University of Georgia Math 2250
Department of Mathematics Final Exam December 2019

By providing my signature below, I acknowledge that I abide by the University’s academic
honesty policy. This is my work, and I did not get any help from anyone else:

Name (sign): Name (print): go\“’HDf\S

Student Number:

Instructor’s Name: Class Time:

e If you need extra space use the last
page. Do not tear off the last page!

e Please show your work. An unjusti-

Problem | Points Points fied answer may receive little or
Number Possible Earned no credit.
1 29 e If you make use of a theorem to jus-
tify a conclusion, then state the theo-
2 15 rem used by name.
3 18 e Your work must be neat. If I can’t
A 8 read it (or can’t find it), I can’t grade
it.
5 15 : .
e The total number of possible points
6 18 that is assigned for each problem is
- 14 shown here. The number of points for
each subproblem is shown within the
8 10 exam.
9 25 e You may not use a cell phone or smart
watch. Please turn off your cell phones,
10 . and store them and your smart watches
11 10 away from your desk or table.
12 10 e You are only allowed to use a TI-30XS
Multiview calculator; the name must
13 15 match exactly. No other calculators are
14 16 permitted, and sharing of calculators is
not permitted.
15 20
e You do not have to use a calculator; an-
Total: 230 swers containing symbolic expressions

such as cos(w/3) and In(e?) are accept-
able. Include an exact answer for each
problem.
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Math 2250 Final Exam December 2019

1. Determine the following limits; briefly explain your thinking on each one. If you apply
L’Hopital’s rule, indicate where you have applied it and why you can apply it. If your final
answer is “does not exist,” oo, or —oo, briefly explain your answer. (You will not receive
full credit for a “does not exist” answer if the answer is co or —c0.)

) 2 =9
—— (a) [4pts] lim —————

-9 _ -3] . 2
-6 L |
T wsed direct sub (?\"ﬁd U\),

(b) [6 pts] li -9 _[Cpo
S m ———— =|
P =2t 124+ 2 —6

A= g %0 lmit DNE, woy be £00
x319—>-S a5 x>2¢ + %D
*ov_(L 20 ond iS
X %-}s:\-(fw. as x->2%
In(1+5p) —p W = |
11 - = . - Y
() [6pts] limy = 5 = lim  1+5p -|=

P20 3ces(3p) -

o "‘_‘E"‘)[% o indeterminate forem; Can e Upitalls Rl ()

X _w,. L __
(d) [6 pts] lim ze™* = lim e = Uan 2~
T—00 X > 0e X900

63-0

-0 is o indelernimake form; can't use L yer
00 i a1 indeterminate fovrw; (o use LW

)
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2. (a) [5 pts] State the limit definition of the derivative of f(z).

- fix)- f@
f’(x): l'-M .me—)h{g) f (a) t\m x-a -aa
h=>D

(b) [10 pts] Use the limit definition of the derivative to determine the derivative of

f(z) = 325" No points will be awarded for the application of differentiation rules
—2x
(and L’Hopital’s rule is not allowed).

Ah)- P P
‘F'(X\:‘lim w OR (“) l.tM ‘F()O— F(‘)
h>0 oA 2o
= lim  3.3ah)  3-% = ("”‘ X-a (3-’2x 3.25
W>0 —__ln___—
= lim [ [3-2-(-2)
Y 0 e S ey X—«\(z-vx\(s-za\
=lm (2—2}&"2‘/\ 3-0% . \ ( -2a
= §("—m 53 >3- 2&\\
L 3-3x - (3-1x-2h) = im
A\ RN G o )
- L I([Z'K 2
= 45, ¥ G " B
2
-— —2x)ﬂ_
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3. Determine the first derivative of each of the following functions. Remember to use correct
notation to write your final answer.

(a) [6 pts] f(x) = 2 — sin(x) cos(z)

Fy= 2x - (SindSiaba)) + coslx\as(x> N ngaﬂ

= 2% 4 Sin0)-us*X) g

(b) [6 pts] g(t) = arctan(In(t))

— %()‘\’l+(l,,(:°\) € o
|

TR
3z
(€) [6 pts] hx) = —— " mﬂ\"
0
YaN
b (x) (;ﬂ?g_c_(ﬂ or  K(:=e ((xﬂg )+(x+!) (3¢ )
= 3"((x+|) £ (x40) (33)
- 3"("- 13?:9(— e = (x«y 2(ng)( I+ 3(x+ H)
xH)* = (xe) *(&*)(3x+ 1)
_ X% 2% @
(x+ )*
4. [8 pts] Determine the second derivative of the function
Ft) =32 =Vt

Pl be-5£7

{'I(t)z (o v _&_E‘B/?—
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5. Consider the curve defined by the equation 322 + 3zy + y* = 5.

dy
10 pts| Det ine —.
(a) [10 pts] Determine o

bxt %ﬁ—t Ld(s) 4 l\aﬂ‘é= 0
(3x+z\a§3§%= ~lx-3y

dy _ ~x-3y
B Ty

ot Corceck forng for %3-
%( bX43y _ _ bx43y (—3)('zx-\3)

“3x- 1\‘) 3x +'2:1 x4 9

(b) [5 pts] Determine all values of  for which the point (z, %) on the curve
322 + 3zy + y? = 5 has a horizontal tangent line. The graph of the curve is provided
below for your reference.

bx+ 33—

LX""
- Ix= 3

3x% 4 Ix-oHxS= ©

I b+ Yx =S
i x*= <

)
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6. Determine the following indefinite integrals.

