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LetM be a n-dimensional Riemannian manifold with metric g, ξx ∈ TM , c(t) be
a curve in TM starting at c(0) = ξx with initial velocity c′(0) = (X,Ξ) ∈ Tξx

TM ,
then

(X,Ξ) ∈ Hξx
TM ⇔ ∇ξx

X = 0

.
Writing in terms of coordinates (x1, · · ·, xn, ξ1, · · ·, ξn), X =

∑n
i=1Xi

∂
∂xi , and

Ξ =
∑n
i=1 Ξi ∂

∂ξi , and then we have

(0.1) Ξk +
n∑

i,j=1

ΓkijXiξj = 0

by ∇ξxX = 0.
On the other hand, for vertical space, we have

(X,Ξ) ∈ Vξx
TM ⇔ X = 0⇔ Xi = 0

for all i.
Here is a direct way to see that a geodesic �ow is a Hamiltonian �ow of energy

functional.
In terms of coordinates, we know that for geodesic vector �eld

X (ξx) :=
n∑
k=1

ξk
∂

∂xk
−

n∑
k=1

n∑
i,j=1

Γkijξiξj
∂

∂ξk

on TM by (0.1), we have

iX (ξx)dαξx(·) = dα(ξx
(X (ξx), ·)

= dg(ξx, π∗(
n∑
k=1

ξk
∂

∂xk
−

n∑
k=1

n∑
i,j=1

Γkijξiξj
∂

∂ξk
))(·)

= dg(ξx, ξx)(·)
= dEξx

(·).

Thus, let ω := dα be the natural symplectic form on latexTM , we then have the
following proposition.

Proposition 0.1. iXω = dE.
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There are some relationship between the energy functional and natural di�eren-
tial forms on Riemannian manifold. We �rst consider the case Γkij = 0, it means
Ξk = 0 for all k by (1) if (X,Ξ) ∈ Hξx

TM . There is a natural involution between
horizontal space and vertical space which is

ι : Hξx
TM → Vξx

TM
ι(

∑
ki

∂
∂xi + 0 ∂

∂ξi ) =
∑

0 ∂
∂xi + ki

∂
∂ξi .

Thus

αξx ◦ ι(
n∑
i=1

(0
∂

∂xi
+ ki

∂

∂ξi
)) = αξx(

n∑
i=1

ki
∂

∂xi
+ 0

∂

∂ξi
)

= g(ξx, π∗(
n∑
i=1

(ki
∂

∂xi
+ 0

∂

∂ξi
)))

=
n∑

i,j=1

gijξikj .

On the other hand for dE, we haved

dEξx(
n∑
i=1

0
∂

∂xi
+ ki

∂

∂ξi
) =

n∑
i=1

ki
∂

∂ξi
E(ξx)

=
n∑
i=1

ki
∂

∂ξi
g(ξx, ξx)

=
n∑

i,j=1

gijξikj .

Therefore

dEξx
((0,Ξ)) = αξx

◦ ι((0,Ξ))

for any (0,Ξ) ∈ Vξx
TM .

Now let us consider the general case. For any (X,Ξ) ∈ Hξx
TM , we have Ξk =

−
∑n
i,j=1 ΓkijXiξj , analogous to the case $ \Gamma_{ij}^{k}=0$, an involution

we can have is

ι : Vξx
TM → Hξx

TM
ι(

∑
0 ∂
∂xi + ki

∂
∂ξi ) =

∑
ki

∂
∂xi −

∑
Γkijkiξj

∂
∂ξk .

Therefore,

αξx
◦ ι(

n∑
i=1

(0
∂

∂xi
+ ki

∂

∂ξi
)) = αξx

(
n∑
i=1

ki
∂

∂xi
−

n∑
k=1

n∑
i,j=1

Γkijkiξj
∂

∂ξk
)

= g(ξx, π∗(
n∑
i=1

ki
∂

∂xi
−

n∑
k=1

n∑
i,j=1

Γkijkiξj
∂

∂ξk
))

=
n∑

i,j=1

gijξikj .
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and

dEξx
(
n∑
i=1

0
∂

∂xi
+ ki

∂

∂ξi
) =

n∑
i=1

ki
∂

∂ξi
E(ξ)

=
n∑
i=1

ki
∂

∂ξi
g(ξ, ξ)

=
n∑

i,j=1

gijξikj .

Thus we have proved the following theorem.

Theorem 0.2. dE = α ◦ ι on the vertical bundle of TTM , where E is the energy

functional on Riemannian manifold $ M$ and α is the natural 1-form on TM whose

di�erential is the natural symplectic form on TM .

Remark 0.3. In fact, since both sides are zeroes on the horizontal bundle of TTM ,
therefore dE = α ◦ ι on TTM .
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