Prelim Exam: Probability, September 1995

( Solve any six problems completely.)

. (a) State (without proof) Borel-Cantelli lemma (both direct and converse parts; include

a precise definition of “infinitely often”).
(b) {X,} are i.i.d. Prove that E(|X1]) < oo iff P{|Xa|>n io. }=0.
(a) State (without proof) the Levy continuity theorem regarding a sequence of char-

‘acteristic functions. Apply it to inverstigate the convergence in distribution of F,(z)

where 0 "
Hz<—n
Fo.(z) = ztn if —n<z<n
2n
1 if z > n.

(b) {X,} are i.i.d. with distribution F(z). Let S, = 3¢_; Xk and F have finite mean
u and finite variance o. Prove that

Sn - — N(0,1), in distribution as n — co.

av/n

3. (a) Define (i) a martingale, (ii) a submartingale.

(b) Let {X.,n > 1} be a sequence of independent r.v.’s. Define Sp = 371, Xi and
Tn = N}, Xk. Prove that

(i) if EX, = 0 for all n, then {S,} is 2 martingale.

(ii) if EX, = 1 for all n, then {7} is a martingale.

(c) Let {X,} be a martingale and g be a convex function of R. Prove that {g(Xn)}is a
submartingale provided E|g(Xn)| < oc, forall n 2 1.

. Let {Xx)} be independent r.v.’s such that X is uniformly distributed on (-1, 1] Prove

that or disprove that the sum Sn, = Y p.; Xk convergence almost surely.

. Two vectors {a;}}, {b;}} are orthogonal if "7 a;b; = 0. Let {X;} be independent

Gaussian r.v.s such that 02(X;) = 0?(X;) for all 4, j. Show that the r.v.s 3°%, a;X; and
5", b;X; are independent provided that {a;}7 and {b;}] are orthogonal.

. (a) State Kolmogorov’s strong LLN for i.i.d. r.v.s.

(b) Let {X,} be exponential i.i.d. r.v.s with parameter A. Let Z, denote the number

of quantities X1, ..., Xn which exceed 5. Determine the limiting behavior of Z,/n as

n — 0.

. X and Y are independent r.v.s. f: R? - R is a Borel measurable function such that

the r.v. f{X,Y) has finite mean. o(X) = o-algebra generated by X. Show that
EUX, Vo) = [ F(X,)Fridy),

where Fy is the distribution function of Y.

. {X,} areiid. r.v.s with EX? < oo. Prove the CLT for ther.vs Y, = X; +2X; 4+

nX, as n = oo.



