KAHLER FORM OF COMPLEX L? SPACE AND LAGRANGIANS

LOUIS YANG LIU

ABsTRACT. We obtain the Kéhler forms for complex LP spaces, 1 < p < o0,
and all the lagrangians in this article. The symplectic structures determined
by the K&hler forms help us to understand the support of the complex HT

valuations in the integral geometry of complex L? spaces.

1. KAHLER FORMS AND PRELIMINARIES

To obtain the canonical Kéhler form for complex LP space, which as one knows

has the complex LP norm
Fy(z,w) = [|(z,0)|lp = (21" + |w[?)'/? (1.1)

for 1 < p < oo, we can use the generalized Kéhler potential G, := , and then
the Kahler form x, will be the negative imaginary part of %85((?19).

First, we have

O(F?) =

15
p 2(|2[7 + [wl?) a(IZI”+ |w]?)
2

= p(lel” + Juwl?) LO((22)P? + (ww)P’?)
= (Iz\”+lw\”)” (l2[P~22dz + |w]P~*wdi)
(

14 |2P) 7 2dz + (14 | 2]P)r  twdaw,

2
P
2_
P

(1+[27) 72 and ZF2 = (1+|2[7)7 w

in other word %F = z
= 2((=2)F) = (-B)(z2) % 1z:<—£>zﬁ|p,weget

)
Using - (|1

2 w2 — w
(L +]2pP)rre) = A+[ZP)? L (1 2Py ]
= (1+[2P)r T+ (2 1)z (1+|“’\p)5_2lw\p 5= (1217
= (@+IZMr D (B = 1)1 |2y e
= (L+[2P)r (1 + 52,
(1.3)
thus o2
Wipy2-2 bwyp
o < \ PP+ 5 2p), (1)
and by symmetry of w and z in we know
02 Z .2 D z
= 2Py 214 2|2 )P). .
o = (1412 B 2 (15)
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2_ o2
S+ 12P)2 ) = (2- 1)1+ |2y a ket (1.6)
2 .
= (-DZlePa+[ep)?2,
thus 5
2 _ _Eigpl gp%—Z 1.7
Fugslr = 1= LIS PA+IZ (1.7)
By symmetry of z and w in (1.7, we also have
82 p.w, z z 2
Gt = (L= [= P+ =) 1.8
0z0w P ( 2)z|w|( +|w|) (1.8)

So we have the following

Theorem 1.1. The Hermitian metric for complex LP plane induced from its norm

8

+%( 14 |2[P)772((1 - g)w\a|pdz®dw+(1+§|w|p)dw®dw).
(1.9)

Let z = x + yi and w = u + vi, then we can express the Kéhler form by taking
the negative imaginary part of ((1.9), which is the following

Corollary 1.2. The canonical Kdhler form k, for complex LP plane induced from
its norm is
Ry = (L2214 B2 ) de A dy
+(1-50 +\w|p)7_2\w|pRe( )(dx A dv —dy A du)
+(1-2)(1 +\W|p)g—2\w|p1m( )(dx A du + dy A dv) (1.10)
+(1 42 ) (1—|—§|E|p)du/\dv.

One can also take the real part of (1.9]), which is a Riemannian metric denoted

p
b

by ¢gp. The Kahler form s, combines the Riemannian metric g, and the complex

structure J as follows

Corollary 1.3. Given any (z1,w1), (22, ws2) in complex LP plane, then
gp((21,w1), (22, w2)) = kp((21,w1), J (22, w2)). (1.11)

Proof. First, the real part of yields

g = (1 +|U’|P)”21+§|%|P)(d:c®d:c+dy®dy)
(1= B+ 2[7) 2|2 Re(2)((du ® dx + dv ® dy)
+(dz ® du + dy ® dv))
H(1 = 2)(1+ |2P) 7 2|2 [PIm(Z)((du ® dy — dv @ dx)
+(dy ® du — dx ® dv))
F(1+|2P)72(1 + 2| 2[P)(du ® du + dv & dv).

