,
if X, has flow ¢,:

d ., Ldo,
—(pio)=¢i—
=¢; (da+diy, +1x,dw.) = ¢7d (a+ ;)
So one need only solve the equation ty w, = —a, which by local coordinate considerations as

above can be done in a unique way, producing a vector field X, which depends smoothly on t. So
indeed we can just set f equal to the time-one map of the flow of X,. O

+ ¢ Ly, w,

Remark 3.14. With sufficient care, one can localize this argument to show that for any volume form
w = g(xq,...,x,)dx; A--- Adx, on a neighborhood U of the origin in R", there are coordinates
(¥1,---,¥,) on a smaller neighborhood U’ of the origin so that w|;» =dy; A---Ady,. This justifies
a statement made earlier that for any volume form, the manifold is covered by coordinate charts in
which the volume form is given by the standard formula dx; A --- A dx,.
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