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Abstract

We give positive formulas for the restriction of a Schubert Class to a
T -�xed point in the equivariant K-theory and equivariant cohomology of
the Grassmannian. Our formulas rely on a result of Kodiyalam-Raghavan
and Kreiman-Lakshmibai, which gives an equivariant Gr•obner degenera-
tion of a Schubert variety in the neighborhood of a T -�xed point of the
Grassmannian.

Conten ts

1 In tro duction 1

2 Statemen t of Results 5

3 Equiv arian t K-Theory in A�ne Spaces 7

4 The Class of an Opp osite Schub ert Variet y 9

5 Families of Nonin tersecting Paths on Young Diagrams 12

6 From Path Families to Semistandard Young Tableaux 18

7 Computing NS 23

1 In tro duction

The group T of diagonal matrices in GL n (C) acts on the GrassmannianGr d;n ,
with �xed point set indexed by I d;n , the d element subsetsof f 1; : : : ; ng. For
� 2 I d;n , denote the corresponding T-�xed point by e� . The T-equivariant
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embedding e�
i! Gr d;n inducesrestriction homomorphismsi �

K in T-equivariant
K-theory and i �

H in T-equivariant cohomology:

K �
T (Gr d;n )

i �
K! K �

T (e� ) �= R(T) = C[t � 1
1 ; : : : ; t � 1

n ]

H �
T (Gr d;n )

i �
H! H �

T (e� ) �= C[t � ] = C[t1; : : : ; tn ]

where R(T) is the representation ring of T and t is the Lie algebra of T . The
image of an element z of K �

T (Gr d;n ) or H �
T (Gr d;n ) under restriction to e� is

denoted by zje� . The product maps

K �
T (Gr d;n ) !

Y

� 2 I d;n

K �
T (e� ); z 7!

Y

� 2 I d;n

zje�

H �
T (Gr d;n ) !

Y

� 2 I d;n

H �
T (e� ); z 7!

Y

� 2 I d;n

zje�

are both injective. Thus, an element of K �
T (Gr d;n ) or H �

T (Gr d;n ) is determined
by its restrictions to all e� , � 2 I d;n .

The Schubert varieties of the Grassmannianare in bijection with the T-�xed
points, and thus arealsoindexedby I d;n . For � 2 I d;n , denotethe Schubert vari-
ety by X � , and the corresponding Schubert classesin K �

T (Gr d;n ) and H �
T (Gr d;n )

by [X � ]K and [X � ]H respectively. In this paper, we obtain positive formulas for
[X � ]K je� and [X � ]H je� ; the former formula implies the latter. Our formula for
[X � ]H je� is positive in the senseof Graham [Gr01], and is expressedin terms
of three di�eren t equivalent indexing sets: families of nonintersecting paths in
Young diagrams, subsetsof Young diagrams, and Young tableaux. Our formula
for [X � ]K je� is positive in the senseof Gri�eth-Ram [GR04b], and is expressed
in terms of set-valued tableaux, which are obtained asunions of Young tableaux.

More generally, for G=B, where G is any complex reductive group, posi-
tiv e formulas for restrictions of Schubert classesin equivariant cohomologywere
obtained by Billey [Bi99] and Andersen-Jantzen-Soergel [AJS94], and positive
formulas for restrictions of Schubert classesin equivariant K-theory were ob-
tained by Graham [Gr02], Willems [Wi06], and Knutson [Kn07]. Our combina-
torial formulas can be deduceddirectly from these. Indeed, using the formula
by Billey and Andersen-Jantzen-Soergel, Ikeda-Naruse[IN] independently ob-
tained the same restriction formula as ours in the equivariant cohomology of
the Grassmannian. The Ikeda-Naruseformula is expressedin terms of excited
Young diagrams, which are the sameas our subsetsof Young diagrams. Ikeda-
Naruse [IN] also obtained similar formulas for the symplectic and orthogonal
Grassmannians(seealso Ikeda [Ik]).

This paper should be viewed as a continuation of Kodiyalam-Raghavan
[KR03], Kreiman-Lakshmibai [KL03], and Kreiman [Kre05]. In particular, our
proofs and formulas rely on results of these papers. The main features of this
approach are a geometric interpretation for the restriction formula in equivari-
ant K-theory, in terms of intersections of coordinate spacesresulting from a
Gr•obner degeration of local patches in the Grassmannian; the demonstration
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of the equivalence of the nonintersecting path family model used by [KR03],
[KL03], and [Kre05] (and �rst appearing in [Kra01, Kra05]), to other equivalent
combinatorial models,which are in somesensessimpler and are similar to other
models in the literature; and the geometric interpretation of set-valued tableaux
in the K-theory formula: set-valued tableaux are formed by taking `unions' of
ordinary Young tableaux, which corresponds geometrically to taking intersec-
tions of coordinate spacesof the Gr•obner degeneration. The methods and re-
sults of this paper have beenextendedto the caseof Symplectic Grassmannians
by Kreiman [Kre06], by using a Gr•obner degenerationof Ghorpade-Raghavan
[GR04a]. Lakshmibai, Raghavan, and Sankaran [LRS06] used the results of
[KR03], [KL03], and [Kre05] to give a determinantal formula for restrictions of
Schubert classesin the equivariant cohomologyof the Grassmannian.

There are other formulas for [X � ]K je� and [X � ]H je� , most of which are non-
positive. Letting G� (r ; t ) and S � (r ; t ) denote the double Grothendieck and
double Schubert polynomials [LS82a, LS82b] respectively for � , [X � ]K je� =
G� (� (t ); t ) and [X � ]H je� = S � (� (t ); t ), where on the right sidesof both equa-
tions we view � and � asGrassmannianpermutations rather than d-tuples. Let-
ting d 


�;� and c 

�;� denotethe linear structure constants for products of Schubert

classesin the equivariant K-theory and equivariant cohomologyrespectively of
the Grassmannian,[X � ]K je� = d �

�;� and [X � ]H je� = c �
�;� . Hencethe various for-

mulas for G� (r ; t ) and S � (r ; t ) (see[Ber92, BB93, Bi99, BKTY05 , FK94, FK96,
KMY05a, KMY05b , KM05, La90, LLT97, LS82a, LS82b, Le04, LRS04, Ma91],
for example) and for c 


�;� (see[KT03, MS99]) and d 

�;� [Mc06] can be used to

compute [X � ]K je� and [X � ]K je� .
We now discussour methods and results in greater detail.

Gr•obner Degeneration

As mentioned above,our proof relieson a result of Kodiyalam-Raghavan [KR03],
Kreiman-Lakshmibai [KL03], and Kreiman [Kre05], which givesan equivariant
Gr•obner degenerationof a local neighborhood of X � centered at e� to a reduced
union W�;� of coordinate subspacesW1; : : : ; Wq of W , an a�ne spacewhose
coordinates are characters of T . Thus [X � ]H je� =

P q
i =1 [Wi ]H , and by the

inclusion-exclusionprinciple,

[X � ]K je� = [W�;� ]K =
qX

j =1

(� 1)j +1
X

1� i 1 < ��� <i j � q

[Wi 1 \ � � � \ Wi j ]K

=
X

S

NS [WS ]K ;

where each WS is an intersection Wi 1 \ � � � \ Wi j . The integer coe�cien t NS

accounts for the fact that WS can in generalbe expressedas an intersection of
Wi 's in more than one way. We show combinatorially that NS = 0, 1, or � 1.
SinceWS is itself a coordinate subspace,[WS ]K is easily computed.

