Qualifying Exam: Complex Analysis — Fall 2020
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. Let n > 2 be an integer. Show that 2" ' | [ sin — =n .
k=1 n

[Hint: Use n-th roots of unity i.e., solutions of 2" — 1 = 0]
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(a) |2| <1, (b) 1 < |2| < 3;and (c) || > 3.
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. Let « € R with 0 < a < 3. Evaluate /
0

. Let D := {2z : |z] < 1} denote the open unit disk. Suppose that f(z) : D — D is
holomorphic, and that there exists a € D\ {0} such that f(a) = f(—a) = 0.

(a) Prove that |f(0)] < |a|*.

(b) What can you conclude when |f(0)| = |a|*?
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. Consider the function f(z) = 3 (z + —> for z € C\ {0}. Let D denote the open unit
z

disc.
(a) Show that f is one-to-one on the punctured disc D\ {0}. What is the image of
the circle |z| = r under this map when 0 < r < 17

(b) Show that f is one-to-one on the domain C\D. What is the image of this domain
under this map?

(c) Show that there exists a map g : C\ [—1,1] — D\ {0} such that (go f)(z) = 2
for all z € D\ {0}. Describe the map g by an explicit formula.

. Suppose that U is a bounded, open and simply connected domain in C and that f(2)
is a complex-valued non-constant continuous function on U whose restriction to U is
holomorphic.

(a) Prove the maximum modulus principle by showing that if 2y € U, then

| (20)| < sup{|f(2)] : z € OU}.

(b) Show furthermore that if | f(z)| is constant on OU, then f(z) has a zero in U (i.e.,
there exists zg € U for which f(z) = 0).

. Suppose that f : D — D is holomorphic and f(0) = 0. Let n > 1, and define the
function f,(z) to be the n-th composition of f with itself; more precisely, let

fi(2) := [(2), fa(2) = f(f(2)), in general fo(2) := f(fn-1(2)).

Suppose that for each z € D, lim f,(z) exists and equals to g(z). Prove that either
n—oo
g(z) =0or g(z) =z for all z € D.



