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Let M be a n-dimensional Riemannian manifold with metric g, £, € TM, c(t) be
a curve in T'M starting at ¢(0) = &, with initial velocity ¢/(0) = (X,Z) € T¢, TM,
then

(X,E)e H,TM < V¢ X =0

Writing in terms of coordinates (z!,- .- z" &', &), X =31, X2 57, and
E= Z g 65” and then we have

(0.1) Hk+ZF Xi& =0

1,j=1
by Vng =
On the other hand, for vertical space, we have
(X,8)eVe,TM & X=0&X,=0

for all i.

Here is a direct way to see that a geodesic flow is a Hamiltonian flow of energy
functional.

In terms of coordinates, we know that for geodesic vector field

X&) =) &g j{j j{j fjagk
k=1 k=11i,j=1

on TM by (0.1), we have

ix(edog, (1) = doge, (X(&),)
= dg(tem(d_ &5 r ZZFSWkU
k=1 k=114,5=1
= dEg, ().

Thus, let w := da be the natural symplectic form on latexT M, we then have the
following proposition.

Proposition 0.1. iyw = dFE.
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There are some relationship between the energy functional and natural differen-
tial forms on Riemannian manifold. We first consider the case Ffj = 0, it means
Er =0for all k by (1) if (X,Z) € He, TM. There is a natural involution between
horizontal space and vertical space which is

L+ He TN — Ve, TM
0y _
U kgl +058) = X050 + ki

Thus

= 8 8 = 0 17

- 0 0
i=1

= Z 9i5&ik;

i,j=1

On the other hand for dF, we haved
"0 0
dBe, (Y 05~ + ki) =
i=1

ozt 10/ ;
= Z nggz
Y g
=1

i6ikj

Therefore
dE¢,((0,E)) = ag, 01((0,2))

for any (0,2) € Ve, TM .
Now let us consider the general case. For any (X,=) € He, TM, we have =, =

= i1 ¥, X;¢;, analogous to the case $§ \Gamma_{ij}~{k}=0$, an involution

we can have is

L Ve TM — He, TM
(anm7 1651) Z kl ozt ZF k f] ng

Therefore,

agzm(Z(oa—Jrklagz)) = %Z axl ZZF kgjagk
i=1 i=
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and

- 0 0 - 0
dBe, () 055 + ki 5e) = ;kia—fiE(@

=1

- 0

i=1
= ) gibik;.
i,j=1
Thus we have proved the following theorem.

Theorem 0.2. dE = a o on the vertical bundle of TTM , where E is the energy
functional on Riemannian manifold $ M$ and « is the natural 1-form on TM whose
differential is the natural symplectic form on TM .

Remark 0.3. In fact, since both sides are zeroes on the horizontal bundle of TT'M,
therefore dE = ot on TTM.
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