Error Bounds for Minimal Energy
Interpolatory Spherical Splines

Victoria Baramidzeand Ming-Jun Lai

Abstract. The convergence of the minimal energy interpolatory
splines on the unit sphereis studied in this paper. An upper bound
on the dierence betweena sucien tly smooth function and its in-
terpolatory spherical spline in the in nit y norm is given. The error
bound is expressedin terms of a secondorder spherical Sobolev-type
seminorm of the original function.

x1. Intro duction

We study the minimal energymethod for scattereddata interpolation over
the unit sphere. Mainly, we are interested in the corvergencerate of the
minimal energy method basedon spherical spline functions. In the planar
setting, such corvergencerate wasrecertly determinedin [5]. It is natural
to generalisethe convergenceresult to the setting of sphericalsplines. This
is the purposeof the paper.

To be more precise about what we will study in this paper, let us
intro duce somenecessarynotation and de nition. Let S denote the unit
spherein R®. Given two points u;v on S that are not antip odal, the
shortest curve connectingthem is an arc av of the the great circle through
them. Given three points vi;Vv, and vz on S sudc that vi;vy;vs form a
basisfor R3, a sphericaltriangle is a domain bounded by the arcs\qv,,
\bv3 and vy, which are called edgesof the spherical triangle . The
points vq; Vv, and vs are called vertices of

GivenasetV of points on S we canform a triangulation : acollection
of spherical triangles. We will assumethat the triangulation s regular
in the sensethat any two triangles do not intersect eac other, or share
either acommonvertex or acommonedgeand every edgeof is sharedby
exactly two triangles. Under the regularity assumption of , the number
of verticesV = #( V) and the number of triangles T := #(f 2 ¢) are

Appro ximation Theory XlI: Gatlin burg 2004 101
C. K. Chui, M. Neamtu, and L. L. Schumak er (eds.), pp. 101{126.

Cop yrigh t © 2004 by Nash boro Press, Bren twood, TN.

ISBN 0-0-9728482-5-8

All righ ts of repro duction in any form reserv ed.



102 V. Baramidze and M. J. Lai

related as T = 2(V  2). The number E of edgesof s related to the
number of triangles asE = 3T=2.
Let
Si() =1s2C"(S);sj-2Ha 2 g

be the homogeneousspherical spline spaceof degreed and smoothnessr
over aregular triangulation ~ whoseverticesare the given scatteredpoints
on S. Here H, denotesthe spaceof spherical homogeneouspolynomials
of degreed (cf. [2]).

Supposewe are given valuesff (v);v 2 Vg of an unknown function f
on the setV. Let

Uy :=fs2 Sj() :s(v)=1f(v);v2Vg

be the set of all splinesin S/() that interpolate f at the points of V.
Then a commonly usedway to create an approximation of f is to choose
aspline Sy 2 Sj() sud that

E(Sy) = min E(s); (1)

where E is an energy functional which will be de ned later. We refer to
S; asthe minimal energyinterpolating spline

It is interesting to seeif Sy corvergesto f asthe points in V become
denseon S. More precisely we shall prove that for a spline spaceS)()
de ned on a -quasi-uniform triangulation  with sizej j 1andd
3r + 2, there exist constarts Dg; Dg; D19 dependingonly ond and , suc
that the minimal energyinterpolant Sy, de ned in (1), satis es

it Sis s Dsttan L2 s @
if f 2 C2(S) for odd integer d and

it Sriins  Dsttan Lhif i1 s + Diottan L%t jas 5i @)

for all f 2 C3(S) for eveninteger d.

The conceptof quasi-uniform triangulations will be givenin Section 2.
The spacesW *?(S) and assaiated normsjj jjx , s and semi-normsj ji , s
will be de ned in Section 3. In order to prove the corvergenceof Sy,
we needseveral preliminary results concerning spherical triangulations in
Sections 2, the approximation properties of interpolatory polynomials in
Section 4, and the approximation properties of S};() which are mainly
basedon the results in [8] in Section5. Finally we prove the main result
in Section 6. Somenumerical examplesare consideredin Section 7.
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x2. Natural Radial Pro jection

In order to obtain bounds on convergenceof the minimal energy splines,
we needto constrain spherical triangulations. Let us introduce a concept
of a quasi-uniform triangulation on S similar to the planar case.

De ne a diameter of a sphericalcap C assup, ,, - arccogu v). Given
a sphericaltriangle , letj j denotethe diameter of the smallest spherical
cap containing , and let . denote the diameter of the largest spherical
cap contained in . Then

i j= maxfj j; 2 gand = minf ,; 2 g

are correspondingly the diameterof the largesttrianglein  and the diam-
eter of the smallestsphericalcap inscribed in .

De nition 1. Let bea positive real number. A triangulation s said
to be -quasi-unifem provided that
i

It is well known that in the planar case,the smallestangle of a quasi-
uniform triangulation is bounded below by 1= [7]. We make use of a
conceptof a natural radial projection dewveloped in [8] to relate properties
of planar quasi-uniform triangulations to the spherical ones.

