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Abstract

We give positive formulas for the restriction of a Schubert Classto a
T-xed point in the equivariant K-theory and equivariant cohomology of
the Grassmannian. Our formulas rely on a result of Kodiyalam-Raghavan
and Kreiman-Lakshmibai, which gives an equivariant Grobner degenera-
tion of a Schubert variety in the neighborhood of a T-xed point of the
Grassmannian.
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The group T of diagonal matricesin GL,(C) acts on the GrassmannianGr 4, ,

2 lgn, denote the corresponding T-xed point by e .

The T-equivariant



embedding e X Grg;n inducesrestriction homomorphismsi, in T-equivariant
K-theory and i, in T-equivariant cohomology:

where R(T) is the represertation ring of T and t is the Lie algebraof T. The
image of an elemert z of K (Grg.n) or Hy (Grg.n) under restriction to e is
denoted by zj, . The product maps

Y Y

2|d;n 2|d;n
H+(Grgn)! Hi(e), z7! Zje

2|d;n 2|d;n

are both injective. Thus, an elemen of K (Grg.n) or H; (Grg;n) is determined
by its restrictionsto alle , 2 l4n.

The Scubert varieties of the Grassmannianare in bijection with the T- xed
points, and thus are alsoindexedby | 4.n . For 2 14.,, denotethe Schubert vari-
ety by X , and the corresponding Schubert classesn K (Grg.n) and H, (Grg.n)
by [X ]« and [X ], respectively. In this paper, we obtain positive formulas for
[X Jkje and[X lije ; the former formula implies the latter. Our formula for
[X luje Is positive in the senseof Graham [Gr01], and is expressedin terms
of three di erent equivalent indexing sets: families of nonintersecting paths in
Young diagrams, subsetsof Young diagrams, and Young tableaux. Our formula
for [X J«je is positivein the senseof Gri eth-Ram [GRO04b], and is expressed
in terms of set-valual tableaux, which are obtained asunions of Young tableaux.

More generally, for G=B, where G is any complex reductive group, posi-
tiv e formulas for restrictions of Schubert classedn equivariant cohomologywere
obtained by Billey [Bi99] and Andersen-Jartzen-Scergel [AJS94], and positive
formulas for restrictions of Schubert classesin equivariant K-theory were ob-
tained by Graham [Gr02], Willems [Wi06], and Knutson [Kn07]. Our combina-
torial formulas can be deduceddirectly from these. Indeed, using the formula
by Billey and Andersen-Jartzen-Scergel, Ikeda-Naruse[IN] independertly ob-
tained the samerestriction formula as ours in the equivariant cohomology of
the Grassmannian. The Ikeda-Naruseformula is expressedin terms of excited
Young diagrams, which are the sameas our subsetsof Young diagrams. lkeda-
Naruse [IN] also obtained similar formulas for the symplectic and orthogonal
Grassmannians(seealso lkeda [IK]).

This paper should be viewed as a continuation of Kodiyalam-Raghavan
[KRO3], Kreiman-Lakshmibai [KLO3], and Kreiman [Kre05]. In particular, our
proofs and formulas rely on results of these papers. The main features of this
approach are a geometric interpretation for the restriction formula in equivari-
ant K-theory, in terms of intersections of coordinate spacesresulting from a
Greobner degeration of local patchesin the Grassmannian; the demonstration



of the equivalence of the nonintersecting path family model used by [KRO03],
[KLO3], and [Kre05] (and rst appearingin [Kra01, Kra05]), to other equivalent
combinatorial models, which are in somesensesimpler and are similar to other
modelsin the literature; and the geometricinterpretation of set-valued tableaux
in the K-theory formula: set-valued tableaux are formed by taking “unions' of
ordinary Young tableaux, which corresponds geometrically to taking intersec-
tions of coordinate spacesof the Grobner degeneration. The methods and re-
sults of this paper have beenextendedto the caseof Symplectic Grassmannians
by Kreiman [Kre06], by using a Grebner degenerationof Ghorpade-Raghaan
[GRO44. Lakshmibai, Raghavan, and Sankaran [LRS06] used the results of
[KRO3], [KLO3], and [Kre05] to give a determinantal formula for restrictions of
Schubert classesn the equivariant cohomologyof the Grassmannian.

There are other formulas for [X Jcje and[X Jasje , most of which are non-
positive. Letting G (r;t) and S (r;t) denote the double Grothendieck and
double Schubert polynomials [LS82a LS82h respectively for |, [X Ikje =
G ( (t);t) and [X Juje = S ( (t);t), where on the right sidesof both equa-
tions weview and asGrassmannianpermutations rather than d-tuples. Let-
ting d. andc. denotethe linear structure constarts for products of Schubert
classesin the e'quivariant K-theory and equivariant cohomologyrespectively of
the Grassmannian,[X Jkje = d. and[X Jsje = c. . Hencethe various for-
mulasfor G (r;t) and S (r;t) (see[Ber92 BB93, Bi99, BKTYO05 , FK94, FK96,
KMYO05a, KMYO05b, KMO5, Lag0, LLT97, LS82a LS82b, Le04, LRS04, Ma91],
for example) and for c.  (see[KT03, MS99]) and d. [Mc06] can be usedto
compute [X Jcje and [X ke - '

We now discussour methods and results in greater detail.

Greobner Degeneration

As mentioned above, our proof relieson a result of Kodiyalam-Raghavan [KR03],
Kreiman-Lakshmibai [KLO3], and Kreiman [Kre05], which givesan equivariant
Grebner degenerationof a local neighborhood of X certered at e to areduced
union W, of coordinate subspacesWy;:::; Wq of W an ane spacewhose
coordinates are characters of T. Thus [X J4je = iq:l [Wila, and by the
inclusion-exclusionprinciple,

) xd ) X
X Jkje =W, k= (1 " Wi, \ \ Wii]K
‘£<=1 1 1< <ij q

= Ns [Wslk;

S

where eath Ws is an intersection Wi, \ \ W;,. The integer coe cient Ns
accournts for the fact that Ws can in generalbe expressedas an intersection of
W;'s in more than one way. We shov combinatorially that Ns = 0, 1, or 1.
SinceWs is itself a coordinate subspace [Ws]« is easily computed.

