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Show work and carefully justify/prove your assertions. For example, if you use a theorem that has a name, mention the name. Arrange your solutions in numerical order even if you do not solve them in that order.
Problem 1 (10 points)
Let  and define

Prove that  when , and  is a one-to-one and onto map from the open unit disc to itself.
Problem 2 (10 points)
Let  be entire with

Prove that  is a polynomial of degree at most 1, and find all such polynomials.
Problem 3 (10 points)
Use complex analysis to compute the following integral

Hint: .
Problem 4 (10 points)
Let  be holomorphic in a region containing , with  and . Show that there exists  such that  is injective on .
Problem 5 (10 points)
Let  be holomorphic in a punctured disc  with

for some  and all  near . Prove that the singularity at  is removable.
Problem 6 (10 points)
Let  be holomorphic with . Prove that  for all . Determine all such  for which equality holds at some .
Problem 7 (10 points)
Find the fractional linear transformation that maps the circle  into , the point  into the origin, and the origin into .
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