Fix a spherical triangle  with j j 1. Dene r. to be the cernter
of a spherical cap of smallest possibleradius containing , andlet T, be
the tangent plane touching S at r, (cf. Figure 1). We de ne the radial
projection from T . into S by

W:=RTW:=£25; w2T.,:
W)
SinceR; is one-to-one,R . ! is well-de ned. Let bethe imageof under
R, L. It isnottoodicult to ched that

Piodd o Kdi Kty o Koo (4)

for somepositive constarts K; and K,. In this paper however we make
use of the following

Lemma 1. Let be a spherical triangle with j j 1. Let denotethe
image of under the map R_1. Then

i
2tan 5 = )
and

2tan? o (6)
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Fig. 1. Spherical triangle and its planar projection.

Pro of: By the de nition of R, the certer of the smallest spherical cap

corntaining is the certer of the circle outscribing . Let v be one of the

verticesof . The certer of the unit sphereO, v andr . form aright triangle

with the leg Or . of length 1, the leg vr, having length J?J and the angle
\ vOr.. having radian measuremen ]—J. Then (5) follows immediately.

The largest spherical cap contained in  is mapped onto an ellipse

in the plane T , which is contained in . The largest circle corntained

in  hasaradius — greater than or equalto r., the radius of the largest

circle contained in the ellipse. Let o be the certer of and v be any point
onthe boundary  of the cap. Let o and v be the imagesof o and v under
R. ! correspondingly. Thenr. cande ned by r. := min,»s,fjo vjg. Note
now that

jo vj tanjo vj;8v2
Therefore

5 T tan

_T.
2 1
and we have (6). O
Note alsothat sincegreat circles are mapped into straight lines under

the inverseof the radial projection R, any cluster of spherical triangles
I with j!'j 1is mapped into a planar triangulation ! .

Lemma 2. Let bea -quasi-uniform triangulation of the unit sphere
with j j 1. Let denote the smallest angle of . There exists a
constart A; suc that 1

A @
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Pro of: Fix asphericaltriangle 2 ; and construct the radial projection
R,. By Lemma 1 we have
I tan =

;- tan &

1
2tan =
2

Since is a planar triangle, its every angleis bounded below by ﬁ with

A1 = 2tan % Sincethe corresponding spherical anglesare even greater,
(7) follows. We have thus establishedLemma 2. O

We will needanother lemma comparing areasA , of sphericaltriangles
to the sizeparametersj jand  characterising spherical triangulations.

Lemma 3. For ewery sphericaltriangle 2  with j j 1

2 P2

I

= A 1 8
Pro of: The area A, of a sphericaltriangle is bounded above by the area
of the smallest spherical cap containing . The diameter of this capis| j.
Without lossof generality we assumethat the certer of this capis located
at the north pole. Then

z 27 z jTi/2 J j2
A, sin dd =2 (1 cosf j=2)) —
0o 0 4
Herethe last inequality holdssincej j j j 1. Similarly, A isbounded
below by the areaof the largest spherical cap cortained in , which by the
de nition hasa diameter .. Therefore

2
A, 2 (1 cos(,-=2) T: O
Another result that we needconcerning -quasi-uniform triangulations
is a bound on the number of triangles n; in the k-th disk around
We denote star(v) the union of all triangles in that share the ver-
tex v, starf(v) := [f star’(w) : w is a vertex of star’ 1(v)g, * > 1, and
starf( ) := [f star(w) :w is avertex of g, > 1.

Lemma 4. Suppose isa -quasi-uniform triangulation suchthat j j
1. Then for any triangle 2 andany k 0O, the number n;, of triangles
in star®( ) is

5 2
4
If, in addition, s regular, then

Nk (2k + 1)% 9)

Nk iz(zk+ 1) (10)
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Pro of: Note that star®( ) is contained in a spherical cap of radius R =
(2k + 1)17J with areadenoted A z. Also by Lemma 3 we have

2

— Ap
5
Then )
Ne—— Ar=2 (1 cogR)) RZ:
Therefore
5 22k + 1)
—

If istotal, then star®( ) contains a sphericalcapof radiusr = (2k+ 1)5-
with areadenotedasA.,. Then by Lemma 3

22 2 (1 cosf)) =A, ng

and therefore
2(2k + 1)
—

This completesthe proof of Lemma 4. O

x3. Spherical Sobolev Space Seminorms

In this section we start by following the construction in [8] to de ne
Soholev-type norms and seminormsfor functions on the unit sphere. This
construction usesa conceptof a homogeneousxtension.

