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The symplectic structure on Gr1(Rn) of a�ne lines in Euclidean
space is constructed.

1. Natural Two form on SRn.

Let TRn = {(x, ξ) : x ∈ Rn, ξ ∈ TxRn}, the natural symplectic form

(1.1) dα =
n∑
i=1

dxi ∧ dξi

on TRn is induced from the natural symplectic structure on T ∗R2 and the Eu-
clidean metric. Then for the sphere-bundleSRn = {(x, ξ) : x ∈ Rn, 〈ξ, ξ〉 = 1} , the
inclusion i : SRn → TRn induces a two form on SRn, which is

(1.2) ω̄ := i∗dα =
n∑
i=1

dxi ∧ dξi.

Now let us consider a �ow on SRn,

(1.3)
Ft : SRn → SRn

Ft((x, ξ)) = (x+ tξ, ξ),

then Ft induces a pushforward (Ft∗)(x,ξ) from T(x,ξ)SRn to T(x+tξ,ξ)SRn . Further-
more we have the following proposition.

Proposition 1.1. F ∗
t ω̄ = ω̄.

Proof. A direct computation on di�erential forms gives

F ∗
t ω̄ = F ∗

t (
n∑
i=1

dxi ∧ dξi)

=
n∑
i=1

d(xi + tξi) ∧ dξi

=
n∑
i=1

dxi ∧ dξi

= ω̄.

�
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2. Pushforward under Projection

Let Gr1(Rn) be the space of a�ne lines in Rn, then for any l ∈ Gr1(Rn), there
is a unique direction vector ξ, and a hyperplane H which is normal to l, let x =
H ∩ l. Conversely, (x, ξ) satisfying 〈x, ξ〉 = 0, 〈ξ, ξ〉 = 1 determines a unique line

l. Therefore, Gr1(Rn) = {(x, ξ) : 〈x, ξ〉 = 0, 〈ξ, ξ〉 = 1}, which is homeomorphic to
TSn−1 ⊂ TRn. The tangent bundle TSn−1 is a 2n− 2 dimensional submanifold of

TRn, which gives a manifold structure on Gr1(Rn).
Now let us consider the natural projection

(2.1)
π : SRn → Gr1(Rn)

π((x, ξ)) = (x− 〈x, ξ〉ξ, ξ).
We have the following proposition.

Proposition 2.1. ker(π∗)(x,ξ) =
{
k
∑n
i=1 ξi

∂
∂xi : k ∈ R

}
for (x, ξ) ∈ SRn.

Proof. First we have dim(ker(π∗)) = 1 since the rank of the Jacobi matrix of π
retricted to x component

1− ξ21 −ξ1ξ2 · −ξ1ξn−1

−ξ2ξ1 1− ξ22 · −ξ2ξn−1

· · · ·
−ξn−1ξ1 −ξn−1ξ2 · 1− ξ2n−1

−ξnξ1 −ξnξ2 · −ξnξn−1


is n− 1.

Since
∑n
i=1 ξ

2
i = 1, then there exists some i0, such that ξi0 6= 0. Without loss of

of generality, we assume ξn 6= 0. Dropping xn, we get a local coordinates, therefore

π∗(
n∑
i=1

ξi
∂

∂xi
) =

n−1∑
i=1

ξi
∂

∂xi
−
n−1∑
i=1

n∑
j=1

ξjξiξj
∂

∂xi

=
n−1∑
i=1

ξi(1−
n∑
j=1

ξ2j )
∂

∂xi

= 0.

Hence

ker(π∗) =

{
k

n∑
i=1

ξi
∂

∂xi
: k ∈ R

}
.

�

Proposition 2.2. ω̄(v, ·) = 0 for v ∈ ker(π∗).

Proof. By Proposition 3.2, v = k
∑n
i=1 ξi

∂
∂xi for some k ∈ R , then we have

ω̄(v, ·) =
n∑
i=1

dxi ∧ dξi(k
n∑
i=1

ξi
∂

∂xi
, ·)

= k

n∑
i=1

ξidξi

= 0,

since
∑n
i=1 ξ

2
i = 1. �
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Furthermore, we have a remark

Remark 2.3. If (π∗)(x,ξ)(v) = (π∗)(x,ξ)(v̄) and (π∗)(x,ξ)(w) = (π∗)(x,ξ)(w̄), then
there exist some v0 ∈ ker(π∗) and w0 ∈ ker(π∗), such that v̄ = v + v0 and w̄ =
w + w0. Therefore, ω̄(v̄, w̄) = ω̄(v + v0, w + w0) = ω̄(v, w) by Proposition 2.2.

3. Symplectic Structure on Gr1(Rn)

Now we can construct a symplectic structure on Gr1(Rn) of a�ne lines in Rn.
By Proposition 1.1 and Remark 2.4, ω̄(x,ξ)(v, w) is independent of the choices of
preimages under the pushforward induced by the natural projection. Thus we have

a well-de�ned two form ω on Gr1(Rn),

(3.1) ωπ(x,ξ)(ṽ, w̃) := ω̄(x,ξ)(v, w),

where (π∗)(x,ξ)(v) = ṽ, (π∗)(x,ξ)(w) = w̃. Moreover, ω gives rise to a symplectic

structure on Gr1(Rn), and in fact it turns out to be natural.

Theorem 3.1. The symplectic form ω on Gr1(Rn) is the canonical symplectic

form on TSn−1 ∼= Gr1(Rn) .

Proof. Let ω̃ =
∑n
i=1 dx̄i ∧ dξ̄i be the canonical symplectic form on

TSn−1 =
{

(x̄, ξ̄) : 〈x̄, ξ̄〉 = 0, 〈ξ̄, ξ̄〉 = 1
}
.

then

π∗ω̃ =
n∑
i=1

dx̄i ∧ dξ̄i

=
n∑
i=1

d(xi − 〈x, ξ〉ξi) ∧ dξi

=
n∑
i=1

dxi ∧ dξi −
n∑
i=1

〈x, ξ〉dξi ∧ dξi −
n∑
i=1

d〈x, ξ〉 ∧ ξidξi

=
n∑
i=1

dxi ∧ dξi

since
∑n
i=1 ξ

2
i = 1.

Then by (3.1) the conclusion follows. �


