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A function F : R" — R is a Minkowski norm if

1. F(x) > 0 for any x € R”\ {0}.

2. F(A\x) = |A\|F(x) for any x € R™ \ {0}.

3. F € C=(R"\ {0}) and the Hessian H(3F?) > 0 on R” for any
x € R"\ {0}.

We denote a Minkowski space by (R”, F).



From the definition of Minkowski norm, we can infer the following
theorem about geodesics in Minkowski space:



From the definition of Minkowski norm, we can infer the following
theorem about geodesics in Minkowski space:

The straight line joining two points in Minkowski space is the only
shortest curve joining them.
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Minkowski Space and Geodesics

From the definition of Minkowski norm, we can infer the following
theorem about geodesics in Minkowski space:

Theorem

The straight line joining two points in Minkowski space is the only
shortest curve joining them.

Proof.
(Outline) Apply Euler-Lagrange Equation,

d?r(t)
H(F) =~ =0.
LH(F) L) = F(/(0)H(F) SR + (VF(r/()) TV F(r (1) L)
d3r
H(F)<H,
O

y
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The canonical 1-form a on T*R" is ag(X) := &§(mo«X) for
X € T¢ T*R”, where mp : T*R" — R” is the natural projection. Then
the canonical symplectic form on T*R” is w := da.




The canonical 1-form a on T*R" is ag(X) := &§(mo«X) for
X € T¢ T*R”, where mp : T*R" — R” is the natural projection. Then
the canonical symplectic form on T*R” is w := da.

dF is a diffeomorphism from S,R" to SYR", which induces another
diffeomorphism

¢F : SR” — S*R”
er((x,€,)) = (x, dF(E))-
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Symplectic Structures on Cotangent Bundle

Definition

The canonical 1-form a on T*R” is ae(X) 1= &(mo«X) for
X € T¢ T*R”, where mp : T*R" — R” is the natural projection. Then
the canonical symplectic form on T*R” is w := da.

Fact
dF is a diffeomorphism from S,R" to SYR", which induces another
diffeomorphism
¢F : SR" — S*R"
@F((vax)) = (X7 dF(éx))
Lemma

The diffeomorphism pfF : SR" — S*R" induces a 2-form
© = @f(w|s+rn) = Hess(F) x dx A d€|sgn, where * is the Frobenius
inner product matrices, on SR”".
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Let M & F B3 T be double fibration where M and T are two
manifolds, m; : F — M and 7, : F — I are two fibre bundles, and

m X m i F — M x T is an submersion. Let ® be a density on I, then
the Gelfand transform of ® is defined as GT(®) := w1, 75 P.
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Gelfand Transform

Definition

Let M 2 F 22 T be double fibration where M and I are two
manifolds, m; : F — M and 7, : F — I are two fibre bundles, and

m X mp 0 F — M x T is an submersion. Let ® be a density on I, then
the Gelfand transform of @ is defined as GT(®) := w5 P.

Theorem

Suppose M., := m1(my 2(7)) are smooth submanifolds of M for v €T,
M C M is a immersed submanifold, and ® is a top degree density on
. Then

/ (M N M, )D(y / GT(®).
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Consider the following diagram

Gn(R") & SR”
Consider the geodesic vector

then ¢F induces another vect

s



Consider the following diagram
S*R" (L) T*]Rn .

s

Gn(R") & SR"
Consider the geodesic vector field X'(£) := (€,0) for any £ € SR”, and

then ¢f induces another vector field X := dpf(X),
X(8) = (der(X)(¢r(8)) = (£.0)

for & = pr(€) € S*R".



ivw =0 on S*R". '

Then the Lie derivative of w along the geodesic vector field X,

Lyw=diyw + ixdw =0.



ivw =0 on S*R". l

Then the Lie derivative of w along the geodesic vector field X,

Lyw=diyvw+ irvdw = 0.

p«(X) =0. i.e. X is in the kernel of dp.




ivw =0 on S*R". l

Then the Lie derivative of w along the geodesic vector field X,

Lyw=diyw + ixdw =0.

p«(X) =0. i.e. X is in the kernel of dp.

There exists a symplectic form wo on Gri(R"), such that
prwo =& = (¢F)*wls+g.