(1.12)



KAHLER FORM OF COMPLEX LP SPACE AND LAGRANGIANS 3

We have the following equalities,

(dz @ dz + dy ® dy)((z1,w1), (22, w2)) = Re(z173) = dx A dy((z1,w1), J (22, w2))

(1.13)
and
((du ® dx + dv ® dy) + (dx @ du + dy @ dv))((z1, w1), (22, w2))
= Re(z1W3 + 22W071) (1.14)
= (doANdv—dyAdu)((z1,w1), (22, w2)),
similarly,

(du @ du+ dv ® dv)((z1,w1), (22, w2)) = Re(w1Wz) = du A dv((z1,w1), J (22, ws))

(1.15)
and
((du ® dy — dv ® dz) 4+ (dy ® du — dz ® dv))((z1, w1), (22, w2))
= Im(zw@—i— 2211/71) (1.16)
= (dzANdu+dyAdv)((z1,w1), J(z2,ws2)).
Then comparing (1.10]) and (1.12)), (1.11) in the claim follows. O

Our goal is to get all Lagrangian subspaces of the Kéhler form &, for every
1 < p < co. For clearness, we consider the case of complex L? and L' spaces first,

and then generalize them. Since
ko =dx Ndy +du A dv (1.17)

from (1.12)), we have

Theorem 1.4. The set of Lagrangian subspaces of C? with complex L*> norm is

T := {span((z1,w1), (22, w2)) : 21, w1, 22, w3 € C, Im(29Z7) = Im(wiwz)}. (1.18)

Proof. Suppose kg vanishes on a plane P spanned by (z1,w;) and (z2,ws). Since

da A dy((z1, w1), (22, w2)) = Im(2271) (1.19)
and
du A dv((z1,w1), (22, w2)) = Im(waw7) (1.20)
we then have
Im(z971) + Im(wewy) = 0, (1.21)
ie. Im(29%z7) = Im(wws). O

Remark 1.5. Obviously L ¢ Ty UT for any complex line L in C2. Moreover, one can
show that To UT = {p(span((1,0),(0,1))) : ¢ € U(2)} by normalizing the basis
{(217 wl)v (22» wQ)}a see lT]
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However, we have

k1 o= (1+3%)deAdy+ 1+ 1| Z])duAdv
+3Re(2]%))(dx A dv — dy A du) + $Im(Z]2|)(dx A du + dy A dv).
(1.22)
Using the equalities (1.19)), ,
(dx A dv —dy A du)((z1,w1), (22, ws2)) = Im(wezy — w17Z3) (1.23)
and
(d:c A du + dy A d’U)((Zl, w1)7 (ZQ, wz)) = Re(wng — w172), (124)
we get
k1((zr,w1), (z2,w2)) = (14 512 NIm(227) + (1 + 5|5 Im(wow) (1.25)

+3Im(Z ]2 |(wezr — w1 %))

Now let’s state the result of Lagrangians for L' and prove it by analyzing several

cases.

Theorem 1.6. The set of Lagrangian subspaces of C% with complex L' norm is
T2 UT!, where

T2 := {span((z,0), (0,w)) : z,w € U(1)} 2 U(1) x U(1) (1.26)
and

T':={P: P={\z,w): A€R, z,w € U(1), 2w is a constant in U(1)}} = U(1).

(1.27)
Proof. Firstly we can show that
P={\z,w): AeR, z,w e U(l), zw is a constant in U(1)} (1.28)
is identical to some
/ i A7 0
P = span((z1, 21€"), (22, €”)) (1.29)

212

where 21,29 € C\ {0} . For any A(e?%,e™¥) € P, let z; = \e'?, 6 = 1) — ¢, we have
. 2— |
P = span((z1, z1€"), (22, B %)) = P' where z, € C\ {0}.

It is not hard to see x1(z1,0), (0, 22)) = 0 in (1.25). On the other hand, for any

(z,w) = A (21, 21) + A2 (22, W) € span((z1, z1), (22, W)), (1.30)



KAHLER FORM OF COMPLEX LP SPACE AND LAGRANGIANS 5

where A, A2 € R,

2— P
w2 = (nzn+ A EE) N + A TTR)
= A21ZT + MAaZize + Aadi121% + AZ22
= ()\121 + )\22’2)()\15 + )\2272)

|12,

(1.31)

that implies |%| = 1. Therefore we have

2275 — zfz*i
K(zw) (21, 21), (22, ﬁ)) = 3(Im(z71) + 3Im( IZ1|§ z1))

[
~Lim(2|2|(d5 5 - 5m))

= 3(Im(zm) + Im(27))
0.

(1.32)

So k vanishes on span((z1, z1), (22, 255)) for any 21,22 € C\ {0} , Im(Z) # 0.

|z1]?

Conversely, suppose that k vanishes on a plane P spanned by (z1,w;) and

(22, ws2). From (1.25)), we know that
1w 1 z 1 zZ,w
(1+§|;|)Im(2271)+(1+§|E|)Im(w2w71)+§Im(a|;|(w2ﬁ—w15)) =0 (1.33)

holds for any (z,w) € span((z1,w1), (22, w2)). In the following argument, we divide
it into three cases to discuss in terms of [%| and Z|%Z|.