Greobner degenerationsare usedto obtain the double Grothendieck and dou-
ble Schubert polynomials for all permutations by Knutson and Miller [KMO05],



and for vexillary permutations by Knutson, Miller, and Yong[KMYO05a], [KMYO05b].
In [KRO3], [KLO3], and [Kre05], only Grassmannians(i.e., Grassmannian per-
mutations) are studied. Becauseattention is limited to the Grassmannian,it is
possiblefor the authors to give an explicit Grobner degenerationof local coordi-
nate patchesof the T- xed points. In this paper, the local degenerationresults

in the positivity of the restriction formulas.

Com binatorial Mo dels

As mertioned above, we show the equivalence of three combinatorial models:
families of nonintersecting paths on Young diagrams, subsetsof Young dia-
grams and certain Young tableaux. These objects index the subspacesW;,
i = 1;:::;0. The families of nonintersecting paths appeared rst in Kratten-
thaler [Kra01, Kra05] and subsequetly in [KRO3], [KLO3], and [Kre05]. In this
paper, we view the families of nonintersecting paths asliving inside an appropri-
ate Young diagram; the subsetsof Young diagrams are simply the complemen-
tary boxes. Subsetsof Young diagrams are in some respects simpler objects.
They were discoveredindependerily by Ikeda-Naruse[IN, and are quite similar
to RC graphs or reduced pipe dreams[BB93, FK94, KM05] for Grassmannian
permutations.

Although the three models are equally suitable for expressingour equivari-
ant cohomologyformula, we nd the tableau model to be the simplest one for
deriving and expressingthe equivariant K-theory formula. Each [W;]« is natu-
rally indexed by a semistandard Young tableau P;, and eat [Wi, \ \ Wi
is naturally indexed by the “union' S = Py, [ [ Pi;, which is a set-valued
tableau. The S for which Ng 6 0 are precisely those which are semistandard.

Semistandardset-valued tableaux wereintro ducedby Buch [Bu02], who used
them to give a formula for the linear structure constarts for products of Schubert
classesn the K-theory of the Grassmannian. Buch alsoexpressedGrothendieck
polynomials for Grassmannianpermutations in terms of semistandardset-valued
tableaux. Knutson, Miller, and Yong [KMY05a, KMYO05b] give seweral formulas
for double Grothendieck and double Schubert polynomials for vexillary permu-
tations in terms of agged set-valued tableaux. McNamara [Mc06] describes
factorial Grothendieck polynomials, and structure constarts for their products,
in terms of set-valued tableaux.

The paper is organized as follows. In Section 2, we state our formulas for
[X Jkje and[X Jkje - In Section3, we presen basicde nitions and properties
of equivariant K-theory and equivariant cohomologyfor a ne spacesand a ne
varieties. In Section4, we give the main argumerts for the proof of our formulas
(Proposition 2.2), omitting the proofs of two lemmas. In Sections5 and 6, we
prove the rst of thesetwo lemmas, by translating a result of [KRO03], [KLO3],
and [Kre05] into the language of semistandard Young tableaux. In Section 7,
we prove the secondlemma, which computesNs.

Acknowledgemen ts. We thank W. Graham, P. Magyar, and M. Shimozono
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2 Statement of Results

Let d and n be xed positive integers, 0 < d < n. Let l4, be the set of

f (1);:::; (g2 lgn by °=f1;:::;ngn andthe length of byl( )=
( (1) D+ +( (d) d). LetJqn bethe setof partitions = ( 1;:::; 4) sud
that n d 1 da 0. There is a standard bijection :lgn ! Jgn
givenby (f (1);:::; (d)g)=( (d) d:::; (1) 1). Let; 2Ilg4n be xed.

The Grassmannian Grgp is the set of all d-dimensional complex sub-
spacesof C". Let fep;:::;e,g be the standard basisfor C". Dene e =
Sparfe (1);:::;€ (992 Grg;n . Considerthe opposite standard ag, whosei-th

(which is sometimescalled an opposite Schubert variety) is de ned by incidence
relations:

X =1V 2Grgn jdim(V\ F) dim(e \ F);i=1:::;ng:

A Young diagram is a collection of boxes arranged into a left and top
justied array. If the i-th row of a diagram has ; boxes,i = 1;:::;r, then
we sa that the shape of the diagram is the partition = (1000 00) A
set-valued tableau is an assignmei of a nonempty set of positive integersto
ead box of a diagram. The ertries of a set-valued tableau S are the positive
integersin the boxes. If a positive integer occurs in more than one box of S,
then we considerthe separateoccurrencesof the positive integer to be distinct
entries of S. A Young tableau is a special type of set-valued tableau in which
ead box contains a single entry.

A set-valued tableau is said to be semistandard if all entries of any box B
are lessthan or equalto all entries of the box to the right of B and strictly less
than all entries of the box below B.

1 2,3 3 4:6,7 7,9

2 4:5:7 8.9

4:6 8

Figure 1: A semistandard set-valued tableau



on if, for every entry x of S, x h and
x+c(x) r(x) x 1)

wherer(x) and c(x) are the row and column numbers of the box cortaining x.
Note that the condition x  hisrequiredfor , andthus(1), to bewell-de ned.

Example 2.1. Let = (2;1), = (4;4;2;1). The following list gives all
semistandad set-valual tableaux on  of shape
11 1] 2 1|1 1] 2 2| 2 12| 2
2 2 3 3 3 3
112 11|12 1|1 1] 2 11|12
2 3 2;3 2;3 2;3

Denote the set of semistandardset-valued tableaux on  of shape by SSVT.
and the set of semistandard Young tableaux on of shape by SSYT.

