INTEGRAL GEOMETRY ON MINKOWSKI p—SPACE

JOSEPH H. G. FU AND LOUIS YANG LIU

ABsTrRACT. We give explicit integral geometry formulas on Minkowski p—space,
1<p<oo.

1. SPHEREBUNDLE OF MINKOWSKI p—SPACE

On Minkowski p—Space (R2,||-||,), where [|(z,y)||, = (2P + y?)'/?, the dual
norm is || - ||p’%1 we know the unit ball B in this space is

{@y) e R @ +y7)/7 <1},

and the support function is
hB : (Rz)* — R

hp(x) = sup{ly(z)| : y(x) < 1}.

There is a transformation
Vhp : SR? — S*R?
Vhs((@,y); (o, 8) = ((z,y); (@1, 8771), [[(a, Bl = 1.
And we have the following diagram:
Gr(R2) & SR? Y47 g*R?

The canonical symplectic form w on the cotangent bundle S*R? on R2, it can
be written explicitly as wo = dx A d€ + dy A dn. The space of geodesics Gri(R2) in
(R%,][+]]5) can represented as {(z,y), (. 8)) : (z,y) € R%,[|(e, B)||, = 1}, where
((z,y), (o, B)) represents the straight line [ passing through (x,y) in the Minkowski
space, and («a, 3)is the p—norm unit dirction vector of the straight line I. By formal
computations and Liouville’s Theorem on symplectic structure([Bes]), we have the
following lemma:

Lemma 1.1. 7*((p—1)aP 2dz Ada+ (p—1)BP~2dy AdB) = (Vhp)*(wo),where m
is the projection

Proof. Since Vhp(z, (a,3)) = ((z,y); (a?~, 8771)) = ((z,y); (&),

de ANdé+dy ANdn = (p—1)a??dx Ada + (p—1)8P2dx A dp.
Then, by Liouville’s Theorem on symplectic structure, we have the equality and
(p — 1)aP~2dz Ada + (p — 1)BP~2dz A df is a symplectic form on Gry(R2). O

Now let w = (p—1)aP~2dx Ada+ (p—1)8P~2dy A dB3, and the 2-density ¢ = |w|

on Grq1(R2?).
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2. GELFAND TRANFORM OF DENSITY

Consider the double fibration on (R?,]|-||,) and Gry(R2):
R* &7 3 Gri(R?),

where

T = {((@,9),1(@9); (@ ) : (2,y) € B2, I((z,y): (o, 9))) € Cri(R?) }

is a set of incidence relations, 7w, and 7o are natural projections. Since ¢ is a density

on Gr1(R?), we have the Gelfand transform GT'(¢).
Proposition 2.1. Considering the Gelfand transform of ¢, we have

GT(d)((,y); (v1,v2)) = 4| (v1, v2)llp,

where ¢ = |(p — 1)aP? 2dx A da + (p — 1)BP~2dy A dB| and oP + 3P = 1, for any
vector (vy,v2) € Ty, R2.

Proof. The tangent space of 7

o 9 0
T(a:,y,a,ﬁ)z- = span {(’h’ 871/, aa} ;

therefore we have

GT(p)((x, y); (v1,v2))

0 0 0
[ molGen+ o0

(@)

1
2/ | (p — )P 2dx A do
-1

) o 0
+(p—1)Bdy A dB)(gov1 + 5 v, 5o)lda

dy
1
= 2/ |(p — 1)aP 2,

1

p—

2 d 1
— D1 =-aP) 7 vo—(1 —aP)?
+@ -1 —a”) vzda( aP) 7 |do
1
= 2/ I(p— 1) v — (p—1)(1 —ozp)féozpflvﬂda.
-1

The integral above can be split into four parts,

v1

- 1
L = 2/ CTHDP ((p—1)aP 20 — (p—1)(1 — ap)_%apflvg)da
-1
- = I - = 1
= [re? T (- ) T
o} 208
= 2(1}1 - L )+ 2 p—17
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0
L, = 2/ ((p— 1)aP 20y — (p — 1)(1 — aP) " p P Luy)da
_ v1
(v{)+v5)%
p—1
= ot (1 a?) T
(P 0By P (P 0By P
2 D vy
= = p—1 +2(7)2— & p—1 />
(v +v5) 7 (vi +05) 7
o
I; = 2/“”1”“120)E (p—1)aP vy — (p—1)(1 — ap)_%apflvg)da
0
p Ulp 1 —1 p vlp 1
= a0 TR (1 - an)
2 P p
= Ny p—1 +2( = p—1 — v2),
(v] +05) 7 (v +v5) 7
and
1 1
I, = 2/ (—(p—1D)aP v + (p—1)(1 — aP) 7P tuy)da
v1
(1;{’4-7;21;)%
v1 v1
p uP% p—1_ (P 7,17%
= 20w T £ 2u((1-a?) T Y
D 2 p
= 2(— )+ 2
vl b)) P b))
(v 2 1 2
Hence
GT(p)(2,9); (v1,v2)) = h+L+I3+1
VR BN
- p—1 p—1
(v +v5) 7 (v +vg) 7
2 D
» U1,71+2(U2_ » UQP )
(0] +vg) P (v +vg) P
207 42 vl ~ op)
p—1 p—1
(f +0v3) 7 (v +h) T
+2(% —o1) + %
(v] +v5) P (v +v5) P