The first case is that [%| = X for some fixed A > 0. let (z,w) = Ai(z1,w1) +
A2(z2,we) for any A1, Ao € R, then [Mw; + Aaws| = A|A121 + Aaza|, that implies

lwi1| = Az1|, Jwa| = A|z2| and Re(w;ws) = A?Re(21%z). It follows that either
. . . . 2—
w1 = APz, wo = Ne 2y, or wi = N2y, wy = Ne'? ‘22112"; for some 6 € [0, 27).

In the sub-case of w; = Ae?z;, wy = Aet?2y for some 6 € [0,27), by we
have
A _ 1., _ _ ) _
(1—|—§)Im(z2zl)—|—(1—|—ﬁ)/\ Im(zoz1) +AIm(z271) = (1+A)*Im(22z7) = 0 (1.34)
which gives Im(z2%7) = 0, and then Im(wywy) = 0, that means (z1, w1 ) and (22, w2)
are colinear. So this case is not allowed.

2
6 2122

EiE for some 0 €

However, for the other sub-case of w; = Ae®zq, we = e

[0,27), by (1.33)) we have

A 1
(1+ §)Im(2271) +(1+ 5))\2Im(215) = (1= M) Im(zz) =0. (1.35)
Then A =1 or I'm(z2z7) = 0, but (21, w;) and (23, w3) can not be colinear. So we
have A = 1 which gives

. 227 .
P = span((z1,z1€"), (22, |le|§ ), (1.36)

where 21,29 € C\ {0} and I'm(z1Z3) # 0 for some 6 € [0, 27) , that finishes the first

case.
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The second case is 2[%| = €% for some fixed 6 € [0,27). Let wy = Ae21,wy =
ez, for some Ai, Ay > 0. Then it follows from ([1.33) that

(1+ 34)Im(z2z1) + (1 + s A Im(z071) + 5 (A1 + Ao) Im(2071)
= (1 )Im(zzzl) (1 + i))\l)\gfm(@zl) + %()\1 + )\2)[771(22271)
(1 AD(L+ Ag)Im(z7)

(1.37)
at the points (z1,w;) and (22, wsz), which implies Im(z9z7) = 0 and furthermore
Im(wewy) = 0. Thus 2; and 29, wy and we, are colinear, which implies that P
equals a plane spanned by one vector from {(z1,0),(z2,0)} and the other from
{(0,w1), (0,ws)}. Thus P € T?.

The last case is the negative to the first one and the second one. It gives
Im(zz7) = Im(wywy) = 0 and wezy — w1Zz = 0 in because of the lin-
ear independence, but the former implies the latter by linear transformation, so
it is brought down to Im(22z1) = Im(wewi) = 0. Thus we have P € T2 by the

second case, and that concludes the proof. [

2. LAGRANGIANS OF LP SPACE
In this section, we’ll consider the general case.

For 1 < p < 0o and p # 2, we have the following

Theorem 2.1. The set of Lagrangian subspaces of C? with complex LP norm,

1<p<ooandp#2, is where
2 .= {span((2,0), (0,w)) : z,w € U(1)} 2 U(1) x U(1) (2.1)
and

T':={P: P={\z,w): AR, z,w € U(1), 2w is a constant in U(1)}} = U(1).
(2.2)

Proof. The proof for this claim is a generalization of the one for Theorem [I.6]
As we showed in the first part of the proof to Theorem

P={\z,w): A eR,z,we U(1), zw is a constant in U(1)} (2.3)
is identical to some
/ i0 2% g
P = Spa’n(<zlazle )7 (227 |Zl|2e )) (24)

where 21,29 € C\ {0} .
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Suppose k, vanishes on a plane P spanned by (z1,w1) and (z2,ws). It follows

from that
(14 123204 B2) Im(e2) + (L4 21937201+ 312 17) Im(uesrn)
L= B+ L)L I (w7 — wn)) = 0
(2.5)
for any (z,w) € span((z1,w1), (22, w3)). Analogous to Theorem we have three
cases to consider.