Prop osition 2.2. Let = (), = (). Then

. . | Y t (g1 x)

() X kie = ( 1)'C) ——— 1.
sassVT . x2s Lkt r(x)

-~ . X Y

(i) [X Juje = U@t x) Uoxecx) rixy -

S2SSYT ., x2S

Example 2.3. Consider Grzs, = f1;3;59, = f2;5;69. ThenI( ) = 3,
()=1(2;20), ()=(3;3;1). The semistandad set-valual tableaux on ( )
of shae ( ) are:

1 1 1 2 1112
2 2 2
Therefore,
. t t t t t t
X kie = L1 1 21+ &1 21 3
t1 t3 t1 t1 to t1
gy oo o by oy
8] 13 to 8]
X Juje = (t6 ti)(te t3)(ts t1) + (te ti)(ta ta)(ts t1):



Remark 2.4. In Proposition 2.2(i), the condition that S is on implies that
ead term in the product is of the form ty=t, 1, b> a, and in Proposition
2.2(ii), the condition that S ison implies that eact term in the product is of

the form t, ta, b> a. Indeed,for = ( ), onecanshow that ; = #fi 2
fl::;n dgj %)< (d+1 j)g j = 1;:::;d. Therefore i i ()
i) < (d+ 1 j). Substituting i = x + c(x) r(x), j = X, we obtain:

@) x+cx) r(x) x () Ax+cx) r(x)< (d+1 x)

3 Equivariant K-Theory in Ane Spaces

The equivariant K-theory K (V) of an algebraic variety V with a T action is
de ned to be the Grothendieck group of equivariant coherert sheases of Oy
modules. If Y  V is a T-stable closedsubvariety, then we de ne [Y]« to be
the classof the structure sheafOy of Y.

In this section we assumethat V is the ane spaceC™. In this case,the
notion of coherent shearesof Oy modules can be replaced by that of nitely
generatedC[V] modules. If Y is a T-stable closedsubvariety of V, then [Y]i is
just [C[Y]lx. We also have that K+ (V) = K (0), which can be identied with
the represenation ring of T, R(T) = CJ[t; Lo ity 1

For any (possibly in nite dimensional) T-module L, de ne

alsoviews Char(L) asthe Z"-gradedHilb ert function of L, whereead character
of L is graded by its T-weight). Ford 2 Z", de ne C[V]( d) to be C[V] with
modi ed T -action: the characters of C[V]( d) are the sameas those of C[V],
but with weight t¢ times greater. We usethe standard identi cation

Char(C[V]( d)) .
Char(C[V])

Let Y be a T-stable closed subvariety of V. There is a free equivariant
resolution

[CIVI( ) =t =

Mi
0! E! I E! C[Y]! O0; where E=  C[V]( dj):
j=1
Since
El =[OV di ), = CharCIvI( di) __Char(E)
< v Char(C[V]) ~ Char(C[V])’

i=1 i=1
it follows that

Char(E) _ Char(C[Y]).
Char(C[V]) = Char(C[V])"

X ) X )
[YI = ( 1)I+l [El = ‘ ( 1)I+l

i=1 i=1

)



Example 3.1. LetV = C3, andlet y;;y,;ys 2 C[V] be the standard coordinate
functions on V. Supmsethat T = (C )* acts on V, and hene on C[V], and
suppsethat for t = diag(ty;to;ts;ts) 2 T,

t t
t(y1) = t—4y1: t(yz) = t—zyz: t(ys) = t; 2ya:
1 3

Then
ts 'ty 5 k 1
Char(C[V]) = o b - :
gk o 8T 1 ®e Ba 4?
LetY V bethey;-axis. Then
A i 1 &) t,?
Charciy) = = 4 = _1 1 80 7

L L @ HTa He Ha 4y

Therefore, by (2), [Y]. = (1 E)1 t,?).

Wl=@Q @) @ . @): ®3)
(i) If WV is the union of coordinate subspoes Wy;:::; Wy, then
xa a1 X
W= (1Y Wi, \ VW e “4)
j=1 1 i< <ij q
Proof. (i) is an easygeneralization of Example 3.1.
(i) By the inclusion-exclusionprinciple,

Char(W) = Char(Wq [ [ Wg)

xa , X
= ( 1* Char(Wi, \ \ W)
j=1 1 1< <ij q
The result now follows from (2). O

Note that eadh W;, \ \ W, in (4) is itself a coordinate subspace,so (3) can
be usedto compute its class.



4 The Class of an Opp osite Schubert Variety

The Plucker map pl: Grgn ! P(*9C") isde ned by pl(W) = w1 ™ wg],
where fwy;:::;wqg is any basis for W. It is well known that pl is a closed
immersion. Thus Grg.,, inherits the structure of projective variety, as does
X Grd;n .

Reduction to an Ane Variety

Under the Plucker map, e mapsto[e ,» “e ]2 P(*"YC"). Dene p to be
homogeneougPI ucker) coordinate [e , » "~ e ,] 2 C[P("YC")]. Let O be
the distinguished open set of Gry., dened by p 6 0. Then O is isomorphic
to the ane spaceCd" 9 with e the origin. Indeed, O can be identi ed
with the spaceof matrices in M ¢ in which rows 1;:::; 4 are the rows of
the d didentity matrix, androws ©;:::; © 4 contain arbitrary elemers of

columns by

Example 4.1. Letd=3,n=7, =1f1257g. Then °= f1;3;4;6g, and

80 1 9
Y12 Y15 VY17
1 0 0
Y32 Y35 Y37 =

o = Va2 Yas Yar i Yan 2 C_

% 0 1 0 %
62 Ye5 Ye7

) 0 0 1 ’

The spaceO is T-stable, and for t = diag(t1;:::;tn) 2 T and coordinate
functions yap 2 C[O ],

t
t(Yan) = = Yap: (5)
a
The equivariant embeddingse oo i Grg.n induce homomorphisms

K1 (Gran) £ K70 )1 Ko(e):

The mapj isanisomorphism,identifying K (O ) with K;(e ). Dene Y, =
X \ O . Wehave

X kie =1 k@X I)=j (kX 1)=j qY; l)=1: k: (6
Applying analogousargumerts for equivariant cohomology we obtain

X Juje =1[Y; lu: (7)



Reduction to a Union of Coordinate Subspaces

Let = (), = () LetSVT. denotethe setof all set-valued tableaux
(not necessarilysemistandard) of shape on . For S2 SVT. , dene

Ws = V(Y oxscx) rx): (d+1 x)s X 2 SQ); (8)

a coordinate subspaceof O . De ne
[
P2SSYT ,

The following lemma, whoseproof appearsin Section 6, reducesour problem to
computing the classof a union of coordinate subspaces.