= 4P+ D)7,

Thus we have shown the transformation formula.
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3. MAIN FORMULAS

Theorem 3.1. Given a curve c differentiable almost everywhere in Minkowski
p—space (R%,|[ - |[,), then we have

1

Length(c) = 1 /l( — )X(cﬂ 1((z,y); ) (p — 1)(aP2dedo — a
r,a)EGry (R2

p—1
g

where 1((x,y);a)) is parametrized in the way described in Section 2. Particu-
larly, the Crofton measure for 1-Holmes- Thompson volume is (p — 1)(a?~2dzda —

— dyda).

dyda),

oP

B

Proof. First, we have

¢ = (p—1)(aP ?drda + P 2dydf)

_ P!
= (p—1) (P 2dxda — 3P 251771 dydc)
p—1
= (p—1) (P 2deda — a dyda),

¢ = (p—1)(a” *deda + BP~2dydp)

By the Theorem of Gelfand transform for Crofton formula (see [AF]), we know

L e yenimane = [ 61

€Gri(R?)

From Proposition 2.1, we have

/GT((b) = 4Length(c).
c
Thus we have proved the formula. (I

There is a natural description of the straight lines in Gr1(R2). For a straight line
I(r, ©) passing through (x,y), let r be the p—distance of a straight line [ to the origin
in the Minkowski space, and (0, ) be the p—norm unit vector that point towards
the point at which [ is tangent to the sphere S, = {(z,y) € R? : 2P + y? = rP}.

Theorem 3.2. There exsists a crofton measure

(p— 1)20r(P=2)|Qp" —3p+1

»(0)drdo = o1 drdo,
e, )% b
where = (1 — @p)%, such that
Length(c) = / x(eNli(r,0))e(0)drdo,
I(r,©)eGri(R2)
for any curve c differentiable almost everywhere in Minkowski p— space (R2, [ - Hp).

Proof. By some analytic geometry computations, we have

r=0r 1y 4+ Qrly,
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and we have the relation

(979)_( 1 1)7
(b1 +Bp=1)r  (aPT + 371>
therefore
drAnd® = (0P ldz + QP ldy) A dO
= o lda:/\d(—ﬂﬁp )+ QP 1dyAd(—/8F1 -
(aﬁ+ﬁﬁ); ( p1—|—ﬁp 1)5
1
= O ldr Nd(—— o)+ Py N d(—————)
()77 + 1) ()77 +1)3
= otz A (~ Dy (Y g ) EE P ()i Ao~ adp
= O dz A( p)((ﬁ) +1) p—l(,ﬁ') 72
1 a_p —ptl P Q1 ﬁda—adﬂ
+QP dy A ( *)((B)P +1) —1<B) R
N N S v Lo &
= (p_l)(ﬁ) ((5) +1)7 7 (© de(ﬂda ﬁQdﬁ)
_ 1
+Or 1dyA(Bda—%dﬁ)
1 1 p Pl
= (TN
1
(@P—l(%JrﬂpH)dmdaJer e %ﬁp %)dy/\dﬁ)
1 1 pt1
= (ETGF S
er-1 Qpr—1
(ﬁpﬂ dx A do — 1ﬁzaly/\dﬁ)
1 a, 1,0, _p_ _pt1
= (—m)(g) ((E)P +1)
or-! ) Qr-1 )
since
C
T o
then we have
er—1 Qpr—1
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Hence
1 a1 o b _pr1 ©P7H
drANd® = —W(E)‘H((g)p* +1)7 Brigr—2
= ((p— VaP2dx A da + (p— 1)3P2dy A dB)
1 a1, p _p1 OP71
T A L I Ter
o (5)mrer
(P =12 ((2)77 +1)" pre1ap-2
1 Zor-1
= w
—1)2 Q ptl @r-1 Qr-1 —
=12 (=8 + 1) (et (erta=nr; )"
1 Qerer-1
= _ 2 or—1 Qp—1 — w
= 1* (et " (et P~
_ 1 oerertjj@rtor et
B (p—1)2 O@-1)(@+1)Q»-1)(p-2)
_ 1 f[er-har hpet
 (p—1)2 err-2)Qp*-3p+l
—1)(2p—1
__leop
T (p-1)2ere-20r st
Now let
— 1)2@r(—2)|Q|P° —3p+1
o) = ) <p—1|><lp—1> ’
XS
where Q = (1 — @p)%, we then have
¢ = p(O)drdo.
Thus we have shown the formula. (]
4. REMARK

For p =1 or p = oo, the map Vhpg is not a bijection between the sphere-bundle
and cosphere-bundle of (R?, ]| .||,), it will be interesting to explore those two cases.

REFERENCES

[AF] Alvarez Paiva, J. C., Fernandes, E., Crofton formulas and Gelfand transforms, To appear
in Selecta Math.

[Ber] A. Bernig, Valuations with Crofton formula and Finsler geometry, Advances in Mathematics,
2007.

[Bes] A. Besse, Manifolds All of Whose Geodesics are Closed, Springer-Verlag, Berlin, Heidelberg,
New York, 1978. MR 80c¢:53044



