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The goal of the expository notes is to find explicit Crofton measures for
Minkowski metrics. The cosine transform, as one knows, is defined as

o)) = [, 160196 doe). 1)

where ¢ is the standard measure on S'. An important theorem on cosine trans-
form from (Gl), Proposition 3.6.4, states that

Theorem 1. (Surjectivity of Cosine Transform) If f is a 4-times continuously
differentiable even function on S' there exists some even continuous function g
on S' such that f = C(g) on S*.

As we know, the Fourier coefficients of f(cos#,sin @) are

1 2m
anp = — f(cos@,sin ) cos(nf)dd, n >0, (2)
T Jo
and
1 2m
by = — f(cosB,sinf)sin(nh)dd, n >0, (3)
T Jo

in particular, agg+1 = bar+1 = 0 for 0 < k < oo because F' is an even function
on S'. Thus from the theory of Fourier series we know

f(cosB,sinf) = % + Z( ok cos 2k0 + boy, sin 2k6). (4)
k=1

From the proof to Theorem [1]in (G)) one can deduce the formula for the inverse



of cosine transform , which is

1 ao > 1 .
= —(—— 2k60 + b 2k6
g(0) o (2>\270 + ]; . (asgy, cos + boy, sin 2k6)), (5)

where k1 = 2 is the volume of the one dimensional ball and

_ 2(_1)k71
A2k = m (6)

for 0 <k < 0.

For instance, suppose that one has an elliptic metric

F(x,y) = Vo2 +2y2 (7)

which is particularly a Minkowski metric. Let f := F2, then

3 1
f(cosf,sinf) = cos®H + 2sin 0 = 5 508 26, (8)
from which we know ag = %, as = —%, and a9, = 0 for £ > 1 and by, = 0 for

for 0 < k < oo. It follows from (5) that g(6) = 2(1 — cos26). In other words,
3 27
§/ |z cos @ + ysin 0] (1 — cos 20) df = x? + 2y 9)
0

for any (z,y) € S*.

LP spaces, 1 < p < oo, are interesting models of studying Minkowski spaces
for various reasons. In fact, we have seen that the problem of finding explicit

Crofton measure for a Minkowski metric is to obtain its Fourier series .

However, it turns out to be a large computation work for one to write the

coefficients out explicitly for the general LP metric. For instance, if one computes
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ag = — / (cosP @ + sin? 0) d (10)
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by Mathematica 7.0, it gives us
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One can see the inputs and outputs of some computations in Mathematica 7.0



in the Appendix.

But we would like to provide one more nice example, L* space with metric

|(z,y)||z+ = (z*+y*)}/%. The Fourier series for f(cos ,sin) = ||(cos 8, sin6)|4,
is
. 4 _ 3 1
f(cosf,sinf) = cos™ 0 + sin” 6§ = 1 + 708 46. (12)
Plugging Ao = 2 and Ay 4 = —-= into ([5), we have the inverse of the cosine
3 s 15

transform g(#) = (1 — 5cos46) for L* metric.

Remark 2. We can draw recurrence relations between Fourier coefficients for

p=2(m+ 1) and the ones for p = 2m from

1
cos2(m+1) g — 5(1 + cos 26) cos®>™ 6. (13)

(m)

Let %0~ 4+ 52 a” cos 2k0 be the Fourier series of cos?™ §. Therefore
1 0 2mg — 1 a(()m) a((JM) 0 0 (m) 0
5(1 4 cos 26) cos = (=5 + =5—cos20+> ", ay, cos2k

+> e a(;,?) cos 26 cos 2k0)

al™ (m)

= I 4 % c0os20+ 320, alt cos 2k0
157 al™ (cos2(k 4 1)0 + cos 2(k — 1)6))

(m) | (m) al™  4ogm) 4 am)
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It follows that (m) (m)
m m
a{mH) = G " tay (15)
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and (m) (m) , (m)
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for £ > 1, and likewise for sin ) 6. So one can obtain the Fourier series in

L™ for integer m > 0 and so the inverses of the cosine transforms.

Appendix

The following inputs and outputs are carried out in Mathematica 7.0, in which
the lines in black are inputs and the others are outputs that however stagnate
at computing the Fourier coefficient of cos46.

p>1

p>1



(1/7) 2™ (Sin[z]? + Cosz]P) dz
_ oltpeirm (3+e’i”7")‘n’2
It [Re[p] > -1, 7r(1+eil’")Gamma[%7§]2Gamma[l+p]
{z,0,27} , Assumptions — Re[p] < —1]]
(1/x) [ (Sin[z]? + Cos[z]P) Cos[2z]dz

If[Re[p]>—1,0,Integrate[Cos[z]? Cos[2z]+Cos[2z]Sin[z]?,{z,0,27} ,Assumptions—Re[p] < —1]]

(1/7) [T (Sinfz]? + Cos[z]?) 00s[4x]2}x

, LIntegrate[Cos[x]P+Sin[x]?,
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