Lemma 4.2. [Y. L« =[W. I

Let R and S be two set-valued tableaux of shape . De ne the union R[ S
to be the set-valued tableau of shape whoseertries in eat box are the unions
of the entries of R and the entries of S in that box. If R and S are both on ,
then R[ Sison , and Wr;s = Wr \ Ws. We sa that R is contained in
S, andwrite R S, if eadh entry in ead box of R is alsoan entry in the same
box of S. In this case,if Sison ,then R ison

Let S be a semistandard tableau of shape . Dene SSYT(S) to be the
set of semistandard Young tableax of shape which are cortained in S, and
dene gs = jSSYT(S)j. Dene Ng; to be the number of j elemert subsetsof
SSYT(S) whoseunions equal S, and de ne Ng = ® ( 1)*INsg;.

j=1
X Y
Lemma 4.3. [W. k= Ng 1
S2SVT . x2S

t a1 x)
tox+ c(x) r1(x)

Proof. Let Py;:::; Py be an enumeration of SSYT,; . Note that for any S 2

10



SVT.

, SSYT(S)

W, k=

SSYT, ;thusgs @ By (9) and Lemma 3.2(ii),
WPl [ [ WPq K
xa -
= (VY We, V' \ Wp, L
j:l 1 i< <i i q
= ( 1)j . [VVPil[ [ P I«
j=1 1 i1< < q
- X
- ( 1)J [WS]K
=1 S2SVT, Pyl [Pij=s;
1 ig< <ij q
= (yn Ns; [Wsl
=1 S28SVT ;
X -
= (1 Ns; [Ws]k
S2SVT. =1
X X .
= ( 1)7" Nsgj [Wsl
S2 %2/1- ; j=1
= Ns [WS]K .
S28VT .

By (8), (5), and Lemma 3.2(i), for eah S2 SVT. ,

Y
[WS]K = 1

x2S

t a1 x)
Uootsc(x) r(x)

O

For set-valuedtableau S, de ne |Sj (resp. kSk) to be the total number of entries
(resp. boxes) of S. The proof of the following Lemma appearsin Section7.

Lemma 4.4. (i) If Sis semistandad, then Ng = (= 1)iSi*kSk,
(i) If S is not semistandad, then Ng = 0.

11



Proof of Proposition 2.2. (i) Combining the precedingreductions and lemmas:

X kie =1Y; k

=W, k
X Y t
= Nsg 1 (d+1 x)
S2SVT | x2S o ex) r(x)
— ( 1)ij+kSk Y 1 U1 x)
S2SSVT | x2S U oxre(x) r(x)
X Y
=( 1)) ( 1S 1 U (a1 x)
S2SSVT | x2S U oxre(x) r(x)
Y
=( O U x 1

S2SSVT . x2S ok o) r(x))

(i) By (??) and [KMO5], Lemma 1.1.4, [X . Jlije (t) equalsthe sum of the
lowestdegreeterms of [X . Jkje (1 t). One cheds that the sum of the lowest
degreeterms of

Y 1

S2SSVT . x2S It oxecx) r(x)

U1 x)

X Jkje (L t)=( 1)I() 1

equals X Y
tavr x)  Uoxrex) r(x))
S2SSYT, x2S

O

5 Families of Nonin tersecting Paths on Young
Diagrams

In this section, we introducea set F . of families of nonintersecting paths on
Young diagrams, which we then show to be identical to the setF ?O of families
of nonintersecting paths which appear in [KR03], [Kra01], [Kra05], [KLO3], and
[Kre05], despite the fact that F; and F% are de ned quite di erently. Thus
one can view the result of this section as giving an alternate way of de ning or
expressingthe path families of [KR03], [Kra01], [Kra05], [KLO3], and [Kre05].
In terms of this alternate de nition, one can more easily seethe equivalence
betweenthe path families and the other combinatorial modelsin Section 6.

Let beapartition andD the corresponding Youngdiagram. We denoteby
(i;j) the box of D at row i (from the top), columnj (from the left). Weimpose
the following order on boxesof D : if (i;j);(k;1) 2 D , then (i;j)  (k;1) if
i kandj I

A path on D isa path of contiguous boxesof the Young diagram D which

12



(i) movesonly up or to the right, and

(i) beginson the lowest box of a column and endson the rightmost box of a
row.

Note that a path on D may consistof only onebox. In this case,the box must
be a lower right cornerof D . We de ne the greatest lower bound of a path
P, or glb(P), to be the greatestlower bound of all the boxesof P. Explicitly , if
the left endpoint of P is the box (i; j) and the right endpoint is the box (k;1),
then glb(P) is the box (k;j) 2 D . In particular, the endpoints of P determine
glb(P). We imposethe following order on paths on D : if P;P° are paths on
D ,thenP PYif glb(P) glb(P9.

Denoteby F the setof families of nonintersectingpathsonD . LetF 2 F .
De ne the supp ort of F, Supp(F), to be the set of all boxesin all paths of F.

