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Abstract

We give positive formulas for the restriction of a Schubert Classto a
T-xed point in the equivariant K-theory and equivariant cohomology of
the Lagrangian Grassmannian. Our formulas rely on aresult of Ghorpade-
Raghavan, which givesan equivariant Grobner degeneration of a Schubert
variety in the neighborhood of a T- xed point of the Lagrangian Grass-
mannian.

1 Intro duction

Let J bethe antidiagonal 2n  2n matrix whosetop n antidiagonal ertries are
1's and whosebottom n antidiagonal ertries are -1's. Then J de nes a nonde-
generate skew-symmetric inner product on C2" by hv;wi = vtJw, v;w 2 C?".
The Lagrangian GrassmannianLGr , is de ned asthe set of all n-dimensional
complex subspacesV of C?" which are isotropic under this inner product, i.e.,
such that for every v;w 2 V, hv;wi = 0. The symplectic group G = Spzn (C)
consistsof the invertible 2n  2n complex matrices which presene this inner
product. Let T and B denote the diagonal and upper triangular matrices of G
respectively. The natural action of G on LGr ,, is transitive and has a unique
B-xed point eq. Thus LGr, can be identied with G=P,, where P, B
is the stabilizer of 4. Let W denote the Weyl group of G with respectto T
(= Ng(T)=T) and Wp_ the Weyl group of P,,. For the G-action on LGr ,, the
T-xed points are preciselythe cosetse = P,, 2 W=Wp, .

Let B denote the lower triangular matrices in G. For 2 W=Wp_, the
(opposite) Scubert variety X is the Zariski closureof B e in LGr,. The
Schubert variety X de nes classesX ]« in K{(LGry), the T-equivariant K-
theory of LGry,, and [X ], in H{(LGr,), the T-equivariant cohomology of
LGr 4. A

The T-equivariant embedding e !'" LGr, induces restriction homomor-
phisms:

Ki(LGrn) ¥ Ky(e) and  H;(LGra) " Hy(e):



The imageof an elemeri C of K, (LGr ) or H; (LGr ) under restriction to e is
denotedby Cj. . The restrictions Cj. , evaluated at all 2 W=Wp_, determine
C uniquely. In this paper we obtain combinatorial formulas for [X ]cje and
[X luje - Our formulafor [X ]cje ispositivein the senseof [4, Conjecture 5.1],
and our formula for [X ],je is positive in the senseof [5]. A positive formula
for [X ]cje alsoappearsin [15], and positive formulas for [X ].je appear in
[1] and [6].

The proof of our formulas relieson a result of Ghorpade-Raghaan [3], which
givesan explicit equivariant Grebner degenerationof an open neighborhood of
X certered at e to areducedunion of coordinate spaces.The outline of our
proof is virtually the sameasthat of [14], which derivesa similar result as here,
but for Schubert varieties in the ordinary Grassmannian. In addition, many of
the lemmasof [14] and their proofs carry over with little or no modi cation.

Our formulas for [X Jcje and [X Juje are expressedin terms of “semis-
tandard set-valued shifted tableaux'. Theseobjects take the place of the “semi-
standard set-valued tableaux’ in [14]. Semistandard set-valued tableaux were
intro ducedby Buch [2], and alsoappearin [7], [8]. The formula for [X ].je can
also be expressedin terms of “subsetsof shifted diagrams', which we intro duce
in Section 5. These objects take the place of the “subsetsof Young diagrams'
in [14]. It has cometo our attention that lkeda-Narusehave independertly
discovered subsetsof Young diagrams and subsetsof shifted diagramsand used
them to expressformulas for restrictions of Schubert classesto T-xed points
in the equivariant cohomology of the ordinary and Lagrangian Grassmannians
respectively.

