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Abstract. We give explicit integral geometry formulas on Minkowski p−space,
1 < p <∞.

1. Spherebundle of Minkowski p−Space

On Minkowski p−Space
(
R2, || · ||p

)
, where ||(x, y)||p = (xp + yp)1/p, the dual

norm is || · || p
p−1

. we know the unit ball B in this space is{
(x, y) ∈ R2 : (xp + yp)1/p ≤ 1

}
,

and the support function is

hB : (R2)∗ → R
hB(x) = sup {|y(x)| : y(x) ≤ 1} .

There is a transformation

∇hB : SR2 → S∗R2

∇hB((x, y); (α, β)) = ((x, y); (αp−1, βp−1)), ||(α, β)||p = 1.

And we have the following diagram:

Gr1(R2) π← SR2 ∇hB→ S∗R2

The canonical symplectic form ω on the cotangent bundle S∗R2 on R2, it can
be written explicitly as ω0 = dx ∧ dξ + dy ∧ dη. The space of geodesics Gr1(R2) in(
R2, || � ||p

)
can represented as

{
(x, y), (α, β)) : (x, y) ∈ R2, ||(α, β)||p = 1

}
, where

((x, y), (α, β)) represents the straight line l passing through (x, y) in the Minkowski
space, and (α, β)is the p−norm unit dirction vector of the straight line l. By formal
computations and Liouville's Theorem on symplectic structure([Bes]), we have the
following lemma:

Lemma 1.1. π∗((p− 1)αp−2dx∧ dα+ (p− 1)βp−2dy ∧ dβ) = (∇hB)∗(ω0),where π
is the projection

Proof. Since ∇hB(x, (α, β)) = ((x, y); (αp−1, βp−1)) = ((x, y); (ξ, η)),

dx ∧ dξ + dy ∧ dη = (p− 1)αp−2dx ∧ dα+ (p− 1)βp−2dx ∧ dβ.
Then, by Liouville's Theorem on symplectic structure, we have the equality and
(p− 1)αp−2dx ∧ dα+ (p− 1)βp−2dx ∧ dβ is a symplectic form on Gr1(R2). �

Now let ω = (p− 1)αp−2dx∧ dα+ (p− 1)βp−2dy ∧ dβ, and the 2-density φ = |ω|
on Gr1(R2).
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2. Gelfand Tranform of density

Consider the double �bration on
(
R2, || · ||p

)
and Gr1(R2):

R2 π1← I π2→ Gr1(R2),

where

I =
{

((x, y), l((x, y); (α, β))) : (x, y) ∈ R2, l((x, y); (α, β))) ∈ Gr1(R2)
}

is a set of incidence relations, π1 and π2 are natural projections. Since φ is a density
on Gr1(R2), we have the Gelfand transform GT (φ).

Proposition 2.1. Considering the Gelfand transform of φ, we have

GT (φ)((x, y); (v1, v2)) = 4||(v1, v2)||p,

where φ = |(p − 1)αp−2dx ∧ dα + (p − 1)βp−2dy ∧ dβ| and αp + βp = 1, for any

vector (v1, v2) ∈ T(x,y)R2.

Proof. The tangent space of I

T(x,y,α,β)I = span

{
∂

∂x
,
∂

∂y
,
∂

∂α

}
,

therefore we have

GT (ϕ)((x, y); (v1, v2)) =
ˆ

π−1
1 ((x,y))

π∗2φ(((
∂

∂α
v1 +

∂

∂y
v2,

∂

∂α
))

= 2
ˆ 1

−1

| ((p− 1)αp−2dx ∧ dα

+(p− 1)βp−2dy ∧ dβ)(
∂

∂α
v1 +

∂

∂y
v2,

∂

∂α
)|dα

= 2
ˆ 1

−1

|(p− 1)αp−2v1

+(p− 1)(1− αp)
p−2

p v2
d

dα
(1− αp)

1
p |dα

= 2
ˆ 1

−1

|(p− 1)αp−2v1 − (p− 1)(1− αp)−
1
pαp−1v2|dα.

