
Qualifying Exam: Complex Analysis | Fall 2020

1. Let n � 2 be an integer. Show that 2
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so it 
onverges for

(a) jzj < 1, (b) 1 < jzj < 3; and (
) jzj > 3.

3. Let a 2 R with 0 < a < 3. Evaluate
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dx.

4. Let D := fz : jzj < 1g denote the open unit disk. Suppose that f(z) : D ! D is

holomorphi
, and that there exists a 2 D n f0g su
h that f(a) = f(�a) = 0.

(a) Prove that jf(0)j � jaj

2

.

(b) What 
an you 
on
lude when jf(0)j = jaj

2

?

5. Consider the fun
tion f(z) =

1
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z +
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z

�

for z 2 C n f0g. Let D denote the open unit

dis
.

(a) Show that f is one-to-one on the pun
tured dis
 D n f0g. What is the image of

the 
ir
le jzj = r under this map when 0 < r < 1?

(b) Show that f is one-to-one on the domain C n

�

D . What is the image of this domain

under this map?

(
) Show that there exists a map g : C n [�1; 1℄ ! D n f0g su
h that (g Æ f)(z) = z

for all z 2 D n f0g. Des
ribe the map g by an expli
it formula.

6. Suppose that U is a bounded, open and simply 
onne
ted domain in C and that f(z)

is a 
omplex-valued non-
onstant 
ontinuous fun
tion on

�

U whose restri
tion to U is

holomorphi
.

(a) Prove the maximum modulus prin
iple by showing that if z

0

2 U , then

jf(z

0

)j < supfjf(z)j : z 2 �Ug:

(b) Show furthermore that if jf(z)j is 
onstant on �U , then f(z) has a zero in U (i.e.,

there exists z

0

2 U for whi
h f(z

0

) = 0).

7. Suppose that f : D ! D is holomorphi
 and f(0) = 0. Let n � 1, and de�ne the

fun
tion f

n

(z) to be the n-th 
omposition of f with itself; more pre
isely, let

f

1

(z) := f(z); f

2

(z) := f(f(z)); in general f

n

(z) := f(f

n�1

(z)):

Suppose that for ea
h z 2 D , lim

n!1

f

n

(z) exists and equals to g(z). Prove that either

g(z) � 0 or g(z) = z for all z 2 D.


