Algebra Qualifying Exam — January 2023
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Complete all 6 problems. In multi-part problems, you may assume the result of any part (even if you have not been able to do it) in working on subsequent parts. Please fully justify your answers. (Points are distributed evenly between parts.)
[bookmark: problems]Problems
1. (Group Actions, 10 points) Let  be a finite group, and let  denote a finite set with a -action. Let  denote the set of fixed points of the action, so 
0. Suppose  is a finite -group. Prove that .
0. Suppose  is a finite -group. Assume in addition that . Prove that this action has a fixed point.
1. (Sylow Theorems, 10 points) Let  be a finite group,  a -Sylow subgroup of , and denote by  the -normalizer of  in .
0. Prove that  is the unique -Sylow subgroup of .
0. How many elements of order 5 does a non-cyclic group of order 55 have?
1. (Rings, 15 points) Let  be a field, and consider the following subset of polynomials

0. Prove that  is a subring of .
0. Prove that  is not a UFD.
0. Prove that  is not a PID.
1. (Field extensions and Galois Theory, 15 points) Suppose  is a splitting field over  for .
0. Compute , and give a -basis for .
0. What is the Galois group ?
0. Find all subfields of .
1. (Modules, 15 points) Fix a ring . A sequence of -modules and homomorphisms between them  is called exact at  if .
0. Prove that a sequence  is exact at  if and only if  is a monomorphism.
0. Prove that a sequence  is exact at  if and only if  is an epimorphism.
0. Suppose the sequence  is exact at , , and . Assume in addition that there is a homomorphism  so that . Give an explicit isomorphism , and show it is an isomorphism.
1. (Jordan Canonical Form, 15 points) Let

0. Find the Jordan canonical form  of .
0. Fix a complex number . Suppose  is a complex vector space of dimension 5, and let  be a linear operator on  whose characteristic polynomial is . Suppose that the rank of  is 2. What are the possible Jordan forms for ?
0. What are the possible Jordan forms for a matrix whose characteristic polynomial is  when the space of eigenvectors with eigenvalue 2 is 1-dimensional and the space of eigenvectors with eigenvalue 5 is 2-dimensional?
