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1 Introduction

We show that the symmetry group of the composite link 23mf#2? is
Z2 X Z2 X ZQ = {170[} X {176} X {177}7 where o = (17 17 _17 _17 (273))7
6 = (17 _17 _17 _]-7 6)7 and Y= (_]—7 _]-7 ]-7 17 6)'

2 Procedures

Following Jason’s algorithm, we compute the compatible (p,r) permu-
tations first. Since the compatible permutations just determine which
component of each link is connected, the compatible permutations are
the same with the case 22427 that Jason computed. So the compatible
permutations are p = (2,3),7 = (1,2) and p = e, = e.

Now, let’s go to the next step, finding p; and p,. It is the same process
with Jason’s notes([1]). Therefore, p; = p» = e.

Continuing to follow the example on Jason’s note and using the fact
that 22m and 22 are in different cosets and 22 has symmetry group
((1,-1,-1,e),(—1,1,—-1,e),(1,1,1,(1,2)), we have 16 cases as the fol-
lowing:

L. = (17 ]'7 ]'7 17 (273))771 - (17 ]-7 176);72 - (17 17 176)'

Since Lj' is not in the coset of Ly, this case is NOT in the symmetry
group of 2{mf2?.
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cy=(1,1,1,-1,(2,3));m = (1,1, 1,e); 72 = (1,1, —1, ).

Since Lj' is not in the coset of Ly, this case is NOT in the symmetry
group of 2{mf2?.

cy=(1,1,-1,1,(2,3));m = (1,1,=1,e);7 = (1,1, 1,¢).

Since LJ' is in the coset of Ly, but L] is not in the coset of Lo, this
case is NOT in the symmetry group of 22mg22.

Y= (L 1) _17 _1; (27 3))7 " = (17 17 _17 6)7 Y2 = (L 17 _17 6).
Since Lj' is in the coset of Ly, and L]* is in the coset of L, this
case IS in the symmetry group of 22mf2?%.

cy=(1,-1,1,1,(2,3));m1 = (1, =1, 1,e);7 = (1,—1,1,¢).

Since L' is in the coset of Ly, and L] is in the coset of Lg, this
case IS in the symmetry group of 27m#23.

cy=(1,-1,1,-1,(2,3));m1 = (1, —=1,1,e);72 = (1,—1,—1, ¢).

Since L]? is not in the coset of Ly, this case is NOT in the symmetry
group of 22mf23.
Y= (L _17 _17 17 (27 3))7 "1 = (17 _17 _17 6);72 = (17 _17 1; 6)'

Since Lj' is not in the coset of Ly, this case is NOT in the symmetry
group of 29mf2?.

cy=(1,-1,-1,-1,(2,3));71 = (1, —=1,=1,e);72 = (1,—-1,—1,e).

Since LJ' is not in the coset of L;, this case is NOT in the
symmetry group of 22mg2?%.

The next 8 cases of mirror image are the following:

cy=(-1,1,1,1,(2,3));m = (=1,1,1,e);72 = (1,1, 1,¢e).

Since LJ' is in the coset of Ly, and and L}* is in the coset of Lo,
this case IS in the symmetry group of 22m#22.

Y= (_L 1; 1; _17 (27 3))7 "1 = (_L 17 17 6)7 V2 = (_17 1; _17 6)'
Since L] is not in the coset of L, this case is NOT in the symmetry
group of 2{mf2?.
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16.

v=(-1,1,-1,1,(2,3);m = (-1,1,-Le);r=(-1,11).

Since Lj' is not in the coset of Ly, this case is NOT in the symmetry
group of 2{mf2?.

y=(-1,1,-1,—-1,(2,3));71 = (1,1, =1,e);72 = (—1,1,—1,¢).
Since LJ' is not in the coset of Ly, this case is NOT in the symmetry
group of 22mf23.
v=(-1-111,(23)mn=(-1-11e);n=(-1-11e).
Since LJ' is not in the coset of Ly, this case is NOT in the symmetry
group of 23mf23.

vy=(-1,-1,1,-1,(2,3));71 = (-1, —1,1,e);72 = (=1, -1, —1,e).
Since LJ' is not in the coset of Ly, this case is NOT in the symmetry
group of 2{mf2?.

vy=(-1,-1,-1,1,(2,3));71 = (-1, —1,=1,e);7%2 = (=1, -1, 1, ¢).
Since L]? is not in the coset of Ly, this case is NOT in the symmetry
group of 22mf23.

o= (_1>_1>_1>_1>(2>3));71 = (_1>_1>_176);72 =
(—1,—1,—1,e).

Since L' is in the coset of L, and and L]’ is in the coset of L,
this case IS in the symmetry group of 2m#27.

In summary, the set of elements involving (2,3) as the permutation
in the symmetry group is

S ={(1,1,-1,-1,(2,3)),(1,-1,1, 17 (2 3))

(—-1,1,1,1,(2,3)),(=1,—-1,-1,—-1,(2 ,3))7

For another compatible permutation p = r = e, we compare L]' and
Ly, L) and Ly as Jason did. We'll have the following set of elements in
the symmetry group:

{(1,1,1,1,€),(1,—1,—1,—1,¢),
1,

( ~1,1,1,€),(~1,1,—-1,—1,e).



3 Structure Analysis

Now we are going to analyze the structure of the symmetry group

with the multiplication operation defined in Jason’s notes.  Let
a = (1717_1>_17(273)7 ﬂ = (17_17_17_176)7 Y = (_17_1717176)7
§ = (-1,1,—-1,—-1,e), and the unit element 1 = (1,1,1,1,e),
we have (1,-1,1,1,(2,3)) = af, (-1,1,1,1,(2,3)) = ad, and

(=1,-1,-1,-1,(2,3)) = ay.
Noticing that 6 = S, we have the symmetry group

G: <17a7/677>'

Since every element but 1 in GG has order 2, then we get that GG is Abelian.
Therefore G is an Abelian group with order 8. By the Fundamental
Theorem of Finite Generated Abelian Group, the structure of G is Zs,
Zo X DLy, O Lo X 7y X Zs. But since every element except 1 in G has
order 2, the structure of G is Zy X Zo X Zs. Thus

G={1,a} x{1,8} x {1,7} = Zy x Zy x Zy,

where o« = (1,1,-1,-1,(2,3), s = (1,-1,—1,—1,e), and v =
(—=1,-1,1,1,¢).

So the structure of the symmetry group of composite link 23m#2? is
the same with the composite link 2242, but has different elements in its
symmetry group.
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