Gr•obner degenerationsare usedto obtain the double Grothendieck and dou-
ble Schubert polynomials for all permutations by Knutson and Miller [KM05],
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and for vexillary permutations by Knutson, Miller, and Yong[KMY05a], [KMY05b ].
In [KR03], [KL03], and [Kre05], only Grassmannians(i.e., Grassmannianper-
mutations) are studied. Becauseattention is limited to the Grassmannian,it is
possiblefor the authors to give an explicit Gr•obner degenerationof local coordi-
nate patchesof the T-�xed points. In this paper, the local degenerationresults
in the positivit y of the restriction formulas.

Com binatorial Mo dels

As mentioned above, we show the equivalenceof three combinatorial models:
families of nonintersecting paths on Young diagrams, subsetsof Young dia-
grams, and certain Young tableaux. These objects index the subspacesWi ,
i = 1; : : : ; q. The families of nonintersecting paths appeared �rst in Kratten-
thaler [Kra01, Kra05] and subsequently in [KR03], [KL03], and [Kre05]. In this
paper, we view the families of nonintersecting paths asliving inside an appropri-
ate Young diagram; the subsetsof Young diagrams are simply the complemen-
tary boxes. Subsetsof Young diagrams are in somerespects simpler objects.
They were discovered independently by Ikeda-Naruse[IN], and are quite similar
to RC graphs or reduced pipe dreams [BB93, FK94, KM05] for Grassmannian
permutations.

Although the three models are equally suitable for expressingour equivari-
ant cohomologyformula, we �nd the tableau model to be the simplest one for
deriving and expressingthe equivariant K-theory formula. Each [Wi ]K is natu-
rally indexed by a semistandardYoung tableau Pi , and each [Wi 1 \ � � � \ Wi j ]K

is naturally indexed by the `union' S = Pi 1 [ � � � [ Pi j , which is a set-valued
tableau. The S for which NS 6= 0 are precisely those which are semistandard.

Semistandardset-valued tableaux wereintro ducedby Buch [Bu02], who used
them to givea formula for the linear structure constants for products of Schubert
classesin the K-theory of the Grassmannian. Buch alsoexpressedGrothendieck
polynomials for Grassmannianpermutations in terms of semistandardset-valued
tableaux. Knutson, Miller, and Yong [KMY05a, KMY05b ] give several formulas
for double Grothendieck and double Schubert polynomials for vexillary permu-
tations in terms of 
agged set-valued tableaux. McNamara [Mc06] describes
factorial Grothendieck polynomials, and structure constants for their products,
in terms of set-valued tableaux.

The paper is organized as follows. In Section 2, we state our formulas for
[X � ]K je� and [X � ]K je� . In Section3, we present basicde�nitions and properties
of equivariant K-theory and equivariant cohomologyfor a�ne spacesand a�ne
varieties. In Section4, we give the main arguments for the proof of our formulas
(Proposition 2.2), omitting the proofs of two lemmas. In Sections5 and 6, we
prove the �rst of these two lemmas, by translating a result of [KR03], [KL03],
and [Kre05] into the languageof semistandard Young tableaux. In Section 7,
we prove the secondlemma, which computesNS .

Ac kno wledgemen ts. We thank W. Graham, P. Magyar, and M. Shimozono
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for helpful discussionsand suggestions.

2 Statemen t of Results

Let d and n be �xed positive integers, 0 < d < n. Let I d;n be the set of
d-element subsets of f 1; : : : ; ng, where we always assumethe entries of such
a subset are listed in increasing order. We de�ne the complemen t of � =
f � (1); : : : ; � (d)g 2 I d;n by � 0 = f 1; : : : ; ng n � and the length of � by l (� ) =
(� (1)� 1)+ � � �+ (� (d)� d). Let Jd;n be the setof partitions � = (� 1; : : : ; � d) such
that n � d � � 1 � � � � � � d � 0. There is a standard bijection � : I d;n ! Jd;n

given by � (f � (1); : : : ; � (d)g) = (� (d) � d : : : ; � (1) � 1). Let �; � 2 I d;n be �xed.
The Grassmannian Gr d;n is the set of all d-dimensional complex sub-

spacesof Cn . Let f e1; : : : ; en g be the standard basis for Cn . De�ne e� =
Spanf e� (1) ; : : : ; e� (d)g 2 Gr d;n . Consider the opposite standard 
ag, whosei -th
spaceis Fi = Spanf en ; : : : ; en � i +1 g, i = 1; : : : ; n. The Schub ert variet y X �

(which is sometimescalled an opposite Schubert variety) is de�ned by incidence
relations:

X � = f V 2 Gr d;n j dim(V \ Fi ) � dim(e� \ Fi ); i = 1; : : : ; ng:

A Young diagram is a collection of boxes arranged into a left and top
justi�ed array. If the i -th row of a diagram has � i boxes, i = 1; : : : ; r , then
we say that the shap e of the diagram is the partition � = (� 1; : : : ; � r ). A
set-v alued tableau is an assignment of a nonempty set of positive integersto
each box of a diagram. The entries of a set-valued tableau S are the positive
integers in the boxes. If a positive integer occurs in more than one box of S,
then we consider the separateoccurrencesof the positive integer to be distinct
entries of S. A Young tableau is a special type of set-valued tableau in which
each box contains a single entry .

A set-valued tableau is said to be semistandard if all entries of any box B
are lessthan or equal to all entries of the box to the right of B and strictly less
than all entries of the box below B .

1 2; 3 3 4; 6; 7 7; 9

2 4; 5; 7 8; 9

4; 6 8

Figure 1: A semistandardset-valued tableau
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If � = (� 1; : : : ; � h ) is any partition, then a set-valued tableau S is said to be
on � if, for every entry x of S, x � h and

x + c(x) � r (x) � � x ; (1)

where r (x) and c(x) are the row and column numbers of the box containing x.
Note that the condition x � h is required for � x , and thus (1), to bewell-de�ned.

Example 2.1. Let � = (2; 1), � = (4; 4; 2; 1). The following list gives all
semistandard set-valued tableaux on � of shape � :

1 1

2

1 2

2

1 1

3

1 2

3

2 2

3

1; 2 2

3

1 1; 2

2

1 1; 2

3

1 1

2; 3

1 2

2; 3

1 1; 2

2; 3

Denote the set of semistandardset-valued tableaux on � of shape � by SSVT�;�

and the set of semistandardYoung tableaux on � of shape � by SSYT�;� .

Prop osition 2.2. Let � = � (� ), � = � (� ). Then

(i) [X � ]K je� = (� 1)l ( � )
X

S2 SSVT �;�

Y

x 2 S

�
t � (d+1 � x )

t � 0(x + c(x ) � r (x ))
� 1

�
.

(ii) [X � ]H je� =
X

S2 SSYT �;�

Y

x 2 S

�
t � (d+1 � x ) � t � 0(x + c(x ) � r (x ))

�
.

