SYMPLECTIC STRUCTURE ON THE SPACE OF AFFINE LINES

LOUIS YANG LIU

We are going to give a detailed introduction on the symplectic
structure on the space of affine lines on a plane induced from the
natural symplectic structure on the cotangent bundle of plane.

1. COMPATIBILITY OF PUSHFORWARDS

Let us consider the natural projection

1) ™ S(R%) — Gl = {(1,6))
’ m((x,y,0)) = (—xsinf + ycosh, ).
Proposition 1.1. Let

F, : SR? — SR?

(1.2) F((x,y,0)) = (x+tcosf,y +tsind,0),

then the pushforward map from T(x,yﬂ)SRQ 10 Tz4tcos 0,y+tsin 979)SR2 induced by
R-action Fy(9) is compatible with the natural projection w, in other words,

(7) @.9.0) (V) = (7) 2.5.0) (Fr) (2..0) (V)
where T = x + tcosh and § =y + tsin6, for any v € T(x7y79)SR2.

Proof. Since m = w o F}, then 7w, = m, o F},. So the conclusion follows. O

2. NATURAL DIFFERENTIAL FORM ON SPHERE BUNDLES

The natural symplectic form da = dx A d€ + dy A dny on TR? is induced from the
natural symplectic structure on 7*R? and the Euclidean metric. Then the inclusion
i:SR? — TR? i(x,y,0) = (v,y,& = cosf,n = sinf) induces a two form on SR?
which is

w:=i"da = dzxANdé+dyAdn
= dx Ad(cosf)+ dy A d(sin )
= —sinfdz A df + cosfdy A db.

We have the following proposition.
Proposition 2.1. For any v,w € T(f,yﬂ)SRz,

(D(m,y,@) (Ua U)) = wFt(x,y,G)((Ft*)(m,yﬂ) (U)a (Ft*)(x,yﬂ) (’LU)),
where T = x + tcost and iy =y + tsinf for any t € R.
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Proof. Let v = k1% +k26% +l% and w = 151% +/520y laae, then

ki1 —tlsin6
o 0 0 1
(Ft*)(w,y,e)(v) (3* 67 %) ( ko + tlcosf )
l
and
ky — tlsinf
0 0 0 1
(Ft*)(x,y,a)(w) = (%aa/%) ( ko + tlcos 6 )
]
Then we have
9 8 o ki —tlsing
O(z,5,0) (Fte ) (2,,0) (V) (Fis) .0y (W) = —sinOdx ANdO((5=, 5, 75) | k2 +tlcosd
dx’ Oy’ 00 !
151 —tisin@
o 0 0 ik v
Y ko +tl 0
(&T’E)‘y’a&) 2+Z_COS )
kl — tlsinf
0 o0 0
—&-cos@dyAd@((%’a*y,%) k2+tllcos9
ky — tlsinf

a 9 0
(87 87 87) kQ +tllC050 )
= —sind((ky —tlsin )l — (ky — tisin)I)
+cos O((ko + tlcos 0)l — (ky — tlcos0)l)
= —sin@(kyl — kyl) + cos 0(kal — kol),

which is independent of t € R.
So we get

‘D(m,yﬂ) (U> ’U}) = (D(i.,g,(f) ((Ft*)(z,y,ﬁ) (U)7 (Ft*)(m,y,ﬁ) (’LU)),
where T = x + tcosf and § = y + tsin6, for any ¢ € R. (]

For the pushforward induced by the natural projection 7 : S(R?) — Gri(R2),
we have the following lemma.

Lemma 2.2. ker((m.)(s,,0)) = {A cos 02 + Asin 93% tAE R} :
Proof. For any v = k-2 5s T ko2 oy +l55 o ¢ Tz, y’g)SR27 since

0 0 —ky sinf + kg cos 0 + I(—x cos @ — ysin 0)
(Tr*)(Ly,@) (U) - (Ea %) < l

as we did in Proposition 1.1, we know

G 26’ z
iff k1 = Acosf, ko = Asinf and [ =0 for A € R.

o 0 <—klsinﬂ—i—kgcosﬁ—i—l(—xcosﬁ—ysin@)) _ 0
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Thus,
0 ., 0
(2.1) ker((7+) (z,y,0)) = /\COSQ% + /\sm@a—y tAeRS.

O

Remark 2.3. By this lemma, we have the conclusion that if (7.) z.,y.6) (V) = (74) (2,4,0) (),
then v = v + \g cos 98% + Mg sin 96% for some Ay € R.
We have another lemma.

Lemma 2.4. For any v € ker((74)(2,4,0))s @(a,y,0)(v,") = 0.

By Lemma 2.2, let v = A cos 9% +Asin 0 , then for any w = k; -2 s +hko 2 3y +12 55 €
T(xvy,a)SRz, we have

O(zy,0)(V,w) = —sin@(=Alcos@) + cosf(—Alsin6)
= 0.

Furthermore we have the following proposition.

Proposition 2.5. Suppose
(W*)(r,y,t’"})(v) = (W*)(:L’,y,@) (5)

and

() (2,9,0) (W) = (T4) (2,9,6) (W),
where v, w, v, w € T(x7y7g)SR2, then

B(2,,0) (V; W) = D(,y,0)(V, W).

Proof. Let v = ki s + kot + 155 and w = k1 g + ko + 155
know

55> by Remark 2.3, we

0 0
v—i—)\lcosga +)\151n98—y

and

0 0
= w+)\2c0598f —|—/\251n08—

for some A1, Ay € R. Therefore

‘D(z,y,e)(ﬂ,u?) = W(myG)(U+>\1 (3056‘a + A1 sm@aa w—&—)\gcoseaa + Ay smaaﬁ)
0
= W(z,y,0)(V, W) + D(gy.0) (v, )\200508 —l—)\gsmea—)
+0(z,y,0) (A1 (:05988 + A\ sm@aay w)
+0(z,y,0) (A1 cos@aa + M\ sm@aa Ao (:0596a + Ao sin 0%)
0
= w(a:ye)(v w) +"‘)(acya)(v /\2C0508 +>\281n96—)

0 0
+w(xy9)()\1(:ost96 Jr)\lsmf)ay w).
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By Lemma 2.4,

(2.2) O(z,y,0)(v, A2 cos 9% + A2 sin 9%) +W(z,y,0) (A1 cos 9% + A1 sin 0%7 w) = 0.

Thus we have shown

a}(a:,y,@) (U7 w) = (D(w,y,@) (@v w)

3. SYMPLECTIC STRUCTURE ON Gr1(R2)
Now we can construct a local symplectic structure on Gri(R2) of geodesics in

R?. By Proposition 2.2 and Proposition 2.5, we have a well-defined two form w
on Gr1(R2), w(y0)(0,W) = @(zy.0)(v,w), where (7.)(z.y.0)(V) = U, (Ts) (z,y,0) (W) =
W, and r = —xsinf + ycos. In other words, W, ¢)(v,w) is independent of
the choices of preimages under the pushforward induced by the projection. Since
O(a,y,0) = —sinfdx A df + cosOdy N df), x = rcosf and y = rsin 6, hence

Werg) = —sinfd(rcos) Adf+ costd(rsind) A do
= sin®fOdr Adf+ cos>0dr A df
dr A df.
Proposition 3.1. w(,. gy = dr A df is a symplectic form on W
Proof. 1t is clear to us w(, gy = dr A df is a skew-symmetric non-degenerate closed
form on the 2 dimensional manifold Grq(R?). O

Thus we have finished the construction of a local symplectic structure on the
space of geodesics in R2.
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