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[bookmark: instructions]Instructions
Closed Book, 3 Hours, Do EIGHT of the ten problems.
[bookmark: problems]Problems
1. Let  be analytic and satisfy

· for some constant  whenever . Give the general form for  and prove that it is the general form.
1. Let  be analytic and satisfy

· for some constant  whenever . Give the general form for  and prove that it is the general form.
0. Demonstrate the existence of some  so that

· is analytic in .
0. Demonstrate rigorously that the radius of convergence of the power series for  about  is .
1. Let

0. For which  does the integral make sense?
0. Calculate  using the path:
· [image: Contour in the complex plane for evaluating I(alpha). The contour follows the positive real axis from a small positive radius rho near 0 out to a large radius R, then travels counterclockwise along a large upper semicircle centered at the origin to the negative real axis, returns along the negative real axis toward 0 reaching -rho, detours around the origin by a small clockwise semicircle in the upper half-plane from the negative real axis back to the positive real axis, and closes. ]
· Contour for problem 3.
· No change of variables is necessary.
1. Let 
· where .
· [image: Complex%20Analysis%20%5BSpring%C2%A01994%5D_assets/img_002_888e7548df3a.jpg]
· Domain for problem 4.
· Let  be analytic. Imitating the development in an annulus, show that

1. State and prove the analogue of Schwarz' lemma that holds under the hypotheses that  is analytic and .
1. Let  and let

· Find analytic bijections , , , and . (Powers and linear fractional transformations suffice.)
1. Let .
0. Use the change of variables  to show that  for R sufficiently large.
0. Use the argument principle to draw a conclusion from (a).
1. Use the function

· to calculate .
1. Let  be a nonconstant doubly periodic meromorphic function on . Show that  must have at least two poles (counting multiplicity) in a fundamental domain (fundamental parallelogram.)
1. Let  and  be two lattices in . Let  be an analytic map of Riemann surfaces. Show that the form of  must be

· for some constants  and . (Use covering maps and problem 1.)
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