Example 2.3. Consider Gr 3;6, � = f 1; 3; 5g, � = f 2; 5; 6g. Then l(� ) = 3,
� (� ) = (2; 1; 0), � (� ) = (3; 3; 1). The semistandard set-valued tableaux on � (� )
of shape � (� ) are:

1 1

2

1 2

2

1 1; 2

2

Therefore,

[X � ]K je� = �
��

t6

t1
� 1

� �
t6

t3
� 1

� �
t5

t1
� 1

�
+

�
t6

t1
� 1

� �
t4

t2
� 1

� �
t5

t1
� 1

�

+
�

t6

t1
� 1

� �
t6

t3
� 1

� �
t4

t2
� 1

� �
t5

t1
� 1

� �
:

[X � ]H je� = (t6 � t1)( t6 � t3)( t5 � t1) + (t6 � t1)( t4 � t2)( t5 � t1):
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Remark 2.4. In Proposition 2.2(i), the condition that S is on � implies that
each term in the product is of the form tb=ta � 1, b > a, and in Proposition
2.2(ii), the condition that S is on � implies that each term in the product is of
the form tb � ta , b > a. Indeed, for � = � (� ), one can show that � j = # f i 2
f 1; : : : ; n � dg j � 0(i ) < � (d + 1 � j )g, j = 1; : : : ; d. Therefore i � � j ( )
� 0(i ) < � (d + 1 � j ). Substituting i = x + c(x) � r (x), j = x, we obtain:
(1) ( ) x + c(x) � r (x) � � x ( ) � 0(x + c(x) � r (x)) < � (d + 1 � x).

3 Equiv arian t K-Theory in A�ne Spaces

The equivariant K-theory K �
T (V ) of an algebraic variety V with a T action is

de�ned to be the Grothendieck group of equivariant coherent sheaves of OV

modules. If Y � V is a T-stable closedsubvariety, then we de�ne [Y ]K to be
the classof the structure sheafOY of Y .

In this section we assumethat V is the a�ne spaceCm . In this case,the
notion of coherent sheaves of OV modules can be replaced by that of �nitely
generatedC[V ] modules. If Y is a T-stable closedsubvariety of V , then [Y ]K is
just [C[Y ]]K . We also have that K �

T (V ) �= K �
T (0), which can be identi�ed with

the representation ring of T , R(T) = C[t � 1
1 ; : : : ; t � 1

n ].
For any (possibly in�nite dimensional) T -module L , de�ne

Char(L ) 2 C[[t � 1
1 ; : : : ; t � 1

n ]] to be the character of L under the T action (one
alsoviewsChar(L ) asthe Zn -gradedHilb ert function of L , whereeach character
of L is graded by its T-weight). For d 2 Zn , de�ne C[V ](� d) to be C[V ] with
modi�ed T-action: the characters of C[V ](� d) are the sameas those of C[V ],
but with weight t d times greater. We usethe standard identi�cation

[C[V ](� d)]K = t d =
Char(C[V ](� d))

Char(C[V ])
:

Let Y be a T-stable closed subvariety of V . There is a free equivariant
resolution

0 ! Er ! � � � ! E1 ! C[Y ] ! 0; where Ei =
u iM

j =1

C[V ](� d ij ):

Since

[Ei ]K =
u iX

j =1

[C[V ](� d ij )]K =
u iX

j =1

Char(C[V ](� d ij ))
Char(C[V ])

=
Char(Ei )

Char(C[V ])
;

it follows that

[Y ]K =
rX

i =1

(� 1)i +1 [Ei ]K =
rX

i =1

(� 1)i +1 Char(Ei )
Char(C[V ])

=
Char(C[Y ])
Char(C[V ])

: (2)
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Example 3.1. Let V = C3, and let y1; y2; y3 2 C[V ] be the standard coordinate
functions on V . Suppose that T = (C� )4 acts on V , and hence on C[V ], and
supposethat for t = diag(t1; t2; t3; t4) 2 T ,

t (y1) =
t4

t1
y1; t (y2) =

t2

t3
y2; t (y3) = t � 2

1 y3:

Then

Char(C[V ]) =
1X

i;j;k =0

�
t4

t1

� i �
t2

t3

� j �
t � 2
1

� k
=

1

(1 � t 4
t 1

)(1 � t 2
t 3

)(1 � t � 2
1 )

:

Let Y � V be the y1-axis. Then

Char(C[Y ]) =
1X

i =0

�
t4

t1

� i

=
1

(1 � t 4
t 1

)
=

(1 � t 2
t 3

)(1 � t � 2
1 )

(1 � t 4
t 1

)(1 � t 2
t 3

)(1 � t � 2
1 )

:

Therefore, by (2), [Y ]K = (1 � t 2
t 3

)(1 � t � 2
1 ).

Let y1; : : : ; ym 2 C[V ] be the standard coordinate functions on V = Cm . We de-
note by V (f yj 1 ; : : : ; yj k g) the coordinate subspaceof V de�ned by the vanishing
of yj 1 ; : : : ; yj k .

Lemma 3.2. Let � i , i = 1; : : : ; m be characters of T . Suppose that T acts on
V , and hence on C[V ], and suppose that t (yi ) = � i (t )yi , t 2 T , i = 1; : : : ; m.
(i) If W � V is the coordinate subspace W = V (f yj 1 ; : : : ; yj k g), then

[W ]K = (1 � � j 1 (t )) � � � (1 � � j k (t )) : (3)

(ii) If W � V is the union of coordinate subspaces W1; : : : ; Wq, then

[W ]K =
qX

j =1

(� 1)j +1
X

1� i 1 < ��� <i j � q

[Wi 1 \ � � � \ Wi j ]K : (4)

Proof. (i) is an easygeneralization of Example 3.1.

(ii) By the inclusion-exclusionprinciple,

Char(W ) = Char(W1 [ � � � [ Wq)

=
qX

j =1

(� 1)j +1
X

1� i 1 < ��� <i j � q

Char(Wi 1 \ � � � \ Wi j )

The result now follows from (2).

Note that each Wi 1 \ � � � \ Wi j in (4) is itself a coordinate subspace,so (3) can
be usedto compute its class.
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4 The Class of an Opp osite Schub ert Variet y

The Pl •ucker map pl : Gr d;n ! P(^ dCn ) is de�ned by pl(W ) = [w1 ^ � � � ^ wd],
where f w1; : : : ; wdg is any basis for W . It is well known that pl is a closed
immersion. Thus Gr d;n inherits the structure of projective variety, as does
X � � Gr d;n .

Reduction to an A�ne Variet y

Under the Pl•ucker map, e� maps to [e� 1 ^ � � � ^ e� d ] 2 P(^ dCn ). De�ne p� to be
homogeneous(Pl •ucker) coordinate [e� 1 ^ � � � ^ e� d ]� 2 C[P(^ dCn )]. Let O� be
the distinguished open set of Gr d;n de�ned by p� 6= 0. Then O� is isomorphic
to the a�ne spaceCd(n � d) , with e� the origin. Indeed, O� can be identi�ed
with the spaceof matrices in M n � d in which rows � 1; : : : ; � d are the rows of
the d � d identit y matrix, and rows � 0

1; : : : ; � 0
n � d contain arbitrary elements of

C. Under this identi�cation, the rows of O� are indexed by f 1; : : : ; ng, and the
columns by � .

Example 4.1. Let d = 3, n = 7, � = f 2; 5; 7g. Then � 0 = f 1; 3; 4; 6g, and

O� =

8
>>>>>>>><

>>>>>>>>:

0

B
B
B
B
B
B
B
B
@

y12 y15 y17

1 0 0
y32 y35 y37

y42 y45 y47

0 1 0
y62 y65 y67

0 0 1

1

C
C
C
C
C
C
C
C
A

; yab 2 C

9
>>>>>>>>=

>>>>>>>>;

:

The space O� is T -stable, and for t = diag(t1; : : : ; tn ) 2 T and coordinate
functions yab 2 C[O� ],

t (yab) =
tb

ta
yab: (5)

The equivariant embeddingse�
j

! O�
k! Gr d;n induce homomorphisms

K �
T (Gr d;n ) k �

! K �
T (O� )

j �

! K �
T (e� ):

The map j � is an isomorphism, identifying K �
T (O� ) with K �

T (e� ). De�ne Y�;� =
X � \ O� . We have

[X � ]K je� = j � � k � ([X � ]K ) = j � ([k � 1X � ]K ) = j � ([Y�;� ]K ) = [Y�;� ]K : (6)

Applying analogousarguments for equivariant cohomology, we obtain

[X � ]H je� = [Y�;� ]H : (7)
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Reduction to a Union of Coordinate Subspaces

Let � = � (� ), � = � (� ). Let SVT �;� denote the set of all set-valued tableaux
(not necessarilysemistandard) of shape � on � . For S 2 SVT �;� , de�ne

WS = V (f y� 0(x + c(x ) � r (x )) ;� (d+1 � x ) ; x 2 Sg); (8)

a coordinate subspaceof O� . De�ne

W�;� =
[

P 2 SSYT �;�

WP : (9)

The following lemma, whoseproof appearsin Section6, reducesour problem to
computing the classof a union of coordinate subspaces.

Lemma 4.2. [Y�;� ]K = [W�;� ]K

Let R and S be two set-valued tableaux of shape � . De�ne the union R [ S
to be the set-valued tableau of shape � whoseentries in each box are the unions
of the entries of R and the entries of S in that box. If R and S are both on � ,
then R [ S is on � , and WR[ S = WR \ WS . We say that R is contained in
S, and write R � S, if each entry in each box of R is also an entry in the same
box of S. In this case,if S is on � , then R is on � .

Let S be a semistandard tableau of shape � . De�ne SSYT(S) to be the
set of semistandard Young tableax of shape � which are contained in S, and
de�ne qS = j SSYT(S)j. De�ne NS;j to be the number of j element subsetsof

SSYT(S) whoseunions equal S, and de�ne NS =
qSP

j =1
(� 1)j +1 NS;j .

Lemma 4.3. [W�;� ]K =
X

S2 SVT �;�

NS

Y

x 2 S

�
1 �

t � (d+1 � x )

t � 0(x + c(x ) � r (x ))

�
.

Proof. Let P1; : : : ; Pq be an enumeration of SSYT�;� . Note that for any S 2

10



SVT �;� , SSYT(S) � SSYT�;� ; thus qS � q. By (9) and Lemma 3.2(ii),

[W�;� ]K =
�
WP1 [ � � � [ WPq

�
K

=
qX

j =1

(� 1)j +1
X

1� i 1 < ��� <i j � q

[WP i 1
\ � � � \ WP i j

]K

=
qX

j =1

(� 1)j +1
X

1� i 1 < ��� <i j � q

[WP i 1 [��� [ P i j
]K

=
qX

j =1

(� 1)j +1
X

S2 SVT �;�

X

P i 1
[��� [ P i j

= S ;

1 � i 1 < ��� <i j � q

[WS ]K

=
qX

j =1

(� 1)j +1
X

S2 SVT �;�

NS;j [WS ]K

=
X

S2 SVT �;�

qX

j =1

(� 1)j +1 NS;j [WS ]K

=
X

S2 SVT �;�

qSX

j =1

(� 1)j +1 NS;j [WS ]K

=
X

S2 SVT �;�

NS [WS ]K :

By (8), (5), and Lemma 3.2(i), for each S 2 SVT �;� ,

[WS ]K =
Y

x 2 S

�
1 �

t � (d+1 � x )

t � 0(x + c(x ) � r (x ))

�
:

For set-valued tableau S, de�ne jSj (resp. kSk) to be the total number of entries
(resp. boxes) of S. The proof of the following Lemma appears in Section 7.

Lemma 4.4. (i) If S is semistandard, then NS = (� 1)jSj+ kSk .
(ii) If S is not semistandard, then NS = 0.

11



Proof of Proposition 2.2. (i) Combining the precedingreductions and lemmas:

[X � ]K je� = [Y�;� ]K

= [W�;� ]K

=
X

S2 SVT �;�

NS

Y

x 2 S

�
1 �

t � (d+1 � x )

t � 0(x + c(x ) � r (x ))

�

=
X

S2 SSVT �;�

(� 1)jSj+ kSk
Y

x 2 S

�
1 �

t � (d+1 � x )

t � 0(x + c(x ) � r (x ))

�

= (� 1)l ( � )
X

S2 SSVT �;�

(� 1)jSj
Y

x 2 S

�
1 �

t � (d+1 � x )

t � 0(x + c(x ) � r (x ))

�

= (� 1)l ( � )
X

S2 SSVT �;�

Y

x 2 S

�
t � (d+1 � x )

t � 0(x + c(x ) � r (x ))
� 1

�
:

(ii) By (??) and [KM05], Lemma 1.1.4, [X �;� ]H je� (t ) equals the sum of the
lowest degreeterms of [X �;� ]K je� (1 � t ). One checks that the sum of the lowest
degreeterms of

[X �;� ]K je� (1 � t ) = (� 1)l ( � )
X

S2 SSVT �;�

Y

x 2 S

�
1 � t � (d+1 � x )

1 � t � 0(x + c(x ) � r (x ))
� 1

�

equals X

S2 SSYT �;�

Y

x 2 S

�
t � (d+1 � x ) � t � 0(x + c(x ) � r (x ))

�
:

5 Families of Nonin tersecting Paths on Young
Diagrams

In this section, we intro duce a set F �;� of families of nonintersecting paths on
Young diagrams, which we then show to be identical to the set F 00

�;� of families
of nonintersecting paths which appear in [KR03], [Kra01], [Kra05], [KL03], and
[Kre05], despite the fact that F �;� and F 00

�;� are de�ned quite di�eren tly . Thus
one can view the result of this section as giving an alternate way of de�ning or
expressingthe path families of [KR03], [Kra01], [Kra05], [KL03], and [Kre05].
In terms of this alternate de�nition, one can more easily seethe equivalence
betweenthe path families and the other combinatorial models in Section 6.

Let � bea partition and D � the corresponding Youngdiagram. Wedenoteby
(i; j ) the box of D � at row i (from the top), column j (from the left). We impose
the following order on boxes of D � : if (i; j ); (k; l ) 2 D � , then (i; j ) � (k; l ) if
i � k and j � l .

