Math 8230, Fall 2009: Problem Set 6. Due Thursday, November 19

1. SYMPLECTIC FIBER BUNDLES

Let (F, o) be a symplectic manifold. A symplectic fibration modeled on (F, o) consists of a surjective
submersion 7: F — B of smooth manifolds, together with an open cover {U,}qca of B and local
trivializations ¢n: 7 1(U,) — U, X F (which, as usual, are diffeomorphisms which map each fiber
71 ({z}) to {x} x F), such that, when = € U, N Ug, the transition map ¢z o ¢, ' restricts to {z} x F
as a symplectomorphism of the symplectic manifold (F, o).

(a) Suppose that m: E — B is a smooth fiber bundle and that 7 € Q?(E) is a two-form which
restricts as a symplectic form to each fiber and which is vertically closed (i.e. if v,w € kerm, then
dr(v,w,-) =0). Prove that E admits the structure of a symplectic fibration.

(b) (cf. McDuff-Salamon Exercise 6.19) Conversely, given a symplectic fibration 7: E — B modeled
on (F,0), construct a vertically closed 7 € Q?(E) such that 7 restricts to each fiber of 7 as a symplectic
form.

(c) As discussed in class, a form 7 as in (b) induces a connection, i.e., a subbundle T"E of TE which
is complementary to ker 7, , defined by

T'"E = {v € TE|(Vw € ker7,.)(7 (v, w) = 0)}.

Call 7 trivial if there is a diffeomorphism ®: E — F x B, restricting to each 7=1({b}) as a symplec-
tomorphism 7~ ({b}) — F x {b}, such that ®*(rjo) = 7 (where m;: F x B — F is the projection).!
Prove that if 7 is trivial then the commutator of any two vector fields tangent to T"E must also be
tangent to T"E. Use this to construct a closed but nontrivial 7 on the trivial symplectic fibration
FxStx8l — St x g8t

2. THE SYMPLECTIC CUT

Let (M,w) be a symplectic manifold and H: M — R a smooth function whose Hamiltonian vector
field Xz induces an action of S! = R/Z. If € € R is any regular value of H such that S! acts freely
on H~!(e), recall the construction of the symplectic cut M>.: define v: C x M — R by v(z,m) =
H(m) — 7|z|2, so that the Hamiltonian vector field of v also induces an S' action, and let M be the
symplectic reduction v~1(€)/S!, with its induced symplectic form w,. As noted in class, M, contains
as an open dense subset the set Ms. = H 1((¢,00)) C M. Prove that the restriction to M=, of w,
coincides with the restriction to M~ of w.

INote that obviously 7 has to be closed, not just vertically closed, in order to be trivial.
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