Example 5.1. A family F = fPy; P,; P3;P4g of nonintersecting paths on D
= (9:9,9,9;8;8;6;6;3;1). We haveglb(P1) = (1;1), glb(P2) = (3;5), glb(P3)
(5; 7), gIb(P4) = (9; 2), and P P, Ps3, P, Ps.

1 2 3 4 5 6 7 8 9

1 1
4 P I r‘

s ==l IR

6 r—‘ P, I [ |

Al | u |

s Q] s [N

o [ || maum

w0l

Lemma 5.2. Supp(F) uniquely determinesthe paths of F.

Proof. In other words, if Supp(F% = Supp(F), then F®= F. Our proof is by
decreasinginduction on the number m of paths of F. If P is a minimal path
of F, then one seesthat P must also be a path of F% In particular, the result
for m = 1 holds. If m > 1, then Supp(F°nfPg) = Supp(F% nSupp(fPg) =
Supp(F) nSupp(f Pg) = Supp(F nfPg), and F nfPghasm 1 paths. Thusby
induction F°nfPg= F nfPg, which completesthe proof. O

Let e, i for alli. Then D naturally embedsin D in such a
way that both Young diagrams sharethe sametop left corner. In this way, D
can be viewed as a subsetof D .

Lemma 5.3. There existsF 2 F suchthat Supp(F) =D nD .

Proof. We use decreasinginduction on the number of boxesof D nD . One
can form a path P on D consisting of boxes(i;j) 2 D nD sud that (i

1;j 1)62 nD . This path movesalong an upper left boundary of D nD .
Now D°= D [ P is a Young diagram contained in D , and D nD? has
fewer boxesthan D nD . Thus by induction there exists F®2 F sud that
Supp(F)=D nD%= (D nD )nP. SetF = F°[ fPg. O

13



By Lemma 5.2, the family F of Lemma 5.3 is uniquely determined. We call this
family the top family on D for and denoteit by F P,

Example 5.4. The family F!°°, whee = (7;6;6,6;3;3), = (3;2).

If F 2 F , then we de ne twist(F) = fglb(P) j P is a path of Fg, and we
call this the twist of F. (In Example 5.1, twist(F) = f(1; 1); (3;5); (5;7); (9; 2)g.)

Lemma 5.5. If twist(F °P) = twist(F °), then =

Proof. By decreasinginduction on . Let b2 D be a maximal elemen of
twist(F /?), and thus also of twist(F ©°P). Then b= glb(P) for somemaximal
path P of F°°, which runs along the lower-right boundary of D . Likewise,
b= glb(P9 for somemaximal path P°of F top which runs along the lower-right
boundary of D . SinceP%and P are paths with the samegreatestlower bound,
and they both run along the lower right boundary of D , P%= P.

Now D nP = D o, for some °< . We havethat F°% = F/® nfPg,
F;wpo = FfOp nf Pg, and thustwist(F. o) = twist(F. )nfbg= twist(F. )nfbg=
twist(F . o). Therefore = follows by induction. O

Suppose that D contains the four boxes (i;j), (i + 1;j), (i;j + 1), and
(i+1;j + 1) (which make up a square),and that F cortains (i + 1;j), (i;j + 1),
and (i + 1;j + 1), but not (i; j). One cheds that these three boxes must lie
on the samepath P of F. We apply a ladder move to F by altering P as
follows: the box (i + 1;j + 1) of P is removed and replacedwith the box (i; j),
thus obtaining a new path P°on D . The resulting path P° combined with the
paths of F other than P, form a new family of nonintersecting paths F°on D .
We denote this ladder move by F ! FC Note that a ladder move is invertible.
We call the inverseof a ladder move a rev erse ladder move.
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Example 5.6. Let F be the following family of nonintersecting paths on D
= (6;5;5;4;4; 1):

The following two ladder movescan be applied to F:

M= f—
Lo —d
i == g i == g
= =
5 I re
B L

A family of nonin tersecting paths on D for is an elemen of F
which can be obtained by applying a successiorof ladder movesto F ;“’p. The
set of all families of nonintersecting paths on D for is denotedby F .

Example 5.7. The following diagram showsF . , aswell asall possibleladder
moves,where = (4;4;3;3;1), = (2;1).

| — Jri — Jlri

——

r‘r L] Ir L]
[ ILin
[ —[r
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The Set F% of Path Families

We say that a setof boxesS D is atwisted chain if for any two boxesp,
plin S:

1. p and p° lie on dierent rows and di erent columnsof D .
2. Either p< p® p°< p, or fp;p% hasno upper bound in D .
Example 5.8. The shadel boxesform a twisted chain in D .

1 2 3 4 5 6 7 8 9

I_H
mmmmEn
-"
o W

Note that, for example, f (10; 2); (5; 4)g has least upper bound (10; 4), which is
notin D .

© ® N o O W N

It follows from the de nitions that if F 2 F , then twist(F) is a twisted
chain of D . De ne

FO =fF2F jtwist(F) = twist(F )g:

Untimately we will be interested in the set F?O of families of nonintersecting
paths on D , which is de ned below. We introduce F? in order to break up
the proofthat F, = F% into twoparts: F;, =F% andF? =F%.

Lemma 59. F? =F,

Proof. We remark that applying a ladder move to any family in F. doesnot
alter its twist. Thus ladder moves preserne F? . Also F/® 2 F? . Since
F . isby de nition the smallestsubsetof F presened by ladder moveswhich
cotains F/°, F,  F9 .

Next supposethat F 2 F? . By applying a successionof reverse ladder
movesto F, F'°° can be obtained, for some . Sincereverselatter moves
do not alter twist, twist(F !P) = twist(F) = twist(F*). By Lemma 5.5,

= . ThusF can be obtained from F°° by applying ladder moves, which

impliesF 2 F, . HenceF? F. . O
Let ,anddene = (), = 1(). In[Kre05], it is shown that

there exists a unique twisted chain S. = f(Xxq;y1);: 1 (Xe;¥1)9 D sudh

that = nf (d+1 xq9);::5; (d+1 x)g[ f Ayw);:::; Ay)g. Dene

FO =fF2F jtwist(F)=S, ¢

16



It followsfrom the de nitions that F%° = FO if andonly if twist(F /) = S,
We rst prove this for the casewhere and are suchthat D nD consists
of a single path.

