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Let (M, g) be a Riemannian manifold.

I Riemannian Connection: derivative for one vector �eld with

respect to another vector �led; Covariant Derivative along a

curve; Geodesic: minimizer of the length functional and energy

functional.

I Sectional Curvature of M: K (u, v) = 〈R(u,v)v ,u〉
〈u,u〉〈v ,v〉−〈u,v〉2 , where

R(u, v)v is the curvature operator, u, v ∈ TpM. K (u, v)
actually is the Gaussian curvature of the surface with u ∧ v as

tangent plane p.

I Exponential map: expp : TpM → M, expp(v) = γv (1). Critical
point of the exponential map; Local di�eomorphism; and Local

isometry for zero sectional curvature space.
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Theorem
(Second Variational Formula) Let γ : [0, a]→ M be a geodesic,

f : [0, a]× (−ε, ε)→ M be a variation of γ, and V (t) = ∂f
∂s (t, 0).

Then, for the energy functional E (s),

E ′′(0) =

aˆ

0

〈V ′(t),V ′(t)〉g − 〈R(V (t), γ′(t))γ′(t),V (t)〉gdt

−〈 ∂
∂s

∂f

∂t
(0, 0), γ′(0)〉g + 〈 ∂

∂s

∂f

∂s
(0, a), γ′(a)〉g .



Theorem
(Synge) Any compact connected oriented Riemannian manifold of

even dimension with positive sectional curvature has trivial

fundamental group.



Proof.
Suppose Not.

I A closed geodesic γ(t) with minimizing length in the

non-trivial homotopy class of the fundamental group.

I Parallel transport is an orientation preserving orthogonal

transformation on the odd dimensional subspace normal to

γ′(t) =⇒Eigenvalue 1 and eigenvector v .

I Construct a variation f (t, s) = expγ(t)sV (t), where V (t) is
the parallel transport of v along γ(t), which satis�es V ′ = 0

and ∂f
∂t (0, 0) = ∂f

∂s (0, a).

I E ′′(0) < 0, E ′(0) = 0=⇒E (s) < E (0) for small s.

I A contradiction comes in (L(fs))
2 6 |γ|E (s) < |γ|E (0) = |γ|2.
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Remark
Compact, even dimensional, orientable are necessary to make the

conclusion hold.

e.g. S2 \ {N, S}, RP3, RP2, etc.
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Rong proved a result for positive pinched sectional curvature by

using techniques from Ricci �ow and Cheeger's Finiteness Theorem.

Theorem
(Rong, 1996) If Mn has positive pinched sectional curvature

(0 < δ < K 6 1), then π1(M
n) has a normal �nite cyclic subgroup

with index less than a constant C (n, δ). In particular, if

|π1(Mn)| > C (n, δ), then π1(M
n) has a nontrivial normal �nite

cyclic subgroup with index less than a constant C (n, δ).
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If M non-orietable with the same other assumptions as in Synge

theorem, then π1(M) = Z2.

Remark
Non-orietable M has a double orientable covering.
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Theorem
No Riemannian metric can make RPn ×RPn have positive sectional

curvature everywhere.



Question.
How about Euler characteristic?

The Gauss-Bonnet Theorem for surface
´
M
KdA = 2πχ(M) implies

χ(M) > 0 for dim(M) = 2.

Conjecture

(Hopf) Riemannian manifold with the same assumptions as in

Synge theorem has positive Euler characteristic. No metric with

positive sectional curvature on S2 × S2.
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Theorem
(Preissman) Any nonidentity abelian subgroup of the fundamental

group of a compact manifold with negative sectional curvature is

cyclic.



Theorem
(Bieberbach) Fundamental group of compact �at n dimensional

manifold M contains Zn as a �nite index subgroup.

Remark
As we know, the �at n-torus Tn = S1 × · · · × S1︸ ︷︷ ︸

n

has fundamental

group Zn ; The quotient space of Tn acted by a �nite group.
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Thank you for attending!
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