HT AREA AND PURE COMPLEX CROFTON MEASURE FOR
COMPLEX L' SPACE

LOUIS YANG LIU

ABsTrACT. We find a discrete Crofton measure on the space of affine lines
Gr1(R2) in real L' plane, and show that there is no pure complex Crofton
measure for complex L' space.

1. DISCRETE CROFTON MEASURE FOR REAL L' PLANE

Let (R2 || - |]1) be the Ll-plane. For any P; := (x1,y1) and Py := (x9,92) in
(R%, F), we know, obviously, that

PPl = [[PAQI1 + [|QP2 |1, (L.1)
where @ := (z2,y1). Furthermore, we have the following lemma.

Lemma 1.1. Suppose P := (z1,y1) and Py := (x2,y2) are distinct two arbitrary
points in (R2,||-]|1), then all rectifiable “monotonic” curves joining P, and Py have
the same L'- length, here a curve C(t) : [a,b] — R2, C(t) = (z(t),y(t)) is called
“monotone” if both x(t) and y(t) are monotonic functions.

Proof. Since the length of a rectifiable curve is the least upper bound of the length
of inscribed polygonal path and (1.1]), then the lemma follows. O

First, let us explore some properties of this space. In Figure [I.I] on page [2 the
curve C is a rectifiable “monotonic” curve , so it has the same L! -length with the
straight line segment P, P,. However, one always has

#(INPP) <H#(INC) (1.2)
for all [ € Gr1(R?) but ! coinciding Py Ps.
Additionally, if one rotates P P> by angle «, denoted as R, (P P,), then
Vo J— _ _
0 < S lIPiPll < [[Ra(PLB2)ll1 < V2|[PL Py (1.3)
Now, let us prove the following theorem.

Theorem 1.2. The Crofton measure is supported on the set of lines which are
horizontal or vertical in L' plane.

Proof. Assume that there is a Crofton measure j for the L' length, in other words,

PPl = / 401 O PP dp(l), (1.4)
1€Gr (R2)

then #(INPPy) < #(INC) ae. 1 € Gri(R2).
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FI1GURE 1.1. Paths Intersecting with Affine Lines

Choose P; to be the origin and P, = (0,1) on the y-axis, let I := P, P,, and
define
0:Gri(R?) — S' xR
e(l) =(0.r)
in which 6 is the angle of [ to z-axis and r is the euclidean distance of I to the
origin. Then by ,

(o) (0,7] % [0,1) = ({1 € G(R) - #0n D) >0} =1 (16)

Moreover, if one chooses P; to be the origin, P, = (rcos¢,rsing) and Q =
(0,7 sin ¢), see Figure [1.2]on page 3] then

(1.5)

({1 € Gn®): 40 (AQUAR)) =2}) )
= {(% —0)(1— fag) SO< T :heo rbmd)]}
for ¢ € (0, %) and
w({te Gr1(R2) #(10(PIQUQR)) =2}) .
{% <0 :Sln@h h e [0,rsin¢]}

for ¢ € (3, m).
On the other hand, since P1Q U QP> has the same length with P; P, then, by

and (1.4), we have
M({l € Gri(R2) : #(IN(PIQUQR)) :2}) —0. (1.9)
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FIGURE 1.2. Lines with Two Intersection Points

Therefore, by (1.7) and (1.8),

e G-00-t)<o<Tnebrmah=0 (w10
for ¢ € (0, %) and
u T, 7 sin =
(g <o<ot T Chincbrsing =0 @

for ¢ € (3, 7). By taking r = % and ¢ — 0 in 1) and r = %_(1) and ¢ — 7 in
(1.11), one obtains that

(2 (1)) ((0, )U(g, ) x [0,1]) = 0. (1.12)

vl 3
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By rescaling P, P>, we conclude that

T T

(@« ()0, 5) U (5, m) xR) =0, (1.13)
thus ¢, (1) is supported on {0} xR and {Z } x R, which implies that y is supported
on the set of lines which are horizontal or vertical in L' plane. (|

Let’s define a discrete measure supported on z-axis and y-axis by

(02 + 8y)(0) = {

1if ! coir.lcides z-axis or y-axis, (1.14)
0 otherwise.

We have the following theorem
Theorem 1.3. The Crofton measure for real L' plane is 6, + 6, .