Consider the following diagram,

& i
SR” = SR — T*R"
Ip
-y ¢F
Gn(R") =~ TSE™ = T*Sph

Sf~! as a Riemannian manifold carrying the metric
(O, V) gp := aSatF(f—i—su—i— tV)|s=t=o for any o, v € TgSg™ ! has a

natural symplectic structure induced from T*Sg~ L py
@F: TSP — T*SEY, @r(ilz) = (7l Ver



wo on Gri(R") g TSE‘ldescribed in the following figure equals the
symplectic form induced from the cotangent bundle T*Sﬁ_lby PE.

Figure: Gri(R") 2 TSp!
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Suppose L(Xy) is the length of Xy. Then [ o = L(Xy) , where

c(t) = (x + s (v — %), dF (7525)), t € [0, F(y — X)), and da = w
on S*R".




Suppose L(Xy) is the length of Xy. Then [ o = L(Xy) , where

c(t) = (x+ g (v = %), dF (g, 75)), t € [0, F(y — x)], and da = w
on S*R”.

The Crofton measure on Gri(R?) for the length is |wo|.




Proof.

Figure: Map between cylinders of vectors and lines

Apply Stokes’ theorem and the previous lemma, see the above figure,

Jslwol = [ymrylwol = Jrlp'wol = [glwl
Jrrwt [g-w

= faR+ a+ faR— @
4L(xy).




Let N be a k-dimensional Finsler manifold and D*N be the codisc
bundle of N , then the k-th Holmes-Thompson volume is defined as
vol(N) := é [p-n |wk], where € is the Euclidean volume of

k-dimensional Euclidean ball and w is the canonical symplectic form
on the cotangent bundle of N.
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Holmes-Thompson volumes

Definition

Let N be a k-dimensional Finsler manifold and D*N be the codisc
bundle of N , then the k-th Holmes-Thompson volume is defined as
vol(N) := i [« n ||, where € is the Euclidean volume of
k-dimensional Euclidean ball and w is the canonical symplectic form
on the cotangent bundle of N.

Lemma

i*&o = wg for i: Gri(N) — Gri(R?), where wy and &g are the natural
symplectic forms on Gri(R") and Gri(N) constructed in the way
described in the second section.
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Suppose N is a hypersurface in (R”, F), then we have the following

vol,_1(N) = ﬁ f,em #(N N 1)|wi™t|, where wo is the symplectic

form on Gry(R").




Suppose N is a hypersurface in (R”, F), then we have the following

vol,_1(N) = ﬁ f,em #(N N 1)|wi™t|, where wo is the symplectic

form on Gry(R").

This idea of intrinsic proof is given by Dr. Joseph H. G. Fu.
Let’s consider the following diagram

CEx PF

SN <L §*RT 2 gRr-t L, GR7 2 SR T Gry (RP).



£y PE* R PF
(Diagram: $*N <» S*R"-1 5 SRo-1 <, SR? 5 §*R" T, Gry (R7))

Proof.
(Outline) Using Stokes’ theorem twice,
e N . AN =2
Joen@" = fa(D*N)O‘/\wn = JeyGND"
+fA_1(6N Oé A w
= fS* &NAO"2,

n—1 n—2

fa(s rRenmg (V) ¢ N
s NI_] Oé/\lj*w"_Q
+f 1(oN) [ WA,
a/\w" 2,

fsmnnwgl(/v) @

n—2

S*N

Transform the integral to Gri(R"),

n—1 _ n—1
fs;anwg‘(N)w = fsmnmng‘(N)W “o

fw L(NeSrRrNmy Y (N #(N N I)w(’)’_l
= fIEGr (R™) #(Nﬂl)




From spherical harmonics,

There exists an even function f on S"~1, such that

W) =3 [ Do

where Q is the standard volume form on S™ 1.
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Gelfand Transform

From spherical harmonics,
Fact
There exists an even function f on S"~1, such that
1 —
() =3 [ lemlen,
gesn—1

where Q is the standard volume form on S™ 1.

Proposition

GT(|fQ A dr|) = |wo|, where GT is the Gelfand transform for the
double fibraton Gri(R") &2 T ™3 Gr,_1(R") and is r the Buclidean
distance of a hyperplane H to the origin.
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Proof.
It is sufficient to show the equality claimed holds for any two tangent
vectors of Gri(R").