A path on D � is a path of contiguous boxesof the Young diagram D � which

12



(i) movesonly up or to the right, and

(ii) beginson the lowest box of a column and endson the rightmost box of a
row.

Note that a path on D � may consist of only onebox. In this case,the box must
be a lower right corner of D � . We de�ne the greatest lower bound of a path
P, or glb(P), to be the greatest lower bound of all the boxesof P. Explicitly , if
the left endpoint of P is the box (i; j ) and the right endpoint is the box (k; l ),
then glb(P) is the box (k; j ) 2 D � . In particular, the endpoints of P determine
glb(P). We imposethe following order on paths on D � : if P; P0 are paths on
D � , then P � P 0 if glb(P) � glb(P 0).

Denoteby F � the setof families of nonintersectingpaths on D � . Let F 2 F � .
De�ne the supp ort of F , Supp(F ), to be the set of all boxes in all paths of F .

Example 5.1. A family F = f P1; P2; P3; P4g of nonintersecting paths on D � ,
� = (9; 9; 9; 9; 8; 8; 6; 6; 3; 1). We haveglb(P1) = (1; 1), glb(P2) = (3; 5), glb(P3) =
(5; 7), glb(P4) = (9; 2), and P1 � P2 � P3, P1 � P4.

10

9

8

7

6

5

4

3

2

1

1 2 3 4 5 6 7 8 9

P 1

P 2

P 3

P 4

Lemma 5.2. Supp(F ) uniquely determines the paths of F .

Proof. In other words, if Supp(F 0) = Supp(F ), then F 0 = F . Our proof is by
decreasinginduction on the number m of paths of F . If P is a minimal path
of F , then one seesthat P must also be a path of F 0. In particular, the result
for m = 1 holds. If m > 1, then Supp(F 0 n f Pg) = Supp(F 0) n Supp(f Pg) =
Supp(F ) nSupp(f Pg) = Supp(F nf Pg), and F nf Pg has m � 1 paths. Thus by
induction F 0n f Pg = F n f Pg, which completesthe proof.

Let � � � , i.e., � i � � i for all i . Then D � naturally embedsin D � in such a
way that both Young diagrams share the sametop left corner. In this way, D �

can be viewed as a subsetof D � .

Lemma 5.3. There exists F 2 F � such that Supp(F ) = D � n D � .

Proof. We use decreasinginduction on the number of boxes of D � n D � . One
can form a path P on D � consisting of boxes (i; j ) 2 D � n D � such that (i �
1; j � 1) 62D � nD � . This path movesalong an upper left boundary of D � nD � .
Now D 0 = D � [ P is a Young diagram contained in D � , and D � n D 0 has
fewer boxes than D � n D � . Thus by induction there exists F 0 2 F � such that
Supp(F 0) = D � n D 0 = (D � n D � ) n P. Set F = F 0 [ f Pg.

13



By Lemma 5.2, the family F of Lemma 5.3 is uniquely determined. We call this
family the top family on D � for � and denote it by F top

�;� .

Example 5.4. The family F top
�;� , where � = (7; 6; 6; 6; 3; 3), � = (3; 2).

If F 2 F� , then we de�ne twist(F ) = f glb(P) j P is a path of F g, and we
call this the twist of F . (In Example 5.1, twist(F ) = f (1; 1); (3; 5); (5; 7); (9; 2)g.)

Lemma 5.5. If twist(F top
�;� ) = twist(F top

�;� ), then � = � .

Proof. By decreasinginduction on � . Let b 2 D � be a maximal element of
twist(F top

�;� ), and thus also of twist(F top
�;� ). Then b = glb(P) for somemaximal

path P of F top
�;� , which runs along the lower-right boundary of D � . Likewise,

b = glb(P 0) for somemaximal path P 0 of F top
�;� , which runs along the lower-right

boundary of D � . SinceP 0 and P are paths with the samegreatest lower bound,
and they both run along the lower right boundary of D � , P0 = P.

Now D � n P = D � 0, for some � 0 < � . We have that F top
�;� 0 = F top

�;� n f Pg,

F top
�;� 0 = F top

�;� nf Pg, and thus twist(F�;� 0) = twist(F�;� )nf bg = twist(F�;� )nf bg =
twist(F�;� 0). Therefore � = � follows by induction.

Suppose that D � contains the four boxes (i; j ), (i + 1; j ), (i; j + 1), and
(i + 1; j + 1) (which make up a square),and that F contains (i + 1; j ), (i; j + 1),
and (i + 1; j + 1), but not (i; j ). One checks that these three boxes must lie
on the same path P of F . We apply a ladder move to F by altering P as
follows: the box (i + 1; j + 1) of P is removed and replacedwith the box (i; j ),
thus obtaining a new path P 0 on D � . The resulting path P 0, combined with the
paths of F other than P, form a new family of nonintersecting paths F 0 on D � .
We denote this ladder move by F ! F 0. Note that a ladder move is invertible.
We call the inverseof a ladder move a rev erse ladder move.

14



Example 5.6. Let F be the following family of nonintersecting paths on D � ,
� = (6; 5; 5; 4; 4; 1):

The following two ladder movescan be applied to F :

1.

2.

A family of nonin tersecting paths on D � for � is an element of F �

which can be obtained by applying a successionof ladder moves to F top
�;� . The

set of all families of nonintersecting paths on D � for � is denoted by F �;� .

Example 5.7. The following diagram showsF �;� , as well as all possibleladder
moves,where � = (4; 4; 3; 3; 1), � = (2; 1).

15



The Set F 00
�;� of Path Families

We say that a set of boxes S � D � is a twisted chain if for any two boxes p,
p0 in S:

1. p and p0 lie on di�eren t rows and di�eren t columns of D � .

2. Either p < p0, p0 < p, or f p;p0g has no upper bound in D � .

Example 5.8. The shaded boxesform a twisted chain in D � .
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1 2 3 4 5 6 7 8 9

Note that, for example, f (10; 2); (5; 4)g has least upper bound (10; 4), which is
not in D � .

It follows from the de�nitions that if F 2 F � , then twist(F ) is a twisted
chain of D � . De�ne

F 0
�;� = f F 2 F � j twist(F ) = twist(F top

�;� )g:

Untimately we will be interested in the set F 00
�;� of families of nonintersecting

paths on D � , which is de�ned below. We intro duce F 0
�;� in order to break up

the proof that F �;� = F 00
�;� into two parts: F �;� = F 0

�;� and F 0
�;� = F 00

�;� .

Lemma 5.9. F 0
�;� = F �;� .

Proof. We remark that applying a ladder move to any family in F �;� doesnot
alter its twist. Thus ladder moves preserve F 0

�;� . Also F top
�;� 2 F 0

�;� . Since
F �;� is by de�nition the smallest subsetof F � preserved by ladder moveswhich
contains F top

�;� , F �;� � F 0
�;� .

Next suppose that F 2 F 0
�;� . By applying a successionof reverse ladder

movesto F , F top
�;� can be obtained, for some� � � . Sincereverselatter moves

do not alter twist, twist(F top
�;� ) = twist(F ) = twist(F top

�;� ). By Lemma 5.5,

� = � . Thus F can be obtained from F top
�;� by applying ladder moves, which

implies F 2 F �;� . HenceF 0
�;� � F �;� .