(a) [6 pts] /(x3—5x—|—7) de = h}(__—x/jﬁj

(b) [6 pts] /M dl‘=Ju‘°du-——% "'('c.:Iﬁ(RMbQ‘""\\“"'CJ
L

@ o) [0 = e L =[]+

= (- 20ost)
du 25ink\ dt
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7. Evaluate the following definite integrals.
e 3 . \
(a) [6 pts] /0 (e i x2) dr = [c - SMC\W\(}Ao

=e ~3m{w(0) -(e°- Sudw@)

:e-%‘—\

3 i < T
(b) [8 pts] / f(z) dz, where f(z) is the function given by f(z) = sin(v) 0<z<?Z
0 1 F<r<3

“;zntn:[-msb?)}zh- (ashY- @)= 0- ()=
()

(1Bl 5™

W

ﬁ(x)dx: 1+3-2 :
0
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8. [10 pts] Use calculus techniques to determine the z-coordinates of the local (relative) ex-
trema for the function below. Be sure to label each extremum as a local (relative) maximum
or as a local (relative) minimum.

Aowmann: (-00,08)

£ ’()0 = bxg— (2x*
— (22

x:o,i[i

% Aevivanve desk:

0,0 | (o,3)] (3,00
POl40:=663) [ £ 066D T 0=1400)= 144
.‘—

S\'Qn £ . _
heh. £ dec dec inC
\, '\ r{!
an

Note Tia Second duvivakive +est € incondusave. o x=o0.
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9. The graph of y = f(x) is given below and consists of line segments and circle arcs. The
domain of f is (0,6).

3

(a) [5 pts] Determine all values of z in (0, 6) for which f'(x) > 0. Write your answer using
interval notation.

(32),45)

(b) [5 pts] Determine all values of z in (0,6) for which f'(x) is undefined.

,24,S

(c) [5 pts] Estimate f'(1.5).

-2

7«

(d) [5 pts] Determine whether f”(3) is positive, negative, or zero. (Write “positive,” “neg-
ative,” or “zero.” No explanation is needed.)

negpive.
(e) [5 pts] Determine/0 f(z)dz.

2+|+l.)2+9_=§+1;_
2
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f(z) which meets

f(@).

().

7

1 1

1 1 1

1 1 1
JENR RS I G TRy N [ St [ PR ——— L __-1___4J
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
[ T N e i T s et e el B
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
[ E e e L i O -q---==----rF---7---1°
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
e e == == - - - - - I ey <t - d-m -l mm bk —— === o
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
| R 1 | Lo __-1___J

1 1 1

1 1 1

1 1 1

1 1

[
n
]

Final Exam
4 and f(6) = 1.

__5.___
__4 -
__3.___

T ——
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10. [14 pts] On the axes provided below, sketch a graph of a function y

the following criteria:

e The line z = 2 is a vertical asymptote to the graph of y

e The function f is continuous at every point in its domain.
e The sign chart for the derivative of f is the following:

e Its domain is (—o0,2) U (2,00).

interval | (—oo,—2) | (=2,2) | (2,4) | (4,6) | (6,00)

sign of f’ ‘
e The function satisfies f(4)

e lim f(x)

T—r00

e The line y = 4 is a horizontal asymptote to the graph of y

1

1

1
L1 __J

1
T
1
1
1
+
1
1
1
4

| S E
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11. [10 pts] Determine all values of ¢ for which the function below is continuous on (—oo, 00).
Use the limit definition of continuity to explain your answer.

9 — 2 T <3
f(z) =4 3—a’
c, >3

Note: § is a&vmdua tord-1 AuoUS evu'awlun except =3

To moke £ onviuons at =3, we need )}._«;%%(h 2).

SB)=c

um Fx)=c
X3+

um F6) =lim Ex* =lm (3+X'X’S-X)= lim (3+x)=b
Y23~ x53— 3% Txa3= X xa3-

To make § confinuous 0t x=3, we need C=6.
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12. [10 pts] Find the total area of the region enclosed by the curves y = sin(z) (solid) and
y = —sin(x) (dashed) from z = 0 to # = 2m. The relevant graphs are provided below for
your reference.