2 Semistandard Set-V alued Shifted Tableaux

Fork 2 f1;:::;2ng, dene k = 2n+ 1 k. Let |, denote the set of all n
elemen subsets = f (1);:::; (n)g of f1;:::;2ng such that for ead k 2
f1;:::;2ng, exactly oneofk or k isin . We always assumethe ertries of such
a subset are listed in increasing order. For 2 I,, dene °2 I, by ©=
fl,:::;2ngn =1 (n);:::; (1)g. The map which takesf (1);:::; (n)g2 1,
to the permutation ( (1)"':; (n); (n);:::; (1)) 2 W identies |, with the
set of minimal length cosetrepresertativ esfor W=Wp_. We shall usel, rather
than W=Wp_ to index the Schubert varieties and T- xed points of LGr . Fix
;2 1, for the remainder of this paper.
A partition is an ordered list of nonnegative integers = ( 1;:::; m),
1 Two partitions are identi ed if one can be obtained from the
other by addmg zeros. The transp ose of s the partition ' = ( §;:::; p
where } =#fi2fL:::;mgj i jg, j = 1;:::;p. The partition s said
to be symmetric if t= . It issaidto bestrict if ;= . implies j =0,
i=1: ;m. Wedenoteby L (resp. M) the setof all symmetric (resp. strict)
part|t|0ns with 1 n.

The map from nite subsetsof the positive integersto partitions, given



by f Q;:::; KWg7' ( (k) ki (1) 1), where (1) < < (k)
restricts to a bijection from I, to L,. The map from partitions to strict

partitions, givenby : ( 1;:: k) 7V (1 2 L I+ 1), wherel is
maximal such that | |+ 1 O, restricts to a bijection from L, to M,. We
denote the composition lp ! Mpby . If = (), then the length of

, denotedI( ),is 1+ + 4.

A Young diagram is a collection of boxes arranged into a top and left
justied array. A Young diagram is said to be symmetric if the length of the
i-th row equalsthe length of the i-th column for all i. To any partiton  we
assciate the Youngdiagram D whosei-th row haslength ;. The j-th column
of D haslength } Thus is symmetric if and only if D is symmetric, and
L, canbeidentied with the set of all symmetric Young diagrams whose rst
rows have length  n.

A shifted diagram is a top-justied array of boxes whoseleft side forms
a descendingstaircase, i.e., the leftmost box of any row is one column to the
right of the leftmost box of the row aboveit. The length of a row of a shifted
diagram is the number of boxesit cortains. To a strict partition  we assaiate
the shifted diagram B whosei-th row haslength ;. Wecall the shape of
B . One seesthat M, can be identied with the set of all shifted diagrams
whose rst rows have length  n.

(&) A symmetric Young diagram (b) A shifted diagram

The bijection :L,! M, canbe viewedin terms of assaiated partitions.
Let be a symmetric partition. If we remove all boxesof D which lie below
the main diagonal, then we obtain B ( ,:

Figure 1: The map

A set-valued shifted tableau S is an assignmem of a nonempty set of
positive integersto eath box of a shifted diagram. The entries of S are the



positive integersin the boxes. If a positive integer occurs in more than one
box of S, then we considerthe separate occurrencesto be distinct ertries. |If
x is an ertry of S, then we de ne r(x) and c(x) to be the row and column
numbers of the box cortaining x (where the top row is consideredthe rst row
and the leftmost column is consideredthe rst column), and we de ne z(x) to
bex + c(x) r(x). We say that S is a Young shifted tableau if eath box
cortains a single entry.

A set-valued shifted tableau is said to be semistandard if all ertries of any
box B are lessthan or equal to all ertries of the box to the right of B and
strictly lessthan all entries of the box below B.

1 2,3 3 3 46,7 7,9

4 4,6 6,78 911

8,10

Figure 2: A semistandard set-valued shifted tableau

If = ( 1;:::; n)isany strict partition, then a set-valued shifted tableau S is
saidto beon if, for every entry x of S, x  h and
z(x) x*+tx L (1)
Example 2.1. Let = (2;1), = (5;3;2). The following list givesall semis-
tandard set-valua shifted tableaux on  of shape
1 1 1 1 1 2 2 2
2 3 3 3
1 1 1 |52 L2 | 2
2,3 3 3

Denote the set of semistandard set-valued shifted tableaux on  of shape by
SSV®. and the set of semistandard Young shifted tableaux on  of shape

by SSY¥.



3 Results

Let t denote the Lie algebraof T and R(T) the represenation ring of T. We
have that

Fork=1;:::;n,dene tz 2 K;(e ) to betkl andti 2 Hy(e ) to be ty
Prop osition 3.1. Let = (), Y: (). Then
. . 1
M X ke = ( D' el
S2SSVE. x2S 0% Xz00
B . X Y
(i) [X luje = Loy Uz -

S2SSY®. x2S

Example 3.2. Consider LGrz, = f1;3;29, = 13;2;1g. Then ()= (2),
()=(3;2),I( )=2, 9=11;2;3g. The semistandad set-valuel tableaux on
() of shag () are:

1 1 1 2 2 2
1 |52 2| 2
Therefore,
. 1 1 1 t 1 t
X kjie = 5 1 — 1+ > 1 2 1+ 5 1 21
1 1 1 1 1
+ 501 1 = 1+ = R
t2 t2 tits t2 t1t t
X Taje = ( 2t1)( t1 t2)+ ( 2t1)( ta+ t3)+ ( 2t2)( t2+ ta3):

Remark 3.3. As we shall shav in Section 4, eath term in the products of
Proposition 3.1(i) and (ii) is of the form e 1and respectively, where isa
positive root with respect to the Borel subgroup B



4 The Class of a Schubert Variety

The Plucker map LGr,! P(""C?")isdened by V 7! [vi*  ~ v,], where
fvi;:::;vhgis any basisfor V. The Plucker map is a closedimmersion, giving
LGr |ts projective variety structure.

Reduction to an Ane Variety

Under the Plecker map, e mapsto[e (y»  "e (,)]2 P(*"C?"). Dene p to
be the homogeneougPl ecker) coordinate [e (1) * "~ e ()] 2 C[P(*"C?")].
Let O be the distinguished open set of LGr,, dened by p 6 0. Then O is
isomorphic to the ane spaceC"("*1) =2 with e the origin. Indeed, O can be
identi ed with the spaceof 2n  n complex matrices of the form K M, where
K and M are de ned asfollows:

1. K isthe 2n  2n diagonal matrix which has 1's in the diagonal ertries
of rows (1);:::; (n)androwsn+ 1;:::;2n, and 1'sin the diagonal
entries of all other rows.

2. M isany 2n n complex matrix for which rows (1);:::; (n) form the
n nidentity matrix androws %1);:::; %n) form ann n antlsymmetnc
(i.e., symmetric about the antldlagonal) matrix.

Under this identi cation, we index the rows of O by f1;:::;2ng and the
columnsby . Wethen choosethe coordinates of O to bethe matnx elemerns
Yab, Wherea 2 0 b2 ,anda b (note: due to the antisymmetry in the
matrices M of 2, each matrix elemen y,,, wherea2 % b2 ,anda> bmust
be plus or minus one of our chosencoordinates). Thusf(a, b) 2 ° ja bg
which we denoteby R , forms an indexing set for the coordinates of O .

Example 4.1. Letn=4, =11;4;3;29. Then °= f2;3;4;1g and

80 1
0 0
YZl Y24 Yoz Y2 %
YSl Y34 Y3 Y3 2
0 0
; 2C_:
Y41 y44 Y34 Y24 Yab
1 0
0 1
' y11 Y41 Yai Ya1 ’
The spaceO is T-stable, and for s = diag(s1;:::;Sn;Sp 111158, 2 T and

coordinate functions yap 2 C[O ],
S
S(Yab) = > Yab:
Sa

wheresg = s, ', k= 1;:::;n.