First, for any plane 1 C R"”, by the previous fact and the fundamental
theorem of Gelfand transform, we show that

#(xy N 1)|wol,

/ 4Gy O 1)|GT(FQ A dr)| :/
1eGry (M)

IeGr;(I'I)

which implies GT(|fQ2 A dr|)\Gr1(n) = |w0\Gr1(n) by the injectivity of
cosine transform.

Next, we define a natural basis for the tangent space of Gri(R") and
analyse four cases in terms of the properties of the two tangent vector
to be chosen, showing that the equality holds for each of the four
cases, in three of them both sides of the equality are actually 0.




Let Q,_1 := fQ A dr and define a map

71 Gra 1 (RM) \Ay — Gro_p (R
m((Hy, -, He)) = Hi N+ N Hy,

where Ay = {(H1, -+, Hk) : dim(Hy N --- N Hi) > n — k}.
Then define

. k
Q,,,; .— ””anl'



Let Q,_1 := fQ A dr and define a map

71 Gra 1 (RM) \Ay — Gro_p (R
m((Hy, -, He)) = Hi N+ N Hy,

where Ay = {(H1, -+, Hk) : dim(Hy N --- N Hi) > n — k}.
Then define
Qg =m0k .



Consider the double fibration, Gry(R”") Pl Grp—k(R"), where

(1,S) € Gri(R™) x Grp—x(R") : I C 5}, and the following

Ik:{
diagram
Gn®R™ & 1, Y Gr_ (R
N 1R T
" " G’

where H = .
(L(Hblb,~-,Hk»equ(Rﬂ><Gm,ﬂR"f:Ic:Hlﬂ~~rTHk}

Proposition
GT(|Qn-«l) = |wg]-




Fix S € Gri1(R"), and define a map by taking an intersection

TS : Gr,,_k(]R")\A(S) — Grl(S)
ro(H™K) = H"~* ' §

for H"™* € Gro_r(R™) \ A(S).

(7TS)*|Qn—k| o |w(l)(|Gl’1(5)'




Fix S € Gri+1(R"), and define a map by taking an intersection

TS : Gr,,_k(R") \ A(S) — Gl’l(S)
7T5(H"_k) =H" kNS

for H"* € Gro_r(R") \ A(S).



Fix S € Gri+1(R"), and define a map by taking an intersection

TS : Gr,,_k(]R")\A(S) — Grl(S)
ro(H™K) = H"* 'S

for H"* € Gro_r(R") \ A(S).

(71'5)*|Qn—k| = |w(l)(|Gl’1(5)'




(Alvarez) Suppose N is a k-dimensional submanifold in (R",F). Then
VOIk(N) = ﬁ fpem #(N n P)IQn—k|-
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Crofton Measures for H-T Volumes

Theorem

(Alvarez) Suppose N is a k-dimensional submanifold in (R",F). Then
vol(N) = 26‘( fPEGr R,,)#(Nﬂ P) Q|-

Proof.

By the previous proposition and the theorem on hypersurface,

vol (N) = 2ek s S)#(Nﬂl)|w(’§|
= 2ek fIEGn(S)#(NmI)( )+ |Q2n—k|
3o Jpca— @y #(N N P)IQn—l.
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Because of the Crofton measures for Holmes-Thompson Volumes, one
can extend these volumes to valuations

k)= [ K0,

for any compact convex subset K of the Minkowski space (R”, F),
where ¢y = |Q,_k| is the Crofton measures for k-th
Holmes-Thompson volume volg.
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Graded Ring Structure

Let iy Gra—i(R?) X Grp—j(R") \ A — Gry——j(R") be taking the
intersection, then 7y 1.(dk X ¢1) = Piy1, which implies px - oy = pis-

Definition

Let pa(K) := vol(K + A) and pug(K) := vol(K + B), for any convex
bodies A and B with strictly convex smooth boundaries in (R”, F),

then the Alesker product of pua and pp is defined as

ua - 1e(K) := vol x vol(A(K) + A x B), where A(K) is the diagonal
embedding of K in R” x R", and the Alesker product of pux and py,

Lk - ur, is defined by the linear span of the above products.

Theorem

(Alesker-Bernig) The space of valuations generated by
Holmes-Thompson valuations is a graded ring w. r. t. Alesker
product.
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