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We are going to give a detailed introduction on the symplectic
structure on the space of affine lines on a plane induced from the
natural symplectic structure on the cotangent bundle of plane.

1. Compatibility of Pushforwards

Let us consider the natural projection

(1.1) π : S(R2) → Gr1(R2) = {(r, θ)}
π((x, y, θ)) = (−x sin θ + y cos θ, θ).

Proposition 1.1. Let

(1.2) Ft : SR2 → SR2

Ft((x, y, θ)) = (x + t cos θ, y + t sin θ, θ),

then the pushforward map from T(x,y,θ)SR2 to T(x+t cos θ,y+t sin θ,θ)SR2 induced by
R-action Ft(θ) is compatible with the natural projection π, in other words,

(π∗)(x,y,θ)(v) = (π∗)(x̄,ȳ,θ)(Ft∗)(x,y,θ)(v),

where x̄ = x + tcosθ and ȳ = y + t sin θ, for any v ∈ T(x,y,θ)SR2.

Proof. Since π = π ◦ Ft, then π∗ = π∗ ◦ Ft∗. So the conclusion follows. �

2. Natural Differential Form on Sphere Bundles

The natural symplectic form dα = dx∧ dξ + dy ∧ dη on TR2 is induced from the
natural symplectic structure on T ∗R2 and the Euclidean metric. Then the inclusion
i : SR2 → TR2, i(x, y, θ) = (x, y, ξ = cos θ, η = sin θ) induces a two form on SR2,
which is

ω̄ := i∗dα = dx ∧ dξ + dy ∧ dη

= dx ∧ d(cos θ) + dy ∧ d(sin θ)
= − sin θdx ∧ dθ + cos θdy ∧ dθ.

We have the following proposition.

Proposition 2.1. For any v, w ∈ T(x,y,θ)SR2,

ω̄(x,y,θ)(v, w) = ω̄Ft(x,y,θ)((Ft∗)(x,y,θ)(v), (Ft∗)(x,y,θ)(w)),

where x̄ = x + tcosθ and ȳ = y + t sin θ for any t ∈ R.
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Proof. Let v = k1
∂
∂x + k2

∂
∂y + l ∂

∂θ and w = k̄1
∂
∂x + k̄2

∂
∂y + l̄ ∂

∂θ , then

(Ft∗)(x,y,θ)(v) = (
∂

∂x
,

∂

∂y
,

∂

∂θ
)

 k1 − tl sin θ
k2 + tl cos θ

l


and

(Ft∗)(x,y,θ)(w) = (
∂

∂x
,

∂

∂y
,

∂

∂θ
)

 k̄1 − tl̄ sin θ
k̄2 + tl̄ cos θ

l̄

 .

Then we have

ω̄(x̄,ȳ,θ)((Ft∗)(x,y,θ)(v), (Ft∗)(x,y,θ)(w)) = − sin θdx ∧ dθ((
∂

∂x
,

∂

∂y
,

∂

∂θ
)

 k1 − tl sin θ
k2 + tl cos θ

l

 ,

(
∂

∂x
,

∂

∂y
,

∂

∂θ
)

 k̄1 − tl̄ sin θ
k̄2 + tl̄ cos θ

l̄

)

+ cos θdy ∧ dθ((
∂

∂x
,

∂

∂y
,

∂

∂θ
)

 k1 − tl sin θ
k2 + tl cos θ

l

 ,

(
∂

∂x
,

∂

∂y
,

∂

∂θ
)

 k̄1 − tl̄ sin θ
k̄2 + tl̄ cos θ

l̄

)

= − sin θ((k1 − tl sin θ)l̄ − (k̄1 − tl̄ sin θ)l)
+ cos θ((k2 + tl cos θ)l̄ − (k̄2 − tl̄ cos θ)l)

= − sin θ(k1 l̄ − k̄1l) + cos θ(k2 l̄ − k̄2l),

which is independent of t ∈ R.
So we get

ω̄(x,y,θ)(v, w) = ω̄(x̄,ȳ,θ)((Ft∗)(x,y,θ)(v), (Ft∗)(x,y,θ)(w)),

where x̄ = x + t cos θ and ȳ = y + t sin θ, for any t ∈ R. �

For the pushforward induced by the natural projection π : S(R2) → Gr1(R2),
we have the following lemma.

Lemma 2.2. ker((π∗)(x,y,θ)) =
{

λ cos θ ∂
∂x + λ sin θ ∂

∂y : λ ∈ R
}

.

Proof. For any v = k1
∂
∂x + k2

∂
∂y + l ∂

∂θ ∈ T(x,y,θ)SR2, since

(π∗)(x,y,θ)(v) = (
∂

∂r
,

∂

∂θ
)
(

−k1 sin θ + k2 cos θ + l(−x cos θ − y sin θ)
l

)
as we did in Proposition 1.1, we know

(
∂

∂r
,

∂

∂θ
)
(

−k1 sin θ + k2 cos θ + l(−x cos θ − y sin θ)
l

)
= 0

iff k1 = λ cos θ, k2 = λ sin θ and l = 0 for λ ∈ R.
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Thus,

(2.1) ker((π∗)(x,y,θ)) =
{

λ cos θ
∂

∂x
+ λ sin θ

∂

∂y
: λ ∈ R

}
.