Lemma 5.10. Let P be a path which movesalong the lower right border of D
sothat D nfPg= D , for some < . Then twist(F ) =S,

Example 5.11. Letd= 5n= 9. Let = (4;4;3;3;1), andlet P bethe path on
D shownkelow. ThenD nP =D , whee = (4;2;2;1;1). We haveF P =
fPg, and twist(F°?) = glb(P) = (2;2). Let = 1) = f2,5,6;8,9g,

= 3 )=123569 Then = n8[ 3= n (G+1 2)[ %2),so
S, = (2;2), which agrees with twist(F °P).

1 3 4 7 1 4 7 8

9 9 | ]

8 r- 6

6 P I 5

5 === | 3

2 2 :

D D
Proof of Lemma5.10. Fori = 1;:::;d,denei=d+ 1 i;thusif aboxison
rowi of D counting from the top, then it is on row i counting from the bottom.
Let (x;y) = glb(P) = twist(F °P). Let = yand = n (X[ Ay).
By denition, S (). = (X;y). We shall obtain the result by shawing that
()= .
Note that

D =f(uv)2fl:::;dg fl::::n dgj (> Yv)g:
Let w= minfuj (u)> Yy)g, and note that w X. We have
=f @ (w1 Yy win (x0 1) dR); (x+ 1) (d)g:
Therefore,

g (i); i<wori>Xx
(i)=> i 1); w<i X
Ay); i=w:
We have
(())i=8(i_) (M)

2 () 0 i<wori>x

= c()i_ 1) i \_/v<|_ X
8 (y) ) = w )
2 i<wori>x

=, i 1, w<i x 1
"y 1 i=w

17



wherewe usethe factsthat (i) ()= i, (i 1) (OHh= (+1 (+1) 1=

i+1 l,and qy) y=w L1 O
Lemma 5.12. For any , twist(F ) = S,

Proof. Dene = (), = () andletf(xs;y1); i (X y)g = twist(F ).
Wewishto shovthat = nf (d+1 xi);:::; (d+1 xo)g[f Aya);:::; Ay)o.

We usedecreasingnduction ont, the number of pathsin F fo". Fort = 1,the
result is identically Lemma5.10. Supposethat t > 1. Let P be a maximal path
of F ;mp. Then P runs along the lower right border of D , soD nP =D , for
some < .Dene = (), andassumethat (x¢;y;) = glb(P) (re-indexing
if necessary).By Lemma 5.10,

= n (d+1 x)[ An): (10)

Now F!® = F!® nfPg, whosetwist is equal to f(x1;y1);::5; (Xt 1;¥: 1)0.
Thus by induction,

= nf (d+1 xp);:::; d+ 1 x 0)gl f Ay);; v 0o (11)

Combining (10) and (11), we arrive at the result. O

From Lemma 5.12, we obtain
Lemma 5.13. F% = F9 .
Now Lemmas5.9 and 5.13 imply
Lemma 5.14. F% = F,

6 From Path Families to Semistandard Young
Tableaux

Lemma 4.2 follows from a result of [KRO03], [KL03], and [Kre05] which givesan
equivariant Grobner degenerationof a Schubert variety in the neighborhood of
aT-xed point to a union of coordinate subspaces.However, whereasthe result
of [KR03], [KLO3], and [Kre05] is expressedn terms of the setF ?0 of families of
nonintersecting paths on Young diagrams, our results, and in particular Lemma
4.2, require the semistandard Young tableaux SSYT. . Most of the previous
sectionand this one are taken up in showing the equivalencebetweenthesetwo
combinatorial models. In the previous section we showed that F?O =F. .In
this section, we intro duce a new model, “subsetsof Young diagrams'. We will be
interestedin a certain set of subsetsof the Young diagram D , which we denote
by D. . Weshowv that F. and SSYT. are both equivalent to D. , and
thus are equivalent to eadother. We summarizethe stepswe take in showing
the equivalencebetweenF % and SSYT; asfollows:

F®=F, ! D. | SSYT,

18



The subsetsD. , which were discovered independertly by Ikeda-Naruse[IN],
are similar to RC graphs or reduced pipe dreams [BB93, FK94, KMO05] for
Grassmannianpermutations.

Subsets of Young Diagrams

Let beapartition andD the corresponding Young diagram. Lemma5.2 tells
us that a family of nonintersecting paths on D is completely characterized by
its support. This suggeststhat in order to study families of nonintersecting
paths on D , it suces to study the supports of these path families (or the
complemens in D of their supports). This motivatesthe following de nitions.

A subset of D is asetof boxesin D . Let D bea subsetof D . Suppose
that D cortains the four boxes (i;j), (i + 1;j), (i;j + 1), and (i + 1;j + 1)
(which make up a square), but of thesefour boxes, D only cortains (i; j). Then
aladder move removes(i; j) from D and replacesit with (i + 1;j + 1), thereby
obtaining a new subsetD® of D . We denote this ladder move by D ! D°
Note that a ladder move is invertible. We call the inverseof a ladder move a
reverse ladder move.

Example 6.1. Let D be the following subsetof D , = (6;5;5;4;4;1) (boxes
of D are shadel):

The following two ladder movescan be applied to F:
| t |
1. - :r

g

Let be a partition with , e, i for all i. Embed the Young
diagram D in D in such a way that both D and D share the sametop
left corners. The subsetof D consisting of all boxesin this embedded Young
diagram is called the top subset of D for and denotedby D f"p.

19



Example 6.2. The subsetD !, whee = (7,6;6,6;3;3), = (3;2).