De nition 2. Given any spherical function f and any integer n, the ho-

mogeneousextension of f of degreen to R®nf0g is a function f,, de ned
by "

fo(u) = juj™f (—): 11

(W) = ju"f () (11)

We next recall that a triv ariate function f (v) is homogeneousf degreen
if

f(v)y= "f(v),; 8 2R (12)

Fix 0 p 1,k nonnegative integerand let B denote an open setin

R?. Recall that the corresponding classicalSobolev spaceW *?(B) is the

spaceof functions on B whosederivativesup to order k belongto L,(B)
[1]. A norm on W¥?(B) can be de ned as
X
idiikp,B = iiD{* D diip,5; 13)

Nty k
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whereD'Dz = 52555

Let be a subset of the unit sphere with j j 1. Suppose that
f( ;5 j)oisanatlasfor . Letf ;g be a partition of unity subordinate
to the atlas. We de ne spherical Sobolev spacesw *7() as follows:

WHrP() = ff i ( ,f) jl 2 WHRP( () foralljg (14)

Let f 2 WkP() and let f; 1 denotethe unique homogeneousextension
of f of degreek 1 asin De nition 2. Then

X
iy, = Dk iy, (15)
jaj= k

is a Sobolev-type seminormof f on W P(). HerejjDf) 1jj, isunder-
stood asthe L ,-norm of the restriction of the triv ariate function D *f;, 1
to . For k = 0the above seminormreducesto the usual L ,-norm.

x4. Basic Inequalities

Let H, denotethe spaceof triv ariate homogeneougolynomials of degree
d. It wasshown in [2] that the set

I , ,

B = bW BB i rk=d (o
of Bernstein-Bezier basis polynomials of degreed forms a basis for H .
Here by(v); bp(v); bs(v) are trihedral barycertric coordinates of a point
v 2 R3 satisfying and uniquely de ned by

V= by(V)vi + bp(V)va + 3(V)vs

in terms of a triple of linearly independert unit vectorsvy;v, and vs. The
restrictions of the trinedral barycertric coordinatesto a sphericaltriangle

with the verticesvy; v, and vs are called sphericalbarycentric coordinates
The restriction of a homogeneousBernstein-Bezier polynomial of degree
d to the points on the unit sphereis called a sphericalBernstein-Bezier
(SBB-) polynomialof degreed. Any homogeneougolynomial P of degree
d and its restriction to a sphericaltriangle have a Bernstein-Bezier(BB-)

represenation with respect to

X
P(v) = CijkB ik (v): (17)
i+ j+k=d

Given a homogeneoudriv ariate polynomial P in BB form (17), let ¢
be a vector of its coe cien ts. Let jjcjj, , and jjcjj, . denoteits *; and °,
norms on a spherical triangle  respectively.
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Lemma 5. Any homogeneouspolynomial P of degreed in Bernstein-
Bezierform (17) with respectto a sphericaltriangle with j j 1satises
the property
Az jidiy - JiPlix - Aslicdia - (18)

and

AAYP jidip - TiPlipr  AsAYPjicii,, 19)
foranyl p< 1. HereA;;AsandAs arepositive constarts independert
of , P andp. A, dependsd, p and the smallest angle of

Pro of: Proof of (18) can be found in [8]. For (19) x 1 p< 1. By
Lemma 4.4 in [8], there exists a positive constart K3 depending on d, p
and the smallestangle ., of sud that

A YPiPlip - BiPa - KsA PP, (20)
Then using (18) we get
A}_/P d+ 2 1/p Al/P Al/P

K—3A2 2 nalp,~ Ks AzjiC)1 - K

iiPiix .+ iPlip,-:
Similarly, by (20)
iiPiipr  AYPiiPli »  AsAYPjici »  AsAYPjidj,. .

Therefore we obtain (19) with A, = £2 "2 Y7 and As = As. O

Next we need Markov-type inequalities.
Lemma 6. Let P be a trivariate homogeneouspolynomial of degreed

de ned on a sphericaltriangle with j j 1. There exist constarts Ag
dependingon d and . only, and A; depending on d, such that

. Ag . .
iPir1 .+ 77— ~ziPli1 .= (21)
(tan £-)k
and
. A .
iPikpr 7—7iiPlipr (22)
BPT (tan G PP

for1 p< 1. Here . is athe diameter of the largest spherical cap
cortained in
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Pro of: For (22) we follow the proof of Proposition 4.3 in [8]. Modify the
proof by replacing (4) with (6). To prove (21), we apply (20) to both sides
of (22) to get

. AKy
iPiea - APt

(tan &)
for someK 4 dependingond k and . Weobtain (21) with Ag = A7K 4.
O

Finally we expressa bound on the valuesof a smooth sphericalfunction
in terms of its 2nd Soholev seminorm over a spherical triangle.

Lemma 7. Let be a sphericaltriangle sud that j j 1, and suppose
f 2 W2P( ) vanishesat the vertices of , that is f(v;) = 0;i = 1;2;3.
Thenforallv2 |

if i Asttan L)zt jza 0 (23)

for somepositive constart Ag independent of f and . Moreover, if f isa
homogeneougpolynomial of degreed, then

ifWi A, Yrtan Lyitia, . (24)

for some positive constart Ag dependent only on d, p and the smallest
anglein

Pro of: Let R, be the radial projection de ned before. Let v;;i = 1;2;3
denote the vertices of a planar triangle , which is the image of under
the inverseof R, andv = R_'vforv2 . Recallthat j j = 2tan %‘ by
Lemma 1.