The equivariant embeddingse oo LGr  induce homomorphisms

K (LGrn) € K:(0 )1 Ki(e):

The mapj isanisomorphism,identifying K (O ) with K (e ). Dene Y, =
X \ O ,anane subvariety of O . We have

X kie =] k(X l)=j (k X l)=i @Y, l)=1Y; k:
Applying analogousargumerts for equivariant cohomology we obtain

X Juje =1[Y; lu:

Reduction to a Union of Coordinate Subspaces

Let = (), = (). Let SVE. denotethe setof all set-valued shifted
tableaux (not necessarilysemistandard) of shape on . For S 2 SV®. |,
de ne

Ws = V(fy jx 2 Sg);

o(x); O(z(x))
a coordinate subspaceof O . De ne

[

P2SSY®.

The following lemma, whoseproof is a consequencef [3] and appearsin Section
5, reducesthe proof of Proposition 3.1 to computing the classof a union of
coordinate subspaces.

Lemma 4.2. [Y. ]k =[W. Ik

Proof of Proposition 3.1. (i) The proofs of Lemmas 4.3 and 4.4 and conse-
quertly of Proposition 2.2(i) of [14] carry through if the following modi cations
are made: (a) the word “tableau' is replaced by “shifted tableau' in all steps
and all required de nitions, and (b) t (g+1 x) andt o+ cx) r(x) are replaced
by e andt oy) respectively wherewer they occur. The latter modi cation
accourts for the di erence in the de nitions of Ws.

(if) There is a standard ring homomorphism from K, (O ) to H{(O ), the
Chern character map, givenby ch:t; 7' e ' = 1 t; + t2=2 t3=3+ . If
Y O isaT-stable subvariety, then

ch:[Y] 7' [Y]s + higher order terms:

Thus, [Y. ], is the lowest order term of
Y 1

1)'0)
(1 e e t oz

s2ssve. x2S



which equals X v

Loy oz
S2ssy®. x2S
o
Proof of Remark3.3. Let = ( ),sothat = ()= (()) = (). One
can show that ; = #fi 2 f1;:::;ngj i) < (n+1 j)gj = L:::n.
Therefore
i () A< (n+1 o) )

We look at oneterm t oy) t o(x) iN the product of (ii). Substituting
i = z(x) and j = x into (2), we obtain: z(x) x () Az(x)) < (n+
1 x)= 9%) () Ax) < 9Yz(x)). SinceS ison , x satises (1), i.e.,
Z(x) «+X 1= 4. Thus 9x) < 9z(x)). In addition, sincex  z(x),
W Yz _
Thus t ox) t ozx) isoftheform t; tp,a b a< b andhencea n.
Clearly this is a positive root if b n. If b> n, then letting ¢ = b, we have
ta tp= ta+t;,a<c n,whichis alsoa positive root. O

5 Four Equivalent Models: F%, B, ' B, , and

SSY¢®.

In this section we prove Lemma 4.2. We assumeall de nitions from Sections
5and 6 of [14]. Let ; be symmetric partitions with . Let D bethe
(symmetric) Young diagram assaiated to

A family F of nonintersecting paths on D is said to be symmetric if
(i5))2F () (;1) 2 F. Insudc case,it canbe chedked inductiv ely that
for any path p of F, p is also a path of F, where p is the path obtained
by replacing eac (i; j) of p by (j;i). Wedene F . and F% to be the
set of all symmetric elemens of F . and F °;° respectively.

A subsetD of D is said to be symmetric if (i;j)2D () (j;i)2D.
Wedene D . to bethe setof all symmetric elemeris of D . .

A semistandardtableau P of shape issaidto besymmetric if Pij i =
Pj; jforall(i;j)2 D . Wede ne SSYT . to bethe setof all symmetric
elemerns of SSYT . .