Let � � � , and de�ne � = � � 1(� ), � = � � 1(� ). In [Kre05], it is shown that
there exists a unique twisted chain S�;� = f (x1; y1); : : : ; (x t ; yt )g � D � such
that � = � n f � (d + 1 � x1); : : : ; � (d + 1 � x t )g [ f � 0(y1); : : : ; � 0(yt )g. De�ne

F 00
�;� = f F 2 F � j twist(F ) = S�;� g:
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It followsfrom the de�nitions that F 00
�;� = F 0

�;� if and only if twist(F top
�;� ) = S�;� .

We �rst prove this for the casewhere � and � are such that D � n D � consists
of a single path.

Lemma 5.10. Let P be a path which movesalong the lower right border of D � ,
so that D � n f Pg = D � , for some� < � . Then twist(F top

�;� ) = S�;� .

Example 5.11. Let d = 5, n = 9. Let � = (4; 4; 3; 3; 1), and let P be the path on
D � shownbelow. Then D � nP = D � , where � = (4; 2; 2; 1; 1). We haveF top

�;� =
f Pg, and twist(F top

�;� ) = glb(P) = (2; 2). Let � = � � 1(� ) = f 2; 5; 6; 8; 9g,
� = � � 1(� ) = f 2; 3; 5; 6; 9g. Then � = � n 8 [ 3 = � n � (5 + 1 � 2) [ � 0(2), so
S�;� = (2; 2), which agrees with twist(F top

�;� ).
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1 3 4 7

P
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9

1 4 7 8

D � D �

Proof of Lemma 5.10. For i = 1; : : : ; d, de�ne i = d + 1 � i ; thus if a box is on
row i of D � counting from the top, then it is on row i counting from the bottom.
Let (x; y) = glb(P) = twist(F top

�;� ). Let � = � � 1(� ) and � = � n � (x) [ � 0(y).
By de�nition, S� ( � ) ;� = (x; y). We shall obtain the result by showing that
� (� ) = � .

Note that

D � = f (u; v) 2 f 1; : : : ; dg � f 1; : : : ; n � dg j � (u) > � 0(v)g:

Let w = minf u j � (u) > � 0(y)g, and note that w � x. We have

� = f � (1); : : : ; � (w � 1); � 0(y); � (w); : : : ; � (x � 1); d� (x); � (x + 1); : : : ; � (d)g:

Therefore,

� (i ) =

8
><

>:

� (i ); i < w or i > x
� (i � 1); w < i � x

� 0(y); i = w:

We have

(� (� )) i = � (i ) � (i )

=

8
><

>:

� (i ) � i; i < w or i > x
� (i � 1) � i; w < i � x

� 0(y) � w; i = w

=

8
><

>:

� i ; i < w or i > x

� i +1 � 1; w < i � x � 1

y � 1; i = w

= � i ;
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whereweusethe facts that � (i ) � (i ) = � i , � (i � 1)� (i ) = � (i + 1) � (i + 1) � 1 =
� i +1 � 1, and � 0(y) � y = w � 1.

Lemma 5.12. For any � � � , twist(F top
�;� ) = S�;� .

Proof. De�ne � = � � 1(� ), � = � � 1(� ), and let f (x1; y1); : : : ; (x t ; yt )g = twist(F top
�;� ).

Wewish to show that � = � nf � (d+1 � x1); : : : ; � (d+1 � x t )g[f � 0(y1); : : : ; � 0(yt )g.
Weusedecreasinginduction on t, the number of paths in F top

�;� . For t = 1, the
result is identically Lemma 5.10. Supposethat t > 1. Let P be a maximal path
of F top

�;� . Then P runs along the lower right border of D � , so D � n P = D � , for
some� < � . De�ne 
 = � � 1(� ), and assumethat (x t ; yt ) = glb(P) (re-indexing
if necessary).By Lemma 5.10,


 = � n � (d + 1 � x t ) [ � 0(yt ): (10)

Now F top
�;� = F top

�;� n f Pg, whose twist is equal to f (x1; y1); : : : ; (x t � 1; yt � 1)g.
Thus by induction,

� = 
 n f � (d + 1 � x1); : : : ; � (d + 1 � x t � 1)g [ f � 0(y1); : : : ; � 0(yt � 1)g: (11)

Combining (10) and (11), we arrive at the result.

From Lemma 5.12, we obtain

Lemma 5.13. F 00
�;� = F 0

�;� .

Now Lemmas5.9 and 5.13 imply

Lemma 5.14. F 00
�;� = F �;� .

6 From Path Families to Semistandard Young
Tableaux

Lemma 4.2 follows from a result of [KR03], [KL03], and [Kre05] which givesan
equivariant Gr•obner degenerationof a Schubert variety in the neighborhood of
a T-�xed point to a union of coordinate subspaces.However, whereasthe result
of [KR03], [KL03], and [Kre05] is expressedin terms of the set F 00

�;� of families of
nonintersecting paths on Young diagrams,our results, and in particular Lemma
4.2, require the semistandard Young tableaux SSYT�;� . Most of the previous
section and this oneare taken up in showing the equivalencebetweenthesetwo
combinatorial models. In the previous section we showed that F 00

�;� = F �;� . In
this section,we intro ducea new model, `subsetsof Young diagrams'. We will be
interested in a certain set of subsetsof the Young diagram D � , which we denote
by D�;� . We show that F �;� and SSYT�;� are both equivalent to D �;� , and
thus are equivalent to eachother. We summarize the steps we take in showing
the equivalencebetweenF 00

�;� and SSYT�;� as follows:

F 00
�;� = F �;�  ! D�;�  ! SSYT�;�

18



The subsetsD �;� , which were discovered independently by Ikeda-Naruse[IN],
are similar to RC graphs or reduced pipe dreams [BB93, FK94, KM05] for
Grassmannianpermutations.

Subsets of Young Diagrams

Let � be a partition and D � the corresponding Young diagram. Lemma 5.2 tells
us that a family of nonintersecting paths on D � is completely characterized by
its support. This suggeststhat in order to study families of nonintersecting
paths on D � , it su�ces to study the supports of these path families (or the
complements in D � of their supports). This motivates the following de�nitions.

A subset of D � is a set of boxes in D � . Let D be a subsetof D � . Suppose
that D � contains the four boxes (i; j ), (i + 1; j ), (i; j + 1), and (i + 1; j + 1)
(which make up a square),but of thesefour boxes,D only contains (i; j ). Then
a ladder move removes(i; j ) from D and replacesit with (i + 1; j + 1), thereby
obtaining a new subset D 0 of D � . We denote this ladder move by D ! D 0.
Note that a ladder move is invertible. We call the inverseof a ladder move a
rev erse ladder move.

Example 6.1. Let D be the following subsetof D � , � = (6; 5; 5; 4; 4; 1) (boxes
of D are shaded):

The following two ladder movescan be applied to F :

1.

2.

Let � be a partition with � � � , i.e., � i � � i for all i . Embed the Young
diagram D � in D � in such a way that both D � and D � share the same top
left corners. The subset of D � consisting of all boxes in this embeddedYoung
diagram is called the top subset of D � for � and denoted by D top

�;� .
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Example 6.2. The subsetD top
�;� , where � = (7; 6; 6; 6; 3; 3), � = (3; 2).

