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Each problem is worth 10 points.
[bookmark: problem-1]Problem 1
[bookmark: part-a]Part (a)
Let  be a finite Galois extension such that  but . Prove that  has even order.
[bookmark: part-b]Part (b)
A Galois extension of fields is said to be abelian if the associated Galois group is abelian. Let  be a finite abelian Galois extension contained in , and let  satisfy

i.e.,  lies along the unit circle in the complex plane. Prove that every Galois conjugate of  also has absolute value 1.
[bookmark: problem-2]Problem 2
[bookmark: part-a-1]Part (a)
Suppose . Let  be a field, and let  satisfy

Is  necessarily diagonalizable over ? Prove the statement if it is true. If it is false, provide a counterexample and state any additional hypotheses on  under which the statement becomes true.
[bookmark: part-b-1]Part (b)
Let  be a  complex matrix satisfying . Prove that  has an eigenspace of dimension at least 3.
[bookmark: problem-3]Problem 3
Let  be an integer, and let  denote a primitive th root of unity. Let  denote the  matrix with entries

For example, when ,

Find the Jordan canonical form of . Justify your answer.
[bookmark: problem-4]Problem 4
 is a simple group of order .
[bookmark: part-a-2]Part (a)
How many elements of order 7 are in ? Justify your answer.
[bookmark: part-b-2]Part (b)
Show that every  can be written as

where each  has order 7.
[bookmark: problem-5]Problem 5
Let  be an integral domain.
[bookmark: part-a-3]Part (a)
Define what it means for an element  to be irreducible, and to be prime.
[bookmark: part-b-3]Part (b)
Show that if  is prime, then it is irreducible.
[bookmark: part-c]Part (c)
Suppose that  is a principal ideal domain. Show that if  is irreducible, then it is prime.
[bookmark: problem-6]Problem 6
Let  be a finite -group.
[bookmark: part-a-4]Part (a)
Prove that the center  is nontrivial.
[bookmark: part-b-4]Part (b)
Show that if  and  is nonabelian, then .
[bookmark: problem-7]Problem 7
Let  be a principal ideal domain, let  and  be finitely generated free -modules, and let

be an -module homomorphism.
[bookmark: part-a-5]Part (a)
Show that the kernel  is a direct summand of .
[bookmark: part-b-5]Part (b)
Give an example showing that the image  need not be a direct summand of .
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