The first case is that || = X for some fixed A > 0. let (z,w) = Ai(21,w1) +
A2(z2,we) for any Aj, A2 € R, then |Ajwy + Agws| = AA121 + A222|, that implies
lwi| = Az, |wa| = A|z2| and Re(wiwgz) = A2 Re(lez) It follows that either
wy = A2, wo = AeP 2y, or wy = APz, wy = e E Z‘i for some 6 € |0, 27r)

In the sub-case of w; = Ae?z;, wy = Ae?zy for some 6 € [0,27), by (2.5) we

have

(14 AP) 5 2(1 + 2N Im(2077) + (1 + 35)7 (1 2 LYN2Im(277)
+2(1 = B)(1 + AP)» AP Im(277)

T2(1 4+ 207 4 A?P) Im(2y77)

“2(1 4 A)2I'm(z077)

(14+M7)
= (14+7)
07

SIMERSIIN]

(2.6)
which gives Im(z2%7) = 0 since p > 1, and then I'm(wywy) = 0, that means (21, w1)
and (ze2,ws) are colinear. So this case is not allowed.

R —
6 2122

B for some 0 €

However, for the other sub-case of w; = Xe?z;, wy = e
[0,27), by (2.5) we have

(1+ Af’)f”(l + BN Im(2071) — (1+ 55)» (1 + B35) N2 Im(2:7)
= (14 M)p " 2(1 — X?P)Im(z07])
= ()7

(2.7)
Then A =1 or I'm(z2z7) = 0, but (21, w1) and (22, w3) can not be colinear. So we

have A = 1 which gives

. 227 .
P = span((z1, z1€"), (2, |le|§ ), (2.8)

where z1, 20 € C\ {0} and I'm(z1Z3) # 0 for some 6 € [0, 27) , that finishes the first

case.
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The second case is 2[%| = €% for some fixed 6 € [0,27). Let wy = Ae21,wy =
Aoe?? 2z, for some Ai, Ay > 0. Then it follows from ([2.5) that
2_ _ 2_ _
2 _
(1= B)(1+A) 7 2N T (M + Ao) Im(2071)

= (L4 AP 2(1 4+ AP+ AP0 4+ AP0 Im(2071)
2 —
= (14 M)+ N\ Im(2070)
0
(2.9)
and
(14 XB) 11+ AP 7N ) Im(2077) = 0 (2.10)

at the points (z1,w;) and (z2,ws), which implies Im(z9z7) = 0 and furthermore
Im(wewy) = 0. Thus 2; and 29, wy and we, are colinear, which implies that P
equals a plane spanned by one vector from {(z1,0),(22,0)} and the other from
{(0,w1), (0,wg)}. Thus P € T?.

The last case is the negative to the first one and the second one. It gives
Im(zz7) = Im(wowy) = 0 and wyzy — w1z = 0 in because of the linear
independence, but the former implies the latter by linear transformation, so it is
brought down to Im(zz1) = Im(wewy) = 0. Thus we have P € T2 by the second
case.

Thus the claim follows. O

Remark 2.2. Comparing the results from Theorem [2.I] and Theorem [T.4] we know
(T2 UT') C T since

Im(\22077) = Im(Nw, w3) (2.11)
if zyw; = 2zowq, where 21, w1, 29, w2 € U(1), so the set of Lagrangian subspaces of
C? with complex L? norm is the largest among complex L? norms, 1 < p < oo.

Furthermore, let’s see an example, a Lagrangian plane that is for L? but not for
LP, 1 <p<oo,pz#?2.

Example 2.3. Suppose (z1,w1) = (2,4) and (22, w3) = (4,2). They satisfy that
Im(z271) + Im(wowy) = 20 — 2i = 0 (2.12)
in , so span((2,i), (i,2)) is a Lagrangian plane for L? . However, plugging
them in
Ry = (L4 [2P)2 (1 + B[27) Im(z07) + (1+ | £17)7 (1 + B2 |P) I (wey)

F(1 = )L+ [27)2 2 2P Im(E (wamt — wiz),
(2.13)
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we have that

Kp = (L+27)p 2((1+5-20) 24227 2(1+ 2 L) (-2)
+(1:%)-2’3-%)
21 + 21’)5—2(1 —b.op=2 4 (34 By op %72 (2.14)
2(1+2P)» ?(1 432072 — 220-2)
2(1+2P)5 (143 2P=2 — 22p2)

at the point (¢,2). Now let

flp) =1+43-2072 —2%72, (2.15)

then
f(p) = 220723 -2t <. (2.16)
Hence f(p) is strictly decreasing. But f(1) = 2 and f(2) = 0, and so p = 2 is the

only zero of f(p) for 1 < p < co. Thus, by (2.14), we conclude that x, = 0 only if
p=2.

Acknowledgement. Thanks to Dr. Joseph H. G. Fu’s helpful advices and comments
to this subject.
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