A subset of D � for � is a subsetof D � which can be obtained by applying a
successionof ladder movesto the top subsetof D � for � . The set of all subsets
of D � for � is denoted by D �;� .

Example 6.3. The following diagram showsD �;� , as well as all possibleladder
moves,where � = (4; 4; 3; 3; 1), � = (2; 1).

Semistandard Young Tableaux

A ladder move on a semistandardYoung tableau is an operation which incre-
ments oneof the entries of the tableau by 1 and results in a semistandardYoung
tableau. Note that a ladder move is invertible. We call the inverseof a ladder
move a rev erse ladder move. Recall that a semistandardYoung tableau is on
� if each of its entries satis�es (1). Let � � � . De�ne the top semistandard
Young tableau on � of shap e � to be the (semistandard) Young tableau of
shape � whosei -th row is �lled with i 's. This de�nition doesnot depend on � .

The set of all semistandard Young tableaux on � of shape � , SSYT�;� , is
precisely the set of semistandard Young tableaux on � which can be obtained
by applying sequencesof ladder movesto the top semistandardYoung tableaux
on � of shape � . This follows from the facts that (i) by applying a sequence
of reverseladder movesto any semistandardYoung tableau of shape � , the top
semistandardYoung tableaux on � of shape � can be obtained, and (ii) reverse
ladder movespreserve (1).
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Example 6.4. The following diagram showsSSYT�;� , as well as all possible
ladder moves,where � = (4; 4; 3; 3; 1), � = (2; 1).

1 2

2

1 2

3

2 2

3

1 1

2

2 2

4

1 1

3

1 1

4

1 2

4

The Equiv alences F �;�  ! D �;� and D �;�  ! SSYT�;�

Recall that

F � = the set of families of nonintersecting paths on D �

F �;� = the set of families of nonintersecting paths on D � for �

F top
�;� = the top family of nonintersecting paths on D � for �

D� = the set of subsetsof D �

D�;� = the set of subsetsof D � for �

D top
�;� = the top subsetof D � for �

SSYT�;� = the set of semistandardYoung tableaux on � of shape �

P top
�;� = the top semistandardYoung tableaux on � of shape �

De�ne h : F �;� ! D�;� by h(F ) = D � n Supp(F ). Then h maps F top
�;� to

D top
�;� and commutes with ladder moves. Therefore it restricts to a map from

F �;� to D�;� . Injectivit y of h follows immediately from Lemma 5.2. To show
surjectivit y, assumethat h(F ) = D, for someD 2 D � , F 2 F � . Supposethat
a ladder move is applied to D to obtain D 0. Then there is a corresponding
ladder move which when applied to F yields F 0 such that h(F 0) = D 0. Thus
surjectivit y of h : F �;� ! D�;� follows by induction on number of ladder moves.

Wenext givea bijection g from D �;� to SSYT�;� . Let D 2 D�;� . By applying
a sequenceof reverseladder movesto D , D top

�;� can be obtained. This sequence

of reverseladder movestakesthe box (x; y) of D to somebox (i x;y ; j x;y ) of D top
�;� .

Note that (i x;y ; j x;y ) dependsonly on x and y (and D), and not on the sequence
of reverseladder moves. Let g(D) be the tableau of shape � which, for each box
(x; y) of D , contains entry x in box (i x;y ; j x;y ). The de�nitions of ladder and
reverseladder moveson subsetsof D � imply that g(D) is semistandard. Also,
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since(x; y) 2 D � , y � � (x); thus y � x = j x;y � i x;y implies x + j x;y � i x;y � � (x).
Therefore g(D) is on � .

To show that g is bijective, we give the inversemap f from SSYT�;� to D�;� .
Let P 2 SSYT�;� , and let f (P) be the subsetof D � which, for each entry x 2 P,
contains box (x; x � r (x) + c(x)) of D � (where recall that (r (x); c(x)) is the box
of x in P). SinceP is on � , (x; x � r (x) + c(x)) 2 D � ; thus f (P) is indeed in
D� . Let P top

�;� denote the top semistandard Young tableaux on � of shape � .

Becausef (P top
�;� ) = D top

�;� and f commutes with ladder moves,f (P) 2 D �;� .

Pro of of Lemma 4.2

Let � = � (� ), � = � (� ). Let f va;b j (a; b) 2 � 0 � � g � O� denote the basisdual
to the basisof linear forms f ya;b j (a; b) 2 � 0 � � g � O�

� . For F 2 F � , de�ne

WF = Span(f v� 0(z) ;� (d+1 � x ) j (x; z) 2 Supp(F )g[ f va;b j (a; b) 2 � 0� � ; a > bg):

In [KR03, KL03, Kre05], an explicit equivariant bijection (which is called the
bounded RSK in [Kre05]) is constructed from C[

S
F 2F 00

�;�
WF ] to C[Y�;� ]. Thus

in light of Lemma 5.14,

Char(C[Y�;� ]) = Char

0

@C

2

4
[

F 2F 00
�;�

WF

3

5

1

A = Char

0

@C

2

4
[

F 2F �;�

WF

3

5

1

A : (12)

For x 2 f 1; : : : ; dg, z 2 f 1; : : : ; n � dg, we have that (x; z) 2 D � ( ) z �
� x ( ) � 0(z) < � (d+ 1� x) (seeRemark 2.4). Thus f (a; b) 2 � 0� � j a < bg can
be expressedas f (� 0(z); � (d + 1 � x)) j (x; z) 2 D � g. Let F 2 F �;� , D = h(F ),
and P = g(D). SinceSupp(F ) and D are complements in D � ,

� 0 � � = f (� 0(z); � (d + 1 � x)) j (x; z) 2 Supp(F )g _[ f (a; b) 2 � 0 � � j a > bg
_[ f (� 0(z); � (d + 1 � x)) j (x; z) 2 Dg:

Therefore

WF = V (f y� 0(z) ;� (d+1 � x ) j (x; z) 2 Dg)

= V (f y� 0(x � r (x )+ c(x )) ;� (d+1 � x ) j x 2 Pg)

= WP :

Consequently ,
S

F 2F �;�
WF =

S
P 2 SSYT �;�

WP = W�;� , and thus

Char

0

@C

2

4
[

F 2F �;�

WF

3

5

1

A = Char

0

@C

2

4
[

P 2 SSYT �;�

WP

3

5

1

A = Char(W�;� ): (13)

Combining (12) and (13), we obtain Char(C[Y�;� ]) = Char(C[W�;� ]). By (2),
[Y�;� ]K = [W�;� ]K .
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7 Computing NS

In this section we prove Lemma 4.4.
For a set-valued tableau S, we denote by Si;j the set of entries of S which

are contained in the box with row and column numbers i and j respectively, and
we denote by Si;j; 1; : : : ; Si;j;r the entries of Si;j , which we assumeare listed in
increasingorder. We de�ne M k (S) to be the k-element subsetsof SSYT(S), and
Nk (S) the k-element subsetsof SSYT(S) whoseunions equalsS. By de�nition,
NS;k = jN k (S)j.