Proof. For any straight line segment P, P; in L! plane, for which one can see Figure

[I-1) on page [2|Since

Length(P1Py) = |7y (P1Py)| + |7 (PLP1)],s (1.15)
then
Length(PyPy) = / 4(10 PLP)A(5 +5,), (1.16)
Gri(R?)
and so the claim follows. O

2. CROFTON MEASURE ON Gra(R?)

Suppose E is contained in a complex line L in C? with complex L' norm

[|(z,w)|| = |2| + |w|, and p is the Crofton measure, for which one can see [BE],
for HT?, i.e.
HT?*(E) = / voly(mp(E))dp. (2.1)
GT‘Q(R4)
From the intersection map
7 : Gr3(RY) x Gr3(RY) \ A — Gry(RY), (2.2)
as we know, p is supported on {C x {0}} U {{0} x C} UT4p, where
Tap = {span(va,vg) : va € C x {0},vp € {0} x C}. (2.3)

Since Typ =2 T2, where T? := S4 x Sp in which S4 and Sp are the unit circles
in C x {0} and {0} x C respectively, then in terms of the push-forward measure by

(2.2), one has that
fTAB /UOZ(T‘-P(E))d/-’L = f(OA,OB)GTz UOZQ(WSPG’I’L(QA,GB)(E))doAdoB. (2‘4)

However, vol(Tspan(9,,0,)(E)) doesn’t vanish for most (64,0p) € T2, so the
integrals in (2.4)doesn’t vanish. To see an example, we choose

L:{(z,w)ECQ:z:w}:{(x,y,x,y)€R4} (2.5)

and E to be a real 2-disk in L. For vy = (21,22,0,0) and vp = (0,0,v3,v4), let
vy = (—2,71,0,0) and vy = (0,0, —z4,73), then

R* = span(va,vp) @ span(vy,vy). (2.6)
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Therefore
TX1 + YT TX3 + YTy Yyry —xx2 | YTy —TTy
LY, T, Y) = 2.7
(xyxy) <$%+$% A SﬂngCﬂi >(l’%+l‘%v‘4 x%eriUB)( )
and so
TT1 + YT2 TT3 + YTy
) )] b - 2.8
7"’s]ﬂan(vA,vB)((33 Y,z y)) x% +x% vA x% +$i UB (2.8)

for any (2,y,z,y) € L. Thus mapan(v,,vp) (L) = span(va,vp) as long as

det< Tt ) £0. (2.9)

T3 X4
Therefore it is easy to see that voly(Tspan(04,05)(£)) 7 0 provided (2.9) that holds
for most span(va,vp) € Tap.
3. CROFTON MEASURE ON Gr(C?)

Let Ly := span((cos,sin@)c) be a complex line in C2, and U be the rectangle
spanned by (cosf,sinf) and (v/—1cos#,/—1sinf), then

- cosfcosf, sinfcosbp
area(Tapan(o4,05)(U)) = |det cosfsinfy sinfsinfp ) | (3.1)
= |sinfcosfsin(fp —04)|,
therefore
area(Tspan(9.,05)(U))d0ad0p = |sinf cosd)|. (3.2)

(04,0p)€T?
On the other hand, for any complex line Ly, := span((cos ¢, V=1 gin ¢)c) in
C?,
area(nr, ,(U))
— et cosf cos ¢ + sinfsin pcosyp — sinfsin ¢ sin Y | (3.3)
- “\ sinfsin ¢siny cos 6 cos ¢ + sin 8 sin ¢ cos Y ’
= cos? 0 cos? ¢ + sin? Osin? ¢ + 2sin 6 cos 0 sin ¢ cos ¢ cos 1.

As we know, the problem on the existence of Crofton measure on complex lines
for area becomes whether there exists some function f(¢), such that

2 27
/ / area(wL(b,w (U)) f(p)dody = / QTBG,(Wspan(gA,gB) (U))d0adOg.
o Jo

(04,05)€T?
(3.4)
But from ,
2 27 2m
/ / area(ny, ,(U))f(¢)dpdy = / (cos? O cos® ¢ 4 sin? O sin’ ¢) f(4)de,
o Jo 0
(3.5)

thus by (3.2) we need to have

2m
/ (cos? 0 cos? ¢ + sin? O sin? ¢) f($)de = |sin f cos 6. (3.6)
0
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Taking 6 = 0 and 5 in (3.6), we have

2 2
/ cos? bf ($)d = / sin? 6 (9)dé = 0, (3.7)
0 0

which implies [ f(¢)dp = 0.
However, let ¢ € (0, %) and take the derivative with respect to 6 in (3.6)), then
one has

2m
/ (— sin 260 cos 2¢) f(p)dd = cos 20, (3.8)
0
which implies that fo% f(@) cos2¢dp = — cot 26, that is a contradiction.

So we obtain the following

Theorem 3.1. There is no Crofton measure which is only supported on complex
lines for complex L' space.

Acknowledgement. Thanks to Dr. Joseph H. G. Fu for his illuminating questions,
helpful advices and some corrections.
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