Let f1(v) = jvjf (J%j) be the linear homogeneousextension of f to
R3nfOg and let f; denote its restriction to the planar triangle . By
Lemma 3.2in [8], f1 belongsto W2?( ). Note alsothat f1(v;) = jvijf (V;)
= 0,i = 1;2;3. Therefore by Lemma 6.1 in [5], we have for every v 2

if1Wi 13 Pifajen - (25)

Sincef (v) = f}f}f) andjvj 1forallv2 ,

ifI Wi 48an ' )ifajza

by (25). By Proposition 3.4 in [8], there exists a positive constart K 5 such
that we get

jf] - 48Kstan )t jza
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and therefore Ag = 48Ks.
If f is a homogeneougpolynomial of degreed, then its secondderiva-
tivesare homogeneougpolynomials of degreed 2, then by (20) we have

izt~ KeA, YPifja,

for someK g depending on d, p and the smallestanglein . Hence
if (V)] 48K s(tan J?J)ijju + AeA_Y7(tan ‘7’)2jf i

This completesthe proof with Ag = 48K5Kg. O

x5. Stable Local Basis and Existence of a Quasi-In terp olant

We now describe the stable local basesthat the spline spacespossessWe
shall usethe spline spaceghat have a local basisto solve the interpolation
problem on the sphere. Let

Di=[r fui+]+k=dg (26)
with 7, = MR for =< u;v;w > bethe setof domain points asso-
ciatedwith  andd. It is well known that ead splinein Sg() is uniquely
determined by ass@iating one Bezier coe cien t with ead domain point.
A subsetM D is called a minimal determiningsetfor S7() if the val-
uesof the coe cien ts of s 2 S%() assaiated with domain points in M
uniquely determine all of the coe cien ts of s.

De nition 3. A basisfBgeom for aspaceS of splineson a triangulation
is a stable local basis, if there existsan integer ™ and constarts 0 < C; <
C, < 1 dependingonly ond andthe smallestangle in the triangulation
such that
1) foreath 2 M, supp(B¢) star“(vg) for somev, of ,
2) for all fcegeom
. . e X e . .
Comaxjc I CBelin s Comaxjcg: 27)
£2M
A construction of a stable local basis using the Bernstein-Bezier repre-
sertation of splinesin Sj() whend 3r + 2 is outlined in [8] with a
referenceto [4]. Givena minimal determining set, we can construct a basis
fB§g§2M for Sg() by requiring

nt = em 2M; (28)

where ,, is the linear functional which picks the coe cien t assaiated
with the domain point . In particular, B, has the property that the
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coe cien t assaiated with  is 1 while the coe cien ts assaiated with all
other points in M are zero. The remaining coe cien ts of B, are computed
using smoothnessconditions.
For any given spline spaceS](), there are many possiblechoicesfor
a minimal determining setM . A choice of M preseried in [4] leadsto a
basiswith the following properties, wherefor eady ;  := supp(B¢) and
¢ is the triangle in which lies.

Lemma 8. Let fB¢g:om be the basis for Sj() corresponding to the
minimal determining set M described in [4]. Then there exist constarts
Cs; ;G depending only on d;p and the minimal anglein  sud that
foreah 2 M,

1) there existsa vertex ve 2 sudh that star®(vg),

2) jiB¢jjr s Cs,

3)j esi Cajjsjiy -, forall s2 Sj() ,

4)j ¢sj  CsA,'Pjjsjj,. , forall s2 S5() , andfor every 2
5) iBeiipr CoAY?,

6) #1,. C;, wherel,:=f : 0,

7) Bejks » Cg M forall0 k d

8) jBejepr Co ,*AFP forall0 k d.

The proof of the above lemma can be found in [8]. Furthermore the
analysis of the proof of 8) of the above lemma allows the following change
in 8). Using (22) instead of (4.3) in [8] one gets

iBéjr,p,r Co(tan é) Fal/p (29)

with Cg = A7Ce.

It wasshown in [8] that with the basisde ned above onecan construct
a quasi-interpolation operator Q : L,(S) ! SJ() which achieves the
optimal approximation property. Indeed, extend the linear functionals
to all of L ,(S) using Hahn-Banad theorem. Then for every f 2 L ,( ¢),

i i CoA Mt 2M: (30)

This inequality implies that for eadr , the carrier of the extended func-
tional ¢ is cortained in ¢, ie. iff Oon ¢ then f = 0. With (29)
in mind we modify the proof of Proposition 5.2 in [8] accordingly to get
the following result.
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Lemma 9. Foreah f 2 L,(S), let

X
Qf = ( gf)Bgi (31)
£2M

Then Qg = g for all g 2 H4(S). Moreover, there exists a constart Cig
depending only on d;p and the smallest angle in  such that for eath
triangle 2

jQf jxpr Croftan 77) Mitiip, (32)
where ,:=[gr candl,.:=f : ¢0.

Theorem 1. Suppose 2 is a spherical triangle with j j 1. Let
f2wmlr()for0 m dsud that (d m)mod 2= 0. There exists
a spherical homogeneouspolynomial s of degreed sud that for every
0 k m

it Siepr  Culan LH™ M 0 (33)

Here Cy; is a constart that dependson p;m and . Moreover
it Sk, Culan Sh™ K, (34)

Pro of: Fix m. By Theorem 4.2 in [8], there exists a spherical homoge-
neouspolynomial s® of degreem such that for elery 0 k m

Jf Scﬁkﬂp,r Cllj jm+l ka jm+1 ,p,T: (35)

If we slightly modify the proof of Theorem 4.2 [8], i.e. replace(4) by (5),
we can get

it SGepr Culan L™ At e (36)

Since(d m)mod 2= 0, s = jvj? ™s%is a homogeneousspherical polyno-

mial of degreed. Sinceon the unit spheres® s, their k  1-st extensions

are the same, and we have (33). To get (34), sum (33) over triangles in
- This completesthe proof. O

Theorem 2. Let be a -quasi-uniform spherical triangulation with
i 1. Letl p 1,d 3Ir+2 and0 Kk d Then there
exists a constart C;, depending only on d;p and the smallestanglein
such that

it Qfiepr  Cualtan LH™ Mfj 37)
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forall f 2 Wm*lr(S)yandall 2 . Moreover, there exists a constart
C13 sud that

it Qfieps  Cusltan )™ Hif e s (38)

forall f 2 wmlP(S)yandall 0 k dsud that Qf 2 WFP(S). Here
m is taken between0 and d with (d m) mod 2= 0.

Proof: Let 2 with j j 1. By Theorem 1 there exists a spherical
homogeneougpolynomial s of degreed such that (33) holds. By the lin-
earity of Q and the fact that Q reproduces polynomials of degreed, we
can write
it Qfikpr it Slkpr+IQ(F  9)jkp,r!
We now considerthe last term in the above inequality. Since is assumed
to be -quasi-uniform,j ,j % and therefore
r I
tan > tan > 2 tan >

By (32) and Theorem 1

QU jkpr  Cuoltan 2) it i),
CioCustan 1) *tan LNy it jpuua .

CioCua( ) (tan D)™ Hf .

Therefore we get (37) with C1p = Cy1(1+ Cyg 2F).
To prove (38), we sum (37) over all triangles in .

. . X . D dvme 2 X
it Qfjrps = it Qfjrpr Coo(tan 7) ifime1 p,

T2 T2
X

j jm+1 kx e
Cio(tan 7) ifikpro
T2 T
i dymen x X 0 -
= Cp(tan 7)’“ #t o 7O Jm+1 p 70
702
j J m+l k X i
C12K7(tan 7) Jfim+t p,r00

702

HereK; := maxf#f : © +0; 92 g which is bounded by Lemma 4.
Therefore (38) holds with C33 = C12K 7. This completesthe proof. O
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x6. Minimal Energy Interp olating Splines

Supposewe are given valuesf f (v); v 2 Vg of an unknown function f at a
setV of scattered points on the unit sphere. To approximate f , we choose
a linear spaceS  Sj() of polynomial splinesof degreed de ned on a
triangulation  with vertices at the points of V. Recall that

Up=fs2S:s(v)=f(v);v2 Vg

is the set of all splinesin S that interpolate f at the points of V. We
assumethat S is big enoughsothat Uy is not empty. Recall a commonly
usedway to create an approximation of f is to choosea spline Sy suc
that

E(Sy) = min E(s); (39)
where for a sphericaltriangle 2
E-(s) = iD“s4ji5 ; and E(s) = E-(s): (40)
jaj=2 T2

Here s; is the linear homogeneousextensionof s to R3nf0g, s a triple
index with ertries running through x;y;z, e.g.,D®*Y = D,D,D,. That
is, Sy is the minimal energyinterpolating spline. Let

X :=ff 2B(S):fj,2C? );8 2 g

where B (S) is the set of all bounded real-valued functions on the sphere.
For each triangle 2 , let

Z X
H;gi, = D, D%
Tjaj=2
Then X
H;gi = hf;gis= H;gi-

T2

is a semide nite inner product on X. Let jjf jj, and jjf jj be the assaiated
seminorms. We refer to them as energy or X -norms.
It is easyto seethat h; i is an inner product on the linear space

W :=fs2S:s(v)=0;v2Vg: (412)

Indeed, if hw;wi = 0 for somew 2 W, then w is a linear homogeneous
polynomial on  and sincew vanishesat all vertices,w 0. SinceW is
nite-dimensional, it followsthat W equipped with the inner product h; i
is a Hilb ert space.
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Givenf, supposes; is any spline in the set U; de ned above. Then it
is easyto seethat the solution Sy to the minimal energy problem is equal
tos; Psy, whereP is the linear projector P : X I W de ned by

E(f Pf)= min B w); (42)

for all f 2 X. SinceW is a Hilbert spacewith respect to h; i, Pf is
uniquely de ned and is characterised by

H Pf,wi=0; 8w 2 W: (43)
Moreover
Pt ifi (44)
forall f 2 X.

We now establish a lemma showing the equivalence of certain semi-
norms on the spaceX de ned above.