�

Remark 2.3. By this lemma, we have the conclusion that if (π∗)(x,y,θ)(v) = (π∗)(x,y,θ)(v̄),
then v̄ = v + λ0 cos θ ∂

∂x + λ0 sin θ ∂
∂y for some λ0 ∈ R.

We have another lemma.

Lemma 2.4. For any v ∈ ker((π∗)(x,y,θ)), ω̄(x,y,θ)(v, ·) = 0.

By Lemma 2.2, let v = λ cos θ ∂
∂x +λ sin θ ∂

∂y , then for any w = k1
∂
∂x +k2

∂
∂y +l ∂

∂θ ∈
T(x,y,θ)SR2, we have

ω̄(x,y,θ)(v, w) = − sin θ(−λl cos θ) + cos θ(−λl sin θ)
= 0.

Furthermore we have the following proposition.

Proposition 2.5. Suppose

(π∗)(x,y,θ)(v) = (π∗)(x,y,θ)(v̄)

and
(π∗)(x,y,θ)(w) = (π∗)(x,y,θ)(w̄),

where v, w, v̄, w̄ ∈ T(x,y,θ)SR2, then

ω̄(x,y,θ)(v, w) = ω̄(x,y,θ)(v̄, w̄).

Proof. Let v = k1
∂
∂x + k2

∂
∂y + l ∂

∂θ and w = k̄1
∂
∂x + k̄2

∂
∂y + l̄ ∂

∂θ , by Remark 2.3, we
know

v̄ = v + λ1 cos θ
∂

∂x
+ λ1 sin θ

∂

∂y
and

w̄ = w + λ2 cos θ
∂

∂x
+ λ2 sin θ

∂

∂y
for some λ1, λ2 ∈ R. Therefore

ω̄(x,y,θ)(v̄, w̄) = ω̄(x,y,θ)(v + λ1 cos θ
∂

∂x
+ λ1 sin θ

∂

∂y
, w + λ2 cos θ

∂

∂x
+ λ2 sin θ

∂

∂y
)

= ω̄(x,y,θ)(v, w) + ω̄(x,y,θ)(v, λ2 cos θ
∂

∂x
+ λ2 sin θ

∂

∂y
)

+ω̄(x,y,θ)(λ1 cos θ
∂

∂x
+ λ1 sin θ

∂

∂y
, w)

+ω̄(x,y,θ)(λ1 cos θ
∂

∂x
+ λ1 sin θ

∂

∂y
, λ2 cos θ

∂

∂x
+ λ2 sin θ

∂

∂y
)

= ω̄(x,y,θ)(v, w) + ω̄(x,y,θ)(v, λ2 cos θ
∂

∂x
+ λ2 sin θ

∂

∂y
)

+ω̄(x,y,θ)(λ1 cos θ
∂

∂x
+ λ1 sin θ

∂

∂y
, w).
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By Lemma 2.4,

(2.2) ω̄(x,y,θ)(v, λ2 cos θ
∂

∂x
+λ2 sin θ

∂

∂y
)+ ω̄(x,y,θ)(λ1 cos θ

∂

∂x
+λ1 sin θ

∂

∂y
, w) = 0.

Thus we have shown
ω̄(x,y,θ)(v, w) = ω̄(x,y,θ)(v̄, w̄).

�

3. Symplectic Structure on Gr1(R2)

Now we can construct a local symplectic structure on Gr1(R2) of geodesics in
R2. By Proposition 2.2 and Proposition 2.5, we have a well-defined two form ω
on Gr1(R2), ω(r,θ)(ṽ, w̃) = ω̄(x,y,θ)(v, w), where (π∗)(x,y,θ)(v) = ṽ, (π∗)(x,y,θ)(w) =
w̃, and r = −x sin θ + y cos θ. In other words, ω̄(x,y,θ)(v, w) is independent of
the choices of preimages under the pushforward induced by the projection. Since
ω̄(x,y,θ) = − sin θdx ∧ dθ + cos θdy ∧ dθ, x = r cos θ and y = r sin θ, hence

ω(r,θ) = − sin θ d(r cos θ) ∧ dθ + cos θ d(r sin θ) ∧ dθ

= sin2 θ dr ∧ dθ + cos2 θ dr ∧ dθ

= dr ∧ dθ.

Proposition 3.1. ω(r,θ) = dr ∧ dθ is a symplectic form on Gr1(R2).

Proof. It is clear to us ω(r,θ) = dr ∧ dθ is a skew-symmetric non-degenerate closed
form on the 2 dimensional manifold Gr1(R2). �

Thus we have finished the construction of a local symplectic structure on the
space of geodesics in R2.
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