ANALYSIS QUALIFYING EXAM - JANUARY 2021

Problem 1. Let (X, M, pu) be a measure space, and let F,, € M be a
measurable set for n > 1. Let f,, = x g, , the indicator function of the set
E,. Prove that

(a) fn — 1 uniformly, if and only if there exists N € N such that E,, = X
for all n > N.

(b) fn(x) — 1 for almost every z, if and only if

W(N U \e) =o.

n>0k>n

Problem 2. Calculate the limit:

L= tim [ @/
n—oo Jo a2+ cos(z/n)

Justify each step of your calculations!

LYX,p) and f € L' (X, p) such that f,(z) — f(x) as n — oo for almost
every ¢ € X.

Problem 3. Let (X, M,u) be a finite measure space. Let {f,}52; C

Prove that for every € > 0 there exist M > 0, and a set £ C X, such that
w(E) <eand |f,(z)] < M for all z € X\F and all n € N.

Problem 4. Let f and g be Lebesgue integrable on R.
Let gn(z) = g(x — n). Prove that

lim |+ gnlls = £l + llgll-
n—oo
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Problem 5. Let f,, € L?[0,1] for n € N. Assume that
(a) || full2 < n=2Y/100 for all n € N, and
(b) f,, is supported in the interval [27,27+1] | that is
fa(k) = [} fu(z) e 2"k do = 0, for k ¢ [2,27F1],
Prove that Y °° | f,, converges in the Hilbert space L*([0,1]).
(Hint: Plancherel’s identity may be helpful.)

Problem 6. Let f: R x R — R be a measurable function, and for x € R
define the set

E,={yeR: m{zeR: f(z,z)= f(z,y)}) > 0}.
Show that

E:=J {2} x E:

is a measurable subset of R x R.

(Hint: consider the measurable function h(z,y, z) := f(x,y) — f(z,2). )