Lemma 10. Let beasphericaltriangle with j j landf 2 X. Let E;
be the functional de ned in (40). There exists a constart D, such that

Dajfiz,, E(f) jfis..: (45)
Pro of: By the de nition
ifiz2-=(  iD%f4jj2,7) iID*faliz - = E-(f):
jaj=2 jaj=2
Sincethe number of elemeris in the sum (40) is 8,
ifizo,=( 0iD%f4jiz-)° 8  jiD*f4ji5, 8E(f): O
jaj=2 jaj=2

Next we establish the reproductive property of the energy functional
E..

Lemma 11. Let be a spherical triangle with j j 1. Supposef 2
X. Then E.(f) = 0if and only if f is a trivariate homogeneoudinear
polynomial on

Pro of: Apply the de nition of E.. O

In addition to Lemma 11 we needto establishthe equivalenceof energy
and L, norms on the Hilbert spaceW.
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Theorem 3. SupposeS SY() is a spline spacede ned ona -quasi-
uniform triangulation  with j j 1, andlet W bethe assaiated Hilb ert
space(41). Then there exist constarts 0< D, D3 < 1 dependingonly
dand sud that

Daifii3s  (an Lh%ifii?  Daiifii3s: (46)
forall f 2 W.

Pro of: By Lemmas7 and 10 for every f 2 W,
Z . .

it Ajtan L3, D1 *A3tan Lh'E():

Summingoverall 2 , we get
Z -

ifi2 D: A2¢tan 1d)*E(f):
s 2
By Lemma 10 and Lemma 6,

o AF o
E-(f) ifizz- ml]fﬂz,w
2

Sumover 2 to get

AZ o
E(f) Wlﬁllz,s-

Since is -quasi-uniform,j j jﬁl,and therefore

R Y B

tan 5 tan 5 2 tan -
Then A2 8
E(f) ——iifii3s:
(tan )4

Let D, := D1Ay2 and D3 := A2 8 to get the result. O

Next we want to show that under certain conditions on S, the X -norm
on the Hilb ert spaceW is also equivalent to a certain coe cien t norm.

Corollary 1. SupposeS Sj() is aspline spacede ned ona -quasi-
uniform triangulation , and that fB¢g:om is a stable local basisfor S
de ned in Lemma 8. Then fB¢g:on IS a Rieszbasis (with respect to the
X-norm) for the linear spaceW de ned in (41). Here N is the subset
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of the minimal determining set M excluding the set of vertices V of
In particular, there exist constarts D4; Ds dependingon d; , largest and
smallestA,; 2 , sud that
X i2 i j4--x 2 X i2
Ds jed” (tan=7)7)  CBei® Ds  jog™ (47)
£2N £2N £2N

for all fceQean -

ro of: Let us note rst that for any splines 2 W, s = P eom CeBe =
¢on CeBe dueto the zerointerpolating conditions and (28). In view of
Lemma 8, 4) there exists a positive constart Cs depending only on d and
, such that on ead triangle
X Z x
jce? d; 2 At |7 B
£2N T £2N

Then summing over 2
; X i2 z X i2
TCZ D;'n A JCe) J CeBej™: (48)
2“5 £2N S N
Similarly, by Lemma 8, 5) there exists a positive constart Cg, depending
only ondand , sud that

Z-X 2 Z X o X d+2 ,, X
j CeBej ] iB¢] 5 CeAr jcej”:
T ¢2N T €2N £2N £2N
Let n denote the number of triangles in , then
A
X d+ 2 X
j  cBg? n ) CimaxA,  jcj* (49)
S eonN 2 2N
By Theorem 3, and (48), (49) above, we get
D, X i vas o
w7 oz MmN Ar e (tan 7) it
2 5 £2N %
d+ 2 .
Dsn ) c2 mzaxAT jeej?:

£2N

Therefore, we obtain (47) with
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and
d+ 2

Ds = D3n 2

c? maxA.: O

Next, we estimate X -norm of the projection operator P in (43) outside
of -the support of an interpolant f 2 X. Here we follow a similar result
for bivariate splinesthat can be found in [6], making se\eral adjustments
for the spherical splines. Before we proceedwith the result we needthe
following lemma, which can be found in [3].

X
Lemma 12. If the sequencef a;gl; satis es ja,,j ja;j for all

7 m+l
. 1 m
m 0and some 2 (0;1), then ja,,j aou:

Pro of: See[3]. O

It is establishedin Section5 of [8] that fB.geom is a local basiswith
a local support size™ equalto 3. The following theorem, however, holds
in generalfor any xed .

Theorem 4. There exist constarts 0 1 and D¢, depending only
on ', d; , such that for any triangle T 2  and any function f 2 X with
supp(f) T

jiPfii- De Fjjfij; (50)

whenewer 2 star?(F*2) &1 (T)nstar?(**D 1 (T) with k 1.

Pro of: Let
ME: = f 2M :supp(Be)\ T 6 ;9;
MT: = f 2M :supp(Be)\ star’*(T) 6 ;g;
NT: = MT;
NI = Minm?