By Lemma 5.14 of [14], F%® = F, . HenceF % = F .. The bijections

F.! D. andD. ! SSYT. givenin[14] restrict to bijectionsF . ! D .
andD . ! SSYT . respectively.
Let = (), = (),andlet B bethe shifted diagram assaiated with

We have the notions of subsetsof B and families of nonintersecting paths on
B , de ned analogouslyasin [14]. If D 2 D . , then we de ne (D) to be the



subset of I§_ obtained by removing all boxes of D below the main diagonal of
D.IfF2F , =F%, thenwedene (F) to bethe family of nonintersecting

paths on B obtained by removing all boxesin all paths of F below the main
diagonal of F. If P 2 SSYT . , then we dene (P) to be the semistandard
shifted tableau obtained by removing all boxes of P below the main diagonal

and their ertries. Dene B, = (D) B, = (F ;) F® = (F%), and
note SSY®. = (SSYT .).

We have that B% = [, | and under , the bijections F ; ! D, and
D . ! SSYT . induce bijections®. ! ©B. and@®. ! SSY®. respec-

tively. The following diagram, all of whose squarescommute, summarizesour
constructions:

S | D. I SSYT.
2’ 2 2 ?
2 2 2 2
y y y y
F® ___F. 1 D, | SSYT,
2 2 2 2
2 2 2 2
y y y y
O | B, | SSYP.

All horizontal maps are bijections, as are the four lower vertical maps. Here
we are interested in the bottom row, which givesfour equivalent conmbinatorial
models.

The families F° appear in [9], [10], [11], [12), and [13]; F®°, F . , D .,
and SSYT ; appearin [14]; F % and % wereintroducedin [3; D, ,D ; ,
and B. werediscoveredindependertly by Ikeda-Naruse.

Example 5.1. Let = (3;1), = (5:3;2;1). Below we give all elementsof
F. ,B. ,and SSY¥.

D — T — T —
RN a a BN
\i-i / \ \ \

TN e T L=
= ==




Piat: gt ciade i I
TN\ =
B R .-

[1]1]2] [1]1]2] [1]2]2] 2]2]2]

2 3 3 3

\111\/ / \ \ \\222\
2 4
\\111\ (1)1 [1]1]2] \122\/

3] 4] 4] 2]
Proof of Lemma4.2. Let = (), = (), = (). Recallthat the
coordinates y,, on O areindexedby R = f(ajb) 2 © ja bg Let

fvap j () 2 R g O denote the basis dual to the basis of linear forms
fyapj(@bh2R g O .ForF 2 B2, dene

We = Span(fVv ox); (n+1 2) ] (X;2) 2 Supp(F)g[fvap j (a;h) 2 R ;a> by):
Ind3l, an explicjt equivariant bijection is constructed from
C e Wg toC[Y; ] Thus

0 2 31 0 2 31

Char(C[Y. ]) = Char@cd U Wel§ - char@ca | wosA. 3)
F 20 Fore,

Let B be the shifted diagram ass@iatedto . Forx;z2 f1;:::;ng, X z,
we have that (x;z) 2 8 () z « () Az) < Ax) ( ) Ax) <
"Yz)= (n+1 z) (seeproof of Remark 3.3). Thusf(a;b) 2 R ja< bgcan
be expressedasf( Ux); (n+1 2)j(x;z)2 B g LetF 2 E. ,andlet
D2B. andP 2 SSY®. correspondto F under the bijections above. Since
Supp(F) and D are complemerns in B ,

R =f( %); (n+1 2)j(x2)2Supp(F)glf(ab)2R ja> by
Lf( Ax); (n+1 2)j(x2)2Dg

10



Therefore

WE = V(Y ox): n+1 2) ] (X%2) 2 DQ)
= V(fy ox); (n+l x+r(x) c(x)) jx2Pg)
= V(fy O(x); (n+1 z(x)) jX 2 Pg)
= VY o z00 1 X 2 PO)
= Wp:
S S
Consequetly, L, Wr = p,55v¢. Wp,andthus
0 2 31 0 2 31
Char@c4 [ Wg5A = Char@c4 [ Wp5A = Char(C[W. ]):
F2®, P2SSY®,
4
Combining (3) and (4), we obtain Char(C[Y. ]) = Char(C[W. 1). By (4) of
14, Iy; k=MW, k. O
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