The integral above can be split into four parts,

I1 = 2
ˆ − v1

(v
p
1+v

p
2 )

1
p

−1

((p− 1)αp−2v1 − (p− 1)(1− αp)−
1
pαp−1v2)dα

= [v1α
p−1]

− v1

(v
p
1+v

p
2 )

1
p

−1 + [v2((1− αp)
p−1

p ]
− v1

(v
p
1+v

p
2 )

1
p

−1

= 2(v1 −
vp1

(vp1 + vp2)
p−1

p

) +
2vp2

(vp1 + vp2)
p−1

p

,
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I2 = 2
ˆ 0

− v1

(v
p
1+v

p
2 )

1
p

((p− 1)αp−2v1 − (p− 1)(1− αp)−
1
pαp−1v2)dα

= [v1α
p−1]0− v1

(v
p
1+v

p
2 )

1
p

+ [v2((1− αp)
p−1

p ]0− v1

(v
p
1+v

p
2 )

1
p

=
2vp1

(vp1 + vp2)
p−1

p

+ 2(v2 −
vp2

(vp1 + vp2)
p−1

p

),

I3 = 2
ˆ v1

(v
p
1+v

p
2 )

1
p

0

((p− 1)αp−2v1 − (p− 1)(1− αp)−
1
pαp−1v2)dα

= [v1α
p−1]

v1

(v
p
1+v

p
2 )

1
p

0 + [v2((1− αp)
p−1

p ]

v1

(v
p
1+v

p
2 )

1
p

0

=
2vp1

(vp1 + vp2)
p−1

p

+ 2(
vp2

(vp1 + vp2)
p−1

p

− v2),

and

I4 = 2
ˆ 1

v1

(v
p
1+v

p
2 )

1
p

(−(p− 1)αp−2v1 + (p− 1)(1− αp)−
1
pαp−1v2)dα

= 2[v1α
p−1]

v1

(v
p
1+v

p
2 )

1
p

1 + 2[v2((1− αp)
p−1

p ]

v1

(v
p
1+v

p
2 )

1
p

1

= 2(
vp1

(vp1 + vp2)
p−1

p

− v1) +
2vp2

(vp1 + vp2)
p−1

p

.

Hence

GT (ϕ)((x, y); (v1, v2)) = I1 + I2 + I3 + I4

= 2(v1 −
vp1

(vp1 + vp2)
p−1

p

) +
2vp2

(vp1 + vp2)
p−1

p

+
2vp1

(vp1 + vp2)
p−1

p

+ 2(v2 −
vp2

(vp1 + vp2)
p−1

p

)

+
2vp1

(vp1 + vp2)
p−1

p

+ 2(
vp2

(vp1 + vp2)
p−1

p

− v2)

+2(
vp1

(vp1 + vp2)
p−1

p

− v1) +
2vp2

(vp1 + vp2)
p−1

p

= 4(vp1 + vp2)
1
p .

Thus we have shown the transformation formula. �
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3. Main Formulas

Theorem 3.1. Given a curve c di�erentiable almost everywhere in Minkowski

p−space
(
R2, || · ||p

)
, then we have

Length(c) =
1
4

ˆ
l(r,α)∈Gr1(R2)

χ(c ∩ l((x, y);α))(p− 1)(αp−2dxdα− αp−1

β
dydα),

where l((x, y);α)) is parametrized in the way described in Section 2. Particu-

larly, the Crofton measure for 1-Holmes-Thompson volume is (p− 1)(αp−2dxdα−
αp−1

β dydα).

Proof. First, we have

φ = (p− 1)(αp−2dxdα+ βp−2dydβ)

= (p− 1)(αp−2dxdα− βp−2α
p−1

βp−1
dydα)

= (p− 1)(αp−2dxdα− αp−1

β
dydα),

φ = (p− 1)(αp−2dxdα+ βp−2dydβ)

By the Theorem of Gelfand transform for Crofton formula (see [AF]), we knowˆ
l(r,α)∈Gr1(R2)

χ(c ∩ l(r, α))φ =
ˆ
c

GT (φ).

From Proposition 2.1, we haveˆ
c

GT (φ) = 4Length(c).

Thus we have proved the formula. �

There is a natural description of the straight lines in Gr1(R2). For a straight line
l(r,Θ) passing through (x, y), let r be the p−distance of a straight line l to the origin
in the Minkowski space, and (Θ,Ω) be the p−norm unit vector that point towards
the point at which l is tangent to the sphere Sr =

{
(x, y) ∈ R2 : xp + yp = rp

}
.

Theorem 3.2. There exsists a crofton measure

ϕ(Θ)drdΘ =
(p− 1)2Θp(p−2)|Ω|p2−3p+1

||(Θ,Ω)||(p−1)(2p−1)
p(p−1)

drdΘ,

where Ω = (1−Θp)
1
p , such that

Length(c) =
ˆ
l(r,Θ)∈Gr1(R2)

χ(c ∩ l(r,Θ))ϕ(Θ)drdΘ,

for any curve c di�erentiable almost everywhere in Minkowski p−space
(
R2, || · ||p

)
.