Yy
1+
.
A
:
* s
‘\ 2
A )
A Y
A Y
.
-
-~
—1 ‘e

[ Ginter-tsiogoYhx = [ 2sindds = [ uasbdl = 2} - (oD = 242+ 4

0

T qet bl area mdosg&)cm use, aNAoF Yo methods beloo:
O .C (“"b‘\ -(—s’nmyx =4 wing above Sps
m
f?—lsm(x)- sn(x)dx = _(-zsin(x) ax = Euqxi_]:L 2 - (-2)=¢
T 2|

Totad: 444
® { s~ inod)px= vieg aloone SkpS
Tl avea: 2[4\:

@ f}il\(x)dx = [—(_os[x\}“o: 1--l=2
Totad #rCA 4(7,);
" %

®_[ sia(x¥x = [—cos(x\lo = o-(-\\: \
v

Tokad avea® 8(1) =
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13. [15 pts] Karina and Juan both leave an intersection at the same time, both driving on long,
straight roads. Karina drives north at a speed of 50 miles per hour, and Juan drives east at
60 miles per hour. When 1.5 hours have elapsed since they left the intersection, how fast is
the distance between Karina and Juan changing? Use calculus to justify your answer.

K NN d = Sb s : :l':' when t= .S
3| %
S
\\‘—; %:WV"‘?"‘
X 17
1.: 1 2 t=l§ WS
X \& x:LO(\.S\:%D rvales
Z’t‘ﬁ":k%+2\aﬁ% l%:So(lS\--"f males
x ﬁ,, 4 2= {4046*
ak ~

(wn 7S(sp) h
\Ho +1S*

Nete: 9% ic O{PVDX\majd 18 wegh. Alo provide Hae vtk answer (svown in 4
box okone) if your Ve BN ORpIOXinaale. ouwer ke T8 wiph-
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14. You plan to make a rectangular box having an open top. Each face of the box is a rectangle,

and the top face of the box is missing so that the box is open. For the base of the box, you
want the length to be twice the width; you also want the total surface area of the resulting
box to be 200 square inches.

(a) [12 pts] Let w represent the width of the box in inches. Determine a formula V (w) for
the total volume of the box as a function of w alone. Your final answer should include
the variable w and can not include any other variables.

b
V= wh

W 200= 0 + ol + 2

L= C ionstraint Lqpaion

2002 (i) ) + 2o+ 22)

h 200 = 2%+ wh + Huwh
h ) h 200 = a4 bwh
E v W _J- + \ it
200- 2w~ refined oSt
" A b h tw e%w\'ion
200- 2u" AWl of Hase

(WY TS5 ave

V=YX valid ways Yo

. write ¥ $ind
(b) [4 pts] Suppose you want to determine the dimensions of the box that will result in
the maximum possible volume. Determine an appropriate domain for V(w). Briefly
explain your answer. (Note: We will not actually maximize V' (w) in this problem.)
(o ,lo) or (o,h;}
l-ot o violates corstvant eqouaf\on(s')', w 't bz.hcﬁot\'\vb
gy W veespomds fo Smaller 1 sk =0
— Wo-2™

0= )
0="200-2"

0t= 200

w=10
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15. Suppose you run a factory that processes raw materials in two possible ways.

e Using method A, you can process = tons of material at a cost of 22 dollars.
e Using method B, you can process y tons of material at a cost of 10y dollars.

You want to process a total of 200 tons of material, so your process is constrained by the
equation x + y = 200. The overall cost (in dollars) of processing the two materials is

C = 2%+ 10y.

You can process a partial ton of material using each method, so x and y do not have to be
whole numbers. You plan to minimize the overall cost.

(a) [4 pts] Determine the overall cost C' as a function of x. (The variable y should not
be used in your answer.)

Xt 37200
%:200")(

C=x”‘+(oj

2
(= Xk (o (a0-x) = X+ 200-10% 7| Thuse xe all Gorreck wins o
X=iox42000 | wrike Yow fina) aunger!

(b) [4 pts] Determine an appropriate domain for your cost function C' from part (a), and
explain briefly.
=200, Using) wened A CX(,\\A&\IL\U

[0,250)

X=0, using method B ext,\us'\vclj

[This problem continues on the next page.|
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[Problem 15, continued]

(c) [12 pts] Use calculus techniques to determine the value of & which results in the mini-
mum overall cost. Write a sentence, using appropriate units, to summarize your answer.

C-= X~ 10X 42000

[O I 200)

valwe .
Ex*mw/c\osd (V) mekhod -
x| C
D | 2000 ™min
G |2S-Sp42000= 1175 € ¢k
200 | 406000 — 2000 42066 = {0000

Whan X=S tws, the ovevall sk is winiwized -
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This page is extra space for work. Do not detach this page. If you want us to consider the
work on this page, you should print your name, instructor and class meeting time below. For
the problems where you want us to look at this work, please write “see last page” next to your
work on the problem page so that we know to look here.

Name (print): Instructor (print):

Class Meeting Time:
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