A subset of D for is asubsetof D which can be obtained by applying a
successiorof ladder movesto the top subsetof D for . The setof all subsets
of D for isdenotedby D.

Example 6.3. The following diagram showsD . , aswell as all possibleladder
moves,where = (4;4;3;3;1), = (2;1).

lﬁﬂﬁ@_}
A ~
/N

Semistandard Young Tableaux

=
RN

/7

A ladder move on a semistandard Young tableau is an operation which incre-
merts one of the ertries of the tableau by 1 and results in a semistandardYoung
tableau. Note that a ladder move is invertible. We call the inverseof a ladder
move arev erse ladder move. Recallthat a semistandardYoung tableau is on
if eat of its ertries satis es (1). Let . De ne the top semistandard

Young tableau on of shape to bethe (semistandard) Young tableau of
shape whosei-th row is lled with i's. This de nition doesnot depend on

The set of all semistandard Young tableaux on  of shape , SSYT. ,is
precisely the set of semistandard Young tableaux on  which can be obtained
by applying sequence®f ladder movesto the top semistandardYoung tableaux
on of shape . This follows from the facts that (i) by applying a sequence
of reverseladder movesto any semistandard Young tableau of shape , the top
semistandard Young tableaux on  of shape can be obtained, and (ii) reverse
ladder movespresene (1).

20



Example 6.4. The following diagram showsSSYT. , as wel as all possible
ladder moves,where = (4;4;3;3;1), = (2;1).

2 | 1) 2] 2]2]

e SN N

1 / \ 2| 2]
2]~ i
1] 1)1 12|
The Equiv alences F . ' D. and D. I SSYT.
Recall that
F = the set of families of nonintersecting paths on D
F. = the setof families of nonintersecting paths on D  for

F % = the top family of nonintersecting paths on D  for

D = the setof subsetsof D
the set of subsetsof D for

D = the top subsetof D for

W)
1

SSYT.
P;“’p = the top semistandard Young tableaux on of shape

the set of semistandard Young tableaux on of shape

Dene h:F, ! D, byh(F) =D nSupp(F). Then h mapsF® to
D f"p and commutes with ladder moves. Therefore it restricts to a map from
F. to D. . Injectivity of h follows immediately from Lemma 5.2. To show

surjectivity, assumethat h(F) = D, for someD 2 D , F 2 F . Supposethat
a ladder move is applied to D to obtain D% Then there is a corresponding
ladder move which when applied to F yields F° such that h(F% = D% Thus
surjectivityofh: F. I D. followsby induction on number of ladder moves.

Wenext giveabijection gfromD. to SSYT. . LetD 2 D. . By applying
a sequenceof reverseladder movesto D, D fOp can be obtained. This sequence
of reverseladder movestakesthe box (x; y) of D to somebox (ixy ;jxy) of D top
Note that (ixy ;jxy ) dependsonly onx andy (and D), and not on the sequence
of reverseladder moves. Let g(D) be the tableau of shape which, for ead box
(x;y) of D, cortains ertry X in box (ixy;jxy). The de nitions of ladder and
reverseladder moveson subsetsof D imply that g(D) is semistandard. Also,
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since(x;y)2 D ,y (x); thusy X =jxy lixy impliesx+jxy ixy (x).
Therefore g(D) is on

To show that g is bijective, we give the inversemap f from SSYT. toD.
Let P 2 SSYT. ,andletf (P) bethe subsetof D which, for each ertry x 2 P,
contains box (x; x r(x) + ¢(x)) of D (whererecall that (r(x);c(x)) is the box
of x in P). SinceP ison , (x;x r(x)+ c(x)) 2 D ; thusf (P) is indeedin
D . Let P;t0p denote the top semistandard Young tableaux on  of shape
Becausef (P!") = D! and f commutes with ladder moves,f (P) 2 D,

Pro of of Lemma 4.2

Let = (), = (). Letfvapj(a;hp2 © g O denotethe basisdual
to the basisof linear formsfy,pj(a;0)2 © g O .ForF 2F ,dene

We = SpanfVv oz): (d+1 x)J (X;2) 2 Supp(F)g[ fvapj(asb)2 ° ;a> hy):

In [KRO3, KL03, Kre05], an explicit equivariantsbijection (which is called the
bounded RSK in [Kre05]) is constructed from C[ ,- 0o WEr]to C[Y; ]. Thus
in light of Lemma 5.14, '

0 2 31 0 2 31

[ [
Char(C[Y. ]) = Char@c4 We5A = Char@c4 We A (12)
F2F % F2F .

Forx 2 fl;:::;dg,z2 f1l;:::;n dg, wehavethat (x;2)2D () z
x () Yz) < (d+1 x)(seeRemark2.4). Thusf(a;b)2 ° ja< bgcan
be expressedasf( 4z); (d+1 x))j(x;2)2D g. LetF2F. ,D = h(F),
and P = g(D). SinceSupp(F) and D are complemeris in D

© =f(%2); (d+1 x)j(x2)2Supp(Flglf(aib2 ° ja> by
Lf( %2 (d+1 x)j(x2)2Dg
Therefore
We = V(fY oz); @ x) 1 (X2) 2Dg)
= V(Y ox rx+ e (41 x) X 2 PQ)
= Wp:
S S
Consequetly, ¢, Wr = p,oggvy. Wp =W, ,andthus
0o 2 31 0 2 31
[ [
Char @c 4 We5A = Char@c4 WpSA = Char(W. ): (13)
F2F . P2SSYT .

Combining (12) and (13), we obtain Char(C[Y. ]) = Char(C[W. ]). By (2),
Y. k=MW, k.
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7 Computing Nsg

In this section we prove Lemma 4.4.
For a set-valued tableau S, we denote by S;; the set of ertries of S which
are contained in the box with row and column numbersi and|j respectively, and

increasingorder. We de ne M (S) to bethe k-elemen subsetsof SSYT(S), and
N (S) the k-elemen subsetsof SSYT(S) whoseunions equalsS. By de nition,
Nsk = iNk(S)j.

