Algebra Qualifying Examination, August 2018
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Justify all the calculations and state the theorems you use in your answers. Each problem is worth 10 points. In the solution of a part of a problem, you may use any earlier part of that problem, whether or not you’ve correctly solved it.
[bookmark: problems]Problems
1. Let  be a finite group whose order is divisible by a prime number . Let  be a normal -subgroup of  (so  for some ).
0. Show that  is contained in every Sylow -subgroup of .
0. Let  be a maximal proper subgroup of . Show that either  or  for some .
1. 
0. Suppose the group  acts on the set . Show that the stabilizers of elements in the same orbit are conjugate.
0. Let  be a finite group and let  be a proper subgroup. Show that the union of the conjugates of  is strictly smaller than , i.e.

0. Suppose  is a finite group acting transitively on a set  with at least 2 elements. Show that there is an element of  with no fixed points in .
1. Let  be finite degree field extensions. For each of the following assertions, give a proof or a counterexample.
0. If  is Galois, then so is .
0. If  is Galois, then so is .
0. If  and  are both Galois, then so is .
1. Let  be a finite dimensional vector space over a field (the field is not necessarily algebraically closed). Let  be a linear transformation. Prove that there exists a decomposition of  as , where  and  are -invariant subspaces of ,  is nilpotent, and  is nonsingular.
1. Let  be an  matrix.
0. Suppose that  is a column vector such that the set  is linearly independent. Show that any matrix  that commutes with  is a polynomial in .
0. Show that there exists a column vector  such that the set  is linearly independent if and only if the characteristic polynomial of  equals the minimal polynomial of .
1. Let  be a commutative ring, and let  be an -module. An -submodule  of  is maximal if there is no -module  with .
0. Show that an -submodule  of  is maximal iff  is a simple -module: i.e.,  is nonzero and has no proper, nonzero -submodules.
0. Let  be a -module. Show that a -submodule  of  is maximal iff  is a prime number.
0. Let  be the -module of all roots of unity in  under multiplication. Show that there is no maximal -submodule of .
1. Let  be a commutative ring.
0. Let . Show that the map  by  is an -module endomorphism of .
0. We say that  is a zero-divisor if  is not injective. Show that if  is a zero-divisor and , then the kernel and image of  each consist of zero-divisors.
0. Let  be an integer. Show: if  has exactly  zero-divisors, then .
0. Show that up to isomorphism there are exactly two commutative rings  with precisely 2 zero-divisors. You may use without proof the following fact: every ring of order 4 is isomorphic to exactly one of the following: , , , .