Proof. By some analytic geometry computations, we have

r = Θp−1x+ Ωp−1y,
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and we have the relation

(Θ,Ω) = (
β

1
p−1

(α
p

p−1 + β
p

p−1 )
1
p

,− α
1

p−1

(α
p

p−1 + β
p

p−1 )
1
p

),

therefore

dr ∧ dΘ = (Θp−1dx+ Ωp−1dy) ∧ dΘ

= Θp−1dx ∧ d(
β

1
p−1

(α
p

p−1 + β
p

p−1 )
1
p

) + Ωp−1dy ∧ d(
β

1
p−1

(α
p

p−1 + β
p

p−1 )
1
p

)

= Θp−1dx ∧ d(
1

((αβ )
p

p−1 + 1)
1
p

) + Ωp−1dy ∧ d(
1

((αβ )
p

p−1 + 1)
1
p

)

= Θp−1dx ∧ (−1
p

)((
α

β
)

p
p−1 + 1)−

p+1
p

p

p− 1
(
α

β
)

1
p−1

βdα− αdβ
β2

+Ωp−1dy ∧ (−1
p

)((
α

β
)

p
p−1 + 1)−

p+1
p

p

p− 1
(
α

β
)

1
p−1

βdα− αdβ
β2

= (− 1
p− 1

)(
α

β
)

1
p−1 ((

α

β
)

p
p−1 + 1)−

p+1
p (Θp−1dx ∧ (

1
β
dα− α

β2
dβ)

+Ωp−1dy ∧ (
1
β
dα− α

β2
dβ)

= (− 1
p− 1

)(
α

β
)

1
p−1 ((

α

β
)

p
p−1 + 1)−

p+1
p

(Θp−1(
1
β

+
αp

βp+1
)dx ∧ dα+ Ωp−1(− 1

β

βp−1

αp−1
− α

β2
)dy ∧ dβ)

= (− 1
p− 1

)(
α

β
)

1
p−1 ((

α

β
)

p
p−1 + 1)−

p+1
p

(
Θp−1

βp+1
dx ∧ dα− Ωp−1

αp−1β2
dy ∧ dβ)

= (− 1
(p− 1)2

)(
α

β
)

1
p−1 ((

α

β
)

p
p−1 + 1)−

p+1
p

(
Θp−1

βp+1αp−2
(p− 1)αp−2dx ∧ dα− Ωp−1

αp−1βp
(p− 1)βp−2dy ∧ dβ,

since

Θp−1

Ωp−1
= −β

α
,

then we have

Θp−1

βp+1αp−2
= − Ωp−1

αp−1βp
.
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Hence

dr ∧ dΘ = − 1
(p− 1)2

(
α

β
)

1
p−1 ((

α

β
)

p
p−1 + 1)−

p+1
p

Θp−1

βp+1αp−2

= ((p− 1)αp−2dx ∧ dα+ (p− 1)βp−2dy ∧ dβ)

= − 1
(p− 1)2

(
α

β
)

1
p−1 ((

α

β
)

p
p−1 + 1)−

p+1
p

Θp−1

βp+1αp−2
ω

= − 1
(p− 1)2

(αβ )
1

p−1 Θp−1

((αβ )
p

p−1 + 1)
p+1

p βp+1αp−2
ω

=
1

(p− 1)2

Ω
ΘΘp−1

((−Ω
Θ )p + 1)

p+1
p ( Θp−1

||(Θp−1,Ωp−1)||p )p+1( Ωp−1

||(Θp−1,Ωp−1)||p )p−2
ω

=
1

(p− 1)2

ΩΘpΘp−1

( Θp−1

||(Θp−1,Ωp−1)||p )p+1( Ωp−1

||(Θp−1,Ωp−1)||p )p−2
ω

=
1

(p− 1)2

ΩΘpΘp−1||(Θp−1,Ωp−1)||2p−1
p

Θ(p−1)(p+1)Ω(p−1)(p−2)
ω

=
1

(p− 1)2

||(Θp−1,Ωp−1)||2p−1
p

Θp(p−2)Ωp2−3p+1
ω

=
||(Θ,Ω)||(p−1)(2p−1)

p(p−1)

(p− 1)2Θp(p−2)Ωp2−3p+1
ω.

Now let

ϕ(Θ) =
(p− 1)2Θp(p−2)|Ω|p2−3p+1

||(Θ,Ω)||(p−1)(2p−1)
p(p−1)

,

where Ω = (1−Θp)
1
p , we then have

φ = ϕ(Θ)drdΘ.
Thus we have shown the formula. �

4. Remark

For p = 1 or p =∞, the map ∇hB is not a bijection between the sphere-bundle
and cosphere-bundle of

(
R2, || � ||p

)
, it will be interesting to explore those two cases.
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