P
SupposePf = ., B¢, and let

X X
Uy = cBe; wy = Pf o ou @y = c;
2 €N ]

for k 0. SincePf 2 W, by Corollary 1
X X I odap 15y o2
a; = G (tan —)'Da Yjjwiii:
J k+l c62M]
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Note that w;, 2 W aswell, then using (43) we have < f  Pf;w; >= 0.
Moreover, < f;w;, >= 0, sincesupp(f) T and supp(w;) lies outside T.
In fact, supp(wi) \ [ com 7 1supp(Bg) =; for k 1, it follows that

k

jiwgji? = hPfy UgiWei = B Ugiwii = h g wyl
= h CeBerwii i CeBell liwiii;
€N ] €N [T
and therefore by (47)
o, X ) D
iwiii? i cBei? o
Hence
X Ds
a; D—ak
J okl 4
Let := 5Z45-. Then by Lemma 12
1 k
a ao( )" _ & 2k,
with = P 1 . It is easyto seethat by our assumptionon and

de nition of D4 and Ds, both and are positive and bounded above by
1. Since(44) holds for f, by Corollary 1 we have

X X (tan J_J)4
ag a; = ct 5 2
: 4
7 0 £2M

(tan L1)*

jiP f jj2 27 if jj2:
iPfjj 5, it

Let 2 star?(**2 #1(T)nstar?(**D #1(T) for somek 1. If 2 M7,

then supp(B¢)  star?**D ¢(T), and therefore \ supp(B¢) = ;. Using
(47) again, X
Pt i i CeBej?
£62M7
D5 X — D5 X a Dg ZkJJfJJZ
(tan 152)* €62MT (tan 1) j okl D3

We obtained (50) with De = pL%-. O

As a consequencef the last result, we can now compare Sobolev semi-
norms of Pf and f. Analogous result for bivariate polynomials can be
found in [5], and a similar proof holds.
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Theorem 5. There exists a constart D7 depending only ond, ~ and ,
sud that for every f 2 X

jPfjo1 s Drjfjo1 s: (51)
Pro of: Let bea xed triangle in , and let
To=star*® (), 7= star?(FD &1 (yngtar?(kD £ (.

Let n, denote the number of triangles in  7; k 0. For a homogeneous
polynomial of degreewith d we have by Lemma 10 and (20)

I . DA, _.
iPiiZ DiPP,, —5TiPEa

6
Similarly, for any function f 2 X and any triangle 2 , by Lemma 10
and (20), we have

ifiz ALfisy (52)
P
Write f =, . with supp(f,) . SinceP is a linear operator,
X K X
Plizs - Ptz - : P 4ji -

T2 (DlAT)l/z T2

Then by (50), (44) and (52)

P ] Ke X X o0
Pliza - mA)2 iP i
- (DlAT)l/Zk 0r2
Ko mCitis . ps bt
_ Ke ) i
(DlAT)l/Z T2 k 1712
K . .
W(rpzaxA;/z)(no + Ds "npif iz -

k1

. P . .
Since <1, , ; *kn, < n, the total number of triangles in , and

r_ r _
max, A° 51 5.
min,, AY/?2 4 4"

by Lemma3. Let D7 = %KG (Ng+ Dgn), whereNg = max,, fngg.

Then (51) follows by taking the supremum overall 2 . O

We are nally in a position to prove the main result of this paper.
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Theorem 6. SupposeS S)() is aspline spacede ned ona -quasi-
uniform triangulation ~ with j j l1andd 3r+ 2. For d odd there
exists a constart Dg depending only on d and , suc that the minimal
energyinterpolant Sy, de ned in (1), satis es

it Shiss  Dsttan LRz s (53)

for all f 2 C?(S). For d even there exist constarts D¢ and D 1o depending
only ond and , sud that the minimal energyinterpolant Sy satis es

it Sris Dottan LD?if o s + Diottan Lo ss 50 (59)
for all f 2 C3(S).

Pro of: Given a function f 2 X, let sy 2 U; be the quasi-interpolant
de ned in Section5. If d is odd, by Theorem 2 there exists a constart K ;
depending on d and the smallestangleof such that

it sriivs  Kottan LAtios s (55)
and
it sfiz1 s Kojfjoa st
Then
iSfiz1 s it sfi21 stifize s
(K7 + Djfj21 s (56)

SincePs; = sy Sy, by Theorem 5
jsf Sypj21 s =PSsi21 s  DijSsiz1 s; (57)

and by (56)
jsf Sflza s D7(K7+ 1jfja1 st

Sinceboth Sy and s; interpolate f , their di erence satis es the hypothesis
of Lemma 7 and thus

sy Siivs  Astan L)%s,  Spjza s
AgD7(K7 + 1)(tan JTI)ZijZ,l S
Then by (55)

it Syii1 s it syl s+ sy Syiit s
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Kattan L0201 s+ AD2(K7 + Dtan L2t jzs
= Dg(tan J71)21'“2,1 S
With Dg = K7 + AgD7(K7 + 1) we get (53). Similarly, if d is even by

Theorem 2 there exists a constarnt Kg depending on d and the smallest
angleof  such that

i siin s Ksttan L) jsa s (58)
and o
it sfi21 s Kg(tan JTJ)jfj&l s
Then
isriza s Ksan " Difiss s+ ifi2a s (59)

and by (57) and (59)

js; Syl2i s Dr(Ks(an ' Difiss s+ ifjzs o)