De ne ageneralized set-valued tableau to bethe assignmen of a possibly
empty set of positive integersto ead box of a Young diagram. If S and R are
two set-valued tableaux of the sameshape, then the di erence SnR is de ned
to be the generalizedset-valued tableau of the sameshape as S (or R) with
(SnR)i; = S nRy; for all i; j. Recall that we write R S to indicate that
Ri; Sij foralli;j. If R S, and S is clear from the context, then we
alsodenote SnR by R. The only generalizedset-valued tableaux which appear
in this section in which boxes may be empty occur explicitly as di erences of
set-valued tableaux.

X o X _
Lemma 7.1. Ng = ( 1R ( )RI,

R S R S
SSYT( R)=;

Proof. If g5 = 0 (i.e., SSYT(S) = ;), then for every set-valued tableau R S,
SSYT(R) = ;; thus the result is trivially true. Asgumeds 6 0.
For k 1, we have that Ny (S) = M «(S) n M «(R); by the inclusion-

R$S
exclusion principle,
. . X = X = jSSYT(R)j] _ X -
INk(S)j = 1R M (R)j = ( R} k( . ( R qu
R S R S R S

where we usethe convention ﬁ = 0ifa< b. Thus,

S
Ns = ( 1)'iN(9)]
k=1
S( 1)k+l X ( 1)jﬁj R
k=1 R S k

( 1)jﬁj )QS( 1)k+l R
R S k=1 k

The result now follows from the fact that forany R S, gr  0s, and therefore

«
Hs ( 1)k+1 OR _ 1 ifr60
. k = 0 ifg=0
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The following Lemma givesthe value of the rst summation in Lemma 7.1.
X D . .

Lemma 7.2. ( DR = 1)Jsj+k3k_
R S

Proof.

_ X X ) . ) )
( 1)R - ( 1)]31;1nR1;1l+ + JSuv NRuy |

R S R1;1 S151 Ruv  Suv
R1:16; Ruv 6;

= ( 1ySu "Rij ]

i Rij o Si
i RO $Si;

i k=0

= ( 1ySai t
5]

- ( 1)]SJ+ kSk:

O

If S is semistandard, then for every R S, SSYT(R) 6 ;. Thus Lemmas
7.1and 7.2 imply Lemma 4.4(i).

The following Lemma givesthe value of the secondsummation in Lemma
7.1 when S is not semistandard. Lemmas 7.1, 7.2, and the following Lemma
imply Lemma 4.4(ii).

X . .
Lemma 7.3. If S is not semistandad, then ( 1yRI = ( 1ySitksk,

SSYTR( RS): ;
Proof. Dene Z(S)=fR SjSSYT(R) = ;g, sothat
X = X =
(YR = ( R (14)
RS R2Z (S)
SSYT( R)=;

We make a seriesof reductions.

Let x and y be the row and column numbers of a box of S where semistan-
dardnessis violated either on the top or left, but not on the right or bottom.
De ne

z%s)=fR2Z(9)]j fSxy:10= Rxy g
Z%S)= R 2Z(S)|1Sey 19 Ruyd
ZOOE)S) =fR2Z (S) ] Sx;y 1 62?x;y g
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Then Z(S) = ZYS) [LZ2%S) [L Z°PS). Considerthe bijection from Z °{S) to
Z9%0s) dened by R 7! RnSyy.1. The set-valued tableaux paired under this
bijection contribute opposite signsto (14). Thus
= X .
( YR = ( R (15)
R2Z (S) R2Z 9(S)

Let g= Sxy:1. Dene

YO(S) =fR2 ZO(S)j Ry 1yk < O;Rxy 11 0, somek;lg

YS) = fR2Z%S) Ry 1wy 0 all kg

Y%%S) = fR2 ZYS) jRey 1k > g; all kg:

Then ZYS) = YXS) L (YYS)[ Y°¢S)). Therefore

X . X . X .
( R = ( R+ ( 1R
R2Z 9(S) R2Y OS(S) R2Y 09S)
+ ( 1R ( yR:  (16)
R2Y 009 S) R2Y 0qS)\Y 009S)

We compute the last three summations on the right hand side of (16). Assume
that YOUS) 6 ;. Let SO be the tableaux obtained from S by removing all
entries other than g from S,y and all entries lessthan g from Sy 1.,. Then
Y®S)=fR S%. Thus

X

( pn
R2Y 9(S) R SO

( 1)anRj

( 1)anS°j+jS°nRj
R SO
isnsY X iSonRj
(1) (1)
R SO
= ( 1)anS°j( 1)jS°j+kS°k

- ( 1)ij+ kSk.

wherethe secondgo last equality follows from Lemma 7.2, and the last equality
form the fact that kS% = kSk. In a similar manner, one shows that that

( 1)jﬁj = ( 1)ySi*ksk if y0%s) g ;: and

R2Y 00%?)

R2Y 0Y(S)lY 00qS)

= ( 1)SiTkSk jf yOUs)\ Y%¥s) 6 ::

Either Y°{S) or Y°¢S) must be nonempty, and if both of them are nonempty,
then so must be their intersection. It follows that

— . X —
QEVEENEENAA @V (17)
R2Z 9(S) R2Y 9(S)
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De ne
X(S)=fR2 YO(S)j Rx 1yk < O:Rxy 11 @ all k;lg:

t=r+s. Foreah R 2 X(S), dene YS(S) to be all the set-valued tableaux
obtained by adding elemerts of A to Ry 1, and elemeris of B to S,y 1. Then

9= - vy
R2X (S)

and
X X

( O™
R2Y O(S) R2X (S) Q2Y 3(S)

( 1ysSnQ

SARI t t t
(DS (Dt (D
R2X (S)
=0 (18)

Combining (14), (15), (17), and (18), we obtain the result.
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