De�ne a generalized set-v alued tableau to be the assignment of a possibly
empty set of positive integers to each box of a Young diagram. If S and R are
two set-valued tableaux of the sameshape, then the di�erence S n R is de�ned
to be the generalizedset-valued tableau of the same shape as S (or R) with
(S n R) i;j = Si;j n Ri;j for all i; j . Recall that we write R � S to indicate that
Ri;j � Si;j for all i; j . If R � S, and S is clear from the context, then we
also denote S nR by R. The only generalizedset-valued tableaux which appear
in this section in which boxes may be empty occur explicitly as di�erences of
set-valued tableaux.

Lemma 7.1. NS =
X

R� S

(� 1)jR j �
X

R � S
SSYT( R )= ;

(� 1)jR j .

Proof. If qS = 0 (i.e., SSYT(S) = ; ), then for every set-valued tableau R � S,
SSYT(R) = ; ; thus the result is trivially true. AssumeqS 6= 0.

For k � 1, we have that N k (S) = M k (S) n
S

R$ S

M k (R); by the inclusion-

exclusion principle,

jN k (S)j =
X

R� S

� 1jR j �jM k (R)j =
X

R� S

(� 1)jR j
�

j SSYT(R)j
k

�
=

X

R� S

(� 1)jR j
�

qR

k

�

where we usethe convention
� a

b

�
= 0 if a < b. Thus,

NS =
qSX

k=1

(� 1)k+1 jN k (S)j

=
qSX

k=1

(� 1)k+1
X

R� S

(� 1)jR j
�

qR

k

�

=
X

R� S

(� 1)jR j
qSX

k=1

(� 1)k+1
�

qR

k

�
:

The result now follows from the fact that for any R � S, qR � qS , and therefore

qSX

k=1

(� 1)k+1
�

qR

k

�
=

(
1 if qR 6= 0

0 if qR = 0:
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The following Lemma givesthe value of the �rst summation in Lemma 7.1.

Lemma 7.2.
X

R� S

(� 1)R = (� 1)jSj+ kSk .

Proof.
X

R� S

(� 1)R =
X

R 1; 1 � S 1; 1
R 1; 1 6= ;

� � �
X

R u;v � S u;v
R u;v 6= ;

(� 1)jS1; 1 nR 1; 1 j + ��� + jSu;v nR u;v j

=
Y

i;j

X

R i;j � S i;j
R i;j 6= ;

(� 1)jSi;j nR i;j j

=
Y

i;j

X

R 0
i;j $ Si;j

(� 1)jR 0
i;j j

=
Y

i;j

jSi;j j� 1X

k=0

(� 1)k
�

jSi;j j
k

�

=
Y

i;j

(� 1)jSi;j j� 1

= (� 1)jSj+ kSk :

If S is semistandard, then for every R � S, SSYT(R) 6= ; . Thus Lemmas
7.1 and 7.2 imply Lemma 4.4(i).

The following Lemma gives the value of the secondsummation in Lemma
7.1 when S is not semistandard. Lemmas 7.1, 7.2, and the following Lemma
imply Lemma 4.4(ii).

Lemma 7.3. If S is not semistandard, then
X

R � S
SSYT( R )= ;

(� 1)jR j = (� 1)jSj+ kSk .

Proof. De�ne Z (S) = f R � S j SSYT(R) = ;g , so that
X

R � S
SSYT( R )= ;

(� 1)jR j =
X

R2Z (S)

(� 1)jR j : (14)

We make a seriesof reductions.
Let x and y be the row and column numbers of a box of S where semistan-

dardnessis violated either on the top or left, but not on the right or bottom.
De�ne

Z 0(S) = f R 2 Z (S) j f Sx;y ;1g = Rx;y g

Z 00(S) = f R 2 Z (S) j f Sx;y ;1g $ Rx;y g

Z 000(S) = f R 2 Z (S) j Sx;y ;1 62Rx;y g:
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Then Z (S) = Z 0(S) _[ Z 00(S) _[ Z 000(S). Consider the bijection from Z 00(S) to
Z 000(S) de�ned by R 7! R n Sx;y ;1. The set-valued tableaux paired under this
bijection contribute opposite signs to (14). Thus

X

R2Z (S)

(� 1)jR j =
X

R2Z 0(S)

(� 1)jR j : (15)

Let g = Sx;y ;1. De�ne

Y0(S) = f R 2 Z 0(S) j Rx � 1;y ;k < g; Rx;y � 1;l � g; somek; lg

Y00(S) = f R 2 Z 0(S) j Rx � 1;y ;k � g; all kg

Y000(S) = f R 2 Z 0(S) j Rx;y � 1;k > g; all kg:

Then Z 0(S) = Y0(S) _[ (Y00(S) [ Y000(S)). Therefore
X

R2Z 0(S)

(� 1)jR j =
X

R2Y 0(S)

(� 1)jR j +
X

R2Y 00(S)

(� 1)jR j

+
X

R2Y 000(S)

(� 1)jR j �
X

R2Y 00(S) \Y 000(S)

(� 1)jR j : (16)

We compute the last three summations on the right hand side of (16). Assume
that Y00(S) 6= ; . Let S0 be the tableaux obtained from S by removing all
entries other than g from Sx;y and all entries less than g from Sx � 1;y . Then
Y00(S) = f R � S0g. Thus

X

R2Y 00(S)

(� 1)jR j =
X

R� S0

(� 1)jSnR j

=
X

R� S0

(� 1)jSnS0j + jS0nR j

= (� 1)jSnS0j
X

R� S0

(� 1)jS0nR j

= (� 1)jSnS0j (� 1)jS0j + kS0k

= (� 1)jSj+ kSk ;

wherethe secondsto last equality follows from Lemma 7.2, and the last equality
form the fact that kS0k = kSk. In a similar manner, one shows that that

X

R2Y 000(S)

(� 1)jR j = (� 1)jSj+ kSk if Y000(S) 6= ; ; and

X

R2Y 00(S) \Y 000(S)

= (� 1)jSj+ kSk if Y00(S) \ Y000(S) 6= ; :

Either Y00(S) or Y000(S) must be nonempty, and if both of them are nonempty,
then so must be their intersection. It follows that

X

R2Z 0(S)

(� 1)jR j = (� 1)jSj+ kSk +
X

R2Y 0(S)

(� 1)jR j : (17)
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De�ne
X (S) = f R 2 Y0(S) j Rx � 1;y ;k < g; Rx;y � 1;l � g; all k; lg:

Let A = f a1; : : : ; ar g be the entries of Sx � 1;y which are greater than or equal to
g, let B = f b1; : : : ; bsg be the entries of Sx;y � 1 which are greater than g, and let
t = r + s. For each R 2 X (S), de�ne Y0

R (S) to be all the set-valued tableaux
obtained by adding elements of A to Rx � 1;y and elements of B to Sx;y � 1. Then

Y0(S) =
_[

R2X (S)

Y0
R (S);

and
X

R2Y 0(S)

(� 1)jR j =
X

R2X (S)

X

Q2Y 0
R (S)

(� 1)jSnQj

=
X

R2X (S)

(� 1)jSnR j
�

(� 1)0
�

t
0

�
+ (� 1)1

�
t
1

�
+ � � � + (� 1)t

�
t
t

��

= 0: (18)

Combining (14), (15), (17), and (18), we obtain the result.
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