Sinceboth Sy and sy interpolate f , their di erence satis es the hypothesis
of Lemma 7 and thus

isy Sriirs  Asttan ) Dr(Ksttan Wi jos s+ ifiza ):

Then by (58)

it Sdis  Dstan )?fj2a s + Daoltan )it jas s

We have thus establishedthe result of our main theorem in this paper. O

X7. Numerical Exp erimen ts

We have implemented spherical splines of arbitrary degreeand arbitrary
smoothnessover any given sphericaltriangulation in MATLAB. In partic-
ular, we have coded the minimal energy method for scattered data inter-
polation using spherical splines. In this section we provide a description
of three setsof experimerts. 1) We numerically test the convergencerate
of the minimal energy method over a sequenceof uniformly re ned trian-
gulations. Our test con rms the secondorder convergencerate. 2) We do
the sametest asin 1) for spherical splines of various degreesfor a single
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Fig. 2. Testfunctions f;f2;f3.

function to shaw that the corvergencerate is the sameno matter which
degreeis used. 3) We demonstrate a spherical spline interpolation to a
given set of scattered data which represen the geopotential of the earth.
Let us describe our experiments in detail. The initial triangulation ;
in the rst two examplesconsistsof 8 triangles with vertices being unit
coordinate vectorsand their antip odes. Its rst re nement , is obtained
by connecting the midpoints of all edgesin ; suc that ead triangle is
split in four subtriangles. Similarly 3 and 4 are obtained from , and
3 correspondingly. Note that with such a re nement the sizej ;.1j of a
re nement is not a half of j ,j;i = 1;2;3 asit happensin the planar case.
Instead tan JT”;i = 1,2; 3 is reducedin half asillustrated in Table 1.

i 1:91063| 1:23095 | 0:67967 | 0:34994
(tan 1)% | 2 05 0125 | 0:03125

Tab. 1. Triangulation parameters.

In the following example we shall test seweral functions:
fi(xiyiz) = x* (y°+27)
fo(x;y;2) = 0:x8 + €2V
fa(x;y;z) = In(2+ x?) sin(dz y):
Thesefunctions are displayed in Figure 2.

Example 1. We use spherical splines of degree5 and smoothness1 to
nd the minimal energy interpolants over the triangulation 1; ,; 3
and 4. Then we evaluate the splinesat 5120evenly spacedpoints w and
record the relative errors for thesethree test functions. The relative error
on ;isdened by e ;) := W s2 Sy( ;). The errors are
listed in Table 2. In Table 3 we list ratios of the form e(e( H'l));i =123
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1

2 3 4
fi1 | 1:0317%2 00| 1:8164 01 | 2:8386 02 | 2:829¢ 03
fo | 0:3834 00| 0:6344 01| 1:7466 02 | 225506 03
fs | 1:0496e 00 | 43803 01| 0:5142 01 | 0:515@ 02

Tab. 2. Experimental errors for ct quintic splines.

f ni 1 2 3
f1 | 5:6799 | 6:3989 | 10:0339
fo | 6:0435| 3:6322 | 6:8494
fs | 223962 | 8:5187 | 9:9845

Tab. 3. Convergencerates of the C* quintic splines.

for all three functions. The numerical corvergencerates are closeto the
convergencerate we derived in the previous section.

Example 2. In this examplewe work with one function only and vary
the degreed of the spline space. That is, weuseS:( ;),d= 3;4,5,6;7,i =
1;2; 3;4. Even though we cannot apply Theorem 6 in S1() and S}(),
the experimental result are similar to the oneswe obtain for higher degrees.
Errors are computed as in Example 1 and are recordedin Table 4. The
corresponding corvergencerates are displayed in Table 5. The numerical

rates shaw that increasingthe degreeof the spline spacewill not result in
a better rate.

dni 1
3:8334 01
3:805% 01

3:828 01

2
0:6344 01
0:631% 01
0:6254& 01

3
1:7466 02
1:8148 02
1:842% 02

4
03
03
03

2:5500
2:6871
2:748%

~N| O 01

3
Tab. 4. Splines of various degreesinterpolating f2(x;y;z) = 0:1x8 + 2,

dni 1 2 3
5| 6:0435| 3:6322 | 6:8494
6 | 6:0265 | 3:4797 | 6:7538
7 | 6:1225| 3:3934 | 6:7045

Tab. 5. Convergencerates for splines of various degreesinterpolating f ».
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Fig. 3. Geopotential data and minimal energy c? cubic interp olant.

Example 3. We present an example of scattered data interpolation over
the earth. We are givena setof locations with geopotential valuescollected
by a satellite. The total amournt of data valuesis 5760. The left graph
in Figure 3 shows the set of scattered data and the right graph shows the
minimal energy interpolatory spherical spline surface. Both the original
data and the spline solution are scaledin this gure for corvenience. We
use C?! cubic spherical splinessincethe data set s very large. The spline
surfacerepreserts the given data quite well by visual inspection.
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